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Preface
This book presents a course on real analysis at the senior undergraduate
level. It is based on lecture notes prepared (in Arabic) by the authors,
and used over the last fifteen years to teach two semester courses on
the subject to mathematics students, usually in their third or fourth
year, at King Saud University (KSU). The students who enroll in the
first course would have completed, among other things, an introductory
algebra course on foundations and the usual calculus sequence. Chap-
ter 1 and much of chapter 2 (excluding completeness) are designed to
present the foundations part needed, while the following seven chap-
ters basically cover the theory of calculus on the real line. The last
two chapters, on the Lebesgue theory of measure and integration, have
been somewhat expanded and could serve as an introduction to this
theory for senior undergraduates or beginning graduates. The book is
therefore, to a large extent, self-contained.

Analysis is one of the main pillars of mathematics, and a solid course
in analysis in R at the undergraduate level is important for students of
mathematics on two counts. On the one hand, it develops the analytical
skills and structures needed for handling the basic notions of limits and
continuity (and, by extension, differentiability, integrability, etc.) in a
simple and concrete setting. On the other hand, it prepares the student
for conducting and appreciating analysis in higher dimensions and more
abstract spaces, for the same notions and ideas developed in R are then
generalized, usually in a purely formal and predictable procedure, to
fit the new setting. Thus the seeds of analysis are planted in this first
encounter with real analysis.

Chapter 1 includes the basic preliminary concepts of sets, relations,
and functions needed for formulating mathematical ideas. In Chapter
2 the real number system is defined axiomatically, based on its field,
order, and completeness properties. Its important subsets, including
the natural numbers, the integers, and the rational numbers, are then
derived by imposing additional conditions. This would seem to run
against the natural tendency of starting with simple structures to build
more complex ones, but it has the advantage of reaching R quickly
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and precisely. A concrete method for constructing the real numbers by
decimal expansions is then outlined in Section 2.5, and this is used in
the following section to show that the real numbers are uncountable.
Countability as such does not play a significant role in the chapters to
follow, but is included here more for the beauty of its ideas than for
anything else.

Sequences and their convergence properties are the subject of Chap-
ter 3, and its importance derives from several considerations: First of
all, its intimate connection with the completeness property, and hence
the structure of R, whereby every real number is seen to be the limit of
a rational sequence. Secondly, its pivotal role in the treatment of infi-
nite series and their convergence tests in Chapter 4. Thirdly, sequences
provide a convenient approach to the concept of the limit of a func-
tion (through Theorem 5.1), which is the fundamental concept of real
analysis. Thus many results in Chapter 5 on the limit of a function are
proved either by the ε-δ method or by using the convergence properties
of a sequence, whichever is more convenient.

Chapter 6 is on continuity, with particular attention to uniform con-
tinuity and continuity on an interval and on a compact set. We end the
chapter with a brief word on the more general characterization of con-
tinuity of a function, namely, that the inverse image of an open set is
open in the domain. Differentiation and Riemann integration are taken
up in Chapters 7 and 8. Here we go over the same grounds as calculus,
but with more care, depth, and rigour.

Chapter 9 is on sequences and series of functions and their modes
of convergence, which naturally builds on the properties of numerical
sequence and series. It allows us to define the exponential, logarithmic,
and trigonometric functions analytically through power series, as it pro-
vides the tools for proving the basic theorems of Lebesgue integration
in the following chapters.

The last two chapters are on the Lebesgue theory of measure and
integration. This, of course, involves a qualitative jump in the level of
abstraction, which we tried to minimize without sacrificing rigour. We
followed the standard approach of defining outer measure on the subsets
of R, and then restricting it through Carathéodory’s condition to form
Lebesgue measurable sets. In defining the Lebesgue measurability of
a function f, we could not resist the temptation to base it on the
measurability of f−1(B) for every Borel set B. Such a definition is
better motivated, as it corresponds to the (generalized) characterization
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of continuity; and the choice of Borel sets guarantees the measurability
of continuous functions. The more common definition, based on the
measurability of the inverse image of any semi-infinite interval, which
is shown in Theorem 10.6 to be an equivalent definition, only works
because the σ-algebra of Borel sets is generated by such intervals.

The Lebesgue integral is defined in stages, starting with simple func-
tions and ending with measurable functions, as is usually done. The
fruits of this theory are now available in a sequence of powerful results
which include the monotone convergence theorem, Fatou’s lemma, the
dominated convergence theorem, and the bounded convergence theo-
rem. They all point to the superior behaviour of the Lebesgue integral,
compared to the Riemann integral, under (pointwise) limiting opera-
tions. In a certain sense, these results show how the Lebesgue integrable
functions constitute a sort of “completion” of the Riemann integrable
functions. In the last section, we finally provide a necessary and suf-
ficient condition for a bounded function on a bounded interval to be
Riemann integrable, a condition we could not have derived within the
theory of Riemann integration as it relies on the notion of Lebesgue
measure.

In treating a topic as rich and sophisticated as measure and inte-
gration, we tried to make it as readable and self-contained as we could
within the space and time available. Hence the essential tools are devel-
oped at a moderate pace, and the build-up of the theory is, hopefully,
gentle and motivated. The result is a “mini-course” which we realize
will still be challenging to the average undergraduate, but one which we
hope will be accessible none-the-less. Not all universities here offer this
material at the undergraduate level, and we have had to resist attempts
to remove it completely from the syllabus. Any coherent treatment of
the Sturm-Liouville theory, Fourier series, and orthogonal functions,
even at the undergraduate level, requires some knowledge of L2 space.
L1, on the other hand, is the natural domain of definition of the Fourier
transformation, and the continuity of the transform function is then a
direct consequence of the dominated convergence theorem. Further-
more, with the increasing role of random effects in many disciplines,
it is hoped that these last two chapters will also provide a good intro-
duction to advanced courses in the theory of probability and stochastic
processes.

For the last few years, an Arabic version of this book has been avail-
able in two volumes, tailored to cover the two-course sequence men-
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tioned earlier and offered by our mathematics department. Each course
takes up 15 weeks, delivered at the rate of three lectures and one prob-
lem session per week. In the first course, Chapter 1 and most of Chapter
2 are skimmed over, as they are covered in a previous course; only com-
pleteness is discussed at length. The rest of the time is spent on the
following five chapters, up to and including Chapter 7 on differentia-
tion. The second course covers the last four chapters of the book. We
often run out of time in the final chapters, and we have to do with less
than the full treatment of Lebesgue’s theory as presented here.

The list of references at the end includes some classical titles which
are referred to in the text, as well as some more recent titles which,
more or less, address the same readership and can therefore be used
for collateral reading. It is a short list, and we are almost certain that
we have missed some relevant titles of which we are not aware. It is
a pleasure to acknowledge the many corrections and useful comments
which we have received from our colleagues at KSU.We are also grateful
to the reviewer of Taylor and Francis for a comprehensive critique of
the original manuscript.

Authors
Riyadh, March 2006.



Contents

Preface vii

1 Preliminaries 1
1.1 Sets . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 1
1.2 Functions . . . . . . . . . . . . . . . . . . . . . . . . . . 7

2 Real Numbers 19
2.1 Field Axioms . . . . . . . . . . . . . . . . . . . . . . . . 19
2.2 Order Axioms . . . . . . . . . . . . . . . . . . . . . . . . 23
2.3 Natural Numbers, Integers, Rational Numbers . . . . . . 30
2.4 Completeness Axiom . . . . . . . . . . . . . . . . . . . . 38
2.5 Decimal Representation of Real Numbers . . . . . . . . 49
2.6 Countable Sets . . . . . . . . . . . . . . . . . . . . . . . 54

3 Sequences 65
3.1 Sequences and Convergence . . . . . . . . . . . . . . . . 65
3.2 Properties of Convergent Sequences . . . . . . . . . . . . 73
3.3 Monotonic Sequences . . . . . . . . . . . . . . . . . . . . 82
3.4 The Cauchy Criterion . . . . . . . . . . . . . . . . . . . 88
3.5 Subsequences . . . . . . . . . . . . . . . . . . . . . . . . 97
3.6 Upper and Lower Limits . . . . . . . . . . . . . . . . . . 101
3.7 Open and Closed Sets . . . . . . . . . . . . . . . . . . . 105

4 Infinite Series 113
4.1 Basic Properties . . . . . . . . . . . . . . . . . . . . . . 113
4.2 Convergence Tests . . . . . . . . . . . . . . . . . . . . . 121

5 Limit of a Function 131
5.1 Limit of a Function . . . . . . . . . . . . . . . . . . . . . 131
5.2 Basic Theorems . . . . . . . . . . . . . . . . . . . . . . . 141
5.3 Some Extensions of The Limit . . . . . . . . . . . . . . 149
5.4 Monotonic Functions . . . . . . . . . . . . . . . . . . . . 155



xii

6 Continuity 159
6.1 Continuous Functions . . . . . . . . . . . . . . . . . . . 159
6.2 Combinations of Continuous Functions . . . . . . . . . . 169
6.3 Continuity on an Interval . . . . . . . . . . . . . . . . . 173
6.4 Uniform Continuity . . . . . . . . . . . . . . . . . . . . . 186
6.5 Compact Sets and Continuity . . . . . . . . . . . . . . . 194

7 Differentiation 207
7.1 The Derivative . . . . . . . . . . . . . . . . . . . . . . . 207
7.2 The Mean Value Theorem . . . . . . . . . . . . . . . . . 223
7.3 L’Hôpital’s Rule . . . . . . . . . . . . . . . . . . . . . . 237
7.4 Taylor’s Theorem . . . . . . . . . . . . . . . . . . . . . . 247

8 The Riemann Integral 257
8.1 Riemann Integrability . . . . . . . . . . . . . . . . . . . 257
8.2 Darboux’s Theorem and Riemann Sums . . . . . . . . . 272
8.3 Properties of the Integral . . . . . . . . . . . . . . . . . 276
8.4 The Fundamental Theorem of Calculus . . . . . . . . . 286
8.5 Improper Integrals . . . . . . . . . . . . . . . . . . . . . 295

8.5.1 Unbounded Integrand . . . . . . . . . . . . . 295
8.5.2 Unbounded Interval . . . . . . . . . . . . . . 297

9 Sequences and Series of Functions 303
9.1 Sequences of Functions . . . . . . . . . . . . . . . . . . . 303
9.2 Properties of Uniform Convergence . . . . . . . . . . . . 312
9.3 Series of Functions . . . . . . . . . . . . . . . . . . . . . 323
9.4 Power Series . . . . . . . . . . . . . . . . . . . . . . . . . 332

10 Lebesgue Measure 349
10.1 Classes of Subsets of R . . . . . . . . . . . . . . . . . . . 351
10.2 Lebesgue Outer Measure . . . . . . . . . . . . . . . . . . 358
10.3 Lebesgue Measure . . . . . . . . . . . . . . . . . . . . . 365
10.4 Measurable Functions . . . . . . . . . . . . . . . . . . . 380

11 Lebesgue Integration 393
11.1 Definition of The Lebesgue Integral . . . . . . . . . . . . 394
11.2 Properties of the Lebesgue Integral . . . . . . . . . . . . 403
11.3 Lebesgue Integral and Pointwise Convergence . . . . . . 407
11.4 Lebesgue and Riemann Integrals . . . . . . . . . . . . . 418



xiii

References 429

Notation 431

Index 433



xiv



1

Preliminaries
Here we present some of the basic concepts and terminology that will
be used in the following chapters of this book.

1.1 Sets

The introduction of the concept of a “set” by the nineteenth century
German mathematician Georg Cantor may have been the most signif-
icant development in mathematics since calculus was invented in the
seventeenth century. While calculus was used as a tool for solving prob-
lems involving motion, set theory was first used to study the properties
of the real numbers, then it was developed, together with logic, to inves-
tigate the foundations of mathematics (see [CAN], [KAM], and [TAR],
for example). Here we are mainly interested in set theory as a sym-
bolic, or supplementary, language for expressing mathematical ideas
more precisely and concisely.
According to Cantor, a set is a “collection into a whole of definite

and separate objects (called the elements of the set) of our intuition or
our thought”, such as the odd numbers from 1 to 9, or the points on a
given line segment. We shall not attempt to define what a set is, but
rather accept it as a primitive concept which can then be used to define
other concepts in the larger mathematical structure. But it is helpful,
for practical purposes, to keep in mind this intuitive notion of a set as
a collection of objects, whether physical or abstract. Though we shall
have occasion to talk about sets of such entities as points or lines or
intervals, we shall mainly be interested here in sets of numbers.
A set may be finite, such as the odd integers from 1 to 9, which is

made up of five elements, and denoted by

{1, 3, 5, 7, 9} (1.1)

in conventional set notation; or it may be infinite, such as the set of
natural numbers

N = {1, 2, 3, 4, · · · } . (1.2)
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When a is an element in the set A we write a ∈ A, otherwise we write
a /∈ A to indicate that a does not belong to A. Thus 105 ∈ N, while
−1 /∈ N.
The essential feature of a (well-defined) set A is that, for any element

a, either a ∈ A or a /∈ A. A set is defined either by explicitly writing
down its elements, as in (1.1) and (1.2), or by giving a rule for obtaining
them. For example, ©

x : x ∈ N, x2 − 4x+ 3 = 0 ª (1.3)

is the set of natural numbers x such that x2−4x+3 = 0. This can also
be expressed more briefly as

©
x ∈ N : x2 − 4x+ 3 = 0ª .

We say that the set A is a subset of the set B, or that B contains A,
if every element in A belongs to B, and we express this relation between
the two sets symbolically by A ⊆ B. When A ⊆ B and B ⊆ A the sets
A and B have the same elements and are said to be equal, and we write
A = B. But when A ⊆ B and A 6= B, A is called a proper subset of B,
and the more specific relation A ⊂ B is used. Thus {1, 3, 5, 7, 9} ⊂ N
and

©
x ∈ N : x2 − 4x+ 3 = 0ª = {1, 3}.

Figure 1.1

In order to avoid some logical contradic-
tions which can arise in the definition of a
set, as in Exercise 1.1.9, we shall assume
the existence of a fixed set U , sometimes
referred to as the universal set, which con-
tains all the sets under discussion. In real
analysis, for example, this is usually taken
to be the set of real numbers R, which
will be the subject of chapter 2. We shall
also find it necessary to define an empty
set, denoted by ∅, as one which contains no elements, such as the set
{x ∈ N : 2x = 1}. Hence ∅ ⊆ A for any set A.
The union of the sets A and B, denoted by A ∪ B, is the set of

elements in A or B (or both), while their intersection A∩B is the set
composed of those elements which belong to both A and B. When the
two sets A and B have no elements in common, that is, when A∩B = ∅,
A and B are said to be disjoint. The complement of A in B is defined
as the set {x : x ∈ B,x /∈ A} . This is denoted by B \ A, and when B
is the universal set U it is usually abbreviated to Ac, the complement
of A.
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Figure 1.2

For any two sets A and B we have De Morgan’s laws

(A ∪B)c = Ac ∩Bc (1.4)

(A ∩B)c = Ac ∪Bc. (1.5)

To prove the first equality, let x ∈ (A∪B)c, which means x /∈ A∪B. It
then follows that x /∈ A and x /∈ B, that is, x ∈ Ac and x ∈ Bc. Hence
x ∈ Ac∩Bc. Since x was an arbitrary element in (A∪B)c, we conclude
that (A∪B)c ⊆ Ac ∩Bc. By a similar argument we can show that, if x
is any element in Ac∩Bc, then x ∈ (A∪B)c, hence Ac∩Bc ⊆ (A∪B)c.
This implies that the two sets (A ∪B)c and Ac ∩Bc are equal.
More generally, we shall define the union and the intersection of a

finite number of sets A1, A2, A3, · · · , An, respectively, by

nS
i=1

Ai = {x : x ∈ Ai for some i, 1 ≤ i ≤ n}

nT
i=1

Ai = {x : x ∈ Ai for all i, 1 ≤ i ≤ n} .

These definitions have a natural extension to any collection of sets
{Aλ : λ ∈ Λ} indexed by the set Λ, which may be finite or infinite,
given by S

λ∈Λ
Aλ = {x : x ∈ Aλ for some λ ∈ Λ} (1.6)T

λ∈Λ
Aλ = {x : x ∈ Aλ for all λ ∈ Λ}. (1.7)

In particular, with Λ = N, the unionS
i∈N

Ai =
∞S
i=1

Ai
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and the intersection T
i∈N

Ai =
∞T
i=1

Ai

of any infinite sequence of sets A1, A2, A3, · · · are well defined. Applied
to (1.6) and (1.7), De Morgan’s laws take the formµ S

λ∈Λ
Aλ

¶c

=
T
λ∈Λ

(Aλ)
c

µ T
λ∈Λ

Aλ

¶c

=
S
λ∈Λ
(Aλ)

c.

Phrases such as if · · · then · · · , and · · · if and only if · · · , are used
quite frequently to connect simple statements. These are statements,
such as 1 ∈ N or 2 = 3, which can be described as either true or false
(but not both). In order to clarify what we mean by such phrases, and
to take advantage of some of the conventional logical symbols for the
sake of brevity and typographical convenience, we conclude this section
with a brief word on logical connectives.
If P is a statement, ∼ P will denote the negation of P . Thus ∼ P is

false when P is true, and vice-versa. Suppose Q is another statement.
The compound statement

if P then Q

and
P implies Q

will be considered equivalent statements, meaning that if P is true then
Q is true. This is written symbolically as

P ⇒ Q. (1.8)

We also express this conditional statement by saying that P is a suf-
ficient condition for Q, or that Q is a necessary condition for P. To
prove the implication (1.8) we have to exclude the possibility that P is
true and Q is false. This may be done by one of three ways:

1. Assume that P is true and prove that Q is true (direct proof ).

2. Assume that Q is false and prove that P is false (contrapositive
proof ).
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3. Assume that P is true and Q is false, then show that this leads
to a contradiction (proof by contradiction).

In a theorem, corollary, lemma, etc., P usually stands for the hypoth-
esis, or assumptions, and Q the conclusion, and we follow one of these
procedures to go from P to Q.
When P implies Q and Q implies P, that is, when P ⇒ Q and

Q⇒ P , we abbreviate this to

P ⇔ Q,

and we say that P is equivalent to Q, or the more common phrase:
P if and only if Q. This also means P is a necessary and sufficient
condition for Q. Thus x = 1 ⇒ x2 = 1, x = −1 ⇒ x2 = 1 and
x2 = 1⇒ x ∈ {1,−1}. Hence

x2 = 1⇔ x ∈ {1,−1}.

Exercises 1.1

1. Prove that the operations ∪ and ∩ are commutative and associa-
tive, in the sense that A∪B = B ∪A, A∩B = B ∩A for any pair
of sets A and B, and that

A ∪ (B ∪C) = (A ∪B) ∪ C
A ∩ (B ∩C) = (A ∩B) ∩ C

for any sets A,B and C.

2. Prove the distributive laws

A ∩ (B ∪ C) = (A ∩B) ∪ (A ∩ C),
A ∪ (B ∩ C) = (A ∪B) ∩ (A ∪ C).

3. Prove that (A ∪ B)\B ⊆ A. Under what conditions do we have
(A ∪B)\B = A?

4. Prove that

(a) A\B = A\(A ∩B)
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(b) A\(B\C) = (A\B) ∪ (A ∩ C)
(c) (A\B)\C = A\(B ∪C)
(d) A\(B ∪C) = (A\B) ∩ (A\C)
(e) (A ∪B)\C = (A\C) ∪ (B\C).

5. The symmetric difference of the sets A and B is defined as A∆B =
(A\B) ∪ (B\A). Draw a schematic diagram of A∆B and prove

(a) A∆B = B∆A (commutative property of ∆)

(b) A∆∅ = A

(c) A∆A = ∅
(d) A ∩ (B∆C) = (A ∩B)∆(A ∩C) (distributive property)
(e) A∆B = (A ∪B)\(A ∩B).

6. Prove that if A ∪B = A and A ∩B = A, then A = B.

7. Let A be a set. The set of all subsets of A is known as the power
set of A, and is denoted by P(A). Thus B ∈ P(A) if, and only if,
B ⊆ A. The sets A and ∅ clearly belong to P(A). Determine the
power set of {1, 2, 3, 4, 5}.

8. If A is a finite set we shall use the symbol |A| to denote the number
of elements in A. Verify that |P(A)| = 32 for the set given in
exercise 1.1.7. More generally, prove that |P(A)| = 2|A|.

9. Let A be the collection of all sets. If A is a set then clearly A ∈ A,
which is unusual for ordinary sets. We shall call a set X ordinary
if X /∈ X, and extraordinary if X ∈ X. Let B be the collection
of all ordinary sets. Assuming that B is a set, is B ordinary or
extraordinary? Show that if B is ordinary then it is extraordinary,
and if B is extraordinary then it is ordinary.
This is the famous paradox due to the English philosopher Bertrand
Russel, which pointed to the need for some restrictions on what
can be regarded as a “set”. In our work such sets as A and B are
excluded by the assumption that we work within a fixed universal
set, in which such “large” sets have no place.
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1.2 Functions

Let a and b be elements in any set. By the definition of equality between
sets, we have {a, a, b} = {a, b} = {b, a} . This means that the repetition
of an element in a set does not change the set, and that the order of the
elements in the set {a, b} is irrelevant. If we wish to give significance to
their order we shall write (a, b) , the ordered pair a, b, which is defined
as the set {{a} , {a, b}}. Thus (a, b) = (c, d) implies {{a} , {a, b}} =
{{c} , {c, d}} , from which we can only conclude that a = c and b = d.
Hence (a, b) = (b, a) only if a = b. a is called the first coordinate and b
the second coordinate of (a, b).

Definition 1.1 Let A and B be sets. The cartesian product of A and
B, denoted by A×B, is the set of all ordered pairs (a, b) such that a ∈ A
and b ∈ B. Symbolically, we have A×B = {(a, b) : a ∈ A, b ∈ B}.
From this definition it follows that A × B = ∅ if either A = ∅ or

B = ∅. For example

{1, 2} × {3, 4, 5} = {(1, 3), (1, 4), (1, 5), (2, 3), (2, 4), (2, 5)} .
Note that

{3, 4, 5} × {1, 2} = {(3, 1), (3, 2), (4, 1), (4, 2), (5, 1), (5, 2)}
6= {1, 2} × {3, 4, 5},

so, in general, A×B 6= B ×A.
The set {1, 2}×{3, 4, 5} may be represented graphically by points in

the cartesian plane, as shown in Figure 1.3.

Figure 1.3
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Definition 1.2 For any sets A and B, a subset of A × B is called
a binary relation from A to B. A subset of A × A is called a binary
relation on A.

We generally refer to a binary relation as simply a relation when
there is no need to emphasize its binary nature. If R is a relation from
A to B then R ⊆ A × B. Here are some examples of relations from
{1,2} to {3,4,5}:

R1 = {(1, 3), (1, 4), (2, 5)} (1.9)

R2 = {(1, 3), (2, 4)} (1.10)

R3 = {(1, 5), (2, 5)} (1.11)

R4 = {1, 2} × {3, 4, 5} (1.12)

R5 = {(2, 3)} (1.13)

When (a, b) ∈ R we say that a is related to, or associated with, b
by R. At the risk of abusing our notation, we sometimes express this
symbolically by writing aRb. One of the important binary relations on
N is the relation “greater than”, which is expressed by

R = {(2, 1), (3, 1), (3, 2), (4, 1), (4, 2), (4, 3), (5, 1), · · · }. (1.14)

This is also expressed by writing 2 > 1, 3 > 1, 3 > 2, 4 > 1, 4 >
2, 4 > 3, 5 > 1, · · · , where > is the conventional mathematical symbol
for “greater than”, which will be defined more precisely in the next
chapter. The relation (1.14) is represented graphically in Figure 1.4.

Figure 1.4
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Definition 1.3 If R is a relation from A to B, the inverse relation
R−1 is the relation defined by {(b, a) : (a, b) ∈ R}. Thus, referring to
equations (1.9) to (1.13), we have

R−11 = {(3, 1), (4, 1), (5, 2)}
R−12 = {(3, 1), (4, 2)}
R−13 = {(5, 1), (5, 2)}
R−14 = {3, 4, 5} × {1, 2}
R−15 = {(3, 2)}.

Definition 1.4 A relation R from A to B is called a function, or a
mapping, from A to B if
(i) for every x ∈ A there is a y ∈ B such that (x, y) ∈ R
(ii) whenever (x, y) ∈ R and (x, z) ∈ R, then y = z.

In other words, a function from A to B is a relation in which every
element of A is associated with one, and only one, element in B.
Among the relations in (1.9) to (1.13) we see that only R2 and R3 are

functions from {1, 2} to {3, 4, 5}. In R1 and R4 the element 1 ∈ {1, 2}
is associated with more than one element in {3, 4, 5}, and in R5 the
element 1 ∈ {1, 2} is not associated with any element in {3, 4, 5}.
By convention, we write

f : A→ B

to indicate that f is a function from A to B. In functional notation the
statement that (x, y) ∈ f is expressed as

f : x 7→ y

or, more commonly, as
y = f(x).

We then say that y is the image of x, and that x is a pre-image of y,
under f . Note that, by Definition 1.4, there is only one image for x, but
there may be more than one pre-image of y. f(x) is also referred to as
the value of the function f at x. The set A is the domain of definition,
or simply the domain, of the function f, frequently denoted by Df ,
while B is its co-domain. Thus a function f is completely determined
by its domain Df = A, its co-domain B, and the rule y = f(x) which
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assigns to every element x ∈ A an image y in B. This is expressed
concisely in the form

f : A→ B, y = f(x).

If C is a subset of A, the image of C under f is the set

f(C) = {f(x) : x ∈ C},

which is a subset of B. The set

f(A) = {f(x) : x ∈ A},

composed of the images under f of all the elements of the domain of
f , is called the range of f and is denoted by Rf . Clearly Rf ⊆ B.
If y ∈ B, Definition 1.4 does not guarantee the existence of a pre-

image x ∈ A such that f(x) = y. In equation (1.10), for example, 5 has
no pre-image under R2. Furthermore, if a pre-image exists, it may not
be unique, as may be seen in equation (1.11), where both 1 and 2 are
pre-images of 5 under R3. For any E ⊆ B, we define

f−1(E) = {x ∈ A : f(x) ∈ E}.

Thus f−1({y}),which is usually simplified to f−1(y), is the set

{x ∈ A : f(x) ∈ {y}} = {x ∈ A : f(x) = y}.

Note that if y /∈ Rf then f−1(y) = ∅, and we clearly have f−1(B) =
f−1(Rf ) = Df . The reader is invited to verify the following statements
for any function f : A→ B:

f(∅) = ∅ (1.15)

If A1 ⊆ A2 ⊆ A then f(A1) ⊆ f(A2) (1.16)

f

µ S
λ∈Λ

Aλ

¶
=
S
λ∈Λ

f(Aλ) (1.17)

f

µ T
λ∈Λ

Aλ

¶
⊆ T

λ∈Λ
f(Aλ) (1.18)

f−1(∅) = ∅ (1.19)

If B1 ⊆ B2 ⊆ B then f−1(B1) ⊆ f−1(B2) (1.20)
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f−1
µ S
λ∈Λ

Eλ

¶
=
S
λ∈Λ

f−1(Eλ) (1.21)

f−1
µ T
λ∈Λ

Eλ

¶
=
T
λ∈Λ

f−1(Eλ) (1.22)

f−1 (Ec) =
£
f−1(E)

¤c
(1.23)

When A and B are subsets of the set of real numbers R, the function
f : A → B has a graphical representation in the cartesian plane, such
as the one in Figure 1.5, where Df = A is shown on the horizontal real
axis, the x-axis, and Rf ⊆ B on the vertical real axis, the y-axis. The
set of ordered pairs {(x, y) : x ∈ Df , y = f(x)}, represented by the
set of points in the cartesian plane with coordinates x and f(x), is the
graph, or the curve, of the function f .

Figure 1.5

The function f, represented in Figure 1.5, is a typical example of a
real function f of a real variable x, and is the subject of our study in
this book. Examples of such functions are given by

f : R→ R, f(x) = 2x+ 1 (1.24)

g : R→ R, g(x) = x2, (1.25)

which are represented graphically in Figure 1.6.
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Figure 1.6

When a real function f is defined by the rule x 7→ f(x), the “largest”
set A in R for which x ∈ A implies f(x) ∈ R is called the natural
domain of f . Consequently, the natural domain of the function defined
by f(x) = 1/x is the set R\{0}, and the function defined by g(x) =√
x− 1 has the natural domain {x ∈ R, x ≥ 1} = [1,∞).
According to Definition 1.4, a function f from A to B is a binary

relation from A to B, and, as such, has an inverse relation f−1. The
question that comes to mind is: when is the relation f−1 a function?
To answer that question we first present the following definition.

Definition 1.5 The function f is injective, or “one-to-one”, if, for any
x1 and x2 in Df such that f (x1) = f (x2), we have x1 = x2.

Thus an injective function takes distinct elements in the domain to
distinct elements in the range.
The function f defined in (1.24) is injective because, if 2x1 + 1 =

2x2+1, then we must have x1 = x2. But the function g in (1.25) is not
injective because, for example, g(−1) = g(1) = 1 though −1 6= 1.
Theorem 1.1
For any function f, the inverse f −1 is a function if and only if f is
injective, in which case Df−1 = Rf and Rf−1 = Df .
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Proof
(a) First we shall assume that f is injective and prove that f−1 is a
function from Rf to Df .
(i) Let y ∈ Rf , then there is an x ∈ Df such that y = f(x), that is
(x, y) ∈ f. But this implies (y, x) ∈ f−1.
(ii) Suppose (y, x1) ∈ f−1and (y, x2) ∈ f−1, then (x1, y) ∈ f and
(x2, y) ∈ f, that is, y = f(x1) and y = f(x2). Since f is injective we
must have x1 = x2.
(b) Suppose now that f−1 is a function. To show that f is injective,

let f(x1) = f(x2) = y. Then (x1, y), (x2, y) ∈ f, or (y, x1), (y, x2) ∈
f−1. But since f−1 is a function we must have x1 = x2. Hence f is
injective. ¤
Corollary 1.1 If the function f : A→ B is injective, then f−1 : Rf →
A is also injective.

Proof. Let y1, y2 ∈ Rf and suppose f−1(y1) = f−1(y2) = x. Then
f(x) = y1 and f(x) = y2. Since f is a function, it follows that y1 = y2.
¤
Going back to the function f : R→ R defined in (1.24) by the equa-

tion f(x) = 2x+1, we note that any point y in the co-domain R is the
image of some point x in the domain R, in fact it is a simple matter to
calculate x from the equation y = 2x+ 1 as x = (y − 1)/2. Hence the
co-domain of f coincides with its range.

Definition 1.6 A function f : A → B is surjective, or “onto”, if
Rf = B.

Thus the function f defined in (1.24) is surjective since Rf = R,
but the function g defined in(1.25) is not, since Rg = {x2 : x ∈ R} =
[0,∞) 6= R. Note that, had we defined g as a function from R to [0,∞),
the function would have been surjective (but not injective). In fact,
taking the co-domain of a function as its range automatically makes
it surjective, but the range of a function is not always immediately
obvious from its definition, or it may not be relevant to the discussion
at hand.

Definition 1.7 A function which is both injective and surjective is
called bijective. Such a function is also referred to as a bijection, or a
one-to-one correspondence.

It is important at this point to emphasize once again that a function is
not completely defined by the rule y = f(x), but also by its domain and
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co-domain. Thus the function g defined by (1.25) is neither injective
nor surjective. By changing its domain from R to [0,∞) it becomes
injective (from [0,∞) to R), and by shrinking its co-domain to [0,∞),
it becomes surjective. The resulting function

h : [0,∞)→ [0,∞), h(x) = x2 (1.26)

is now a bijection. Its inverse

h−1 : [0,∞)→ [0,∞), h−1(x) = √x,
is also a bijection, and it is a simple matter to conclude from Theorem
1.1 and its corollary that this is true of any function. In other words,
the inverse of a bijection is a bijection.
The procedure by which we shrank the domain of the function g,

defined in (1.25), from R to [0,∞) is an example of what is called a
restriction. This is one of the many ways we use to modify and compose
existing functions to obtain new ones. Here we give some of the more
common methods:

1. Restriction and extension of the domain
If f is a function from A to B and C ⊂ A, the function g : C →
B, g(x) = f(x), is called the restriction of f to C, and is denoted by
f |C . We also call f an extension of g to A. The function defined on
R\{0} by x 7→ 1/x, for example, may be extended to R by the assign-
ment 0 7→ 0. Many significant developments in mathematics are the
result of discovering extensions of known functions which preserve cer-
tain basic properties. The process is known as generalization, which is
the driving force behind many developments in mathematical thought.

2. Composition
If we have two functions

f : A→ B, g : B → C

then we can define the composition of f and g, denoted by g ◦ f, as the
function

g ◦ f : A→ C, (g ◦ f)(x) = g(f(x)).

Note that Dg◦f = Df = A. Going back to the functions defined in
(1.24) and (1.25) we have

(g ◦ f)(x) = g(f(x)) = (2x+ 1)2

(f ◦ g)(x) = f(g(x)) = 2x2 + 1,
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so we conclude that f ◦ g 6= g ◦ f in general. Note that the composition
g ◦ f is well defined whenever Rf ⊆ Dg.

Figure 1.7

The following properties of composite functions easily follow from
the definitions above:

(i) If f : A→ B, g : B → C, and h : C → D then

(h ◦ g) ◦ f = h ◦ (g ◦ f).

This just says that composition is an associative binary operation on
functions where it is defined.

(ii) If f and g are both injective, then so is g ◦ f.
If f and g are both surjective, then so is g ◦ f .
If f and g are both bijective, then so is g ◦ f .

(iii) If f is injective then (f−1 ◦ f)(x) = x for all x ∈ Df , and (f ◦
f−1)(x) = x for all x ∈ Rf .

3. Algebraic Combinations
In dealing with real functions of a real variable, we can use the algebraic
properties of real numbers to define the sum, product, and quotient of
two functions f and g in the usual manner:

(i) f+g is the function defined on Df ∩Dg by (f+g)(x) = f(x)+g(x).
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(ii) f · g is the function defined on Df ∩Dg by (f · g)(x) = f(x) · g(x).
(iii) f/g is the function defined on Df ∩ Dg\{x ∈ Dg : g(x) = 0} by
(f/g)(x) = f(x)/g(x).

Note that multiplication of a function by a constant is a special case
of (ii), and that the difference of two functions, f − g, is obtained from
(i) and (ii) as f + (−1)g.
Finally, a word about the functions that we shall use in our examples.

We expect that the reader is familiar with the exponential, logarith-
mic, and trigonometric functions. Nevertheless, the exponential and
logarithmic functions are introduced in Section 2.4, and the trigono-
metric functions are briefly sketched in Chapter 4, after which we use
them quite freely in our examples in the first few chapters of the book.
These transcendental functions will be defined later on through power
series, but to avoid them until then is to deprive our examples of much
needed variety and vitality.

Exercises 1.2

1. Prove that, for any three sets,

(a) A× (B ∪ C) = (A×B) ∪ (A× C)

(b) A× (B ∩ C) = (A×B) ∩ (A× C).

2. A relation R in A is called reflexive if xRx for all x ∈ A, symmetric
if xRy implies yRx for all x, y ∈ A, and transitive if xRy and
yRz imply xRz. Determine the properties of each of the following
relations:

(a) m “divides” n, defined on the set N
(b) x “equals” y on R
(c) A “is a proper subset of” B on P(R).

An equivalence relation is a relation which is reflexive, symmetric,
and transitive. Which of the relations defined above is an equiva-
lence relation?

3. Prove equations (1.15) through (1.18).

4. Prove equations (1.19) through (1.23).
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5. Give an example of two functions f and g such that f 6= g but
f ◦ g = g ◦ f.

6. Given

f : R\{1}→ R, f(x) =
x+ 1

x− 1 ,

prove that f−1 = f .

7. For any two functions for which the composition g ◦ f is defined,
prove that Dg◦f = f−1(Dg).

8. Prove properties (i) to (iii) of the composition of functions.

9. Suppose f : A→ B. Prove the following:

(a) f(f−1(E)) ⊆ E for all E ⊆ B. Show that equality holds for
all E ⊆ B if, and only if, f is surjective.

(b) f−1(f(C)) ⊇ C for all C ⊆ A. Show that equality holds for
all C ⊆ A if, and only if, f is injective.

(c) f is injective if, and only if, f(C1 ∩ C2) = f(C1) ∩ f(C2) for
all C1, C2 ⊆ A.

(d) f is surjective if, and only if, [f(C)]c ⊆ f(Cc) for all C ⊆ A.

10. If A is a finite set and f : A → B is a bijective function, prove
that B is also finite and |B| = |A| .

11. Let f : A → B, g : C → D. Determine the domain and range of
both f ◦ g and g ◦ f.

12. 11. Let A be any (non-empty) set. A function from A×A to A is
called a binary operation on A. Show that ∪,∩, and ∆ are binary
operations on P(A).
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2

Real Numbers
This chapter looks at the real number system from an axiomatic point
of view, and thereby lays the foundation for our future work. It may
seem, at first sight, that we are being too pedantic in spending too
much time discussing or proving intuitively obvious ideas. However, we
should keep in mind that intuition, though often useful, can sometimes
be misleading. A prime example of this is the intuitive idea that any
measurable length can be expressed as a common fraction. This led
to the assumption that

√
2 may be represented by a rational number,

which was later proved to be false. This will be discussed in section 2.3.
Any attempt to build the real numbers by a constructive approach,

first by defining the natural numbers, then the integers, then the ratio-
nal numbers, and finally the real numbers, will not be an easy task. See,
for example, [RUD] for an exposition of how the real numbers may be
constructed from the rationals using Dedekind cuts. We shall, instead,
adopt an approach as old as Euclid, whereby we assume the existence
of a set R, called the set of real numbers, which satisfies certain prop-
erties, called axioms or postulates, that will allow us to derive the other
pertinent properties we seek in this course. This approach, it seems to
us, is less ambiguous and more economical, and should not obstruct
or diminish our intuitive capability if the axioms are chosen carefully
enough.
There are twelve axioms to be imposed on R, the first eleven of

which are algebraic. These are the field axioms (A1 to A9) and the
order axioms (A10 and A11). But the twelfth, the completeness axiom,
is different, and it is this last axiom which provides R with a topolog-
ical closure property that allows us to conduct analysis. The axioms
will be presented in three stages in order to emphasize their separate
implications.

2.1 Field Axioms

We shall assume that there are two binary operations on R, that is,
functions defined from R× R to R
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+ : (a, b) 7→ a+ b, · : (a, b) 7→ a · b,
the first called addition, and the second multiplication, such that the
following properties are satisfied:

A1. a+ b = b+ a for all a, b ∈ R.
This is called the commutative property of addition.

A2. a+ (b+ c) = (a+ b) + c for all a, b, c ∈ R.
(associative property of addition).

A3. There is an element 0 in R such that a + 0 = 0 + a = a for
all a ∈ R.
(the existence of a neutral element for addition).

A4. For every element a in R there is an element in R, denoted by −a,
which satisfies a+ (−a) = (−a) + a = 0.

(the existence of an additive inverse).

A5. a · b = b · a for all a, b ∈ R.
(commutative property of multiplication).

A6. a · (b · c) = (a · b) · c for all a, b, c,∈ R.
(associative property of multiplication).

A7. There is an element 1 6= 0 in R such that a · 1 = 1 · a = a for
all a ∈ R.
(the existence of a neutral element for multiplication).

A8. For every element a 6= 0 in R there is an element in R, denoted
by a−1, which satisfies a · a−1 = a−1 · a = 1.
(the existence of a multiplicative inverse).

A9. a · (b+ c) = a · b+ a · c for all a, b, c ∈ R.
(distributive property of multiplication over addition).
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In algebraic terminology, axioms A1 to A4 state that the set R under
the operation +, or the system (R,+), is a commutative group. Similarly
A5 to A8 state that the system (R\{0}, ·) is a commutative group. The
set R, under the operations + and ·, and subject to the nine axioms A1
to A9, is called the field of real numbers, and is denoted by (R,+, ·).
Usually we write R when we mean the field (R,+, ·).
From the field axioms listed above we can derive other algebraic prop-

erties of the real numbers, as may be seen in the following examples.

Example 2.1 If a, b, c ∈ R and a+ b = a+ c, then b = c.

Proof. Suppose a + b = a + c. By A4, a has an additive inverse −a,
and we have

−a+ (a+ b) = −a+ (a+ c)

(−a+ a) + b = (−a+ a) + c

by the associative property of addition. Now we use A4 once more to
obtain

0 + b = 0 + c,

which, by A3, implies b = c. ¤
Similarly, we can prove that if a · b = a · c and a 6= 0, then b = c.

Example 2.2 (i) a · 0 = 0 for all a ∈ R.
(ii) If a · b = 0 then either a = 0 or b = 0.

Proof. (i) 1 + 0 = 1 by A3. Therefore

a · (1 + 0) = a · 1
= a · 1 + 0. (A3)

But
a · (1 + 0) = a · 1 + a · 0. (A9)

From Example 2.1, we conclude that a · 0 = 0.
(ii) Suppose a · b = 0 and a 6= 0. By A8, a−1 exists and gives

a−1 · (a · b) = a−1 · 0 = 0. by (i)

But

a−1 · (a · b) = (a−1 · a) · b (A6)

= 1 · b (A8)

= b. (A7)
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Consequently, b = 0. ¤
We can also use A4 to define subtraction on R by

a− b = a+ (−b) for all a, b ∈ R,

and A8 to define division by

a÷ b = a · (b−1) for all a ∈ R, b ∈ R\{0}.

It is a simple matter to verify that these two operations are not com-

mutative. The quotient a÷ b is usually written as a ratio
a

b
or a/b.

Exercises 2.1

Prove the following statements:

1. Given a, b ∈ R, the equation x + a = b has the unique solution
x = b− a.

2. Given a, b ∈ R, where a 6= 0, the equation a · x = b has the unique

solution x = a−1 · b = b

a
.

3. −(−a) = a for any a ∈ R.

4. If a 6= 0 then a−1 6= 0 and (a−1)−1 = a.

5. (−1) · a = −a for all a ∈ R.

6. (−a) · b = −(a · b) for all a, b ∈ R.

7. (−a) · (−b) = a · b for all a, b ∈ R.

8. (−a)−1 = −(a−1) for all a ∈ R\{0}.

9. If a 6= 0 and b 6= 0 then a · b 6= 0 and (a · b)−1 = a−1 · b−1.
10. Prove that the neutral elements for addition and multiplication

are unique.
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2.2 Order Axioms

We assume that there is a subset P of R with the following properties:

A10. For any a ∈ R one, and only one, of the following alternatives
holds: a ∈ P, or a = 0, or −a ∈ P.

A11. If a, b ∈ P then a+ b ∈ P and a · b ∈ P .

P is called the set of positive real numbers. For any pair of real
numbers a and b we now say a is greater than b (or b is less than a)
and we write

a > b (2.1)

(or b < a) if, and only if, a − b ∈ P . This defines the binary relation
greater than, denoted by >, on R. Thus

P = {a ∈ R : a > 0},

and if we define the set P− = {a ∈ R : −a ∈ P}, then we have

P− = {a ∈ R : a < 0},

which is the set of negative real numbers. Now A10 implies P ∩ {0} =
{0} ∩ P− = P− ∩ P = ∅, and

R = P ∪ {0} ∪ P−.

In other words, any real number is either positive, negative, or 0. We
also use the abbreviated notation a ≥ b (equivalently, b ≤ a) when
a > b or a = b, that is, when a− b ∈ P ∪ {0}. It now follows, from A10,
that if a ≥ b and a ≤ b then a = b.
Axioms A10 and A11, added to A1-A9, introduce order into the field

(R,+, · ), which now becomes an ordered field.
Let A be a subset of R. m ∈ A is called the least element of A, or

the minimum of A, if m ≤ a for all a ∈ A. Clearly, if A has a minimum
it cannot have more than one; for if m1 and m2 are both minima of A
then, by definition, m1 ≤ m2 and m2 ≤ m1, hence m1 = m2. Similarly,
M ∈ A is the greatest element, or the maximum, of A if M ≥ a for all
a ∈ A. If M exists, it is also unique. We shall often use the notation
m = minA and M = maxA. The set

{x ∈ R : x > 1, x ≤ 2} = {x ∈ R : 1 < x ≤ 2},
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for example, has no minimum. Its maximum is 2.

Example 2.3 Prove that the relation < on R is transitive, in the sense
that, if a < b and b < c then a < c.

Proof. Suppose a < b and b < c. Then, by definition, b − a ∈ P and
c− b ∈ P . Using A11, we obtain

(c− b) + (b− a) ∈ P.

But (c − b) + (b − a) = c − a by A2, A3, and A4. Hence c − a ∈ P ,
which means a < c. ¤
The product notation a · b is usually abbreviated to ab.

Example 2.4 For any a, b, c ∈ R, with a < b, prove the following:

(i) a+ c < b+ c

(ii) If c > 0 then ac < bc

(iii) If c < 0 then ac > bc.

Proof. (i) Using axioms A1, A2, A3, and A4 we have

(b+ c)− (a+ c) = b− a.

Since a < b it follows that (b+c)− (a+c) ∈ P , and hence a+c < b+c.
(ii) Here both c and b − a are positive, i.e. in P , and by A11 so is

their product (b− a)c. But

(b− a)c = bc− ac. (A9)

Hence bc− ac ∈ P, which just means that ac < bc.
(iii) In this case −c and b − a are both positive, so −c(b − a) ∈ P.

But, using the results of Exercises 2.1.7 and 2.1.8,

−c(b− a) = ac− bc.

Thus ac− bc ∈ P , or ac > bc. ¤
Example 2.5 x2 ≥ 0 for any real number x.
Proof. If x is positive then, by A11, so is x2. If x = 0 then, by Example
2.2(i), x2 = 0. If x is negative, then −x is positive and, by Exercise
2.1.8, x2 = (−x)2, which is again positive by A11. ¤



Real Numbers 25

Remark 2.1 This last example implies, in particular, that 1 = 12 ≥ 0,
and since 1 6= 0, we must have 1 > 0.
Definition 2.1 For any real number x, the absolute value , or modulus,
of x is defined as

|x| =
½

x, x ≥ 0
−x, x < 0.

Using part (iii) of Example 2.4, it is a simple matter to show that
this definition implies |x| ≥ 0, |−x| = |x| and |x| ≥ x for any x ∈ R.
The next theorem states the more significant properties of the absolute
value. Note that

√
0 = 0, and

√
a is the positive square root of a if

a > 0. If a < 0 then, by Example 2.5,
√
a cannot be a real number.

Theorem 2.1
For any real numbers x and y,
(i) |x| =

√
x2

(ii) |x| < |y| ⇔ x2 < y2

(iii) |xy| = |x| |y|
(iv) |x| < a ⇔ −a < x < a, where a > 0
(v) |x+ y| ≤ |x|+ |y|
(vi) ||x|− |y|| ≤ |x− y| .
Proof. We shall only prove (v), which is known as the triangle inequal-
ity, leaving the other properties as exercises.

(x+ y)2 = x2 + y2 + 2xy

≤ ¯̄x2¯̄+ ¯̄y2¯̄+ 2 |xy|
= |x|2 + |y|2 + 2 |x| |y| by (iii)

= (|x|+ |y|)2

From (ii) we now conclude that |x+ y| ≤ |x|+ |y|. ¤

Figure 2.1

It is convenient to represent the real numbers as points on a straight
line, which is usually taken horizontal, and which extends indefinitely
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in both directions. An arbitrary fixed point on this line is chosen as
the point corresponding to 0, and is called the origin. The points to
the right of the origin represent the positive numbers, while those to
the left represent the negative numbers. By selecting the point which
corresponds to the number 1 to the right of 0, the unit length on the
line is determined. Now if b > 0 then the point corresponding to b is
the point located b units of length to the right of the origin. Similarly,
if a < 0, the point corresponding to a will lie to the left of the origin
at a distance of |a| units. The distance between a and b is then |b− a| .
From an intuitive geometrical point of view we would expect this cor-
respondence between R and the points on the real line to be a bijective
function p from R to the points on the line defined by x 7→ p(x), such
that x1 < x2 if, and only if, the point p(x2) is located x2 − x1 units to
the right of p(x1). The resulting line on which the geometric points are
assigned numerical values, or coordinates, in this fashion is called the
real line. This correspondence between R and the points on the real
line will often be taken as an identification, and hence we shall refer to
the “point x” when we mean the “real number x” sometimes, and the
“point whose coordinate is x” at other times.

Using the relations < and≤ we shall now define a class of subsets of R
which we have already encountered and which will be used repeatedly,
the real intervals. For any pair of real numbers a and b such that a < b,
we define

(i) the open interval

(a, b) = {x ∈ R : a < x < b},

(ii) the closed interval

[a, b] = {x ∈ R : a ≤ x ≤ b},

(iii) the half-open, or half-closed, intervals

[a, b) = {x ∈ R : a ≤ x < b}
(a, b] = {x ∈ R : a < x ≤ b}
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Figure 2.2

(iv) the unbounded intervals

(a,∞) = {x ∈ R : x > a}
[a,∞) = {x ∈ R : x ≥ a}

(−∞, a) = {x ∈ R : x < a}
(−∞, a] = {x ∈ R : x ≤ a}
(−∞,∞) = R.

Figure 2.3

We can also use the relations < and ≤ to define an important class
of functions, the monotonic functions. A function f : D→ R is said to
be increasing if

x, y ∈ D, y > x⇒ f(y) ≥ f(x),

and strictly increasing if

x, y ∈ D, y > x⇒ f(y) > f(x).
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On the other hand, f is decreasing if

x, y ∈ D, y > x⇒ f(y) ≤ f(x),

and strictly decreasing if

x, y ∈ D, y > x⇒ f(y) < f(x).

A function is called monotonic if it is either increasing or decreasing,
and strictly monotonic if it is either strictly increasing or strictly de-
creasing.

Exercises 2.2

1. Prove the following statements:

(a) If a > 0 then
1

a
> 0.

(b) If a > b > 0, then
1

a
<
1

b
.

(c) If ab > 0, then either a and b are both positive, or they are
both negative.

(d) If a ≤ b and c < d, then a+ c < b+ d.

(e) If 0 < a < b and 0 < c < d, then ac < bd.

(f) If a < b and c < d, then ad+ bc < ac+ bd.

(g) If 0 < a < 1 then a2 < a, and if a > 1 then a2 > a.

2. (a) If a ≤ b+ ε for all positive values of ε, prove that a ≤ b.

(b) If |x| ≤ ε for all ε > 0, prove that x = 0.

3. Prove parts (i) to (iv) and (vi) of Theorem 2.1.

4. Under what conditions does equality hold in Theorem 2.1(v)?

5. If a, b ∈ R and b 6= 0, prove that
¯̄̄a
b

¯̄̄
=
|a|
|b| .

6. For each of the following inequalities determine the solution set in
R, and show its representation on the real line:
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(a) −1 < 3x− 7 ≤ 4
(b) |8x− 1| < 2
(c) 5 ≤ |4− 6x|
(d)

1

x
< 1

(e) x2 − 7x+ 10 > 0
(f) |x+ 4| < |2x− 1|
(g) |x|+ |x+ 1| < 3
(h)

1

x− 4 <
5

x+ 5
.

7. If

|x− x0| < min
½
1,

ε

2(|y0|+ 1)
¾
, |y − y0| < ε

2(|x0|+ 1) ,

prove that |xy − x0y0| < ε.

8. For any pair of real numbers a and b, prove that

max{a, b} = 1

2
(a+ b+ |b− a|),

min{a, b} = 1

2
(a+ b− |b− a|).

9. Prove that, for any x1, x2, y1, y2 ∈ R,

|x1y1|+ |x2y2| ≤
q
x21 + x22

q
y21 + y22,

and then generalize to obtain the Schwarz inequality

nP
i=1
|xiyi| ≤

µ
nP
i=1

x2i

¶1/2µ nP
i=1

y2i

¶1/2
.

Hint: Start with 2ab ≤ a2 + b2.

10. Prove that a strictly monotonic function is injective.
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2.3 Natural Numbers, Integers, Rational Numbers

As a consequence of our axiomatic approach to the real numbers, we
now need to use the same axioms listed above to extract some important
subsets of R. This we shall do before stating the last axiom, A12. The
reason for that is two-fold: First, to emphasize that A12 plays no part in
the definition of these subsets, and secondly, to show the role it plays in
distinguishing R from them. Noting that the field properties postulate
the existence of 1, we start with the following definition

Definition 2.2 A subset A of R is called inductive if
(i) 1 ∈ A
(ii) a ∈ A ⇒ a+ 1 ∈ A.

Denoting the collection of inductive sets by I, we see that I is not
empty, for it includes R. Furthermore, it is a simple matter to prove
that the intersection of any collection of inductive sets is an inductive
set. Now we define the set of natural numbers as the intersection of all
the inductive subsets of R, that is,

N =
T{A ⊆ R : A ∈ I}.

In other words, N is the smallest inductive set in R. This is in line with
the intuitive idea that

{1, 2, 3, · · · } = {1, 1 + 1, 1 + 1 + 1, · · · }.
As a consequence, we obtain the following result, commonly referred

to as the principle of mathematical induction.

Theorem 2.2
If A ⊆ N satisfies
(i) 1 ∈ A
(ii) n ∈ A⇒ n+1 ∈ A,
then A = N.

This just says that any inductive subset of N is N itself.

Proof. A is inductive, hence, by definition of N, N ⊆ A. But since
A ⊆ N, we must have A = N. ¤
Example 2.6 If m,n ∈ N then m+ n ∈ N and mn ∈ N; that is, N is
closed under addition and multiplication.

Proof. Let m ∈ N and A = {n ∈ N : m+ n ∈ N}. Clearly, A ⊆ N. We
shall prove that A is inductive, and hence equals N. Note that



Real Numbers 31

(i) m+ 1 ∈ N by definition of N, hence 1 ∈ A.
(ii) If n ∈ A then m+n ∈ N and, by definition of N, (m+n)+1 ∈ N.

Using A2, we can write

(m+ n) + 1 = m+ (n+ 1),

hence n+ 1 ∈ A. By the principle of mathematical induction, A = N.
By defining A = {n ∈ N : mn ∈ N} ⊆ N we can similarly show that

A is inductive, and therefore coincides with N. ¤
A natural number n is even if it is a multiple of 2, otherwise it is

odd. Any even number may be expressed as 2k for some k ∈ N, and an
odd number as 2k − 1 for some k ∈ N.
Example 2.7 For any n ∈ N prove the following:
(a) n ≥ 1.
(b) If n 6= 1, then n− 1 ∈ N.
(c) If m ∈ N, m > n, then m− n ∈ N.
(d) If m ∈ N, m > n, then m ≥ n+ 1.

Proof
(a) Let A = {n ∈ N : n ≥ 1}. It then follows that

(i) 1 ∈ A.
(ii) If n ∈ A then n ≥ 1. Since 1 > 0 (see Remark 2.1) we have

n+ 1 ≥ 1 + 0 = 1, hence n+ 1 ∈ A.
This proves that A is inductive, so A = N.
(b) Let A = {1} ∪ {m ∈ N : m− 1 ∈ N}. Here, again, we note that

1 ∈ A; and if n ∈ A ⊆ N then n+ 1 ∈ N, and since n+ 1− 1 = n ∈ N,
we have n + 1 ∈ A, so A = N. Thus, if n ∈ N and n 6= 1, then
n ∈ {m ∈ N : m− 1 ∈ N} and therefore n− 1 ∈ N.
(c) Let A = {n ∈ N : if m ∈ N, m > n then m− n ∈ N}. To prove

that A = N we shall prove that A is inductive. From part (b) we know
that 1 ∈ A. Suppose then that n ∈ A. By definition of A, k − n ∈ N
for any natural number k > n. If m ∈ N and m > n + 1 > 1, then
m−1 ∈ N and m−1 > n. Consequently m−(n+1) = (m−1)−n ∈ N,
and hence n+ 1 ∈ A. Thus A = N.
(d) Suppose m,n ∈ N and m > n. From (c) we know that m−n ∈ N,

and from (a) we conclude that m− n ≥ 1, that is, m ≥ n+ 1. ¤
We can go on in this manner and prove all the other familiar proper-

ties of the natural numbers, but we shall not do that. Instead, we shall
prove one of the more important of these properties, known as the well
ordering property, and assume the validity of the rest.
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Theorem 2.3
Any non-empty subset of N has a least element.

Proof. Suppose S ⊆ N and S 6= ∅. We shall assume that S has
no minimum, and show that this leads to a contradiction with our
hypothesis. Define

A = {n ∈ N : {1, 2, · · · , n} ∩ S = ∅}.

(i) 1 /∈ S, otherwise 1 would be the smallest element in S by Example
2.7(a), hence 1 ∈ A.
(ii) Let n ∈ A. If k ∈ S then k /∈ {1, 2, · · · , n}, hence k > n. By

Example 2.7(d), k ≥ n+ 1. Now if n + 1 ∈ S then n + 1 = min S, in
contradiction with our assumption. Therefore n + 1 /∈ S, so n + 1 ∈
A. Thus A is inductive and must therefore coincide with N. But this
implies S = ∅, which contradicts our initial assumption and proves the
theorem. ¤
We have already seen how the principle of mathematical induction

can be used to deduce the properties of the natural numbers. It can
also be used effectively to prove certain statements involving the nat-
ural numbers. To that end, we present two equivalent versions of the
principle.

First statement: Suppose that, for every n ∈ N, we have a statement
P (n). If
(i) P (1) is true
(ii) P (n) is true ⇒ P (n+ 1) is true,

then P (n) is true for all n ∈ N.
Second statement: For every n ∈ N, let P (n) be a statement. If
(i) P (1) is true
(ii) P (1), P (2), · · · , P (n) are all true ⇒ P (n+ 1) is true,

then P (n) is true for all n ∈ N.
Remark 2.2 If P (1) in (i) is replaced by P (k) for some natural number
k > 1, and the implication in (ii) holds for all n ≥ k, then clearly P (n)
will be true for all n ∈ {k, k + 1, k + 2, · · · }. This follows from the
observation that, if we define Q(1) as P (k), and Q(m) as P (k+m−1),
then, by applying induction on m ∈ N to Q(m), we establish the truth
of P (k +m − 1) for all m ∈ N. By the same token we can also start
with P (0) instead of P (1) in step (i), and thereby prove P (n) for any
n ∈ N ∪ {0} = N0.
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Example 2.8 Prove that, for any n ∈ N,
nP

k=1

k2 =
1

6
n(n+ 1)(2n+ 1).

Proof. Assume that P (n) denotes the statement
nP

k=1

k2 =
1

6
n(n+ 1)(2n+ 1).

Then, by setting n = 1, we see that P (1) is true. Now if P (n) is true,
then

n+1P
k=1

k2 =
nP

k=1

k2 + (n+ 1)2

=
1

6
n(n+ 1)(2n+ 1) + (n+ 1)2

=
1

6
(n+ 1)[n(2n+ 1) + 6(n+ 1)]

=
1

6
(n+ 1)[2n2 + 7n+ 6]

=
1

6
(n+ 1)(n+ 2)(2n+ 3),

which shows that P (n + 1) is true. Hence, by induction, P (n) is true
for all n ∈ N. ¤
A natural number greater than 1 which is divisible only by itself and

1 is called a prime number. The first few primes are 2, 3, 5, 7, 11, · · · .
If a is a real number and n is a natural number, then an = a · a · · · a
(repeated n-times) is the n-th power of a, which is clearly a real number.
The next result is known as the prime factorization theorem.

Theorem 2.4
Every natural number greater than 1 may be expressed as a product of
prime numbers.

Proof. Suppose P (n) denotes the statement: n may be expressed as a
product of prime numbers. We shall use the second statement of the
principle of induction:
(i) P (2) is clearly true.
(ii) Suppose P (2), P (3), P (4), · · · , P (n) are all true. Either n + 1 is
prime and hence P (n+ 1) is true, or there are two natural numbers k
and m, both greater than 1, such that

n+ 1 = km.
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Since k and m are both necessarily less than n + 1, we have k ≤ n
and m ≤ n. From assumption (ii), both k and m can be expressed as
products of primes, and therefore n + 1 is also a product of primes,
that is, P (n + 1) is true. Thus, by induction, P (n) is true for all n ∈
{2, 3, 4, · · · }. ¤
Remark 2.3 If the prime factors of n are p1, p2, · · · , pk then there are
natural numbers m1,m2, · · · ,mk such that

n = pm1
1 pm2

2 · · · pmk
k ,

and this representation of n by the product of its prime factors is unique
if the prime factors are arranged in increasing order p1 < p2 < · · · < pk.

Referring to the field properties once more, we use the existence of
0 and the additive inverse (A3 and A4) to define the integers.

Definition 2.3 An integer is a real number x such that either x ∈ N,
or x = 0, or −x ∈ N. The set of integers, denoted by Z, is therefore the
subset of R defined by

Z = N ∪ {0} ∪ {−n : n ∈ N}
= {· · · ,−3,−2,−1, 0, 1, 2, 3, · · · }.

It is worth noting that Z satisfies axioms A1 to A11 except A8, so it
is closed under addition, multiplication, subtraction, but not division.
If a and b are integers, we can always solve x+a = b, but not necessarily
ax = b, in Z. The set of integers, under addition and multiplication,
is an example of an algebraic ring, which is defined as a set with two
operations that satisfy axioms A1 to A7 and axiom A9. Now we use
A8 to define the rational numbers.

Definition 2.4 A rational number is a real number which can be
represented as a · b−1, where a, b ∈ Z and b 6= 0. The set of rational
numbers, denoted by Q, may therefore be expressed as

Q =
na
b
: a ∈ Z, b ∈ Z\{0}

o
.

Using the ordinary rules of arithmetic, it is straightforward to verify
that Q satisfies all the axioms A1 to A11; and an equation of the
form ax + b = c, where a, b, c ∈ Q and a 6= 0, has a unique solution
a−1(c − b) in Q. This would seem to imply that the rational numbers
are rich enough to support a wide range of mathematical activity, to
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the extent that the ancient Greek mathematicians thought that any
physical length could be represented by a rational number. But in their
attempt to express the length of the hypotenuse of the triangle shown
in Figure 2.4 as a rational number they failed, for the equation x2 =
2, which expresses the Pythagorean relation between the sides of the
triangle, has no solution in Q, as the following theorem demonstrates.

Figure 2.4

Theorem 2.5
There is no rational number x such that x2 = 2.

Proof. Suppose there is an x ∈ Q such that x2 = 2. Let

x =
a

b
,

be the simplest representation of x, where a, b ∈ N and a and b have
no common factors (except 1). Substituting into the equation x2 = 2,
we obtain

a2 = 2b2,

which implies that 2 is a prime factor of a2. Therefore 2 is also a prime
factor of a. By setting a = 2m for some m ∈ N, we obtain

a2 = 4m2 = 2b2.

Therefore b2 = 2m2, and once again we conclude that 2 is a prime
factor of b as well, which contradicts the assumption that a and b have
no common factor. ¤
This surprising result pointed out quite early in the history of mathe-

matics that the rational numbers, in spite of the fact that they satisfied
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all the field and order axioms, were inadequate for covering the real line;
for, according to Theorem 2.5, the length of the hypotenuse of the tri-
angle in Figure 2.4 cannot be expressed as a rational number. In other
words, if the points on the real line are to represent the real numbers,
then there are some points whose coordinates are not in Q. So how
do we arrive at these non-rational coordinates? In the next section we
shall see how one more axiom, A12, fills these “gaps” and preserves the
one-to-one correspondence between the points of the real line and the
number system we seek.

Exercises 2.3

1. Prove the following statements:

(a) The set of positive real numbers P is inductive.

(b) The set {x ∈ P : x 6= 5} is not inductive.
(c) If the set Aλ is inductive for every λ ∈ Λ, then Tλ∈ΛAλ is

inductive.

2. Prove the second part of Example 2.6.

3. Prove the equivalence of the principle of mathematical induction
(Theorem 2.2) with the first and second statements of the princi-
ple.

4. Use induction to prove:

(a) For all n ∈ N,
nP

k=1

k(k + 1) =
1

3
n(n+ 1)(n+ 2).

(b) For all n ∈ N,
nP

k=1

4

k(k + 1)(k + 2)
= 1− 2

(n+ 1)(n+ 2)
.

(c) For all n ∈ N,
nP

k=1

k3 =
1

4
[n(n+ 1)]2
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(d) If uk+1 = 2uk + 1 for all k ∈ N, show that

un = 2
n−1(u1 + 1)− 1.

Given u1 = 1, evaluate
nP

k=1

uk.

(e) 32n + 7 is divisible by 8 for all n ∈ N.
(f) (3n+ 1)7n − 1 is divisible by 9 for all n ∈ N.

5. If x > −1 prove that

(1 + x)n ≥ 1 + nx for all n ∈ N.

6. Prove that n < 2n for all n ∈ N.
7. Prove that 2n−1 ≤ n! for all n ∈ N. For what values of n is the

inequality 2n ≤ n! valid?

8. What axioms does N satisfy?

9. Verify that Z satisfies all the axioms from A1 to A11, except for
A8.

10. Verify that Q satisfies all the axioms from A1 to A11.

11. Prove that the numbers
√
3,
√
5,
√
6, 3
√
2, 3
√
3 are all not rational.

12. Prove that
√
p is not a rational number for any prime number p.

13. Prove that

0 ≤ a ≤ 1⇒ 0 ≤ an ≤ a for all n ∈ N,

and that
a ≥ 1⇒ an ≥ a for all n ∈ N.

Show that the relation ≤ can be replaced by < in the first impli-
cation, and that ≥ can be replaced by > in the second.
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14. Use induction to prove the binomial theorem

(x+ y)n = xn + nxn−1y +
n(n− 1)

2
xn−2y2 + · · ·

+
n(n− 1)

2
x2yn−2 + nxyn−1 + yn

=
nP

k=0

³n
k

´
xn−kyk

for any n ∈ N and x, y ∈ R. Here
³n
k

´
is the binomial coefficient,

defined by ³n
k

´
=

n!

(n− k)!k!
,

where k! = k(k−1)(k−2) · · · (2)(1) for any natural number k, and
0! = 1.

Hint: First prove that³n
k

´
+

µ
n

k + 1

¶
=

µ
n+ 1

k + 1

¶
.

15. Prove that (n+ 1)n ≤ nn+1 for all n ≥ 2.
16. If a and b are positive real numbers and m,n ∈ N, use induction

to show that

(i) aman = am+n,

(ii) (am)n = amn,

(iii) (ab)n = anbn,

(iv) a < b ⇔ an < bn.

17. Using the convention a0 = 1, a−n = 1/an, where a > 0, check
that the properties (i) to (iii) in Exercise 2.3.16 remain valid for
all m,n ∈ Z.

2.4 Completeness Axiom

We start by giving some preparatory definitions.

Definition 2.5 Let A be a subset of R.
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(i) If there is a real number b such that

x ≤ b for all x ∈ A,

then b is called an upper bound of A, and the set A is said to be bounded
above.
(ii) If there is a real number a such that

x ≥ a for all x ∈ A,

then a is called a lower bound of A, and A is said to be bounded below.
(iii) A is bounded if it is bounded above and below, and unbounded if
it is not bounded.

As an example, the interval A = [0, 1) is bounded above by 1. In fact,
any number b ≥ 1 is an upper bound of A. A is also bounded below
by 0, and by any number a < 0. Consequently the interval [0, 1) is a
bounded subset of R. But the interval [0,∞), which is bounded below,
has no upper bound and is therefore unbounded.
It is clear from Definition 2.5 that, if b is an upper bound of A, any

number greater than b will also be an upper bound of A. It would
therefore make sense to seek the “smallest” among such upper bounds,
for it would be the most useful. Similarly, if A is bounded below, the
“largest” number which qualifies as a lower bound for A will yield all
the other lower bounds.

Definition 2.6 Let A be a subset of R. An element b ∈ R is called a
least upper bound, or supremum, of A if
(i) b is an upper bound of A, that is, b ≥ x for all x ∈ A, and
(ii) there is no upper bound of A which is less than b, that is,

u ≥ x for all x ∈ A ⇒ u ≥ b.

Similarly, we call a ∈ R a greatest lower bound, or infimum, if
(i) a is a lower bound of A, and
(ii) there is no lower bound of A which is greater than a, that is,

u ≤ x for all x ∈ A ⇒ u ≤ a.

It should first be noted that, if there is a least upper bound for A,
it must be unique; for if b and b0 are both least upper bounds of A,
then by applying condition (ii) with b as a least upper bound and b0 as
an upper bound, we obtain b0 ≥ b, and by reversing the roles of b and
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b0 we obtain b ≥ b0. Consequently b = b0. Similarly, the greatest lower
bound of a subset of R, if it exists, is unique.
The symbol supA will denote the least upper bound of A, and inf A

will denote its greatest lower bound. When it exists, supA ∈ R, and if
supA ∈ A then we must have supA = maxA. Similarly, inf A = minA
if inf A ∈ A.

Example 2.9 If A is any of the intervals (a, b), [a, b), (a, b], or [a, b]
then

supA = b, inf A = a.

Proof. Take A = (a, b). The proof is similar for the other cases. Note
first that, by definition of (a, b), b > a and b is an upper bound of A.
If u is an upper bound of A such that u < b, then

a < u <
u+ b

2
< b.

This implies
u+ b

2
∈ A and u <

u+ b

2
,

which contradicts the assumption that u is an upper bound of A. Hence
u ≥ b and b = supA.
To prove that inf A = a we can either follow a similar line of argu-

ment, i.e. proof by contradiction, or use the next lemma. ¤
Lemma 2.1 If we define −A = {−x : x ∈ A}, then the set A is
bounded below if, and only if, −A is bounded above. Furthermore,

inf A = − sup(−A)

when either side exists.

Proof. Using the result of Example 2.4, we have

x ≥ c⇔ −x ≤ −c,

and this implies A is bounded below (by c) if, and only if, −A is
bounded above (by −c).
Now if a = inf A then −a is an upper bound of −A. If u is another

upper bound of −A then −u is a lower bound of A. By the definition
of inf A, −u ≤ a, hence u ≥ −a. We have therefore proved that

−a = sup(−A),
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or, inf A = a = − sup(−A).We arrive at the same equality if we assume
the existence of sup(−A) and follow a similar argument. ¤
Now we are ready to state the twelfth axiom, also known as the

completeness axiom.

A12. If A is a non-empty subset of R which is bounded above, then it
has a least upper bound in R.

Before discussing the implications of this axiom, we should note that,
in view of lemma 2.1, it is equivalent to

A120. If A is a non-empty subset of R which is bounded below, then it
has a greatest lower bound in R.

The next theorem demonstrates how the set of real numbers R,
equipped with axiom A12, is now large enough to provide solutions
to such equations as x2 = 2, an equation which had no solution in Q
as we saw in Theorem 2.4.

Theorem 2.6
If n ∈ N and a > 0, then there is a number x ∈ R such that xn = a.

Proof. We shall consider the two cases a ≥ 1 and a < 1 separately.

(a) Assume a ≥ 1, and let

A = {t ∈ R : t ≥ 0, tn ≤ a}.

We first note that A is not empty, for 1 ∈ A. Secondly, A is bounded
above by a, for

a ≥ 1⇒ an ≥ a

(see Exercise 2.3.12), and

t > a⇒ tn > an ≥ a⇒ t /∈ A.

By axiom A12, A has a least upper bound, say x = supA. We shall
now prove that xn = a by excluding the two possibilities, xn < a and
xn > a.
(i) Suppose xn < a. We shall exhibit a positive number u such that

x+ u ∈ A, thereby contradicting the fact that x is an upper bound of
A. By the binomial theorem,

(x+ u)n =
n−1P
k=0

µ
n

k

¶
xkun−k + xn,
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where µ
n

k

¶
=

n!

(n− k)!k!
.

Let

c =
n−1P
k=0

µ
n

k

¶
xk and u = min{1, a− xn

c
}.

Then 0 < u ≤ 1, and hence

(x+ u)n ≤ xn + cu ≤ xn + c
a− xn

c
= a.

By definition of A, this means x+ u ∈ A.
(ii) Now suppose xn > a.We shall contradict the fact that x is a least

upper bound of A by producing an upper bound of A smaller than x.
Define

ε = xn − a > 0 and y = x− ε

nxn−1
.

It then follows that 0 < y < x, and

xn − yn = (x− y)(xn−1 + yxn−2 + · · ·+ yn−2x+ yn−1)

<
ε

nxn−1
(xn−1 + xn−1 + · · ·+ xn−1)

=
ε

nxn−1
· nxn−1 = ε.

Hence
yn > xn − ε = a,

which makes y an upper bound of A; for if z ∈ A is such that z > y
then zn > yn > a, which contradicts the definition of A. We have
therefore obtained an upper bound of A which is less than supA, a
clear contradiction. Thus we must conclude that xn = a.

(b) To complete the proof we have to deal with the case 0 < a < 1.
Take b = 1/a. Since b > 1 we know, from (a), that there is a real
number y such that yn = b. Now y 6= 0 and 1/y satisfies xn = a. ¤
This theorem proves the existence of the positive n-th root of a,

denoted by n
√
a or a1/n, for any a > 0 and any n ∈ N. Taking n = a = 2,

we see that
√
2 ∈ R. Since we already know that

√
2 /∈ Q ⊆ R, we

must conclude that Q ⊂ R. Numbers such as √2 are called irrational,
and Exercises 2.3.11 and 2.3.12 exhibit other examples of irrational
numbers. But we shall soon discover that the set of irrational numbers
R\Q is much larger than the collection of roots of natural numbers. In
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a certain sense, which will soon be clarified, we shall see that there are
actually “more” irrational numbers than rational ones in R.

The next result is known as the theorem of Archimedes.

Theorem 2.7
The set of natural numbers is not bounded above.

Proof. N is not empty, since 1 ∈ N, so if N is bounded above it must,
by A12, have a least upper bound. Assuming α = supN, we have α ≥ n
for all n ∈ N. Now let n ∈ N be arbitrary. By the inductive property of
N, we also have n+ 1 ∈ N. Hence α ≥ n+ 1, which implies α− 1 ≥ n.
Since n was arbitrary, we must conclude that α− 1 is an upper bound
on N. But this contradicts the defining property of α. ¤
Corollary 2.7.1 For every x > 0 there is a natural number n such
that x > 1/n.

Proof. By Theorem 2.7, 1/x is not an upper bound of N. So there is a
number n ∈ N such that n > 1/x, which implies x > 1/n. ¤
Thus, if x ∈ R satisfies x ≤ 1/n for every n ∈ N then x ≤ 0; and if

0 ≤ x ≤ 1/n for every n ∈ N then we can only conclude that x = 0. This
is an improvement on the result of Exercise 2.2.2, where it is required
to prove that

x < y + ε for all ε > 0 ⇒ x ≤ y

|x| < ε for all ε > 0 ⇒ x = 0.

Corollary 2.7.2 For every x ≥ 0 there is an n ∈ N such that n− 1 ≤
x < n.

Proof. By Theorem 2.7 we know that the set {m ∈ N : x < m}
is not empty. By the well-ordering property (Theorem 2.3) it has a
smallest element, call it n. We then have x < n, but x ≮ n− 1, hence
n− 1 ≤ x < n. ¤
The next theorem establishes a fundamental property ofQ as a subset

of R. It is referred to as the density of Q in R, and expresses the
“pervasiveness” of the rational numbers in R, in the sense that between
any two real numbers there is a rational number, in fact an infinite
number of rational numbers.

Theorem 2.8
If x and y are real numbers and x < y, then there is a rational number
r such that x < r < y.
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Proof
(i) We first consider the case where x ≥ 0. By Corollary 2.7.1, since
y − x > 0 there is a natural number n such that

y − x >
1

n
,

or,
nx+ 1 < ny. (2.2)

Since nx ≥ 0 we can find an m ∈ N, by Corollary 2.7.2, such that

m− 1 ≤ nx < m. (2.3)

Now (2.2) and (2.3) imply

nx < m ≤ nx+ 1 < ny,

from which we obtain
x <

m

n
< y.

Take r = m/n.
(ii) Let x < 0. Using theorem 2.7, we can find a k ∈ N such that

k > −x. Consequently,

0 < k + x < k + y.

In view of (i), there is a rational number q which satisfies

k + x < q < k + y.

Since r = q − k is also rational and satisfies x < r < y, the proof is
complete. ¤
By repeated application of Theorem 2.8, we see that between any two

distinct real numbers there is an infinite number of rational numbers.
The irrational numbers are also dense in R, as the next corollary shows.

Corollary 2.8 If x and y are real numbers and x < y, then there is
an irrational number t such that x < t < y.

Proof. If x < y then
√
2x <

√
2y, and we can use Theorem 2.8 to

conclude the existence of a rational number r 6= 0 which satisfies
√
2x < r <

√
2y,
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and this implies

x <
r√
2
< y.

Setting t = r/
√
2, we see that t cannot be rational, otherwise

√
2 = r/t

would be rational, in violation of Theorem 2.5. ¤
We end this section with a brief demonstration of how the complete-

ness postulate can be used to define the exponential function ax for any
real number x. Based on Theorem 2.6 and the rules for manipulating
integral powers of a positive number (see Exercises 2.3.16 and 2.3.17),
we can define ar for any a > 0 and any r ∈ Q (see Exercises 2.4.10). It
can also be shown that

(i) aras = ar+s and (ar)s = ars for all r, s ∈ Q
(ii) If a > 1, the function r 7→ ar is strictly increasing on Q.
Let a > 1. For any x ∈ R we define the set

Aa(x) = {ar : r ∈ Q, r ≤ x}.
Aa(x) is clearly non-empty and bounded above (by aN , for example,
where N is any integer greater than x), so supAa(x) exists in R. Now
we define the function expa : R→ R by

expa(x) = supAa(x),

and note that expa(x) > 0 for all x ∈ R, since ar > 0 for all r ∈ Q.
Since ar is a strictly increasing function on Q (Exercise 2.4.11), we

clearly have sup{ar : r ∈ Q, r ≤ q} = aq for any q ∈ Q, hence
aq = expa(q) for all q ∈ Q.

This allows us to extend the exponential function ax from Q to R by
setting

ax = expa(x) for all x ∈ R,
and it is not difficult to show that ax is also a strictly increasing function
of x ∈ R (Exercise 2.4.12).
If 0 < a < 1, we define

ax =
1

(1/a)x
,

and it follows, in this case, that the function ax is strictly decreasing.
Since, for all x ∈ R, 1x = 1, we have ax > 1 when a > 1 and ax < 1
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when 0 < a < 1. If a > 0 and b > 0, then (ab)x = axbx, and if 0 < a < b,
then ax < bx for all x > 0 (Exercise 2.4.13). The following relations can
also be shown to hold for any a > 0 and all x, y ∈ R (Exercise 2.4.14):
(i) axay = ax+y.

(ii) ax/ay = ax−y.
(iii) (ax)y = axy.

Based on these properties, we can show that the function expa(x) =
ax, for a > 0 and a 6= 1, maps R onto (0,∞) (Exercise 2.4.15). Be-
ing strictly monotonic, and hence injective, expa has an inverse which
maps (0,∞) onto R, called the logarithmic function to the base a, and
denoted by loga . Thus

loga : (0,∞)→ R

y = loga x⇔ x = ay.

Using the properties of the exponential function listed above, it is
straightforward to deduce the corresponding properties of the loga-
rithmic function:

(i) loga(xy) = loga x+ loga y

(ii) loga(x/y) = loga x− loga y
(iii) loga(x

y) = y loga x.

Figure 2.5
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Exercises 2.4

1. Determine supA and inf A where they exist:

(a) A = {x ∈ R : x2 − 9 > 0}
(b) A =

½
n ∈ N : 1− (−1)

n

n

¾
(c) A = Q
(d) A = N0 = N ∪ {0}.

2. If b is an upper bound of A, prove that b = supA if, and only if,
for every ε > 0 there is an element a ∈ A such that a > b− ε.

State and prove the corresponding result for inf A.

3. If the sets A and B are bounded above and A ⊆ B, prove that
supA ≤ supB. What can you say about inf A and inf B?

4. If both A and B are bounded above, prove that A∪B is bounded
above and

sup (A ∪B) = max{supA, supB}.
State and prove a corresponding result for inf(A ∪B).

5. Let A and B be subsets of R, and define

A+B = {a+ b : a ∈ A, b ∈ B}.
Prove that

sup(A+B) = supA+ supB

provided A and B are bounded above. State and prove the corre-
sponding result for inf(A+B).

6. Let A ⊆ R. For any k ∈ R define
kA = {ka : a ∈ A}.

If A is bounded above and k > 0, prove that

sup(kA) = k · supA.
What can be said if k ≤ 0?
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7. If x ∈ Q and y /∈ Q, prove that x+ y /∈ Q. When is xy ∈ Q?

8. If x > 0 prove that for, every y ∈ R, there is an n ∈ N such that
nx > y.

9. Suppose X and Y are non-empty sets which satisfy

(i) X ∪ Y = R
(ii) x ∈ X, y ∈ Y ⇒ x < y.

Prove the existence of a number c ∈ R such that
z < c ⇒ z ∈ X,

z > c ⇒ z ∈ Y.

10. If m,n ∈ N, define am/n =
¡
a1/n

¢m
= ( n
√
a)m for any a ≥ 0,

and a−m/n = (a1/n)−m = 1/( n
√
a)m for any a > 0. Show that

am/n = (am)1/n for all m,n ∈ Z and a > 0. Thus ar is a well
defined positive number for any r ∈ Q and a > 0.

11. If a > 0 and r, s ∈ Q, show that
(a) aras = ar+s and (ar)s = ars.

(b) r < s ⇔ ar < as when a > 1, and r < s ⇔ ar > as when
0 < a < 1.

12. Prove that expa x = ax is a strictly increasing function on R when
a > 1.

13. Prove that the exponential function satisfies the relations

(a) If a > 0 and b > 0, then (ab)x = axbx for all x ∈ R.
(b) If 0 < a < b, then ax < bx for all x ∈ R.

14. For any a > 0, prove that ax satisfies the following relations for
all x, y ∈ R:
(a) axay = ax+y

(b) ax/ay = ax−y

(c) (ax)y = axy.

15. Prove that expa maps R onto (0,∞).
Hint: For any y ∈ (0,∞), let B(y) = {t ∈ R : at < y} and
x = supB(y). Show that ax = y.
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2.5 Decimal Representation of Real Numbers

In this section we exhibit a constructive method for obtaining R from
Q. Anyone familiar with “long division” is aware of the usual decimal
representation of a positive common fraction p/q as

p

q
= x0.x1x2x3 · · · = x0 +

x1
10
+

x2
102

+
x3
103

+ · · · ,

where x0 ∈ N0, xi ∈ {0, 1, 2, 3, · · · , 9}, and i ∈ N. We shall now show
what this representation means, how it can be justified, and how it
extends to any positive real number x. Since negative numbers are
obtained from positive numbers by multiplication by −1, we thereby
obtain the decimal representation of any real number.
Let x be a real number such that x ≥ 0. We shall prove that

there is an integer x0 ≥ 0 and numbers x1, x2, x3, · · · , xn in the set
{0, 1, 2, · · · , 9} such that

0 ≤ x−
nP
i=0

xi
10i

<
1

10n
for all n ∈ N0. (2.4)

When the inequality (2.4) holds for all non-negative integers n, we shall
write

x = x0.x1x2x3 · · · . (2.5)

The right-hand side (2.5) is then called the decimal expansion of x.
Now we shall show how we arrive at (2.4) by using the principle of

induction. According to Corollary 2.7.2, given any x ≥ 0 we can always
find a (unique) n ∈ N0 which satisfies

n ≤ x < n+ 1.

n is called the integral part (or the integer part) of x, and will be
denoted by [x]. By setting x0 = [x], we obtain

0 ≤ x− x0 < 1,

which is the relation (2.4) when n = 0. Suppose the numbers x1, x2,
· · · , xn are chosen from the set {0, 1, 2, · · · , 9} so that (2.4) holds. Mul-
tiplication by 10n+1 yields

0 ≤ 10n+1
µ
x−

nP
i=0

xi
10i

¶
< 10.
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By defining xn+1 as the integer

xn+1 =

∙
10n+1

µ
x−

nP
i=0

xi
10i

¶¸
,

which is clearly in {0, 1, 2, · · · , 9}, we obtain

0 ≤ 10n+1
µ
x−

nP
i=0

xi
10i

¶
− xn+1 < 1,

or

0 ≤ x−
n+1P
i=0

xi
10i

<
1

10n+1
.

Thus (2.4) is true for n+ 1, and hence for all n ∈ N0.
We can use this procedure to obtain the expansions of some common

fractions, such as

1

2
= 0.5000 · · ·

11

8
= 1.375000 · · ·

122

990
= 0.12323 · · · ,

which can be verified by using long division. The following points are
noteworthy as they shed more light on this procedure.

1. For a real number x ≥ 0, the integer part of x, x0 = [x], also has
a representation based on 10, given by

x0 = ξm · 10m + ξm−1 · 10m−1 + · · ·+ ξ2 · 102 + ξ110 + ξ0,

where m ∈ N0 and ξi ∈ {0, 1, 2, · · · , 9}, i = 0, 1, 2, · · · ,m.

2. Two numbers having the same expansions are identical. Suppose

x = x0.x1x2x3 · · ·
y = x0.x1x2x3 · · · ,

then, for every n ∈ N,

|x− y| ≤
¯̄̄̄
x−

nP
i=0

xi
10i

¯̄̄̄
+

¯̄̄̄
nP
i−0

xi
10i
− y

¯̄̄̄
<

1

10n
+

1

10n
=

2

10n
.
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But it is a simple exercise to show, by induction, that 2/10n < 1/n,
and then use Corollary 2.7.1 to conclude that |x− y| = 0, or x = y.

3. Every x ≥ 0 has a unique decimal expansion. To see that, suppose
x = x0.x1x2x3 · · ·
x = y0.y1y2y3 · · · .

If xi 6= yi for some i ∈ N0, let n = min{i ∈ N0 : xi 6= yi}; that is,
let xi = yi for all i = 0, 1, 2, · · · , n− 1 and xn 6= yn. By definition
of the decimal expansion, we have

0 ≤ x−
nP
i=0

xi
10i

<
1

10n

0 ≤ x−
nP
i=0

yi
10i

<
1

10n
,

⇒
¯̄̄̄
nP
i=0

xi
10i
−

nP
i=0

yi
10i

¯̄̄̄
<

1

10n

⇒
¯̄̄ xn
10n
− yn
10n

¯̄̄
<

1

10n

⇒ |xn − yn| < 1,
which is impossible since xn and yn were assumed to be distinct
integers.

Note that, relaxing the condition (2.4) to

0 ≤ x−
nP
i=0

xi
10i
≤ 1

10n
,

results in some numbers having two expansions, such as

1

2
= 0.5000 · · · , 1

2
= 0.4999 · · · .

4. If x0 ∈ N0 and xi ∈ {0, 1, 2, · · · , 9}, there is a real number x ≥ 0
such that x = x0.x1x2x3 · · · . The number x is in fact none other
than

sup

½
nP
i=0

xi
10i

: n ∈ N
¾
.

(See Exercise 2.5.4.)
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5. The decimal expansion of a rational number is characterized by the
fact that, after a certain point, the digits in the expansion start
repeating themselves. This is due to the fact that, after dividing
one natural number by another, the remainder is always less than
the divisor. Consequently, to arrive at the decimal expansion of
p/q by long division, the remainder at each step of the division
will be an integer in the set {0, 1, 2, · · · , q − 1}, so at a certain
point a remainder will reappear, at which point the expansion will
be repeated.

6. So far we have only discussed decimal expansions, that is, expan-
sions based on 10. But we can follow a similar procedure to obtain
expansions based on any integer b ∈ N\{1}. The digits appearing
in such an expansion would belong to the set {0, 1, 2, · · · , b−1}.The
most important among such expansions is the binary expansion,
where b = 2. Its importance stems from the fact that it is par-
ticularly suited to electronic calculators. Because only the digits
0 and 1 appear in the expansion, one can be associated with an
open circuit and the other with a closed circuit. Ternary expan-
sions are based on 3, and so on. Thus the number 5 in decimal
notation has the binary expansion 1 · 22 +0 · 21 +1 · 20 = 101 and
the ternary expansion 1 ·31+2 ·30 = 12. The rational number 3/7
has the binary expansion 0.011011 · · · and the ternary expansion
0.1021210212 · · · .

7. We can also obtain the expansion of any real number x to any base
geometrically. Here we present the case of the ternary expansion
which we shall have occasion to use when we discuss the Cantor
set in Chapter 3, but the procedure can be adapted to any base b.

For each x ∈ [0,∞), we set x0 = [x] and express the integer x0 as
a sum

Pn
i=0 ti · 3i with ti ∈ {0, 1, 2}, which is represented by the

ternary expansion tntn−1 · · · t1t0. Since x−x0 ∈ [0, 1) we need only
indicate how to obtain the ternary expansion of x = 0.x1x2x3 · · ·
in [0, 1):

(i) Divide the interval [0,1) into 3 equal, disjoint sub-intervals
[0, 1/3), [1/3, 2/3) and [2/3, 1), each of length 1/3. Label these
intervals 0,1 and 2, respectively, as shown in Figure 2.6.
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Figure 2.6

x belongs to one, and only one, sub-interval. If x ∈ [i/3, (i+1)/3),
where i = 0, 1 or 2, we set x1 = i. Consider, for example, x = 3/7.
This lies in the sub-interval [1/3, 2/3) and therefore x1 = 1.

(ii) Now divide the sub-interval containing x into three equal,
disjoint sub-intervals of length 1/32 and label them 0, 1, 2 from
left to right. Set x2 equal to the label of the sub-interval where x
lies. Taking x = 3/7 again, we see that∙

1

3
,
2

3

¶
=

∙
1

3
,
1

3
+
1

32

¶
∪
∙
1

3
+
1

32
,
1

3
+
2

32

¶
∪
∙
1

3
+
2

32
,
2

3

¶
= [1/3, 4/9) ∪ [4/9, 5/9) ∪ [5/9, 2/3) .

Since 3/7 ∈ [1/3, 4/9), we set x2 = 0.
(iii) Once again we divide the sub-interval containing x into 3
disjoint sub-intervals of length 1/33 and set x3 equal to the label
of the sub-interval where x lies. Since 3/7 ∈ [11/27, 12/27), we
have x3 = 2. Continuing in this fashion we obtain the ternary
expansion of 3/7 as 0.10212 · · · (see Figure 2.7).

Figure 2.7
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Note that the division into semi-closed sub-intervals results in a unique
expansion of x. Had we used closed sub-intervals instead, we would not
necessarily obtain a unique expansion. A number of the form m/3n,
for example, would lie in two adjacent sub-intervals at the n-th stage.
Choosing the left label for xn gives xn+k = 2 for all k ≥ 1, and choosing
the right label makes xn+k = 0 for all k ≥ 1. Thus we end up with two
expansions, one ending in a string of 2’s and the other in a string of
0’s.

Exercises 2.5

1. Determine the decimal, binomial and ternary expansions of each
of the following numbers:

(a) 1/4 (b) 5/8 (c) 11/15.

2. Find the rational number having

(a) the decimal expansion 0.37212121 · · ·
(b) the ternary expansion 0.020121212 · · ·
(c) the binary expansion 1.01010101 · · ·

3. Use the decimal expansion to prove the density of Q in R.

4. If x0 ∈ N0 and xi ∈ {0, 1, 2, · · · , 9}, i ∈ N, prove that the set½
nP
i=0

xi
10i

: n ∈ N
¾

is bounded above, and if x is its least upper bound then x has the
decimal expansion

x = x0.x1x2x3 · · · .

2.6 Countable Sets

We can compare two finite sets A and B in terms of “size” by compar-
ing |A| and |B|, the number of elements in A and B respectively (see
Exercise 1.1.8). Thus {1, 2, 3, 4} is “larger” than {a, b, c}, and {a, b, c}
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is “equal in size” to {−1, 0, 1}. Things are less clear when we deal with
infinite sets, such as N, Z, Q ∩ [0, 1], or R\Q for example. We have no
clear method for deciding which of these infinite sets is more “numer-
ous”. One of the early achievements of set theory was that it provided a
basis for extending this comparison between finite sets to infinite sets.

Definition 2.7 A set A is equivalent to a set B, expressed symbolically
by A ∼ B, if there is a bijection from A to B.

Theorem 2.9
For any three sets A,B,C
(i) A ∼ A
(ii) If A ∼ B then B ∼ A
(iii) If A ∼ B and B ∼ C then A ∼ C.

Proof
(i) Since the identity function

IA : A→ A, IA(x) = x

is bijective, we have A ∼ A.
(ii) Since A ∼ B, there is a bijection f : A→ B. Now f−1 : B → A is
also a bijection, hence B ∼ A.
(iii) Since A ∼ B and B ∼ C, there are two bijections

f : A→ B, g : B → C.

As the composition g ◦ f : A→ C is also bijective (see Section 1.2), we
must have A ∼ C. ¤
Properties (i), (ii), and (iii) of the relation ∼ are called, respectively,

reflexivity, symmetry, and transitivity (see Exercise 1.2.2). A binary
relation, such as ∼, possessing these three properties, is referred to as
an equivalence relation.

Definition 2.8 A set A is finite if it is empty or if there is a natural
number n such that A ∼ {1, 2, · · · , n}. A is infinite if it is not finite.

If A = ∅ we define |A| = 0, and if A ∼ {1, 2, · · · , n}, then A has
exactly n elements (see Exercise 1.2.9), that is, |A| = n. For any two
finite sets A and B, it therefore follows from the transitivity of ∼ that
A ∼ B if and only if |A| = |B|; and we can also show (Exercise 2.6.1)
that if A ⊂ B then |A| < |B| , and hence A and B are not equivalent.
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Thus the relation ∼ partitions finite sets into equivalence classes. The
sets in any one class have the same number of elements.
Now let us turn to infinite sets.

Example 2.10 Let N1 = {1, 3, 5, · · · } be the set of odd integers, and
N2 = {2, 4, 6, · · · } be the set of even integers. The bijection

f : N1 → N2, f(n) = n+ 1

implies N1 ∼ N2.The bijection

g : N→ N2, g(n) = 2n

also implies N ∼ N2. Thus we see that the sets N1,N2, and N are all
equivalent, though both N1 and N2 are proper subsets of N, a situation
which we have just seen cannot arise with finite sets.

Example 2.11 Z ∼ N.
Proof. Let f : Z→ N be defined by

f(n) =

½
2n if n > 0

−2n+ 1 if n ≤ 0.
Note that f maps the positive integers to the even numbers, and the
non-positive integers to the odd numbers, that is

n > 0⇔ f(n) ∈ N2
n ≤ 0⇔ f(n) ∈ N1.

To show that f is injective, suppose f(n1) = f(n2) ∈ N2. This implies
2n1 = 2n2, and so n1 = n2. If, on the other hand, f(n1) = f(n2) ∈ N1,
then −2n1 + 1 = −2n2 + 1, and again we obtain n1 = n2.
To show that f is surjective, suppose m ∈ N = N1 ∪ N2. If m ∈ N1,

then there is a non-negative integer k such that m = 2k + 1, in which
case f(−k) = m. If m ∈ N2 then m = 2k for some positive integer k,
and f(k) = m. Thus f is bijective. ¤
Definition 2.9 A set A is denumerable if A ∼ N, and countable if it
is either denumerable or finite.

From Examples 2.10 and 2.11 we know that the sets N1,N2, and
Z are all denumerable. Since a denumerable set A has a one-to-one
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correspondence with the natural numbers, f : N→ A, we can label the
elements of A according to this correspondence, and hence write

A = {a1, a2, a3, · · · } = {ai : i ∈ N},

where ai = f(i).

Lemma 2.2 Every subset of N is countable.

Proof. Suppose S ⊆ N. If S is finite then it is countable by Definition
2.9. If S is infinite then it is not empty and, by the well ordering
property of N (Theorem 2.3), S has a minimal element, call it n1. The
set S\{n1} is not empty, otherwise S would be finite, so it also has a
minimal element n2. Continuing in this manner, we form the set

T = {n1, n2, n3, · · · },

where
nk = minS\{n1, n2, n3, · · · , nk−1}.

Note that n1 < n2 < n3 < · · · , so the function

f : N→ T, f(k) = nk

is clearly bijective, and T ∼ N. To complete the proof we shall show
that T = S; but since T ⊆ S it suffices to show that S ⊆ T .
Since n1 < n2 < n3 < · · · , we have k ≤ nk for all k ∈ N. Now

suppose m ∈ S ⊆ N. We know from the well ordering property that the
non-empty set {k ∈ N : m ≤ nk} has a minimal element, say j, and, by
definition of nj , m = nj ∈ T . Thus S ⊆ T . ¤
Theorem 2.10
Every subset of a countable set is countable.

Proof. Suppose A is a countable set and B ⊆ A. If B is finite then,
by definition, it is countable. If B is infinite then so is A, and therefore
A ∼ N. Hence there is a bijection f : N→ A. But then

f−1(B) ⊆ f−1(A) = N,

and, by Lemma 2.2, f−1(B) is countable. Now the restriction of f to
f−1(B) is a bijective function from f−1(B) to B, which establishes the
equivalence f−1(B) ∼ B. Hence B is countable. ¤
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Theorem 2.11
If the sets A and B are both countable, then A×B is countable.

Proof. Let us first assume that both A and B are infinite. We then
have two bijective functions

f : A→ N
g : B → N.

Define the function

h : A×B → N, h(x, y) = 2f(x) · 3g(y),
and note that

h(x1, y1) = h(x2, y2) ⇒ 2f(x1) · 3g(y1) = 2f(x2) · 3g(y2).
By Theorem 2.4 and Remark 2.3, f(x1) = f(x2) and g(y1) = g(y2),
and, since f and g are bijective, this implies x1 = x2 and y1 = y2. Thus
h is injective and therefore

A×B ∼ Rh ⊆ N,
where Rh is the range of h. By Theorem 2.10, the set A×B is countable.
If both A and B are finite then clearly A × B is finite and hence

countable. To cover the case when either A or B is finite we can add
more elements to the finite set to make it denumerable. For example,
if

A = {a1, a2, · · · , an},
then we define

C = {a1, a2, · · · , an, n+ 1, n+ 2, · · · } ∼ N.
Now C×B is countable and contains A×B, so again A×B is countable
by Theorem 2.10. ¤
Theorem 2.12
If An is a countable set for every n ∈ N then S∞n=1An is countable.

Proof. We can assume, without loss of generality, that each An is
denumerable, otherwise we add more elements where necessary as we
did in the proof of Theorem 2.11. We therefore have

An = {an1, an2, an3, · · · }.
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For any x ∈ S∞n=1An, let

nx = min{n ∈ N : x ∈ An},
and choose mx ∈ N such that

x = anxmx .

Now the function

f :
∞S
n=1

An → N×N, f(x) = (nx,mx)

is injective, so, by Theorems 2.10 and 2.11,
S∞
n=1An is countable. ¤

For the purposes of this study, the next two theorems are among the
more significant results of set theory.

Theorem 2.13
The set of rational numbers is denumerable.

Proof. Let f : Q→ Z× Z be the function defined by the rule
f
³m
n

´
= (m,n),

where the rational number m/n is in simplest form, that is, m ∈ Z and
n ∈ N have no common factors. f is clearly injective, hence

Q ∼ Rf ⊆ Z× Z.
Since Z×Z, by Theorems 2.10 and 2.11, is countable, Q is also count-
able. Being infinite, Q is therefore denumerable. ¤
Figure 2.8 shows a possible listing of the rational numbers as a se-

quence.

Figure 2.8
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But not every infinite set is denumerable, as we shall now see.

Theorem 2.14
The set of real numbers is not denumerable.

Proof. By Theorem 2.10, It suffices to prove that the interval [0, 1) ⊂ R
is not countable. Since [0,1) is not finite we have to show that it is not
denumerable. Let us assume that [0,1) is denumerable, and hence can
be represented as a sequence of numbers xi, with i ∈ N,

[0, 1) = {x1, x2, x3, · · · }.
Each xi ∈ [0, 1) has a decimal representation (which does not end in a
sequence of 9’s) given by

xi = 0.xi1xi2xi3 · · · .
For every i ∈ N, choose ai ∈ {0, 1, 2, · · · , 8} such that ai 6= xii. Now
the number

a = 0.a1a2a3 · · ·
clearly belongs to [0,1), but a 6= xi for any i ∈ N, thereby contradicting
the assumption that [0, 1) is denumerable. ¤
Since the union of two countable sets is a countable set (Theorem

2.12), the irrational numbers Qc are uncountable, R being the union of
Q and Qc. This result, that Qc is somehow more “numerous” than Q,
may seem surprising in view of the density of Q in R, as expressed by
Theorem 2.8.

For a finite set A we used the symbol |A| to denote the number of
elements in A, or any set equivalent to A. If A is infinite, we could
of course write |A| = ∞ and leave it at that. But we have just seen
how the two infinite sets Q and R have different “degrees” of infinity.
Loosely speaking, we could say Q is “denumerably infinite” while R is
“continuously infinite”. It is therefore tempting to extend the definition
of |A| to infinite sets, as is done in [CAN], and assign a value to |A|
depending on the equivalence class to which A belongs. These values
are called cardinal numbers. Thus the cardinal number of a finite set
is a non-negative integer equal to the number of elements in the set.
The cardinal number of a denumerable set is conventionally denoted
by ℵ0, and the cardinal number for R is c (for continuum). Based on
the results we have, we can therefore write

|N| = |Z| = |Q| = ℵ0.



Real Numbers 61

It is not difficult to show that any open interval in R is equivalent to
R (see Exercises 2.6.3 and 2.6.4), so we also have

|R| = |(a, b)| = |Qc| = c.

Cardinal numbers can be ordered according to the following defini-
tion: For any two sets A and B, the relation |A|<|B| means that A is
equivalent to a subset of B but B is not equivalent to any subset of A.
Thus ℵ0<c because N ⊂ R and R is not countable. The question as to
whether there is a cardinal number between ℵ0 and c is not yet known,
but has been shown to be independent of the axioms of set theory (see
[COH]). In other words it cannot be proved nor disproved using those
axioms. But the assumption that there is no cardinal number between
ℵ0 and c is known as the continuum hypothesis.
Another question that can be raised is: are there any cardinals greater

than c? The answer is positive, as we shall now explain. For a finite
set A we saw in Exercise 1.1.8 that the cardinal number of the set
of subsets of A is |P(A)| = 2|A|, which is greater than |A| . If A is
infinite, we can also prove (see Exercise 2.6.9) that |A| < |P(A)| . Thus
P(R), the power set of R, has a cardinal number greater than c. By
defining 2|A| to be the cardinal number of P(A) even when A is infinite,
and using the notation

2ℵ0 = ℵ1, 2ℵ1 = ℵ2, 2ℵ2 = ℵ3, · · · ,

we arrive at the sequence of cardinals

0 < 1 < 2 < · · · < ℵ0 < ℵ1 < ℵ2 < ℵ3 < · · · .

We know that ℵ0, the cardinality of denumerable sets, is the first infinite
cardinal number. It can be proved that c = ℵ1 by showing that R is
equivalent to P(N) (see [B&M]). The assumption that there are no
cardinal numbers between ℵn and ℵn+1 is known as the generalized
continuum hypothesis, and that is also known to be independent of the
axioms of set theory.
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Exercises 2.6

1. The purpose of this exercise is to prove that a set A is equivalent
to one of its proper subsets if, and only if, A is an infinite set.

(a) If A is finite and B ⊆ A, prove that B ∼ A if and only if
B = A.

(b) If A is denumerable prove that it has an equivalent proper
subset.

(c) If A is infinite prove that it has a denumerable subset.

(d) If A is infinite prove that it has an equivalent proper subset.

2. Prove that [0, 1) ∼ (0, 1).

3. Prove that (a, b) ∼ (0, 1) for any a < b.

4. Prove that R ∼ (0, 1).

5. Prove that [0, 1]× [0, 1] ∼ [0, 1].
Hint: Use decimal expansions.

6. Prove that the zeroes of all polynomials with integer coefficients is
a denumerable set. This is called the set of algebraic numbers, and
it clearly includes Q as a proper subset (why?). What can you say
about the zeroes of all polynomials with rational coefficients?

Hint: First prove that the set of all polynomials of degree n with
integer coefficients is denumerable.

7. If there is a surjective function f : A→ B, prove that |A| ≥ |B|.

8. If there is an injective function f : A→ B, prove that |A| ≤ |B|.

9. Let A be any set. Prove that |A| < |P(A)| by the following proce-
dure:

(i) Define an injective function from A to P(A).
(ii) Prove that there is no surjective function from A to P(A) by
contradiction: Assume the existence of such a function, call it f ,
and consider the set B = {x ∈ A : x /∈ f(x)}. Show that there is
no element a ∈ A such that f(a) = B by showing that if a ∈ A\B
we get a contradiction, and if a ∈ B we get another contradiction.
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10. Discuss the cardinality of the set of functions from A to B where
the sets A and B are: (i) countable, (ii) uncountable.
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Sequences
This chapter is devoted to sequences of real numbers and their conver-
gence properties. This will serve as a bridge to the concept of the limit
of a function, which is the fundamental concept in analysis.

3.1 Sequences and Convergence

Definition 3.1 A sequence is a function whose domain is N. A real
sequence is a sequence whose range is in R.

A real sequence is therefore a function

x : N→ R, x(n) = xn, (3.1)

which is commonly denoted by the sequence of real numbers (x1, x2,
x3, · · · , xn, · · · ), or (xn : n ∈ N). Note that the sequence (xn : n ∈ N)
is not the same as the set {xn : n ∈ N}, for the former is the ordered
list of values of the function x, some of which may be repeated, while
the latter is merely its range. Thus the constant sequence xn = 1 is
denoted by (1, 1, 1, · · · ), and its range is the set {1}.
We can also talk about a sequence of closed intervals

[0, 1], [0, 1/2], [0, 1/3], · · · , [0, 1/n], · · · ,
or a sequence of powers of x

1, x, x2, · · · , xn, · · · .
But, in this chapter, when we talk about a sequence we generally mean
a sequence of real numbers, that is, a real sequence. We shall often
abbreviate (xn : n ∈ N) to (xn).
The sequence (3.1) is usually defined by giving the rule for obtaining

its n-th term xn. Here are some examples:

(a) (2n) is the sequence of even natural numbers (2, 4, 6, · · · ). Its range
is N2.
(b) ((−1)n) is the sequence (−1, 1,−1, 1, · · · ) whose range is {1,−1}.
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(c) (1, 1/2, 1/3, · · · ) is the sequence whose n-th term is 1/n.

But a sequence can also be defined by induction. For example, if we
define

x1 = 0, xn =
1

2
(1 + xn−1) for all n ≥ 2,

then the resulting sequence is (0, 1/2, 3/4, 7/8, 15/16, · · · ).
In our study of sequences we are really interested in the behaviour

of xn for large values of n. Consider the two sequences

xn =
n− 1
n

, yn = (−1)n.

In the first sequence (0, 1/2, 3/4, 4/5, · · · ) the n-th term xn gets closer
to 1 as n increases (see Figure 3.1). In the second sequence (−1, 1,−1, 1,
· · · ), even though the n-th term yn for even n is 1, no matter how large
we take n there will be terms that are not close to 1, namely the terms
for which n is odd.

Figure 3.1

Suppose we agree that two numbers x and y are “close to each other”

if |x− y| is less than 0.0001, then xn =
n− 1
n

is “close to 1” provided

n > 1000. Instead of 0.0001 we can choose any other small positive
number ε as a measure of proximity, and |xn − 1| can be made smaller
than ε by taking n large enough. In this case, where |xn − 1| = 1/n,
“large enough” means 1/n should be less than ε, or, equivalently, n
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should be greater than 1/ε. More generally we have the following defi-
nition.

Definition 3.2 A sequence (xn) is said to be convergent if there exists
a real number x with the following property: For every ε > 0 there
is an integer N such that n ≥ N implies |xn − x| < ε. If (xn) is not
convergent, it is called divergent.

When (xn) is convergent, the number x specified in this definition is
called a limit of the sequence (xn), and xn is said to converge to x. This
is expressed symbolically by writing

lim
n→∞ xn = x,

which is often abbreviated to

limxn = x,

or
xn → x.

Definition 3.2 is the initial, and crucial, step into analysis, and it is
worth contemplating its meaning and its implications at this point. To
that end we make the following definition, followed by some observa-
tions:

Definition 3.3 Let x ∈ R. A set V ⊆ R is called a neighborhood of x
if there is a number ε > 0 such that

(x− ε, x+ ε) ⊆ V.

Remarks 3.1
1. According to Definition 3.2, the statement limxn = x means that,
no matter what measure ε of proximity we use, we can always find an
N ∈ N such that all terms of the sequence following xN−1 are within
a distance less than ε of x, that is, −ε < xn − x < ε for all n ≥ N.

2. Using the language of neighborhoods, we can state Definition 3.2 in
the following equivalent version: The sequence (xn) converges to x if
every neighborhood of x contains all but a finite number of terms of
the sequence.
To see the equivalence, suppose xn → x according to the first version.

If V is any neighborhood of x then, by the definition of a neighborhood,
there is a positive number ε such that (x− ε, x+ ε) ⊆ V . Since xn → x
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there is an integer N such that |xn − x| < ε for all n ≥ N , that is,
xn ∈ (x− ε, x+ ε) for all n ≥ N . Thus we see that all the terms of the
sequence, with the possible exception of x1, x2, · · · , xN−1, lie in V .
Suppose, on the other hand, that every neighborhood of some point

x contains all the terms of (xn) except for a finite number of them. To
prove that xn → x according to Definition 3.2, suppose ε > 0 and let
V = (x − ε, x + ε). Now V is a neighborhood of x, so all the terms
of (xn), except for a finite number, must lie in V . Hence there is an
integer N such that xn ∈ V, i.e., |xn − x| < ε, for all n ≥ N.

3. One would expect the integer N to depend on ε, so that a smaller
choice for ε may require a larger value of N in order to satisfy the
implication

n ≥ N ⇒ |xn − x| < ε. (3.2)

We can therefore write N = N(ε) when we wish to emphasize this
dependence, but it should be kept in mind that ε does not determine a
unique N, for if (3.2) is true for a certain integer N, then it is certainly
also true for any larger integer. This point will be exploited repeatedly
in many proofs which rely on Definition 3.2.

4. Suppose the sequence (xn) satisfies the following statement: For every
ε > 0 there is an integer N such that |xn − x| < cε for all n ≥ N , where
c is a positive constant which does not depend on ε (or n). From this
we may safely conclude that limxn = x; for if we are given any positive
ε and we set ε0 = ε/c then ε0 is also positive, and using ε0 in the
above statement, we conclude the existence of an integer N 0 such that
|xn − x| < cέ = ε for all n ≥ N 0.
Thus, to prove the convergence xn → x, it suffices in Definition 3.2 to

show that |xn − x| < cε, provided c is a positive constant independent
of ε.

5. Clearly, whether a sequence (xn) converges or diverges depends on
the behaviour of its terms for large values of n, and is not affected by
what happens in the beginning of the sequence. For any fixed integer
m ≥ 0 we shall call the sequence

(xm+1, xm+2, xm+3, · · · )
the m-tail of (xn). In other words, the m-tail of (xn) is the sequence
(yn : yn = xm+n, n ∈ N).
If an m-tail of (xn) converges to x, then (xn) itself converges to x.

To see that, suppose we are given ε > 0, then there is an N such that

n ≥ N ⇒ |yn − x| < ε.
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Consequently, if n ≥ m + N , i.e., n − m ≥ N, then |yn−m − x| =
|xn − x| < ε. This means xn → x. Conversely we can also prove that,
if a sequence converges, then all its m-tails converge, and to the same
limit.

6. From Definition 3.2 we clearly have

xn → x ⇔ |xn − x|→ 0.

Example 3.1

lim
n− 1
n

= 1.

This equality simply asserts our ability to ensure, for any choice of
proximity measure, that we can proceed far enough in the sequence
so that the “late terms” are close to 1. Given ε > 0 as a measure of

the proximity of
n− 1
n

to 1, our burden is to find N such that all the

terms xN , xN+1, xN+2, · · · are within a distance ε of 1. In other words
we have to show that ¯̄̄̄

n− 1
n
− 1
¯̄̄̄
=
1

n
< ε (3.3)

for “large enough” values of n. From Corollary 2.7.1 to the theorem
of Archimedes, we know that there is a natural number N such that
1/N < ε. One possible choice is N = [1/ε] + 1. Now for every n ≥ N
we obtain

1

n
≤ 1

N
< ε,

which proves (3.3).

Example 3.2

lim
1

2n
= 0.

Suppose we are given ε > 0. We need to make

¯̄̄̄
1

2n
− 0
¯̄̄̄
=
1

2n
< ε.

Since, by induction, 2n > n for all n ∈ N (Exercise 2.3.6), it suffices to
make

1

n
< ε. From Corollary 2.7.1 there is an N∈ N such that 1

N
< ε,

and hence

n ≥ N ⇒ 1

n
< ε ⇒ 1

2n
< ε.
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Example 3.3 The sequence ((−1)n) is divergent.
Suppose, for the sake of argument, that the sequence is convergent

and that lim(−1)n = x. This implies, by Remark 3.1.2, that any neigh-
borhood V of x contains all but a finite number of terms of the sequence
((−1)n). Hence V must contain the two numbers 1 and −1, since they
come up infinitely often. Take V = (x− 1/2, x+1/2). Since −1, 1 ∈ V,
the distance between −1 and 1 (which is 2) is less than the length
of V (which is 1). This implies 2 < 1, which is impossible. Thus the
assumption that the sequence is convergent is false.

Figure 3.2

Example 3.4 The sequence (n) is divergent.
Once again, suppose that limn = x. Take ε = 1. There is now an N

such that

n ≥ N ⇒ |n− x| < 1⇒ x− 1 < n < x+ 1,

and this implies that n < x+1 for all n ≥ N. In particular, N < x+1,
so we must have n < x+ 1 for all n ≤ N. Consequently,

n < x+ 1 for all n ∈ N,

that is, N is bounded by x + 1, thereby contradicting the theorem of
Archimedes.

We end this section by settling a question which may have occurred
to the reader: Can a sequence have more than one limit?

Theorem 3.1
If the sequence (xn) is convergent, its limit is unique.

Proof. Suppose that limxn = x and limxn = y. Take any ε > 0. Since
xn → x, there is an N1 ∈ N such that

|xn − x| < ε/2 for all n ≥ N1.
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Similarly, since xn → y, there is an N2 ∈ N such that
|xn − y| < ε/2 for all n ≥ N2.

If we now take n ≥ max{N1, N2}, then both inequalities |xn − x| < ε/2
and |xn − y| < ε/2 hold, and hence

|x− y| ≤ |x− xn|+ |xn − y|
<

ε

2
+

ε

2
= ε.

Since ε > 0 was arbitrary, we must conclude that |x− y| = 0, i.e.,
x = y. ¤
There is another, more elegant, proof of Theorem 3.1 which runs

as follows: Assume x 6= y, and pick a neighborhood V1 of x and a
neighborhood V2 of y such that V1 ∩ V2 = ∅. For example take V1 =
(x − ε, x + ε) and V2 = (y − ε, y + ε), where ε = |x− y| /2. Since
xn → x, all but a finite number of terms of the sequence lie in V1; and
since xn → y, all but a finite number of its terms also lie in V2. But
this contradicts the fact that V1 ∩ V2 = ∅. ¤

Figure 3.3

We end this section with a result which we shall have occasion to use
later on.

Example 3.5 Suppose that the two sequences (xn) and (yn) converge
to a common limit c, and that the shuffled sequence (zn) is defined by

(z1, z2, z3, z4, · · · ) = (x1, y1, x2, y2, · · · ).
We shall show that the sequence (zn) also converges to c.
Let ε be any positive number. Since xn → c and yn → c, there are

two positive integers N1 and N2 such that

n ≥ N1 ⇒ |xn − c| < ε,

n ≥ N2 ⇒ |yn − c| < ε.
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Define N = max{N1, N2}, and note that xk = z2k−1, yk = z2k for all
k ∈ N. Then

k ≥ N ⇒ |xk − c| = |z2k−1 − c| < ε,

|yk − c| = |z2k − c| < ε.

Hence
n ≥ 2N − 1⇒ |zn − c| < ε,

which just means lim zn = c.

Exercises 3.1

1. Determine the n-th term, xn, for each of the following sequences:

(a) (5, 8, 11, 14, · · · )
(b)

µ
1

2
,
2

3
,
3

4
,
4

5
, · · ·

¶
(c)

µ
1

2
, 1,
5

4
,
7

5
, · · ·

¶
(d)

µ
1,−1

4
, 9,− 1

16
, · · ·

¶
.

2. Write the first five terms for each of the following sequences:

(a) x1 = 2, xn+1 =
1

2

µ
xn +

2

xn

¶
(b) x1 = 1, xn+1 =

√
2xn

(c) x1 = 2, x2 = −1, xn+2 = xn+1 − xn

(d) x1 = x2 = 1, xn+1 = xn−1 + xn for all n ≥ 2. This is known
as the Fibonacci sequence.

3. For each of the following sequences, assume ε = 0.005 as a measure
of proximity, and determine N so that xn is “close” to x for all
n ≥ N :

(a) x = 0, xn =
1

n

(b) x = 0, xn =
1

2n− 1
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(c) x = 0, xn =
(−1)n
n

(d) x = 3, xn =
3n− 1
n+ 2

.

4. Use Definition 3.2 to prove

(a) lim
1

n2 + 2
= 0

(b) lim

µ
1

n
+

n

n+ 1

¶
= 1

(c) lim
k

n
= 0 for any k ∈ R.

5. Prove that a constant sequence is convergent.

6. Prove that limxn = 0 if, and only if, lim |xn| = 0.
7. Which of the following sets is a neighborhood of 0?

(a) [−1, 1).
(b) [0, 1).

(c) {0} ∪ {1/n : n ∈ N}.
(d)

T∞
n=1[−1/n, 1/n].

(e)
T∞
n=1(−1/n, 1/n).

8. Prove that the open interval (a, b) is a neighborhood of all its
points.

9. Prove that R\{c} is a neighborhood of all x 6= c.

3.2 Properties of Convergent Sequences

In this section we look at convergence in the light of the known prop-
erties of R, its operations and its order relation. This will allow us to
break up a sequence into simpler components and determine its con-
vergence (or divergence), and its limit, based on the behaviour of these
components.

Definition 3.4 A sequence (xn) is bounded if there is a positive number
K such that

|xn| ≤ K for all n ∈ N.
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Thus a sequence is bounded if, and only if, its range is a bounded set.

Theorem 3.2
If a sequence is convergent, then it is bounded.

Proof. Suppose xn → x. If we choose ε = 1, we know that there is an
integer N such that

|xn − x| < 1 for all n ≥ N.

Since |xn|− |x| ≤ |xn − x|, it follows that
|xn|− |x| < 1 for all n ≥ N,

or
|xn| ≤ 1 + |x| for all n ≥ N.

Setting K = max{|x1| , |x2| , · · · , |xN−1| , 1 + |x|}, we see that
|xn| ≤ K for all n ∈ N. ¤

Note that the converse of Theorem 3.2 is false, for the sequence
((−1)n), though bounded, is divergent, as we just saw in Example 3.3.
Theorem 3.3
If xn → x and x 6= 0, then there is a positive number M and an integer
N such that

|xn| > M for all n ≥ N.

Proof. Let ε = |x| /2, which is a positive number. Hence there is an
integer N such that

n ≥ N ⇒ |xn − x| < ε

⇒ ||xn|− |x|| < ε.

Consequently,

|x|− ε < |xn| < |x|+ ε for all n ≥ N.

From the left inequality, we see that |xn| > |x| /2, and we can take
M = |x| /2 to complete the proof. ¤

By slightly modifying the proof we can also show that, if xn → x
and x > 0, then there is an M > 0 and an N ∈ N such that xn > M
for all n ≥ N.
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Now we investigate the effect of various algebraic operations on se-
quences, in particular on the convergence properties of the resulting
sequences.

Theorem 3.4
Let (xn) and (yn) be two convergent sequences with limits x and y,
respectively. Then
(i) (xn + yn) converges to x+ y,
(ii) (xnyn) converges to to xy,
(iii) (xn/yn) converges to x/y, provided y 6= 0.
Proof
(i) Since xn and yn are convergent, given ε > 0, there are integers N1
and N2 such that

n ≥ N1 ⇒ |xn − x| < ε

n ≥ N2 ⇒ |yn − y| < ε.

Let N = max{N1, N2}. If we take n ≥ N then both inequalities n ≥ N1
and n ≥ N2 are satisfied, and it follows, using the triangle inequality,
that

|(xn + yn)− (x+ y)| = |(xn − x) + (yn − y)|
≤ |xn − x|+ |yn − y|
≤ 2ε.

Hence (see Remark 3.1.4) lim(xn + yn) = x+ y.

(ii) Let ε > 0. For any n ∈ N, we have
|xnyn − xy| = |xnyn − xny + xny − xy|

≤ |xnyn − xny|+ |xny − xy|
= |xn| |yn − y|+ |y| |xn − x| . (3.4)

Since the sequence (xn) is convergent, it is bounded (by Theorem 3.2),
hence there is a positive constant K such that

|xn| ≤ K for all n ∈ N.
Taking the integers N1,N2, N as in part (i), we have, in view of (3.4),

n ≥ N ⇒ |xnyn − xy| ≤ K |yn − y|+ |y| |xn − x|
< Kε+ |y| ε = cε,
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where c = K + |y| . This proves that xnyn → xy.

(iii) Since yn → y 6= 0, we know from Theorem 3.3 that there is a
positive constant M and an integer N0 such that

|yn| > M for all n ≥ N0.

Consequently xn/yn is defined for all n ≥ N0, and the limit of (xn/yn)
is taken to mean the limit of the tail (xn/yn : n ≥ N0). We have¯̄̄̄

xn
yn
− x

y

¯̄̄̄
=
|xny − xyn|
|yn| |y|

≤ |xny − xy|+ |xy − xyn|
|yn| |y|

=
|xn − x|
|yn| +

|x| |y − yn|
|yn| |y| . (3.5)

Suppose we are given a positive ε. As in (i), there are integers N1
and N2 such that |xn − x| < ε for all n ≥ N1 and |yn − y| < ε for all
n ≥ N2. TakingN = max{N0, N1,N2}, and recalling (3.5), we conclude
that

n ≥ N ⇒ n ≥ N0, n ≥ N1, n ≥ N2

⇒
¯̄̄̄
xn
yn
− x

y

¯̄̄̄
<

ε

M
+

|x|
|y|Mε = cε,

where c =
1

M
+

|x|
|y|M . ¤

Theorem 3.5
Suppose xn → x and yn → y. If xn ≤ yn for all n, then x ≤ y.

Proof. Let ε be any positive number. Since xn → x and yn → y, there
exist N1,N2 ∈ N such that

|xn − x| < ε

2
for all n ≥ N1

|yn − y| < ε

2
for all n ≥ N2.

Thus, for all n ≥ max{N1, N2}, we have

x− ε

2
< xn < x+

ε

2

y − ε

2
< yn < y +

ε

2
.
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Using xn ≤ yn, we arrive at

x− ε

2
< xn ≤ yn < y +

ε

2
,

which implies
x < y + ε.

But since ε > 0 is arbitrary, we must have x ≤ y (Exercise 2.2.2). ¤
Remarks 3.2
1. If xn < yn for all n ∈ N, it would not necessarily follow that x < y.
Can you think of an example where xn < yn but x = y?

2. Clearly, the theorem remains true if the condition xn ≤ yn for all
n ∈ N is replaced by xn ≤ yn for all n ≥ N, where N is some natural
number.

Theorem 3.6
Suppose the sequences (xn), (yn), and (zn) satisfy

xn ≤ yn ≤ zn for all n ≥ N0.

If lim xn = lim zn = c, then (yn) is convergent and its limit is also c.

Proof. Given ε > 0, there are N1, N2 ∈ N such that

|xn − c| < ε for all n ≥ N1

|zn − c| < ε for all n ≥ N2.

Now we define N = max{ N0, N1, N2}, and note that

n ≥ N ⇒ n ≥ N0, n ≥ N1, n ≥ N2

⇒ xn ≤ yn ≤ zn, c− ε < xn < c+ ε, c− ε < zn < c+ ε

⇒ c− ε < xn ≤ yn ≤ zn < c+ ε

⇒ c− ε < yn < c+ ε

⇒ |yn − c| < ε,

which means yn → c. ¤
Example 3.6 If xn → x then |xn|→ |x| .
Proof. We know that

0 ≤ ||xn|− |x|| ≤ |xn − x| for all n ∈ N.
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Since xn → x implies |xn − x| → 0, it follows from Theorem 3.6 that
|xn|− |x|→ 0, or |xn|→ |x| .¤
Example 3.7 If 0 < a < 1 then lim an = 0.

Proof. We can always write a =
1

1 + b
, where b > 0. By the binomial

theorem (see Exercise 2.3.14),

(1 + b)n = 1 + nb+
n(n− 1)

2
b2 + · · ·+ bn > nb,

hence,

0 < an =
1

(1 + b)n
<
1

nb
.

Since 1/n → 0, 1/nb → 0, and we apply Theorem 3.6 to complete the
proof. ¤
Since − |a| ≤ a ≤ |a| , Theorem 3.6 implies lim an = 0 for all a ∈

(−1, 1).
Example 3.8 If c > 0, then lim c1/n = 1.

Proof. First assume that c > 1, which implies c1/n > 1, so there is a
positive dn such that

c1/n = 1 + dn.

Using the binomial theorem once again, we obtain

c = (1 + dn)
n > ndn,

and therefore
0 < dn <

c

n
.

From Theorem 3.6 we conclude that dn → 0, and hence

c1/n = 1 + dn → 1.

Now assume that 0 < c < 1 and let b = 1/c. In this case b > 1 so,
using the above result, we conclude that b1/n → 1. Now

c1/n =
1

b1/n
→ 1

1
= 1

by Theorem 3.4.
Finally, if c = 1 then lim c1/n = lim1 = 1. ¤
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Example 3.9 If xn ≥ 0 for all n ∈ N and limxn = x, then lim
√
xn =√

x.

Proof. Let x = 0. If ε is a positive number then, working with ε2, we
can find an N ∈ N such that

|xn − 0| = xn < ε2 for all n ≥ N.

But this implies
¯̄√

xn − 0
¯̄
=
√
xn < ε for all n ≥ N . Hence

√
xn → 0.

If x 6= 0 then x > 0 and hence
√
x > 0. In this case

0 ≤ ¯̄√xn −√x¯̄ = |xn − x|¯̄√
xn +

√
x
¯̄ ≤ |xn − x|√

x
,

and, since lim |xn − x| = 0, Theorem 3.6 implies lim
¯̄√

xn −√x
¯̄
= 0,

or lim
√
xn =

√
x. ¤

Example 3.10
limn1/n = 1.

Proof. For any n > 1 we know that n1/n > 1, so there is a positive
number hn such that

n1/n = 1 + hn.

Consequently,

n = (1 + hn)
n

= 1 + nhn +
n(n− 1)

2
h2n + · · ·+ hnn

>
n(n− 1)

2
h2n,

from which we can conclude that

0 < h2n <
2

n− 1
for every n > 1. By Theorem 3.6, h2n → 0, hence hn → 0. ¤

Exercises 3.2

1. Determine whether the sequence (xn) is convergent or divergent,
and find the limit where it exists.
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(a) xn =
2n3 + 3

n2 + 4

(b) xn =
(−1)nn
2n+ 1

(c) xn =
√
n+ 1−√n

(d) xn =
sinn

n

(e) xn =

½
1/n if n ∈ N1
0 if n ∈ N2,

where N1 and N2 are the odd and even positive integers, re-
spectively.

2. If the sequences (xn) and (xn + yn) are both convergent, prove
that (yn) is also convergent and determine its limit. Can you state
a corresponding result for the sequence (xn · yn)?

3. Give an example of two divergent sequences (xn) and (yn) such
that (xn + yn) is convergent.

4. Give an example of a divergent sequence (xn) such that (|xn|) is
convergent. When does the convergence of (|xn|) imply the con-
vergence of (xn), and what is the relation between lim |xn| and
limxn when both exist?

5. If lim
xn − 1
xn + 1

= 0 prove that limxn = 1.

6. If 0 < b < 1 prove that nbn → 0. Hint: See Example 3.7.

7. If 0 < a < b prove that lim n
√
an + bn = b.

8. Let xn > 0 for every n ∈ N, and lim xn+1
xn

= L. If L < 1 prove

that limxn = 0 using the following steps:

(a) Assume L < r < 1 and let ε = r − L. Show that there is an
integer N such that

xn+1
xn

< r for all n ≥ N.

(b) Prove that

xn < xN · rn−N for all n ≥ N.
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(c) Conclude that xn → 0.

9. Under the hypothesis of Exercise 8, if L > 1 prove that (xn) is
unbounded and therefore divergent.

10. Give an example of a convergent sequence (xn) and a divergent
sequence (yn) such that

lim
xn+1
xn

= lim
yn+1
yn

= 1.

Use the results of Exercises 8 and 9 to make a general statement
on the implication of the value of L to the convergence of (xn).

11. Use the result of Exercise 8 to evaluate limxn, where it exists, for
each of the following sequences:

(a) xn =
an

3n
, where a > 0.

(b) xn =
n!

2n
.

(c) xn =
an

n2
, where a > 0.

(d) xn =
an

nn
.

12. Prove that (an) converges if, and only if, −1 < a ≤ 1.
13. Given a sequence (xn), the sequence (σn), where

σn =
1

n
(x1 + x2 + · · ·+ xn) =

1

n

nP
k=1

xk,

is the sequence of arithmetic averages of (xn). Prove that if (xn)
converges then (σn) converges to the same limit, but not vice-
versa.

14. Prove that, for every x ∈ R, there is a sequence (xn) in Q such
that xn → x.

15. Prove that, for every x ∈ R, there is a sequence (xn) in Qc such
that xn → x.

16. If an > 0 for all n, and lim
an+1
an

= L, prove that n
√
an → L.

Hint: Follow the procedure used in Exercise 8.
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3.3 Monotonic Sequences

At this point the attentive reader may wonder what role the complete-
ness axiom plays in the study of convergence. This question will now
be addressed, and will take up the major part of the remainder of this
chapter.

Definition 3.5 The sequence (xn) is said to be
(i) monotonically increasing, or simply increasing, if xn+1 ≥ xn for all
n ∈ N,
(ii) strictly increasing if xn+1 > xn for all n ∈ N,
(iii) monotonically decreasing, or decreasing, if xn+1 ≤ xn for all n ∈ N,
and
(iv) strictly decreasing if xn+1 < xn for all n ∈ N.
An increasing or a decreasing sequence is called a monotonic sequence.

Note that (xn) is increasing if, and only if, (−xn) is decreasing, so
the properties of monotonic sequences may be fully investigated by
restricting ourselves to increasing (or decreasing) sequences only. Here
are some examples:

(i) (1/n) is a (strictly) decreasing sequence.

(ii) (2n) is (strictly) increasing.

(iii) ((−1)n) is not monotonic.
Theorem 3.7
A monotonic sequence is convergent if, and only if, it is bounded. More
specifically,
(i) if (xn) is increasing and bounded above, then

limxn = sup{xn : n ∈ N};

(ii) if (xn) is decreasing and bounded below, then

limxn = inf{xn : n ∈ N}.

Proof. If (xn) is convergent then, by Theorem 3.2, it must be bounded.
(i) Assume (xn) is increasing and bounded. The set A = {xn : n ∈ N}

will then be non-empty and bounded, so, by the completeness axiom, it
has a least upper bound. Let supA = x. By Definition 2.6, given ε > 0
there is an xN ∈ A such that

xN > x− ε.
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Since xn is increasing,

xn ≥ xN for all n ≥ N. (3.6)

But x is an upper bound for A, hence

x ≥ xn for all n ∈ N. (3.7)

From (3.6) and (3.7) we arrive at

|xn − x| = x− xn ≤ x− xN < ε for all n ≥ N,

which means xn → x.
(ii) If (xn) is decreasing and bounded, then (−xn) is increasing and

bounded, and, from (i), we have

lim(−xn) = sup(−A).

But since sup(−A) = − inf A, it follows that limxn = inf A. ¤
In order to extend the concept of the limit to unbounded sequences, it

is convenient at this stage to introduce the extended real number system.
This is defined as the set of real numbers to which two additional
elements, denoted by ±∞, are adjoined,

R̄ = R ∪ {−∞,+∞},

such that the following properties hold:

(i) If x is a real number, then −∞ < x < +∞, hence we also write R̄ =
[−∞,+∞], (x,+∞] = (x,+∞) ∪ {+∞}, etc. Furthermore, x ±∞ =

±∞, and
x

±∞ = 0.

(ii) If x > 0, then x · (±∞) = ±∞.

(iii) If x < 0, then x · (±∞) = ∓∞.

An extended real number is therefore either a real number, +∞, or
−∞. If a set of real numbers A is not bounded above we shall define
supA to be +∞, and if A is not bounded below then inf A is defined
to be −∞. Thus, in the extended number system, every non-empty set
has a supremum and an infimum. The symbol +∞ is often abbreviated
to ∞.
We define a neighborhood of +∞ to be any subset of R̄ which con-

tains an interval (M,+∞] for some real number M . We then say that
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limxn = +∞ if every neighborhood of +∞ contains all but a finite
number of terms of the sequence (xn). This is equivalent to saying
that, given any M ∈ R, there is an N ∈ N such that xn > M for all
n ≥ N. Consequently every monotone sequence has a limit in R̄. In
particular, part (i) of Theorem 3.7 may be restated as

If (xn) is increasing, then limxn = sup{xn : n ∈ N}.
Note how the fact that the “point” +∞ lies at the “upper edge” of the

extended real numbers, so to speak, means that the sequence can only
approach +∞ “from below”, and this in turn dictates the definition
of the neighborhood of +∞. Similarly, a corresponding definition for a
neighborhood of −∞ and a meaning to the statement limxn = −∞ can
also be given (see Exercise 3.3.5). But it should be kept in mind that
both +∞ and −∞ are not real numbers, and that, when limxn = +∞
or limxn = −∞, the sequence (xn) is divergent according to Definition
3.2. More precisely, we should say it is convergent in R̄ but divergent
in R.
Example 3.11 Given x1 = 1 and xn+1 =

√
2xn for all n ≥ 1, prove

that the sequence (xn) is convergent and calculate its limit.

Proof. First we shall prove that xn is monotonically increasing by
showing that

xn+1 ≥ xn for all n ∈ N. (3.8)

(i) Since
√
2 > 1 we have x2 > x1, so (3.8) is true for n = 1.

(ii) If (3.8) is true for n, that is, xn+1 ≥ xn, then

xn+2 =
p
2xn+1 ≥

√
2xn = xn+1,

hence (3.8) is also true for n+ 1. By induction, (3.8) is therefore true.
Secondly, we shall prove that xn is bounded above by 2. Once again

we use induction:
(i) x1 = 1 < 2.
(ii) If xn ≤ 2 then

xn+1 =
√
2xn ≤

√
2 · 2 = 2.

Hence xn ≤ 2 for all n ∈ N.
By Theorem 3.7, the sequence (xn) is convergent. Suppose limxn =

x. Since the sequence (xn+1) is a tail of (xn) we also have limxn+1 = x.
By taking the limits of both sides of the equation xn+1 =

√
2xn, and

using the result of Example 3.9, we arrive at

x =
√
2x,
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which implies
x2 = 2x.

Thus x = 0 or x = 2. But since x ≥ x1 = 1, we must have x = 2. ¤

Example 3.12 The sequence
µ
1 +

1

n

¶n

is convergent.

Proof. We shall establish the convergence of this sequence by prov-

ing that it is monotonic and bounded. Let xn =

µ
1 +

1

n

¶n

. By the

binomial theorem,

xn = 1 + n
1

n
+

n(n− 1)
2!

1

n2
+

n(n− 1)(n− 2)
3!

1

n3
+ · · ·+ 1

nn

= 1 + 1 +
1

2!

µ
1− 1

n

¶
+
1

3!

µ
1− 1

n

¶µ
1− 2

n

¶
+ · · ·

+
1

n!

µ
1− 1

n

¶µ
1− 2

n

¶
· · ·
µ
1− n− 1

n

¶
.

Hence,

xn+1 = 1 + 1 +
1

2!

µ
1− 1

n+ 1

¶
+
1

3!

µ
1− 1

n+ 1

¶
+ · · ·

+
1

n!

µ
1− 1

n+ 1

¶µ
1− 2

n+ 1

¶
· · ·
µ
1− n− 1

n+ 1

¶
+

1

(n+ 1)!

µ
1− 1

n+ 1

¶µ
1− 2

n+ 1

¶
· · ·
µ
1− n

n+ 1

¶
.

Comparing these expressions for xn and xn+1, we note that every term
in xn is less than or equal to the corresponding term in xn+1, and that,
in addition, xn+1 has an extra positive term. Consequently,

xn+1 ≥ xn for all n ∈ N,

i.e., the sequence (xn) is increasing.
Furthermore, for every n ∈ N, we have

xn ≤ 1 + 1 + 1

2!
+
1

3!
+ · · ·+ 1

n!
.

Using the inequality 2n−1 ≤ n! (see Exercise 2.3.7), we conclude that
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xn ≤ 1 + 1 + 1
2
+
1

22
+ · · ·+ 1

2n−1

= 1 +
1− (1/2)n
1− 1/2

< 1 +
1

1− 1/2 = 3.

Thus (xn) is bounded above by 3 and so, by Theorem 3.7, it is conver-
gent. Its limit, the universal constant denoted by e, clearly satisfies the
inequality 2 < e < 3. ¤
Example 3.13 Let a > 0. If x1 = 1, and

xn+1 =
1

2

µ
xn +

a

xn

¶
for all n ∈ N, (3.9)

then (xn) converges to
√
a.

Proof. First note that xn > 0 for all n ∈ N, and that xn satisfies the
quadratic equation

t2 − 2xn+1t+ a = 0,

so its discriminant 4x2n+1 − 4a cannot be negative. Therefore x2n+1 ≥ a
for all n ∈ N, that is, (xn) is bounded below.
On the other hand, we also have

xn+1 − xn =
1

2
xn +

a

2xn
− xn

=
a

2xn
− xn
2

=
a− x2n
2xn

≤ 0 for all n ≥ 2.

This implies that (xn) is decreasing, and hence convergent.
Assuming that limxn = x, we clearly have limxn+1 = x, and x 6= 0

because xn+1 ≥ √a for all n. Taking the limits of both sides of equation
(3.9) now yields

x =
1

2

³
x+

a

x

´
2x2 = x2 + a

x =
√
a,

where the root −√a is excluded, since the sequence is bounded below
by 0. ¤
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If a is taken as a positive integer in Example 3.13, then xn ∈ Q for all
n ∈ N. This example provides a numerical method for approximating
irrational roots of the form

√
2,
√
3,
√
5, · · · by rational numbers. It

was used by Arab mathematicians in the Middle Ages to approximate
such roots.

Exercises 3.3

1. Prove that each of the following sequences is monotonic and bounded,
then determine its limit:

(a) x1 = 1, xn+1 =
1

7
(4xn + 5) for all n ∈ N.

(b) x1 = 1, xn+1 =
√
3 + xn for all n ∈ N.

(c) x1 = 1, xn+1 =
4xn + 2

xn + 3
for all n ∈ N.

2. Given xn =
1

n
+

1

n+ 1
+ · · ·+ 1

2n
, prove that (xn) is convergent.

3. Suppose that 0 < x1 < y1 and that the sequences (xn) and (yn)
are defined as follows:

xn+1 =
√
xnyn, yn+1 =

1

2
(xn + yn) for all n ∈ N.

Prove that (xn) and (yn) converge to the same limit.

4. Given xn =
1 · 3 · 5 · · · (2n− 1)
2 · 4 · 6 · · · 2n ,

(a) Prove that (xn) is convergent.

(b) Prove that
¡
(2n+ 1)x2n

¢
is convergent.

(c) Evaluate limxn.

5. Define a neighborhood for −∞. What does the statement limxn
= −∞ mean? Restate part (ii) of Theorem 3.7 to include limits in
R̄.

6. If the set A is non-empty and bounded above, prove that A con-
tains an increasing sequence (xn) such that limxn = supA.
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3.4 The Cauchy Criterion

To test the convergence of a general, non-monotonic, sequence we have
only Definition 3.2 to rely on, and there we must first have a candidate
for the limit before we can apply the definition. Needless to say, it
would be much more convenient if we could decide on the convergence,
or otherwise, of a sequence without having to first guess its limit, and
then test the sequence for convergence to that limit. This is achieved
by applying the so-called Cauchy criterion, which will be developed in
this section.

Definition 3.6 The sequence (xn) is called a Cauchy sequence if, for
every positive number ε, there is a positive integer N such that

m,n ≥ N ⇒ |xn − xm| < ε.

This means that, as we go far enough into a Cauchy sequence, the
terms become as close to each other as we choose. We would expect
this to be the case if the sequence were convergent, since the terms of
such a sequence would have to approach each other as they approach
a common limit.

Theorem 3.8
If (xn) is convergent, then it is a Cauchy sequence.

Proof. Suppose limxn = x and ε is any positive number. We know
there is an N ∈ N such that

|xn − x| < ε/2 for all n ≥ N.

Now if we take m,n ≥ N then

|xn − x| < ε/2, |xm − x| < ε/2.

Using the triangle inequality (Theorem 2.1), we obtain

|xn − xm| ≤ |xn − x|+ |xm − x| < ε,

which means (xn) is a Cauchy sequence. ¤
The question is: Is the converse of Theorem 3.8 true? In other words,

is every Cauchy sequence convergent? The affirmative answer to this
question is a consequence of the completeness of R expressed by axiom
A12.
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Theorem 3.9 (Cauchy’s Criterion)
A sequence of real numbers is convergent if, and only if, it is a Cauchy
sequence.

This is one of the fundamental theorems of real sequences. In view
of Theorem 3.8, we need only prove that every Cauchy sequence is
convergent in order to complete the proof of Theorem 3.9. This turns
out to involve a more lengthy procedure than the previous proof, but,
in the process, we shall establish some useful notions and results of no
less significance than the criterion itself.

Definition 3.7
(i) A point x ∈ R is called a cluster point, or an accumulation point, of
a set A ⊆ R if every neighborhood V of x contains an element a ∈ A
different from x. The symbol Â will be used to denote the set of cluster
points of A.
(ii) A point in A which is not a cluster point of A is called an isolated
point of A.

Remarks 3.3
1. According to this definition, a cluster point of A need not belong to
A, but an isolated point of A must lie in A.

2. x ∈ Â if, and only if, for every ε > 0 there is a point a ∈ A such that
a 6= x and |x− a| < ε, i.e., such that

0 < |a− x| < ε.

This follows from the definition of a neighborhood.

3. x ∈ Â if, and only if, every neighborhood of x contains an infinite
number of points of A. For if a neighborhood V = (x−δ, x+δ) contains
only a finite number of such points, say a1, a2, · · · , an, where ai 6= x,
then

ε = min
1≤i≤n

|ai − x|

is a positive number. Since x is a cluster point of A, there is a point
a ∈ A such that a 6= x and |x− a| <ε. By the definition of ε, it is clear
that a lies in V but a 6= ai for any i, which contradicts our assumption.
The implication in the other direction is obvious.

4. x ∈ A is an isolated point of A if, and only if, there is a neighborhood
V of x which does not intersect A except in x, i.e., such that V ∩A =
{x}.



90 Elements of Real Analysis

Example 3.14 The set of cluster points of any open interval (a, b) is
the closed interval [a, b].

Proof. Here we provide some schematic hints, and leave the details to
the reader.

Figure 3.4

Example 3.15 Ẑ = ∅.
Proof. Take any x ∈ Z. Clearly V = (x−1, x+1) is a neighborhood of
x which contains no elements of Z except x, hence x /∈ Ẑ. Now suppose
x /∈ Z, and let

ε = min{|n− x| : n ∈ Z}.
The interval (x− ε, x+ ε) contains no integers, hence x /∈ Ẑ. Thus Z is
composed of isolated points. ¤
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Example 3.16 Q̂ = cQc = R.
Proof. This is a restatement of the density of the rational and the
irrational numbers in R (Theorem 2.8 and its corollary), and we leave
the details to the reader.

Some books refer to a cluster point as a limit point, and the next
theorem provides some justification for this nomenclature.

Theorem 3.10
(i) If x ∈ Â then there is a sequence (xn) of distinct elements of A
such that xn → x.
(ii) If the sequence (xn) is convergent to x and the set A = {xn : n ∈ N}
is infinite, then x ∈ Â.

Proof
(i) Let x ∈ Â. Taking ε = 1 we can find x1 ∈ A such that

0 < |x1 − x| < 1.
With ε = 1/2 there is an x2 ∈ A such that x2 6= x1 and

0 < |x2 − x| < 1

2
.

Suppose we can choose x1, x2, · · · , xn in A such that

xi 6= xj for all i 6= j, (3.10)

|xi − x| < 1

i
. (3.11)

Since the open interval

µ
x− 1

n+ 1
, x+

1

n+ 1

¶
is a neighborhood of x,

it must contain an infinite number of points of A, hence we can choose
xn+1 ∈ A in this neighborhood such that

xn+1 6= xi for all 1 ≤ i ≤ n.

Thus the set {x1, x2, · · · , xn+1} satisfies the above relations (3.10) and
(3.11). By mathematical induction, we therefore have a sequence (xn)
which satisfies these two relations. Now (3.10) implies the elements of
the sequence are distinct, while (3.11) implies xn → x.

(ii) Suppose xn → x and the set A = {xn : n ∈ N} is infinite. Let V be
a neighborhood of x.We shall prove that V contains an infinite number
of elements of A. Since xn → x, there is an N ∈ N such that

xn ∈ V for all n ≥ N,
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that is,
A\{x1, x2, · · · , xN−1} ⊆ V.

But the set A\{x1, x2, · · · , xN−1} is infinite. ¤
A finite set cannot have a cluster point, since any neighborhood of a

cluster point contains an infinite number of elements of the set (Remark
3.3.3). On the other hand, an infinite set need not have a cluster point,
as Example 3.15 demonstrates. So the question arises: When does a set
possess a cluster point? The following result paves the way to answering
this question. For any closed interval I = [a, b], where a ≤ b, we define
the length of I to be l(I) = b− a.

Theorem 3.11 (Cantor)
Let (In) be a sequence of non-empty,closed and bounded intervals. If
In+1 ⊆ In for every n ∈ N, then the intersection T∞n=1 In is not empty.
Furthermore, if

inf{l(In) : n ∈ N} = 0,
then

T∞
n=1 In is a single point.

Proof. Suppose In = [an, bn] and I =
T∞
n=1 In. Using the nested prop-

erty of the intervals In, we have

m ≥ p⇒ Im ⊆ Ip

⇒ ap ≤ am < bm ≤ bp. (3.12)

The set A = {an : n ∈ N} ⊂ R is clearly not empty and bounded above
by b1, so by the completeness of R it has a least upper bound, which
we shall call x. We shall prove that x ∈ I by proving that x ∈ Ik, i.e.,
ak ≤ x ≤ bk, for all k ∈ N.
By the definition of x, ak ≤ x for all k. To prove that x ≤ bk, it

suffices to prove that bk is an upper bound of A, i.e., that an ≤ bk for
all n ∈ N. If n ≤ k then, by (3.12), an ≤ ak ≤ bk; and if n > k then,
again by (3.12), an ≤ bn ≤ bk. bk is therefore an upper bound of A,
hence

ak ≤ x ≤ bk for all k ∈ N.
Now suppose that inf{l(In) : n ∈ N} = 0 and let x, y ∈ I. It then

follows that x, y ∈ In for every n, which implies

|x− y| ≤ l(In),

or |x− y| is a lower bound of the set {l(In) : n ∈ N}. Hence
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|x− y| ≤ inf{l(In) : n ∈ N} = 0
⇒ x = y. ¤

The next theorem gives sufficient conditions for the existence of a
cluster point in a set.

Theorem 3.12 (Bolzano-Weierstrass)
Every infinite and bounded subset of R has at least one cluster point
in R.

Proof. Let A be an infinite and bounded set of real numbers. Being
bounded, A is contained in some bounded closed interval I0 = [a0, b0].
First we bisect I0 into the two subintervals

I 00 =
∙
a0,

a0 + b0
2

¸
, I 000 =

∙
a0 + b0
2

, b0

¸
.

Since A ⊆ I 00 ∪ I 000 is infinite at least one of the sets A∩ I 00 and A∩ I 000 is
infinite. Let I1 = [a1, b1] = I 00 if A∩ I 00 is infinite, otherwise set I1 = I 000 .
We then have
(i) I1 ⊆ I0

(ii) l(I1) =
1

2
(b0 − a0)

(iii) A ∩ I1 is infinite.
Now we bisect I1 into the subintervals

I
0
1 =

∙
a1,

a1 + b1
2

¸
, I

00
1 =

∙
a1 + b1
2

, b1

¸
,

one of which necessarily intersects A in an infinite set. Define I2 =
[a2, b2] to be I

0
1 if A ∩ I

0
1 is infinite, otherwise let I2 = I

00
1 . Continuing

in this fashion, we obtain, in the n-th step, the intervals Ii = [ai, bi],
0 ≤ i ≤ n, which satisfy
(i) Ii ⊆ Ii−1
(ii) l(Ii) =

1

2i
(b0 − a0)

(iii) A ∩ Ii is infinite.
Let us again bisect In to obtain

I 0n =
∙
an,

an + bn
2

¸
, I 00n =

∙
an + bn
2

, bn

¸
.

Since In = I 0n ∪ I 00n and A ∩ In is infinite, either A ∩ I 0n is infinite, in
which case we set In+1 = [an+1, bn+1] = I 0n, or A∩I 0n is finite and A∩I 00n
is infinite, in which case we choose In+1 = I 00n. Now we see that
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(i) In+1 ⊆ In

(ii) l(In+1) =
1

2
l(In) =

1

2n+1
(b0 − a0)

(iii) A ∩ In+1 is infinite.
By induction we therefore conclude the existence of a sequence (In :
n ∈ N) of closed, bounded intervals that satisfies conditions (i), (ii), and
(iii) above. By Cantor’s theorem there is a (single) point x ∈ T∞n=1 In.
We complete our proof by showing that x ∈ Â.
Given any ε > 0 we can choose n ∈ N so that

b0 − a0
2n

< ε,

or, equivalently, |In| < ε. This, together with the fact that x ∈ In for
all n, implies

In ⊂ (x− ε, x+ ε).

Since In contains an infinite number of elements of A, so does (x −
ε, x+ ε), hence x ∈ Â. ¤
Lemma 3.1 Every Cauchy sequence is bounded.

Proof. Let (xn) be any Cauchy sequence. Taking ε = 1, there is an
integer N such that

|xn − xN | < 1 for all n ≥ N.

Since |xn|− |xN | ≤ |xn − xN | , we have
|xn| < |xN |+ 1 for all n ≥ N.

Thus |xn| is bounded by max{|x1| , · · · , |xN−1| , |xN |+ 1}. ¤
Now we are in a position to prove the Cauchy criterion.

Proof of Theorem 3.9. Let (xn) be a Cauchy sequence and A = {xn :
n ∈ N}. We have two cases:
(i) The set A is finite. In this case one of the terms of the sequence,
say x, is repeated infinitely often. We shall prove that xn → x. Given
ε > 0, there is an integer N such that

m,n ≥ N ⇒ |xn − xm| < ε.

Since the term x is repeated infinitely often in the sequence, there is
an m > N such that xm = x. Hence

|xn − x| = |xn − xm| < ε for all n ≥ N,
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which just means xn → x.

(ii) A is infinite. In view of Lemma 3.1, the set A is bounded and
therefore, by the Bolzano-Weierstrass Theorem, it has a cluster point
x.We shall prove that xn → x. Given ε > 0, there is an integer N such
that

|xn − xm| < ε for all n,m ≥ N.

Since x ∈ Â, the interval (x − ε, x + ε) contains an infinite number
of terms of the sequence (xn). Hence there is an m ≥ N such that
xm ∈ (x− ε, x+ ε), i.e., such that |xm − x| < ε. Now, if n ≥ N , then

|xn − x| ≤ |xn − xm|+ |xm − x| < ε+ ε = 2ε,

which proves xn → x. ¤
Example 3.17 Let

x1 = 1, x2 = 2, xn =
1

2
(xn−1 + xn−2) for all n > 2.

Prove that (xn) is convergent.

Proof. Using induction on n, it is a simple exercise to show that

xn − xn+1 =
(−1)n
2n−1

for all n ∈ N. (3.13)

Hence, if m > n, then

|xn − xm| ≤ |xn − xn+1|+ |xn+1 − xn+2|+ · · ·+ |xm−1 − xm|

=
m−1P
r=n

1

2r−1

=
1

2n−1
m−n−1P
r=0

1

2r

=
1

2n−1
1− (1/2)m−n
1− 1/2

<
1

2n−1
1

1− 1/2
=

1

2n−2
.

Now, given any ε > 0, we can choose N so that
1

2N−2
< ε, and thereby

conclude that

m > n ≥ N ⇒ |xn − xm| < 1

2n−2
≤ 1

2N−2
< ε.
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This means (xn) is a Cauchy sequence, so, by the Cauchy criterion, it
is convergent. ¤
In this example, note that the Cauchy criterion does not provide us

with the limit of (xn). To calculate limxn we can use induction again
to obtain

x2n+1 = 1 +
nP

k=1

1

22k−1
(3.14)

= 1 + 2
nP

k=1

1

4k

= 1 + 2 · 1
4

1− (1/4)n
1− (1/4)

= 1 +
2

3

∙
1−

µ
1

4

¶n¸
→ 5

3
.

Now equation (3.13) implies

x2n = x2n+1 +
1

22n−1
→ 5

3
.

Using Example 3.5, we therefore conclude that limxn = 5/3. But there
is a more general approach we can take to arrive at this result, based
on subsequences. That will be the subject of the following section (see
also Exercise 3.4.10).

Exercises 3.4

1. Determine Â in each of the following:

(a) A = N
(b) A = [0, 1] ∪ (3, 4) ∪ (5, 6]
(c) A =

½
3n +

1

k
: k, n ∈ N

¾
(d) A = Q\{1/n : n ∈ N}.

2. If A ⊆ B what is the relation between Â and B̂?

3. Give an example of A ⊆ R in each case:

(a) A has exactly four cluster points in R
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(b) Â is denumerable

(c) A has a denumerable set of isolated points.

4. Given A,B ⊆ R, prove that

(a) Â ∪ B̂ = \A ∪B,
(b) \A ∩B ⊆ Â ∩ B̂

Give an example of two sets A andB such that Â∩B̂ 6= \A ∩B.

5. Suppose A ⊆ R is not empty and bounded above. If supA /∈ A,
prove that supA ∈ Â.

6. Give an example of a sequence of open intervals (In) such that
In+1 ⊆ In and

T∞
n=1 In = ∅.

7. If xn =
Pn

i=1

1

i2
, prove that (xn) is a Cauchy sequence (and hence

convergent).

8. If (xn) and (yn) are Cauchy sequences, prove that both (xn + yn)
and (xnyn) are also Cauchy sequences.

9. Prove the relations (3.13) and (3.14) in Example 3.17.

10. Summing over n in (3.13), prove that

xn+1 = 1 +
n−1X
k=0

(−1)k
2k

→ 5

3
.

3.5 Subsequences

Definition 3.8 Let (xn : n ∈ N) be a sequence of real numbers. If (nk)
is a strictly increasing sequence of natural numbers,

n1 < n2 < n3, · · · ,

then the sequence

(xnk : k ∈ N) = (xn1 , xn2 , xn3 , · · · )

is called a subsequence of (xn).
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Thus, given a sequence, we obtain a subsequence by omitting some
of the terms of the given sequence and re-indexing without disturbing
the order of the original sequence. Here are some examples:

(i) Every tail of (xn), such as (x4, x5, x6, · · · ), is a subsequence of (xn).
By setting nk = k+3 it is clear that the tail in question can be expressed
as the subsequence (xnk), or (xk+3).

(ii) Given a sequence (xn), the terms with odd subscripts arranged in
increasing order, x1, x3, x5, · · · , form a subsequence of (xn). Here nk =
2k − 1. The terms with even subscripts, x2, x4, x6, · · · , form another
subsequence (x2k).

(iii) (1, 1/4, 1/9, · · · ) = (1/k2) is a subsequence of (1/n), but (1/2, 1,
1/3, 1/4, · · · ) is not a subsequence of (1/n), nor is (0, 1, 1/2, 1/3, · · · ).
Remarks 3.4
1. Recalling the definition of the real sequence (xn) as a function

x : N→ R, x(n) = xn,

we can say that a subsequence (xnk) of (xn) is a composition x ◦ g of
the function x with a strictly increasing function g : N → N. Here, of
course, we have g(k) = nk.

2. A subsequence of a subsequence of (xn) is a subsequence of (xn),
since the composition of two strictly increasing functions is a strictly
increasing function.

3. Note that the condition

n1 < n2 < n3 < · · ·

implies that nk ≥ k for all k ∈ N.
The next theorem should come as no surprise.

Theorem 3.13
If the sequence (xn) converges to x, then every subsequence of (xn)
also converges to x.

Proof. Let (xnk) be a subsequence of (xn), where limn→∞ xn = x. We
wish to prove that limk→∞ xnk = x. Suppose ε is any positive number.
From the convergence xn → x there is an N ∈ N such that

n ≥ N ⇒ |xn − x| < ε.
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But since nk ≥ k for every k ∈ N,
k ≥ N ⇒ nk ≥ N ⇒ |xnk − x| < ε,

which means xnk → x as k→∞. ¤
This theorem has a very useful corollary.

Corollary 3.13 If the sequence (xn) is convergent and has a subse-
quence which converges to x, then limxn = x.

Proof. Suppose xn → y and xnk → x. From Theorem 3.13 we know
that xnk → y, and from the uniqueness of the limit we must have
x = y. ¤
Since any sequence (xn) can be considered a subsequence of itself,

the converse of Theorem 3.13 is also true; that is, if every subsequence
of (xn) converges to x then xn → x. In fact, if we further assume that
(xn) is bounded, we obtain a stronger result, expressed by Theorem
3.15 below. We start by proving the following version of the Bolzano-
Weierstrass theorem.

Theorem 3.14
Every bounded sequence has a convergent subsequence.

Proof. Let (xn) be a bounded sequence. If the set A = {xn : n ∈ N} is
finite, then there is at least one term in the sequence which is repeated
infinitely often. The subsequence defined by that term is a constant
sequence which is therefore convergent. If A is infinite, then, by the
Bolzano-Weierstrass theorem, it has at least one cluster point x ∈ Â.
By a slight modification of part (i) of the proof of Theorem 3.10, we
can construct a subsequence (xnk) which converges to x. ¤
Theorem 3.15
Let (xn) be a bounded sequence. If every convergent subsequence of (xn)
has the same limit, then (xn) converges to that same limit.

Proof. Note that we are not assuming that all the subsequences of
(xn) converge. By Theorem 3.14 we know that (xn) has at least one
convergent subsequence. Call its limit x.
Assuming xn 9 x, there is a positive number ε such that, for any

N ∈ N, |xn − x| ≥ ε for some n ≥ N . Let N = 1. Then there is an
integer n1 ≥ 1 such that |xn1 − x| ≥ ε. Now, with N = n1 + 1, there is
an n2 ≥ N > n1 such that |xn2 − x| ≥ ε. Continuing in this fashion we
obtain, by induction on k, a subsequence (xnk) which satisfies

|xnk − x| ≥ ε for all k ∈ N. (3.15)
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The sequence (xnk) is clearly bounded, hence, by Theorem 3.14, it has a
convergent subsequence, call it (xnkj ). But (xnkj ) is also a subsequence

of (xn) and, being convergent, its limit must be x by hypothesis. Thus

lim
j→∞

xnkj = x. (3.16)

However, (3.15) implies¯̄̄
xnkj − x

¯̄̄
≥ ε for all j ∈ N,

which is in contradiction with (3.16). The assumption xn 9 x is there-
fore false and xn → x. ¤

Exercises 3.5

1. Give an example of

(a) a sequence with no convergent subsequence,

(b) an unbounded sequence which has a convergent subsequence.

2. If every subsequence of (xn) has a subsequence which converges to
0, prove that limxn = 0.

3. Let xn ≥ 0 for all n ∈ N. If ((−1)nxn) is convergent, prove that
(xn) is convergent, and determine its limit.

4. Suppose (xn) is a bounded sequence of distinct terms, i.e., xn 6= xm
for all n 6= m. If the set {xn : n ∈ N} has a single cluster point x,
prove that xn → x.

5. In the last two sections of this chapter we could have followed
a different procedure by first proving Theorem 3.14, then proving
Cauchy’s criterion and the Bolzano-Weierstrass theorem. This may
be achieved by the following steps:

(a) For any bounded sequence (xn), we call k ∈ N a summit point
if xk ≥ xn for all n ≥ k. If the set of summit points of (xn) is
finite, show how you can choose an increasing subsequence of
(xn). If, on the other hand, the set of summit points is infinite,
show that you can form a decreasing subsequence. From this
you can deduce the existence of a convergent subsequence of
(xn), thereby proving Theorem 3.14.
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(b) If (xn) is a Cauchy sequence which has a convergent subse-
quence, prove that (xn) converges to the same limit.

(c) Using (a) and (b), together with Lemma 3.1, prove Cauchy’s
criterion.

(d) Use Theorems 3.10 and 3.14 to prove the Bolzano-Weierstrass
theorem.

3.6 Upper and Lower Limits

In this section we define two, more general, limits which exist for any
bounded sequence. Let (xn) be a bounded sequence. We define two
sequences (yn) and (zn) as follows:

yn = sup{xk : k ≥ n} (3.17)

zn = inf{xk : k ≥ n}. (3.18)

Since
y1 = sup{xk : k ≥ 1} ≥ y2 = sup{xk : k ≥ 2} ≥ · · ·

is a decreasing sequence which is bounded below, by inf xn, it must be
convergent. Its limit is called the limit superior (or the upper limit) of
(xn), and is denoted by lim supxn (or lim xn). Thus, by Theorem 3.7,

lim supxn = lim yn = inf{yn : n ∈ N} = inf
n∈N

{supxk : k ≥ n}.

Likewise (zn) is an increasing sequence which is bounded above by
supxn. Its limit exists and is called the limit inferior (or lower limit)
of xn, and is denoted by lim inf xn (or lim xn). Hence

lim inf xn = lim zn = sup{z : n ∈ N} = sup
n∈N

{inf xk : k ≥ n}.

In the extended real number system, if (xn) is not bounded above,
then we write lim supxn = +∞; and if (xn) is not bounded below, then
lim inf xn = −∞.
Observe that

lim supxn ≥ lim inf xn,
lim sup(−xn) = − lim inf xn.
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Example 3.18 We know that the sequence

xn = (−1)n + 1

n

is divergent because (−1)n is divergent while 1/n is convergent. The
upper and lower limits are, respectively,

lim supxn = lim
n→∞

µ
1 +

1

n

¶
= 1,

lim inf xn = lim
n→∞ (−1) = −1.

The following theorem provides some useful properties of the upper
and lower limits, specifically those which we shall have occasion to use
in the coming chapters. Let x∗ and x∗ denote lim supxn and lim inf xn
respectively.

Theorem 3.16
(i) Given any ε > 0, there is a positive integer N such that

xn < x∗ + ε for all n ≥ N,

that is, xn ∈ (−∞, x∗ + ε) for all but a finite number of n ∈ N.
(ii) Given any ε > 0 and any m ∈ N, there is an integer n > m such
that xn > x∗ − ε. In other words, xn ∈ (x∗ − ε,∞) for infinitely many
n ∈ N.
(iii) (xn) converges to x if and only if x∗ = x∗ = x.
(iv) There is a subsequence of (xn) which converges to x∗, and a sub-
sequence of (xn) which converges to x∗.
(v) If a subsequence of (xn) converges to x, then x∗ ≤ x ≤ x∗; that is,
x∗ is the greatest limit that can be attained by a convergent subsequence
of (xn), and x∗ is the least such limit.

Proof
(i) Using the relation x∗ = lim yn, where yn is defined in equation
(3.17), there is an integer N such that

n ≥ N ⇒ x∗ − ε < yn < x∗ + ε.

But yn ≥ xn for all n ∈ N. Therefore

n ≥ N ⇒ xn < x∗ + ε.
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(ii) Suppose m ∈ N. If xn ≤ x∗ − ε for all n > m, then, for all k ≥ n >
m, xk ≤ x∗ − ε, so that

yn ≤ x∗ − ε for all n > m.

In the limit as n→∞, we obtain x∗ ≤ x∗ − ε, a contradiction.

(iii) Applying property (i) to the sequence (xn), we conclude that
(−∞, x∗ + ε) contains all but a finite number of terms of (xn). The
same property applied to (−xn) implies that (x∗ − ε,∞) contains all
but a finite number of such terms. If x∗ = x∗ = x then (x − ε, x + ε)
contains all but a finite number of terms of (xn). But this is just the
assertion that xn → x.
Now suppose that xn → x. For any ε > 0, there is an integer N such

that

n ≥ N ⇒ xn < x+ ε

⇒ yn ≤ x+ ε.

Hence x∗ ≤ x+ ε. Since ε > 0 is arbitrary, we obtain

x∗ ≤ x.

Working with the sequence (−xn), whose limit is −x, the same proce-
dure gives

(−xn)∗ ≤ (−x),
or x∗ ≥ x. Since x∗ ≤ x∗, we must conclude that x∗ = x∗ = x.

(iv) With ε = 1 there is an integer N1 such that xn ∈ (−∞, x∗+1) for
all n ≥ N1. Since (x

∗ − 1,∞) contains an infinite number of the terms
xn, we can choose n1 > N1 such that xn1 ∈ (x∗− 1,∞). It then follows
that xn1 ∈ (x∗−1, x∗+1). If ε = 1/2, we can similarly find n2 > n1 such
that xn2 ∈ (x∗ − 1/2, x∗ + 1/2). Suppose now that n1 < n2 < · · · < nk
have been chosen so that

xnj ∈ (x∗ − 1/j, x∗ + 1/j), 1 ≤ j ≤ k.

Since (−∞, x∗+(k+1)−1) contains all but a finite number of elements
of (xn), and (x

∗ − (k + 1)−1,∞) contains an infinite number of those
elements, there is an nk+1 > nk such that

xnk+1 ∈ (x∗ − (k + 1)−1, x∗ + (k + 1)−1).



104 Elements of Real Analysis

By induction on k we thus form a subsequence (xnk) such that |xnk − x∗|
< 1/k. Such a subsequence clearly converges to x∗.
By using the sequence (−xn) we can follow a similar procedure to

construct a subsequence of (xn) which converges to x∗.
(v) Suppose (xnk) is a subsequence of (xn) which converges to x. Since
nk ≥ k for all k ∈ N, we must have

yk = sup{xj : j ≥ k} ≥ xnk for all k ∈ N.

Letting k → ∞, we obtain x∗ ≥ x. The inequality x∗ ≤ x is obtained
by a similar procedure applied to the sequence (−xn). ¤

Exercises 3.6

1. If xn ≤ yn for all n ∈ N, prove that

lim supxn ≤ lim sup yn
lim inf xn ≤ lim inf yn
lim inf xn ≤ lim sup yn.

Give an example where lim supxn > lim inf yn.

2. Let (xn) be a sequence. For any ε > 0, prove that

(a) xn ∈ (lim inf xn − ε,∞) for all but a finite number of terms
of the sequence,

(b) xn ∈ (−∞, lim inf xn + ε) for an infinite number of terms of
the sequence.

3. Determine the upper and lower limits for each of the following
sequences:

(a) (−1)nn.
(b) (1, 1/2, 1, 1/3, 1, 1/4, · · · )
(c) (0, 1, 0, 1, 2, 0, 1, 2, 3, 0, 1, 2, 3, 4, · · · )

4. For any two sequences (xn) and (yn), prove that lim sup(xn+yn) ≤
lim supxn+lim sup yn and lim inf(xn+yn) ≥ lim inf xn+lim inf yn.
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5. For any sequence (xn) and c ≥ 0, prove that
lim sup cxn = c lim supxn

and lim inf cxn = c lim inf xn.

6. Given a positive sequence (xn), what is the relation of lim supxn
and lim inf xn to lim sup(1/xn) and lim inf(1/xn)?

3.7 Open and Closed Sets

This section introduces some topological notions in R which will further
clarify its properties.

Definition 3.9
A set A ⊆ R is called open if A is a neighborhood of every point in
A, that is, if for every x ∈ A there is a positive number ε such that
(x− ε, x+ ε) ⊆ A.

Consider the following examples:

(a) Every open interval is an open set (Exercise 3.1.7).

(b) For any real number x the set R\{x} is open (see Exercise 3.1.8).
(c) [a, b) is not open since it is not a neighborhood of a.

(d) Z is not open (why?).
(e) Q is not open (why?).

Theorem 3.17
(i) R and ∅ are both open.
(ii) Any union of open sets in R is open.
(iii) Any finite intersection of open sets in R is open.

Proof
(i) R is clearly open. Since ∅ has no elements, Definition 3.9 is auto-
matically satisfied.

(ii) Let Gλ be an open set for every λ ∈ Λ, where Λ is an arbitrary
index set. If x ∈ Sλ∈ΛGλ then there is a λ0 ∈ Λ such that x ∈ Gλ0 .
Since Gλ0 is open, there is a number ε > 0 such that

(x− ε, x+ ε) ⊆ Gλ0 .

This implies (x − ε, x + ε) ⊆ S
λ∈ΛGλ, hence the union

S
λ∈ΛGλ is

open.
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(iii) Suppose x ∈ Tn
i=1Gi. This implies x ∈ Gi for every 1 ≤ i ≤ n.

Since Gi is open, there is an εi > 0 such that

(x− εi, x+ εi) ⊆ Gi.

Let ε = min{ε1, ε2, · · · , εn}. ε is clearly a positive number and

(x− ε, x+ ε) ⊆ (x− εi, x+ εi) ⊆ Gi for all i = 1, 2, · · · , n.
⇒ (x− ε, x+ ε) ⊆

nT
i=1

Gi.

Thus
Tn
i=1Gi is an open set. ¤

Remarks 3.5
1. Theorem 3.17 states that the open sets in R are closed under the
operations of arbitrary unions and finite intersections, and that they
include the universal set R and the empty set ∅. A collection of such
sets is called a topology on R. A topology on a set is used to define a
system of neighborhoods in that set.

2. The set Gn = (−1/n, 1/n) is clearly open for every n ∈ N. YetT∞
n=1Gn = {0} is not open, hence an arbitrary intersection of open

sets is not necessarily open.

The next theorem gives a useful characterization of an open set.

Theorem 3.18
A subset of R is open if, and only if, it is the union of a countable
number of disjoint open intervals.

Proof. Let G be any set of real numbers. If G is a countable union of
open intervals, then, by Theorem 3.16, it is open.
Now assume G is open. For each point x ∈ G, let Ix be the set of

open intervals which contain x and which lie in G, that is,

Ix = {I : x ∈ I ⊆ G}.

Since G is open Ix is not empty. Let

Jx = ∪{I : I ∈ Ix},

and note that
(i) x ∈ Jx ⊆ G, hence G =

S
x∈G Jx.
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(ii) Jx is an open interval. More specifically, if Ax is the set of left end-
points of the intervals in Ix and Bx is the set of right end-points, then
it can be shown that Jx = (ax, bx), where

ax = inf Ax, bx = supBx.

(iii) For any pair of points x, y ∈ G, either Jx = Jy or Jx ∩ Jy = ∅.
To see that, we shall assume that Jx ∩ Jy 6= ∅ and show that Jx = Jy.
Since the intervals Jx and Jy intersect, their union Jx ∪ Jy is an open
interval which contains y, hence it belongs to Iy. Thus

Jx ⊆ Jx ∪ Jy ⊆ Jy.

Similarly, Jy ⊆ Jx, and we conclude that Jx = Jy.
(iv) To show that the set {Jx : x ∈ G} is countable, we use the density
of Q in R to choose a rational number qx in every Jx, and note that
the function Jx 7→ qx is injective, by (iii). Since Q is countable so is
{Jx : x ∈ G}. ¤
Definition 3.10 A set A ⊆ R is closed if its complement Ac is open.

Here are some examples:

(a) The intervals [a, b], [a,∞), (−∞, b] are all closed.

(b) For any real number x, the set {x} is closed.
(c) [a, b) is not closed.

(d) Q is not closed.
(e) Z is closed.
The next theorem is a direct consequence of Theorem 3.17 and De

Morgan’s laws.

Theorem 3.19
(i) R and ∅ are closed.
(ii) Any finite union of closed sets in R is closed.
(iii) Any intersection of closed sets in R is closed.

Theorem 3.20
For any set F ⊆ R, the following statements are equivalent:
(i) F is closed.
(ii) F̂ ⊆ F.
(iii) If (xn) is a convergent sequence of elements in F , then limxn ∈ F.
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Proof
(i)⇒(ii): Suppose F is closed. Let x /∈ F. F c being open, there is an
ε > 0 such that (x − ε, x + ε) ⊆ F c. Hence the interval (x − ε, x + ε)
contains no points of F , so x /∈ F̂ . Hence F c ⊆ F̂ c, or F̂ ⊆ F.

(ii)⇒(iii): Suppose F̂ ⊆ F and let xn ∈ F for every n ∈ N, with xn → x.
If {xn : n ∈ N} is finite, it has a constant subsequence (x), and x is
clearly in F. If, on the other hand, {xn : n ∈ N} is infinite then, by
Theorem 3.10, x ∈ F̂ and hence x ∈ F.

(iii)⇒(i): Suppose F includes the limits of all its convergent sequences.
If F is not closed then F c is not open, hence there is a point x /∈ F
such that

(x− ε, x+ ε) ∩ F 6= ∅ for all ε > 0.

Hence, for every εn = 1/n, n ∈ N, there is an xn ∈ F such that
|xn − x| < 1/n. The sequence (xn) is therefore in F but its limit x is
not in F , in contradiction to our hypothesis. Thus F is closed. ¤
In view of Theorem 3.18, the definitions of open and closed sets

imply that, in order to obtain all the closed sets in R, it suffices to
remove from R a countable collection of disjoint, open intervals. In the
following example we do something of this sort, and we obtain a set
with surprising properties, known as the Cantor ternary set.

Example 3.19 Let F0 = [0, 1], and remove from F0 its middle third
(1/3, 2/3) to obtain

F1 =

∙
0,
1

3

¸
∪
∙
2

3
, 1

¸
.

If we remove the middle third of each sub-interval, we obtain

F2 =

∙
0,
1

9

¸
∪
∙
2

9
,
1

3

¸
∪
∙
2

3
,
7

9

¸
∪
∙
8

9
, 1

¸
.

Continuing in this fashion, we obtain a sequence of closed intervals
(F0, F1, F3, · · · ). Now we define Cantor’s set as the intersection

F =
∞T
n=0

Fn.



Sequences 109

Figure 3.5

Note the following observations:

1. F is closed since every Fn is closed (Theorem 3.18).

2. It is clear that F includes the end-points 0, 1/3, 2/3, 1/9, 2/9, · · · of
the deleted intervals, but the question is: does it contain anything
else? The surprising answer is that, not only does F contain many
more points, but it is in fact equivalent to [0, 1] and is therefore
not countable. To prove that, we recall from section 2.5 that any
number x ∈ [0, 1] has a ternary expansion

x = 0.t1t2t3 · · ·
which may also be expressed as

x =
∞P
i=1

ti
3i
, ti ∈ {0, 1, 2}.

The number x ∈ [0, 1] also has a binary expansion given by

x = 0.s1s2s3 · · · =
∞P
i=1

si
2i
, si ∈ {0, 1}.

The Cantor set F is in fact the set of points for which a ternary
expansion can be chosen so as not to contain the number 1, that
is,

x =
∞P
i=1

ti
3i
∈ F ⇔ ti ∈ {0, 2} for all i ∈ N.

Now we define the function

Ψ : [0, 1]→ F
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as follows

Ψ

µ∞P
i−1

si
2i

¶
=

∞P
i=1

2si
3i

.

Noting that Ψ is injective, we conclude that F ∼ [0, 1].
3. The total length of the deleted intervals is given by

L =
1

3
+
2

32
+
22

33
+
23

34
+ · · ·

=
1

3

"
1 +

2

3
+

µ
2

3

¶2
+

µ
2

3

¶3
+ · · ·

#
=
1

3

1

1− 2/3
= 1.

Since the interval [0, 1] is also of length 1, this means that the
set F has “length” 0, which would seem to to be inconsistent
with the equivalence of F and [0, 1]. This is another example of
the pitfalls of accepting intuitive ideas as facts. We shall have
occasion to return to the Cantor set later in the book, when we
discuss measure theory.

Exercises 3.7

1. Prove the statements (a) to (e) following Definition 3.10.

2. If A ⊆ R is open and bounded, prove that supA /∈ A and inf A /∈
A.

3. If A ⊆ R is closed and bounded, prove that supA ∈ A and inf A ∈
A.

4. Give an example of a collection of closed sets whose union is not
closed.

5. Prove that A ⊆ R is closed if, and only if, every Cauchy sequence
in A has a limit in A.

6. Let A ⊆ B ⊆ R. A is said to be open in B if, for every x ∈ B,
there is a positive number ε such that

(x− ε, x+ ε) ∩B ⊆ A.
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(a) Prove that A is open in B if, and only if, there is an open set
G such that A = G ∩B.
Give appropriate definitions of the following statements:

i. A is a neighborhood of x in B.

ii. A is closed in B.

7. For any subset A of R, we define the interior of A, denoted by A◦,
as the union of all open subsets of A. Clearly A◦ is the “largest”
open set in A. The elements of A◦ are called the interior points of
A. Prove the following statements:

(a) Every interior point of A has a neighborhood contained in A.

(b) A is open if and only if A = A◦.
(c) (A ∪B)◦ ⊇ A◦ ∪B◦, (A ∩B)◦ = A◦ ∩B◦.
Give an example of two sets A and B where (A ∪B)◦ 6= A◦ ∪B◦.

8. The closure of any set A ⊆ R, denoted by Ā, is the intersection
of all closed sets which contain A. Thus Ā is the “smallest” closed
set which contains A. Prove the following statements:

(a) A is closed if and only if A = Ā.

(b) x ∈ Ā if and only if (x− ε, x+ ε) ∩A 6= ∅ for any ε > 0.
(c) If x ∈ Ā, then there is a sequence of elements of A which

converges to x.

(d) A ∩B ⊆ Ā ∩ B̄, A ∪B = Ā ∪ B̄.
Give an example of two sets A and B where A ∩B 6= Ā ∩ B̄.

(e) Ā = A ∪ Â.
9. The boundary of the set A, denoted by ∂A, is defined as

∂A = Ā ∩Ac.

Prove that A◦∩∂A = ∅ and Ā = A◦∪∂A. Consequently, a closed
set contains its boundary points, while an open set contains none
of its boundary points.

10. Prove that

Ā = [(Ac)◦]c ,

A◦ = (Ac)c.
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11. Give an example of sets A and B such that A◦ 6= Ā, and (B̄)◦ 6= B.

12. Determine the interior, closure, and boundary of each of the fol-
lowing sets:

(a) N
(b) Z
(c) R
(d) R\{0}
(e) [0,∞)
(f) Q
(g) Qc

(h) [a, b)

(i) (2, 3] ∪ (4, 5)
(j) {1/n : n ∈ N}.

13. Which of the sets in Exercise 3.7.12 is open and which are closed?

14. What is the interior and the boundary of the Cantor set?
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Infinite Series
An infinite series is a special kind of sequence. Its importance in this
study will become more apparent in the last four chapters of the book,
where we introduce the Riemann integral, analytic functions, and Lebes-
gue’s theory of measure and integration. An infinite series, being a
sequence, is subject to the convergence properties of sequences, as pre-
sented in chapter 3. This chapter is concerned with deriving the cor-
responding convergence properties of infinite series, including the so-
called convergence tests.

4.1 Basic Properties

Suppose we have a sequence (xn) of real numbers. We can then form
another sequence

S1 = x1

S2 = x1 + x2

S3 = x1 + x2 + x3
...

Sn = x1 + x2 + · · ·+ xn =
nP

k=1

xk,

called the sequence of partial sums of (xn). The sequence (Sn) is the
infinite series generated by (xn). If (Sn) is convergent, the infinite series
is said to be convergent, otherwise it is divergent. When the series is
convergent, limSn is called the sum of the series (Sn). We shall use the
symbol

∞P
n=1

xn = x1 + x2 + x3 + · · ·

to denote this sum. The real numbers xn are called the terms of the
series. The first term in the series need not be x1, but may be x0 or xm,
for some integer m, in which case we write

P∞
n=0 xn or

P∞
n=m xn, and

the convergence is clearly not affected by the choice ofm. Hence, for the
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sake of convenience, we shall use the notation
P

xn to refer to the infi-
nite series, especially when the initial value of the index n is understood
or is irrelevant. But, when there is no likelihood of confusion, a con-
vergent series (Sn) will also be denoted by its sum

P∞
n=m xn = limSn.

This kind of flexibility in our use of notation is not uncommon, for we
occasionally denote the function x 7→ f(x) by f(x), the value of f at
x, rather than by f.

Example 4.1 A typical example of an infinite series is the so-called
geometric series

P∞
n=0 a

n, where a is a real number. Here we have
xn = an, and the sequence of partial sums is

Sn = 1 + a+ a2 + · · ·+ an =

⎧⎨⎩ 1− an+1

1− a
, a 6= 1

n+ 1, a = 1.

If a = 1 then Sn = n+ 1, which diverges (Example 3.4). If a 6= 1 then
limSn exists if and only if liman exists, that is if and only if |a| < 1
(see Exercise 3.2.12), in which case lim an = 0, and

∞P
k=0

ak = limSn =
1

1− a
.

Now we use the convergence properties of sequences, as presented in
section 3.2, to deduce corresponding results for series.

Theorem 4.1
(i) If the series

P
xn and

P
yn are both convergent, then the se-

ries
P
(xn + yn) is also convergent, and

∞P
n=1
(xn + yn) =

∞P
n=1

xn +
∞P
n=1

yn.

(ii) If the series
P

xn is convergent and c is any real number, thenP
cxn is convergent, and

∞P
n=1

cxn = c
∞P
n=1

xn.

Proof. This is a direct application of Theorem 3.4.

Remark 4.1 From Theorem 3.4 we can also conclude that the conver-
gence of

P
xn and

P
yn implies the existence of the product

P
xn
P

yn,
but it does not imply the convergence of

P
xnyn, and we shall presently

give examples to illustrate this point.
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The next theorem is known as the Cauchy criterion for series.

Theorem 4.2 (Cauchy’s Criterion)
The series

P
xn is convergent if and only if, for every ε > 0 there is

a positive integer N = N(ε) such that

n > m ≥ N ⇒ |Sn − Sm| = |xm+1 + · · ·+ xn| < ε. (4.1)

Proof. This is a direct application of the Cauchy criterion to the se-
quence Sn =

Pn
k=1 xk.

Corollary 4.2 If the series
P

xn is convergent, then limxn = 0.

Proof. Setting n = m+ 1 in (4.1) yields the desired result. ¤
According to Corollary 4.2, limxn = 0 is a necessary condition for

the convergence of
P

xn, but it is not a sufficient one, as the following
example indicates.

Example 4.2 Although lim 1/
√
n = 0, we shall now show that the

series
P
1/
√
n is divergent.

Sn = 1 +
1√
2
+ · · ·+ 1√

n

≥ 1√
n
+

1√
n
+ · · ·+ 1√

n

=
n√
n

=
√
n→∞.

Thus Corollary 4.2 is really a divergence test, rather than a conver-
gence test, since the fact that limxn = 0 does not tell us anything about
the convergence or divergence of the series

P
xn. But if limxn 6= 0, then

we conclude that the series is divergent.

Example 4.3 The series
P
1/n is known as the harmonic series, and

it also satisfies the condition lim 1/n = 0. Here we have

S2n − Sn =
2nP

k=n+1

1

k

=
1

n+ 1
+

1

n+ 2
+ · · ·+ 1

2n

≥ 1

2n
+
1

2n
+ · · ·+ 1

2n

=
n

2n
=
1

2
,
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which implies that the sequence (Sn) is not a Cauchy sequence and, by
the Cauchy criterion, cannot converge. Since the sequence is increasing,
we must conclude that ∞P

n=1

1

n
=∞.

Needless to say, a series may diverge in other ways, such as
P
(−1)n,

whose n-th sum

Sn =
nP

k=1

(−1)k = −1 + 1− 1 + · · ·+ (−1)n

is −1 if n is odd, and 0 if n is even, and hence approaches no limit as
n→∞.
Definition 4.1 The series

P
xn is said to be absolutely convergent if

the series
P |xn| is convergent.

Theorem 4.3
If a series is absolutely convergent, then it is convergent.

Proof. Suppose
P |xn| converges. We shall use Cauchy’s criterion to

show that
P

xn converges. Let ε be an arbitrary positive number. By
Theorem 4.2 there a positive integer N such that

n > m ≥ N ⇒ |xm+1|+ · · ·+ |xn| < ε

⇒ |xm+1 + · · ·+ xn| < ε,

which means
P

xn satisfies the Cauchy criterion for series, and is there-
fore convergent. ¤
If the terms of a series do not change sign, then, clearly, there is no

difference between convergence and absolute convergence. The differ-
ence appears when a subsequence of the terms is positive and another
subsequence is negative. Here is a well known example of a convergent
series which is not absolutely convergent.

Example 4.4 The series
P∞

n=1(−1)n+1/n is not absolutely convergent,
as we found in Example 4.3. Now we shall prove that this series is
convergent. First let n be an even integer, say n = 2m. The sequence

S2m =
2mP
k=1

(−1)k+1
k

=

µ
1− 1

2

¶
+

µ
1

3
− 1
4

¶
+ · · ·+

µ
1

2m− 1 −
1

2m

¶
=

1

2 · 1 +
1

4 · 3 +
1

6 · 5 + · · ·+
1

2m(2m− 1)
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is positive and increasing with m, and since

S2m = 1−
µ
1

2
− 1
3

¶
−
µ
1

4
− 1
5

¶
− · · ·− 1

2m
< 1,

it is bounded above. Hence the sequence (S2m) converges to some limit
S. Now let n = 2m+ 1 be an odd integer. Since

S2m+1 = S2m +
1

2m+ 1

also converges to S, we can use the result of Example 3.5 to conclude
that limSn exists.

Definition 4.2 The series
P

xn is said to be conditionally convergent
if
P

xn is convergent and
P |xn| is divergent.

Thus the series given in Example 4.4 is conditionally convergent.

Definition 4.3 The series
P

yn is called a rearrangement of the seriesP
xn if there is a bijection f : N→ N such yn = xf(n) for all n ∈ N.

Example 4.5 The series

1− 1
2
+
1

3
− 1
4
+
1

5
− 1
6
+ · · ·

of Example 4.4 may be rearranged in a number of ways, such as

1 +
1

3
− 1
2
+
1

5
+
1

7
− 1
4
+
1

9
+
1

11
− 1
6
+ · · · ,

or

1− 1
2
− 1
4
+
1

3
− 1
6
− 1
8
+
1

5
− 1

10
− 1

12
+
1

7
− · · · ,

or any other series in which the terms 1,−1/2, 1/3,−1/4, · · · are added
in a certain order.

Rearranging a convergent series would be expected to affect its con-
vergence properties. In what way this happens will depend on the type
of convergence of the original series, as we shall now see.
If the series

P
xn is conditionally convergent, then its positive terms

form an unending subsequence of (xn), otherwise the series would con-
verge absolutely. For the same reason, the negative terms form an in-
finite subsequence of (xn). Suppose (yn) is the subsequence of positive
terms and (zn) is the subsequence of negative terms. It is not difficult
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to prove that the series
P

yn and
P

zn are both divergent (Exercise
4.1.5). We shall now see how a rearrangement of

P
xn can produce a

divergent series.
Since

Pn
k=1 yk →∞ there is a positive integer m1 such that

T1 =
m1P
k=1

yk + z1 ≥ 1.

Similarly, there is an integer m2 > m1 such that

T2 = T1 +
m2P

m1+1
yk + z2 =

m2P
k=1

yk + z1 + z2 ≥ 2,

and so on, for every n ∈ N there is an mn ∈ N such that

Tn =
mnP
k=1

yk +
nP

k=1

zk ≥ n.

Clearly, Tn →∞, which means the rearrangement of
P

xn defined by
the sequence

(y1, · · · , ym1 , z1, ym1+1, · · · , ym2 , z2, · · · )

diverges to ∞.
There is, in fact, a theorem (due to Riemann), which states that, for

any real number c, there is a rearrangement of
P

xn which converges
to c. The proof of this theorem relies on the observation that we can
form a finite sum of the positive terms yk (in the same order in which
they appear in (xn)) to obtain the smallest sum Y1 =

Pn1
k=1 yk which

exceeds c, then add the least number of negative terms zk (again in
the order in which they appear in (xn)) to obtain the largest sum
Y2 =

Pn2
k=1 yk+

Pn2
k=1 zk which is less than c. Proceeding in this fashion,

we obtain a sequence Y1, Y2, Y3, · · · which converges to c, since lim yn =
lim zn = 0. Thus we have proved

Theorem 4.4
Given any conditionally convergent series and any c ∈ R̄, there is a
rearrangement of the series which converges to c.

An absolutely convergent series, on the other hand, is not affected by
any rearrangement as the next theorem shows. Note, in this connection,
that a series is also a rearrangement of itself in which the bijection in
Definition 4.3 is f(n) = n.
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Theorem 4.5
If
P

xn is absolutely convergent, then all its rearrangements also con-
verge absolutely to the same limit.

Proof. Let
P

xn be absolutely convergent, and suppose
P

yn is a
rearrangement of

P
xn. Define

Sn =
nP

k=1

xn, S = limSn, Tn =
nX

k=1

yk,

and let ε > 0. By the absolute convergence of
P

xn, there is an integer
N such that

|S − SN | =
∞P

k=N+1

|xk| = |xN+1|+ |xN+2|+ · · · < ε

2
.

Now we choose the integer M so that all the terms x1, x2, · · · , xN
appear in the firstM terms of the rearranged series, that is, within the
finite sequence (y1, y2, · · · , yM). Hence these terms do not contribute
to the difference Tm − SN , where m ≥M, and we obtain

m ≥M ⇒ |Tm − SN | ≤ |xN+1|+ |xN+2|+ · · · < ε

2
⇒ |S − Tm| ≤ |S − SN |+ |SN − Tm| < ε.

Thus limTn = S.
To show that the rearranged series

P
yn is absolutely convergent, we

note that
P |yn| is a rearrangement of the absolutely convergent seriesP |xn| and, by the argument above, converges to the same limit. ¤

Exercises 4.1

1. Let
P

yn be the series which results after all the zero terms are
omitted from the series

P
xn. Prove that

P
xn is convergent if,

and only if,
P

yn is convergent, and that
P

yn =
P

xn if either
series is convergent.

2. Prove that changing a finite number of terms of a series does not
affect its convergence.

3. If xn ≥ 0 for all n ∈ N, prove that the series
P

xn converges if,
and only if, the sequence Sn =

Pn
k=1 xn is bounded above.
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4. If the series
P

xn converges, prove that the series

(x1 + x2) + (x3 + x4) + (x5 + x6) + · · ·

also converges. Give an example to show that the converse is false.

5. Let
P

xn be conditionally convergent, with positive terms given
by the sequence (yn) and negative terms by (zn), both arranged
in the order in which they appear in (xn).

(a) Prove that both
P

yn and
P

zn diverge.

(b) Define a rearrangement of
P

xn which has no limit in R̄.

6. Prove that

∞P
n=0

1

(n+ a)(n+ 1 + a)
=
1

a
for all a > 0.

7. If xn ≥ 0 for all n, prove that the convergence of
P

xn implies the
convergence of

P
x2n, but that the converse is false.

8. Let xn > 0 for all n and yn =
1

n
(x1 + x2 + · · · + xn). Prove that

the series
P

yn is divergent.

9. Let

1 +
1

3
− 1
2
+
1

5
+
1

7
− 1
4
+
1

9
+
1

11
− 1
6
+ · · ·

be a rearrangement of the conditionally convergent series

∞X
n=1

(−1)n+1
n

.

Prove that this rearrangement is also convergent, but to a different
limit from that of the original series.

10. If the series
P

xn is absolutely convergent, prove that

∞P
n=1

xn = (x1 + x3 + x5 + · · · ) + (x2 + x4 + x6 + · · · ).
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4.2 Convergence Tests

This section covers the more important tests for the convergence of in-
finite series, excluding the so-called integral test which has to await the
treatment of the Riemann (improper) integral in chapter 8. In general,
these tests provide sufficient, but not necessary, conditions for conver-
gence. This is in stark contrast to the Cauchy criterion (Theorem 4.2)
which, though difficult to apply in practice, provides a necessary and
sufficient condition for convergence, and remains one of the most effec-
tive theoretical means for proving the results of this section. The first
of these is called the comparison test.

Theorem 4.6 (Comparison Test)
If (xn) and (yn) are positive sequences that satisfy the inequality xn ≤
yn for all n ≥ N , for some fixed positive integer N , then the conver-
gence of

P
yn implies the convergence of

P
xn.

Proof. Let ε > 0. Since
P

yn is convergent there is a positive integer
M such that

nP
k=m+1

yk = ym+1 + · · ·+ yn < ε for all n > m ≥M.

By choosing K = max{M,N} we obtain

n > m ≥ K ⇒
nP

k=m+1

xk ≤
nP

k=m+1

yk < ε.

By the Cauchy criterion,
P

xn is convergent. ¤
Corollary 4.6 If 0 ≤ xn ≤ yn for all n ≥ N and the series

P
xn is

divergent, then
P

yn is also divergent.

Theorem 4.7 (Limit Comparison Test)
Suppose (xn) and (yn) are positive sequences such that lim (xn/yn)
exists.
(i) If lim (xn/yn) 6= 0, the series

P
xn and

P
yn either both converge

or they both diverge.
(ii) If lim (xn/yn) = 0 and the series

P
yn converges, then

P
xn also

converges.

Proof
In case (i) we know that limxn/yn must be a positive number. Accord-
ing to Theorems 3.2 and 3.3, the sequence (xn/yn) is bounded away
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from 0, that is, there are two positive constantsM andK and a positive
integer N such that

n ≥ N ⇒M ≤ xn
yn
≤ K

⇒Myn ≤ xn ≤ Kyn.

Using the comparison test, we now conclude that the convergence of
one of the two series implies the convergence of the other.
In case (ii) there is a positive integer N such that

n ≥ N ⇒ 0 ≤ xn
yn
≤ 1

⇒ 0 ≤ xn ≤ yn,

so, again by the comparison test,
P

xn converges if
P

yn converges. ¤

Example 4.6 Since
1

n
≤ 1

np
for all p ≤ 1, n ∈ N, and since P 1

n
is

divergent (Example 4.3), the series
P 1

np
diverges for all p ≤ 1 by the

comparison test.

Example 4.7 Let

xn =
1

n
− 1

n+ 1
=

1

n(n+ 1)
.

Then

Sn =
nP
k=i

xk = 1− 1
2
+
1

2
− 1
3
+ · · ·+ 1

n
− 1

n+ 1

= 1− 1

n+ 1
.

Hence ∞P
k=1

1

n(n+ 1)
= lim

µ
1− 1

n+ 1

¶
= 1.

To test the series
P
1/n2, note that the limit comparison test yields

lim
1

n(n+ 1)
÷ 1

n2
= lim

1

1 + 1/n
= 1,

hence
P
1/n2 is convergent. Since

1

np
≤ 1

n2
for all p ≥ 2,
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it follows that
P
1/np converges for all p ≥ 2. The series P 1/np di-

verges for all p ≤ 1, as we saw in Example 4.6, so it remains to determine
its behaviour when 1 < p < 2. The next example shows that we have
convergence over these values as well.

Example 4.8 The series
P
1/np converges for all p > 1.

Proof. For any n ∈ N, let

Sn =
nP

k=1

1

kp
, Tn = S2n .

Then

Tn+1 − Tn =
2n+1P

k=2n+1

1

kp

=
1

(2n + 1)p
+

1

(2n + 2)p
+ · · ·+ 1

(2n+1)p

<
1

2np
+

1

2np
+ · · ·+ 1

2np

=
2n

2np

=
1

2n(p−1)
.

Hence

Tn+1 =
nP

k=0

(Tk+1 − Tk) + T0

<
nP

k=0

1

2k(p−1)
+ T0

<
1

1− (1/2)p−1 + T0 = K,

where we used the formula derived in Example 4.1 for the sum of the
geometric series

P∞
k=0(1/2

p−1)k. Thus the positive sequence (Tn) is
bounded above by the constantK. Since the sequence (2m) is increasing
and unbounded, for any n ∈ N there is an m ∈ N such that 2m > n;
and since (Sn) is an increasing sequence, we have

Sn ≤ S2m = Tm ≤ K,

which implies (Sn) is bounded and therefore convergent, by Theorem
3.7. ¤
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The next theorem, known as the root test, is one of the fundamental
convergence tests, since it makes no assumptions regarding the sequence
of terms xn.

Theorem 4.8 (Root Test)
Given a series

P
xn, let

r = lim sup n
p
|xn|.

Then
(i)

P
xn is absolutely convergent if r < 1.

(ii)
P

xn is divergent if r > 1.
(iii) The test is inconclusive if r = 1.

Proof
(i) If r < 1, choose a positive number c ∈ (r, 1). Let ε = c − r. By
Theorem 3.16(i), there is a positive integer N such that

n ≥ N ⇒ n
p
|xn| < r + ε = c

⇒ |xn| < cn.

Since the geometric series
P

cn converges,
P |xn| converges by com-

parison, and therefore
P

xn is absolutely convergent.

(ii) By Theorem 3.16(iv), there is a subsequence (xnk) of (xn) such that

nk

q
|xnk |→ r.

Since r > 1 there is a positive integer N such that

k ≥ N ⇒ nk

q
|xnk | > 1

⇒ |xnk | > 1,
and we conclude that the condition xn → 0, which is a necessary con-
dition for convergence, is not satisfied.

(iii) In Example 4.3 we found that
P
1/n was divergent, and in Ex-

ample 4.7 we established the convergence of
P
1/n2. But in both cases

r = lim n
p
1/np = 1. ¤

Theorem 4.9
For any positive sequence (xn),

lim sup n
√
xn ≤ lim sup xn+1

xn

lim inf
xn+1
xn
≤ lim inf n

√
xn.
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Proof. To prove the first inequality, let

L = lim sup
xn+1
xn

.

If L =∞ there is nothing to prove. If 0 ≤ L <∞ then, for anyM > L,
there is a positive integer N such that

xn+1
xn
≤M for all n ≥ N.

In particular, for any k ∈ N,
xN+k ≤MxN+k−1

≤M2xN+k−2
≤ · · ·
≤MkxN .

Hence

n > N ⇒ xn ≤Mn−NxN

⇒ n
√
xn ≤M

n
p
xNM−N .

From Example 3.8, lim n
p
xNM−N = 1, and from Exercise 3.6.1 and

Theorem 3.16(iii) we obtain

lim sup n
√
xn ≤M.

Since this is true for any M > L, it follows that lim sup n
√
xn ≤ L.

The second inequality is proved by a similar procedure. ¤
Corollary 4.9.1 Given the series

P
xn, define

lim sup

¯̄̄̄
xn+1
xn

¯̄̄̄
= L, lim inf

¯̄̄̄
xn+1
xn

¯̄̄̄
= c.

Then
(i)

P
xn converges absolutely if L < 1,

(ii)
P

xn diverges if c > 1,
(iii) The test is inconclusive if c ≤ 1 ≤ L.

Remark 4.2 Since omitting all zero terms in a sequence does not
affect its convergence or its value (Exercise 4.1.1), the ratio test can be
applied to the non-zero terms of the series only.
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Proof. (i) and (ii) follow directly from Theorems 4.8 and 4.9. To prove
(iii), we again consider the divergent series

P
1/n and the convergent

series
P
1/n2. In both cases we have L = c = 1. ¤

Corollary 4.9.2 (Ratio Test) If

lim

¯̄̄̄
xn+1
xn

¯̄̄̄
= λ

exists, then
lim n
√
xn = λ,

and the series
P

xn is absolutely convergent if λ < 1 and divergent if
λ > 1. If λ = 1 the test fails.

Proof. From Theorem 4.9,

lim sup n
p
|xn| ≤ lim

¯̄̄̄
xn+1
xn

¯̄̄̄
≤ lim inf n

p
|xn|.

Therefore lim sup n
p|xn| = lim inf n

p|xn| = lim n
p|xn| = λ. ¤

Example 4.9 The root and ratio tests applied to the series p-seriesP
1/np yield

lim
n→∞

n

r
1

np
= 1

and

lim
n→∞

µ
n+ 1

n

¶p

= 1,

so both tests fail to provide any information on the convergence of this
series. But we already know, from Examples 4.6 and 4.8, that

P
1/np

diverges for p ≤ 1 and converges for p > 1.
Example 4.10 To test

P
1/n! we use the ratio test which, in this case,

is easier to apply than the root test:

lim
1

(n+ 1)!
÷ 1

n!
= lim

1

n+ 1
= 0.

Thus the series is convergent.

Example 4.11 Let the series
P

xn be defined by

x1 =
1

3
, x2 =

1

2
, x3 =

1

32
, x4 =

1

22
, · · · ,
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that is,

x2k−1 =
1

3k
, x2k =

1

2k
, k ∈ N.

Here we see that

lim sup n
√
xn = lim

n

r
1

2n/2
=

1√
2
,

lim sup
xn+1
xn

= lim
1/2n

1/3n
=∞,

lim inf
xn+1
xn

= lim
1/3n

1/2n−1
= 0,

hence the ratio test gives no information, while the root test indicates
convergence. This is consistent with the result of Theorem 4.9, and
implies that the root test is more general than the ratio test.

All the convergence tests presented so far are in fact tests for absolute
convergence, and cannot be used to test conditional convergence. Hence
the significance of Theorem 4.10, known as the alternating series test,
is that it may be used to test the conditional convergence of some
absolutely divergent series.

Definition 4.4 The sequence (xn) is called alternating if the sign of
xn is different from that of xn+1 for every n. The resulting series

P
xn

is called an alternating series.

Theorem 4.10 (Alternating Series Test)
Let (xn) be a positive, decreasing sequence whose limit is 0. Then the
alternating series

P∞
n=1(−1)n+1xn is convergent, and¯̄̄̄
¯ ∞P
k=n+1

(−1)k+1xk
¯̄̄̄
¯ ≤ xn+1. (4.2)

Proof. First we shall prove that the sequence of partial sums Sn con-
verges, using ideas from Example 4.4.

S2n = (x1 − x2) + (x3 − x4) + · · ·+ (x2n−1 − x2n).

Since xk − xk+1 ≥ 0 for all k, the sequence S2n is increasing. It is also
bounded above because

S2n = x1 − (x2 − x3)− · · ·− (x2n−2 − x2n−1)− x2n ≤ x1 (4.3)
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for all n ∈ N, hence limS2n exists; call it S. On the other hand,

|S2n+1 − S| = |S2n + x2n+1 − S|
≤ |S2n − S|+ |x2n+1| .

In the limit as n→∞, we obtain limS2n+1 = S. Therefore Sn → S.

Figure 4.1

The relation (4.2) is equivalent to

|S − Sn| ≤ xn+1,

that is, the error involved in approximating S by Sn does not exceed
xn+1. Now

S − Sn = (−1)n+2(xn+1 − xn+2 + xn+3 − · · · )
|S − Sn| = xn+1 − xn+2 + xn+3 − · · · . (4.4)

The series (4.4) is of the same alternating type as S = x1−x2+x3−· · · ,
the only difference being that it starts with xn+1 instead of x1. By (4.3)
we have

S = limS2n ≤ x1,

and the corresponding upper bound on the series (4.4) is therefore xn+1.
Thus |S − Sn| ≤ xn+1. ¤
Example 4.12 Since 1/np → 0 for all p > 0, the seriesP (−1)n

np

converges for all positive values of p. In view of Example 4.6 we may
therefore conclude that this series converges conditionally for all p such
that 0 < p ≤ 1. Now, assuming that 0 < p ≤ 1/2 and 0 < q ≤ 1/2, and
defining

xn =
(−1)n
np

, yn =
(−1)n
nq

,
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we see that
P

xn and
P

yn are both convergent, but that
P

xnyn is
divergent.

In the following exercises, logn is the logarithm of n to the base e
(see Example 3.12), or loge n in the terminology of Section 2.4. It is the
power to which e must be raised to give n. The logarithmic function
will be defined more carefully later on, but, for the time being, only
the elementary properties of the function are needed, such as log 1 =
0 and logn increases monotonically to ∞ as n→∞.

Exercises 4.2

1. Test the following series for convergence:

(a)
∞P
n=1

1

(n+ 1)(n+ 2)

(b)
∞P
n=1
(−1)n

√
n

n2

(c)
∞P
n=1
(−1)n logn

n

(d)
∞P
n=1
(−1)n 1

3
√
n2 + 1

(e)
∞P
n=1

n2

n!

(f)
∞P
n=2

1

(logn)n

(g)
∞P
n=1

n!

nn

(h)
∞P
n=1

2nn!

nn

(i)
∞P
n=1

3nn!

nn

2. Prove that the convergence of
P

a2n and
P

b2n implies the conver-
gence of

P
anbn.

3. Prove that the convergence of
P

a2n implies the convergence ofP
an/n.
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4. Let the sequence (xn) be positive and decreasing. If
P

xn con-
verges prove that limnxn = 0.

5. If the series
P

xn diverges show that
P xn
1 + xn

also diverges.

6. Calculate lim inf n
√
xn for the series defined in Example 4.11.

7. With reference to Theorem 4.7, if lim
xn
yn
=∞, what can you say

about the convergence or divergence of the two series (xn) and
(yn)?

8. Consider the series

1

5
+
1

7
+
1

52
+
1

72
+
1

53
+
1

73
+ · · · .

Show that the series converges by the root test while the ratio test
gives no information.



5

Limit of a Function
Having defined the limit of a sequence, we now turn our attention to
the limit of a function at a point. In some sense this is a more general
notion, as we shall presently discover, and one which will be central to
all our future work.

5.1 Limit of a Function

Let c be a real number and f a real function defined on D ⊆ R. We
shall try to explain the meaning of the statement: “the limit of f at
c is c”. Generally speaking, this means that f(x), the value of f at x,
will be “close to c” if x is “close enough to c”. Another, more dynamic,
interpretation is that the numbers f(x) “approach c” if we allow x to
“approach c in any fashion”. But we need to indicate precisely what we
mean by the descriptive terms “close”, “close enough”, and “approach”.

Consider the first interpretation. As in our discussion of the conver-
gence of a sequence, the statement that “f(x) is close to c” is mathe-
matically meaningful only if there is a prescribed measure of “closeness”
ε > 0, and f(x) is within an ε-neighborhood of c, that is, |f(x)− c| < ε.
Similarly the “closeness” of x to c is measured by another positive num-
ber δ and expressed by the inequality |x− c| < δ. Thus, “the limit of
f at c is c” will mean that, given ε > 0, there is a δ > 0 such that f(x)
lies in an ε-neighborhood of c whenever x ∈ D lies in a δ-neighborhood
of c, or

x ∈ D, |x− c| < δ ⇒ |f(x)− c| < ε. (5.1)

Note that if there is a positive number δ such that {x ∈ D : 0 <
|x− c| < δ} = ∅, that is, if c is not a cluster point of D, then the
implication (5.1) is (vacuously) satisfied for any c /∈ D, in which case
any real number c will be a limit of f at c. For that reason it makes
sense, in defining the limit of f at c, to stipulate that c be a cluster
point of the domain of f . Furthermore, we are only interested in the
behaviour of f near c, and not at c, so we shall also stipulate that
x 6= c. Thus we arrive at the following definition:
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Definition 5.1 Let f : D → R and c ∈ D̂. We say the limit of f at c
is c if, for every ε > 0, there is a δ > 0 such that

x ∈ D, 0 < |x− c| < δ ⇒ |f(x)− c| < ε,

and express this symbolically by writing

lim
x→c

f(x) = c,

or
f(x)→ c as x→ c.

Figure 5.1

Example 5.1
lim
x→2(3x− 5) = 1.

Proof. Given any ε > 0, we seek a δ > 0 such that

0 < |x− 2| < δ ⇒ |(3x− 5)− 1| < ε. (5.2)

Note that

|(3x− 5)− 1| = |3x− 6| < ε

⇔ 3 |x− 2| < ε

⇔ |x− 2| < ε

3
.
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If we take |x− 2| < ε/3 we are guaranteed that |(3x− 5)− 1| < ε,
hence we choose δ = ε/3 in (5.2). Note that any other smaller positive
value of δ will work. Note also that if we define another function which
coincides with the polynomial 3x− 5 except at x = 2, say

f(x) =

½
3x− 5, x 6= 2
7, x = 2,

then limx→2 f(x) would still be 1. In other words, the limit of a function
at a point is not affected by how it is defined, or whether it is even
defined, at that point.

Example 5.2 Let

f(x) =

½
x2, x 6= 2
0, x = 2.

Then limx→2 f(x) = 4.

Proof. Let ε be any positive number. We wish to find a positive number
δ such that

0 < |x− 2| < δ ⇒ |f(x)− 4| < ε.

With x 6= 2, we have |f(x)− 4| = ¯̄x2 − 4¯̄ = |x− 2| |x+ 2| , which can
be made less than ε if we can make

|x− 2| |x+ 2| < ε.

To that end, we first assume that |x− 2| < 1, which implies
1 < x < 3

⇒ 3 < x+ 2 < 5

⇒ |x+ 2| < 5.
Consequently, with x 6= 2 and |x− 2| < 1, we can make |f(x)− 4| < ε
by taking 5 |x− 2| < ε, that is,

|x− 2| < ε/5.

If we now choose δ = min{1, ε/5}, then
0 < |x− 2| < δ ⇒ |x+ 2| < 5, |x− 2| < ε/5

⇒ ¯̄
x2 − 4¯̄ = |x+ 2| |x− 2| < (5)(ε/5) = ε.

In both examples above we can verify that limx→c f(x) = c by calcu-
lating f at values of x near c, tabulating the results, and noting that,
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as x gets closer to c, f(x) gets closer to c. This intuitive approach, how-
ever, will be of no use in the next example, where only the definition
will serve us.

Example 5.3 Suppose f : (0, 1]→ R is defined by

f(x) =

½
0, x /∈ Q
1/q, x = p/q ∈ Q,

where the fraction p/q is in simple form, that is, p and q have no
common factors. We shall prove that

lim
x→c

f(x) = 0 for all c ∈ (0, 1].

Let ε > 0 be given. By the theorem of Archimedes (Theorem 2.7) we
can choose N ∈ N so that 1/N < ε. Now there is only a finite number of
rational numbers p/q ∈ (0, 1] such that q < N , since the denominator
q can only be one of the numbers 1, 2, · · · ,N − 1 and, for each such
denominator i, the numerator p is one of the numbers 1, 2, · · · , i. Let
A be the set of such rational numbers which are distinct from c, and
define

δ = min{|a− c| : a ∈ A}.
Since A is finite, δ is positive, and

|a− c| ≥ δ for all a ∈ A.

Suppose now that x ∈ (0, 1] and 0 < |x− c| < δ. There are two
possibilities: either x /∈ Q, in which case f(x) = 0 and |f(x)− 0| = 0 <
ε; or x ∈ Q, in which case x /∈ A and hence x = p/q (in simple form)
with q ≥ N. In this second case we have

f(x) =
1

q
≤ 1

N
< ε,

and again we obtain |f(x)− 0| < ε. Thus we have proved that

x ∈ (0, 1], 0 < |x− c| < δ ⇒ |f(x)− 0| < ε,

which just means that limx→c f(x) = 0.

Remarks 5.1
1. As mentioned in Example 5.1, if we can find a δ > 0 which makes
|f(x)− c| < ε, any δ0 ∈ (0, δ) will also work.
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2. To prove that limx→c f(x) = c, it suffices to show that, for every
ε > 0, there is a δ > 0 such that

x ∈ D, 0 < |x− c| < δ ⇒ |f(x)− c| < aε,

where a is a positive constant which does not depend on x or δ. That
is because ε0 = ε/a is positive whenever ε is positive, hence there is a
δ0 > 0 such that

x ∈ D, 0 < |x− c| < δ0 ⇒ |f(x)− c| < aε0 = ε.

3. In the language of neighborhoods, the statement that limx→c f(x) =
c means that, for every neighborhood V of c, there is a neighborhood
U of c such that

x ∈ U ∩D,x 6= c⇒ f(x) ∈ V.

In Chapter 3 we defined the limit of a convergent sequence. Since
any sequence is a function defined on N, it is legitimate to ask at this
point whether that definition has any relation to Definition 5.1. To
see the connection, recall that in the extended real numbers R̄ = R ∪
{−∞,+∞} we defined a neighborhood of +∞ to be any subset of R̄
containing an interval (N,+∞] where N ∈ R. Since every interval of
the type (N,+∞] contains an infinite number of positive integers, this
definition makes +∞ a cluster point of N. In fact, according to Example
3.15, +∞ is the only cluster point of N. As pointed out in Section 3.3,
+∞ will be abbreviated to ∞.
Now suppose (xn) is a sequence in R, and let

f : N→ R, f(n) = xn.

According to Definition 5.1 and Remark 3.1.3, if

lim
n→∞ f(n) = c

then, for every neighborhood V of the point c ∈ R, there is a neighbor-
hood U of ∞ such that

n ∈ U ∩ N⇒ f(n) ∈ V.

Hence, given ε > 0, there is a positive integer N such that

n ∈ [N,∞)⇒ f(n) ∈ (c− ε, c+ ε),
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which may be expressed as

n ≥ N ⇒ |f(n)− c| < ε,

or
n ≥ N ⇒ |xn − c| < ε.

By Definition 3.2, this is just the statement that limxn = c. Similarly,
we can also show that, if limxn = c according to Definition 3.2, then
limn→∞ f(n) = c according to Definition 5.1. Hence Definition 3.2 of
the limit of a sequence becomes a special case of Definition 5.1 where
c =∞.
But the connection between the limit of a sequence and that of a

function runs deeper. Recall the dynamic picture which we used at the
beginning of this section to motivate Definition 5.1, where the numbers
f(x) approach c as x approaches c in any fashion. A most natural way
for x to approach c would be through a sequence (xn) in D with limit
c, and then we would expect the sequence of images f(xn) to converge
to c. The qualification in any fashion simply means that it does not
matter what sequence (xn) is chosen, as long as xn → c. Adding the
fine points that c ∈ D̂ and that xn 6= c, we arrive at the following
result.

Theorem 5.1
Let f : D → R and c ∈ D̂. The following statements are equivalent:
(i) limx→c f(x) = c
(ii) For every sequence (xn) in D such that xn 6= c for any n ∈ N and
xn → c, the sequence (f(xn)) converges to c.

Proof
(i)⇒(ii): With limx→c f(x) = c and (xn) any sequence which satisfies
the conditions in (ii), let ε be a positive number. By Definition 5.1 there
is a δ > 0 such that

x ∈ D, 0 < |x− c| < δ ⇒ |f(x)− c| < ε. (5.3)

Since xn → c there is a positive integer N such that

n ≥ N ⇒ |xn − c| < δ, (5.4)

and since xn 6= c we conclude from (5.3) that

|f(xn)− c| < ε for all n ≥ N,
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i.e., f(xn)→ c.
(ii)⇒(i): Suppose limx→c f(x) 6= c. We shall show that the statement
(ii) is false by exhibiting a sequence (xn) in D which satisfies the con-
ditions in (ii), but for which f(xn)9 c. The statement limx→c f(x) 6= c
means there is an ε > 0 such that, for every δ > 0, we can find a point
x ∈ D which satisfies

0 < |x− c| < δ and |f(x)− c| ≥ ε.

Taking δ = 1/n, we see that for every n ∈ N there is an xn ∈ D such
that

0 < |xn − c| < 1

n
and |f(xn)− c| ≥ ε.

Thus (xn) satisfies the conditions in (ii) but f(xn)9 c. ¤
Remarks 5.2
1. If c ∈ D and c = f(c), then the condition xn 6= c becomes unneces-
sary for the equivalence of (i) and (ii).

2. The significance of Theorem 5.1 is that it provides a criterion for
proving that a function has no limit at c, as indicated below.

Corollary 5.1 Let f : D → R and c ∈ D̂, and suppose S is the set of
sequences (xn) in D which satisfy xn 6= c and xn → c. If (i) there is a
sequence (xn) in S such that the sequence (f(xn)) diverges, or (ii) there
are two sequences (xn) and (yn) in S such that lim f(xn) 6= lim f(yn),
then limx→c f(x) does not exist.

Example 5.4 The function f : R\{0}→ R defined by the equation

f(x) =
1

x2

has no limit at 0. To see that let xn = 1/n, and note that xn 6= 0 for
any n and xn → 0, but that (f(xn)) = (n2) diverges. By Corollary
5.1(i), limx→0 1/x2 does not exist.

Example 5.5 The function sgn defined on R by

sgn x =

⎧⎨⎩
1, x > 0
0, x = 0
−1, x < 0

has no limit at 0. To see that, let xn = 1/n and yn = −1/n, then
xn 6= 0 and xn → 0 and similarly 0 6= yn → 0, but sgn xn → 1 while
sgn yn → −1. By Corollary 5.1(ii) limx→0 sgn x does not exist.
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Example 5.6 Let f : R→ R be defined by

f(x) =

½
1, x ∈ Q
0, x /∈ Q.

The function f has no limit at any c ∈ R, since the density of Q and Qc

allows us to choose a sequence xn ∈ Q such that 0 < |xn − c| < 1/n,
and another sequence yn ∈ Qc such that 0 < |yn − c| < 1/n for all
n ∈ N, whose images under f are f(xn) = 1 and f(yn) = 0 .

Now we present a slightly stronger version of Theorem 5.1, which
makes condition (ii) in Corollary 5.1 superfluous.

Theorem 5.2
Let f:D→ R and c ∈ D̂. Then the following statements are equivalent:
(i) limx→c f(x) exists
(ii) For every sequence (xn) in D such that xn 6= c and xn → c, the
sequence (f(xn)) converges.

Proof
(i)⇒(ii): If limx→c f(x) = c then statement (ii) follows directly from
Theorem 5.1.
(ii)⇒(i): Let S be the set of sequences in D which converge to c but
whose terms differ from c. Since c is a cluster point ofD, S is not empty.
Suppose (xn) is a sequence in S such that (f(xn)) converges to some
limit c. If (yn) is another sequence in S whose image under f, (f(yn)),
converges to c0, we have to show that c0 = c. To that end, consider the
sequence (zn) = (x1, y1, x2, y2, · · · ). (zn) is clearly in S (see Example
3.5), hence (f(zn)) converges. By Theorem 3.13 the two subsequences
(f(z2k−1)) = (f(xk)) and (f(z2k)) = (f(yk)) must have the same limit,
that is, c0 = c. Thus all the sequences in S converge to c. By Theorem
5.1 we therefore conclude that limx→c f(x) = c. ¤
As we saw in the case of a sequence, we would expect the limit of

a function, at a point where it exists, to be unique; and we invite the
reader to prove this by making the appropriate modifications to the
proof of Theorem 3.1.

Theorem 5.3
Let f : D → R and c ∈ D̂. If limx→c f(x) exists, it is unique.
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Exercises 5.1

1. Determine which of the following statements correctly defines

lim
x→c

f(x) = c.

(a) For every δ > 0 there is an ε > 0 such that

x ∈ D, 0 < |x− c| < ε⇒ |f(x)− c| < δ.

(b) For every ε > 0 there is a δ > 0 such that

x ∈ D, 0 < |x− c| < δ ⇒ |f(x)− c| ≤ ε.

(c) For every δ > 0 there is an ε > 0 such that

x ∈ D, 0 < |x− c| < δ ⇒ |f(x)− c| < ε.

(d) For every ε > 0 there is a δ > 0 such that

x ∈ D, 0 < |x− c| ≤ δ ⇒ |f(x)− c| < 7ε.

(e) For every ε > 0 there is a δ > 0 such that

x ∈ D, |f(x)− c| < ε⇒ 0 < |x− c| < δ.

(f) For every ε > 0 there is a δ > 0 such that

x ∈ D, 0 < |x− c| < δ/5⇒ |f(x)− c| < ε.

2. Using Definition 5.1, prove that limx→c f(x) = c in each of the
following cases:

(a) f(x) = x3, c = c3.

(b) f(x) = 1/x, x 6= 0, c = 1, c = 1.
(c) f(x) =

√
x, x ≥ 0, c = 2, c = √2.

3. Use Definition 5.1 or Theorem 5.1 to prove

(a) lim
x→1

3x

1 + x2
=
3

2
.
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(b) lim
x→1

µ
x5 +

1

x

¶
= 2.

(c) lim
x→2

x3 − 8
x− 2 = 12.

4. Prove that the following limits do not exist:

(a) lim
x→0

x

|x| .

(b) lim
x→−2

x

x2 − 4 .
(c) lim

x→0(x
2+sgn x).

5. Let f : R→ R be defined by

f(x) =

½
x, x ∈ Q
−x, x /∈ Q.

Prove that limx→c f(x) exists only when c = 0.

6. Let f : R → R and limx→0 f(x) = c. If g : R → R is defined by
g(x) = f(ax), where a 6= 0, prove that limx→0 g(x) = c.

7. Let f : D → R and c ∈ D̂. If limx→c[f(x)]
2 = 0, prove that

limx→c f(x) = 0. Give an example of a function f for which
limx→c[f(x)]

2 exists but limx→c f(x) does not exist.

8. Suppose An ⊆ [0, 1] is a finite set for every n ∈ N, and An∩Am = ∅
whenever n 6= m. Define f : [0, 1]→ R by

f(x) =

½
1/n, x ∈ An

0, x /∈ ∪∞n=1An.

Prove that limx→c f(x) = 0 for every c ∈ [0, 1].
9. Suppose that f, g : D → R and that c ∈ D̂. If f(x) = g(x) for

every x 6= c in a neighborhood of c, and limx→c f(x) = c, show
that limx→c g(x) = c.
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5.2 Basic Theorems

Here we consider limits in the light of the algebraic and order properties
of R.
Theorem 5.4
Let f : D → R and c ∈ D̂. If f has a limit at c, then f is bounded
in a neighborhood of c, that is, there is a neighborhood U of c and a
positive number M such that

|f(x)| ≤M for all x ∈ U ∩D.

Proof. Suppose limx→c f(x) = c. By Definition 5.1 there is a δ > 0
such that

x ∈ D, 0 < |x− c| < δ ⇒ |f(x)− c| < 1.
Setting U = (c− δ, c+ δ) we see that

x ∈ U ∩D,x 6= c ⇒ |f(x)− c| < 1
⇒ |f(x)| < |c|+ 1.

If c ∈ D take M = max{|f(c)| , |c|+ 1}, otherwise set M = |c|+ 1. ¤
Theorem 5.5
Let f : D→ R and c ∈ D̂. If limx→c f(x) = c, where c 6= 0, then there
is a neighborhood U of c and a positive number M such that

|f(x)| > M for all x ∈ U ∩D\{c}.
Proof. The proof closely follows that of Theorem 3.3 for sequences.

Theorem 5.6
Let f, g : D→ R and c ∈ D̂. If limx→c f(x) = c and limx→c g(x) = m,
then
(i) limx→c[f(x) + g(x)] = c+m,
(ii) limx→c[f(x) · g(x)] = cm,
(iii) limx→c f(x)/g(x) = c/m provided m 6= 0.
Proof. This theorem corresponds to Theorem 3.4 for sequences, and its
proof can be constructed along the lines of that earlier proof, an exercise
worth undertaking for its own sake. Here we shall use Theorems 5.1 and
3.4 to prove part (iii) of the theorem.
If m 6= 0 then we know from Theorem 5.5 that there is a neighbor-

hood U of c such that

|g(x)| > 0 for all x ∈ U ∩D\{c},
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so that f/g is well defined on U ∩D\{c}. Suppose now that (xn) is any
sequence in D such that xn 6= c for all n and that xn → c. By Theorem
5.1 we know that f(xn)→ c and g(xn)→ m, and Theorem 3.4 implies
that f(xn)/g(xn)→ c/m. Hence, by Theorem 5.1,

lim
x→c

f(x)

g(x)
=

c

m
. ¤

Note that parts (i) and (ii) of Theorem 5.6 imply

lim
x→c

kf(x) = kc for any real number k,

lim
x→c

[f(x)− g(x)] = c−m.

Theorem 5.7
Suppose the two functions f, g : D → R have limits at c ∈ D̂. If there
is a neighborhood U of c such that

f(x) ≤ g(x) for all x ∈ U ∩D\{c}
then

lim
x→c

f(x) ≤ lim
x→c

g(x).

Proof. This is left to the reader (see Theorem 3.5).

Finally, we have a “squeezing” theorem for functions corresponding
to Theorem 3.6, which can be proved along similar lines.

Theorem 5.8
Let f, g, h : D → R and c ∈ D̂. If there is a neighborhood U of c such
that

f(x) ≤ g(x) ≤ h(x) for all x ∈ U ∩D\{c}
and limx→c f(x) = limx→c h(x) = c, then limx→c g(x) = c.

Example 5.7 If p is a polynomial, then limx→c p(x) = p(c) for any c ∈
R. This follows directly from the observation that limx→c x = c and the
application of Theorem 5.6. Suppose p(x) = a0+a1x+a2x

2+· · ·+anxn.
then, using parts (i) and (ii) of the theorem,

lim
x→c

p(x) = a0 + a1 lim
x→c

x+ a2 lim
x→c

(x · x) + · · ·+ an lim
x→c

(x · x · · · · .x)
= a0 + a1c+ a2c

2 + · · ·+ anc
n

= p(c).
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For a rational function p/q, where p and q are polynomials such that
q(c) 6= 0, part (iii) of Theorem 5.6 gives

lim
x→c

p(x)

q(x)
=

p(c)

q(c)
.

Now we consider some examples involving the trigonometric func-
tions

sin : R→ [−1, 1],
cos : R→ [−1, 1],
tan : R\{±π/2,±3π/2, · · · }→ R,

which we shall assume the reader is familiar with. These functions are
defined through the coordinates of a point on the unit circle in the
usual manner (see Figure 5.2), and their properties can be derived
accordingly. Our purpose is to introduce more variety in our examples
at this point, and not have to wait for more rigorous definitions before
we discuss such functions.

Figure 5.2

Example 5.8

lim
θ→0

sin θ = 0

lim
θ→0

cos θ = 1
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Figure 5.3

Proof. If θ ∈ [−π/2, π/2] then |θ| will
be in the first quadrant of the coordinate
plane, hence sin |θ| ≥ 0. Referring to Fig-
ure 5.3 (where 0 < θ < π/2) we see that

sin |θ| = |BC| ≤ |AB| , (5.5)

where |AB| and |BC| are the lengths of
the sides AB and BC, respectively. Fur-
thermore, |θ| is the length of the arc AB,
hence

|AB| ≤ |θ| . (5.6)

Since sin θ is an odd function, in the sense that sin(−θ) = − sin θ, we
have |sin θ| = sin |θ| . Combining (5.5) and (5.6),

0 ≤ |sin θ| ≤ |θ| for all θ ∈ [−π/2, π/2].

Taking the limit in this last inequality as θ → 0, and using Theorem
5.8, gives limθ→0 |sin θ| = 0, hence limθ→0 sin θ = 0 (see Exercise 5.2.6).
With θ ∈ [−π/2, π/2], cos θ ≥ 0, and the relation sin2 θ + cos2 θ = 1

yields

cos θ =
p
1− sin2 θ→ 1 as θ → 0. ¤

More generally, we have

lim
θ→θ0

sin θ = sin θ0, lim
θ→θ0

cos θ = cos θ0 for any θ0 ∈ R.

To see that, we use a well-known trigonometric identity to write

sin θ = sin(θ0 + (θ − θ0))

= sin θ0 cos(θ − θ0) + cos θ0 sin(θ − θ0)

→ sin θ0 · 1 + cos θ0 · 0 = sin θ0 as θ→ θ0.

Similarly, the second limit can be shown to hold.

Example 5.9 The function

f(x) = sin
1

x
, x ∈ R\{0},
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has no limit at 0, for the two sequences

xn =
1

nπ
, yn =

1

2nπ + π/2

both tend to 0 as prescribed by Corollary 5.1, and

f(xn) = sin(nπ) = 0 for all n

f(yn) = sin(2nπ + π/2) = 1 for all n.

Thus lim f (xn) = 0 6= lim f (yn) = 1, so that limx→0 f (x) does not
exist.

Example 5.10

lim
θ→0

sin θ

θ
= 1.

Figure 5.4

Proof. Take θ ∈ (−π/2, π/2) and θ 6= 0 so that |θ| lies in the first
quadrant. In Figure 5.4, where BD is tangent to the unit circle at B,
we have

area of triangle AOB ≤ area of sector AOB ≤ area of triangle OBD,

that is,
1

2
|BC| ≤ 1

2
|θ| ≤ 1

2
|BD| ,

or

sin |θ| ≤ |θ| ≤ tan |θ| = sin |θ|
cos |θ|

⇒ 1 ≤ |θ|
|sin θ| ≤

1

cos |θ| for all θ ∈
µ−π
2
,
π

2

¶
, θ 6= 0. (5.7)
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Since cos is an even function, i.e., cos(−θ) = cos θ, we can write
cos |θ| = cos θ; and since the sine function is odd, we have |θ| / |sin θ| =
θ/ sin θ. The inequality (5.7) therefore takes the form

1 ≤ θ

sin θ
≤ 1

cos θ
, 0 < |θ| < π/2,

which allows us to conclude that limθ→0 θ/ sin θ = 1, and hence

lim
θ→0

sin θ

θ
= 1,

using Theorem 5.8. ¤
Example 5.11

lim
x→0x sin

1

x
= 0.

Proof. Since
¯̄̄̄
sin

1

x

¯̄̄̄
≤ 1 for all x 6= 0, we have

0 ≤
¯̄̄̄
x sin

1

x

¯̄̄̄
≤ |x| , x 6= 0.

Therefore limx→0

¯̄̄̄
x sin

1

x

¯̄̄̄
= 0 by Theorem 5.8. ¤

Example 5.12 To calculate the limit

lim
x→2

x2 − 3x+ 2
x2 − 4

we cannot use Theorem 5.6(iii) directly, since the limit of the denomi-
nator at 2 is 0. But we know that, as long as x 6= 2, we can write

x2 − 3x+ 2
x2 − 4 =

x− 1
x+ 2

, x 6= 2,

lim
x→2

x2 − 3x+ 2
x2 − 4 = lim

x→2
x− 1
x+ 2

=
1

4
.
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Exercises 5.2

1. Give examples of two functions f and g such that

(a) limx→c f(x) and limx→c g(x) do not exist but f+g has a limit
at c.

(b) limx→c f(x) and limx→c g(x) do not exist but f · g has a limit
at c.

(c) limx→c g(x) = 0 and f/g has a limit at c.

2. If a ≤ f(x) ≤ b for all x ∈ Df and limx→c f(x) exists, prove that
a ≤ limx→c f(x) ≤ b. What can we say if a < f(x) < b for all
x ∈ Df?

3. Let f(x) ≥ 0 for all x ∈ Df . If limx→c f(x) = c prove that
limx→c

p
f(x) =

√
c.

Can you generalize this result to the n-th root of f(x)?

4. Determine the values of the following limits where they exist:

(a) lim
x→3

r
2x2 − 1
x+ 2

(b) lim
x→−1

x3 + x2 − x− 1
x3 + 2x2 + x

(c) lim
x→0 sgn

µ
sin

1

x

¶
(d) lim

x→0

√
1 + 3x−√1 + x

3x− x2

(e) lim
x→0
√
x · sin

µ
1

x

¶
· cos

µ
1

x

¶
5. If limx→c f(x) = 0 and g is a bounded function in some neighbor-

hood of c, prove that limx→c f(x)g(x) = 0.

6. If limx→c f(x) = c, prove that limx→c |f(x)| = |c| . When is the
converse also true?

7. If limx→0 f(x)/x= c, prove that limx→0 f(ax)/x= ac for all a 6= 0.
What happens if a = 0? Calculate limx→0(sin 3x)/x.
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8. Recall the definition of expa given in Section 2.4. Prove that

lim
x→0 expa(x) = 1.

Hint: Start with a > 1. Given ε > 0, choose N ∈ N such that
0 < a1/n − 1 < ε for all n > N in accordance with Example 3.8.
Deduce that limx→0+ expa(x) = 1.

9. Let f : R → R satisfy the relation f(x + y) = f(x) + f(y) for all
x, y ∈ R. If f has a limit at some point in R, prove that

(a) f has a limit at every point in R,
(b) limx→0 f(x) = 0.

10. Let f : R → R satisfy the relation f(x + y) = f(x)f(y) for all
x, y ∈ R. Prove the following:

(a) f(x) ≥ 0 for all x ∈ R.
(b) If f(a) = 0 for some a ∈ R, then f(x) = 0 for all x ∈ R.
(c) If f 6= 0 then f(0) = 1.

(d) If f 6= 0 and limx→a f(x) exists for some a ∈ R, then

lim
x→0 f(x) = 1.

The reader may recall that these are properties of the exponential
function discussed in Section 2.4 and its exercises, together with
Exercise 5.2.8.

11. If limx→c f(x) = c and limy→c g(y) = m, show by a suitable exam-
ple that it does not necessarily follow that limx→c g ◦ f(x) = m.
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5.3 Some Extensions of The Limit

In Examples 5.4, 5.5, and 5.9 we found that the following limits do not
exist:

(i) lim
x→0 sgn x, (ii) lim

x→0
1

x2
, (iii) lim

x→0 sin
1

x
.

Figure 5.5

But Figure 5.5 shows that the behaviour of these functions is not the
same in the neighborhood of 0. For one thing, the function 1/x2 is
unbounded in such a neighborhood, whereas both sgn x and sin(1/x)
are bounded (above by 1, below by−1). On the other hand, the function
sgn x would have a limit at 0 if its domain were restricted from (−∞,∞)
to (0,∞) or (−∞, 0), but sin(1/x) fails to have a limit under such a
restriction, as it continues to oscillate between −1 and 1 on both sides
of 0.

Definition 5.2 Let f : D → R and suppose c is a cluster point of
D ∩ (c,∞). The right-hand limit of f at c is defined as the limit at c
of the restriction of f to D∩ (c,∞), and is denoted by limx→c+ f(x) or
f(c+). That is,

lim
x→c+

f(x) = lim
x→c

f
¯̄
D∩(c,∞) (x).

If, on the other hand, c is a cluster point of D ∩ (−∞, c), then the
left-hand limit of f at c, denoted by limx→c− f(x) or f(c

−), is the limit
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at c of f
¯̄
D∩(−∞,c) , i.e.,

lim
x→c−

f(x) = lim
x→c

f
¯̄
D∩(−∞,c) (x).

Thus
lim
x→c+

f(x) = c

if, for every ε > 0, there is a δ > 0 such that

x ∈ D, 0 < x− c < δ ⇒ |f(x)− c| < ε.

Similarly,
lim
x→c−

f(x) = m

if, for every ε > 0, there is a δ > 0 such that

x ∈ D, 0 < c− x < δ ⇒ |f(x)−m| < ε.

Note that, since the definitions of the left-hand and right-hand limits
are based on Definition 5.1 of the limit of a function, all the relevant
theorems of Sections 5.1 and 5.2 apply to these one-sided limits.

Theorem 5.9
Let f : D → R and suppose c is a cluster point of D ∩ (c,∞) and
D∩(−∞, c). The limit of f at c exists if and only if limx→c− f(x) and
limx→c+ f(x) both exist and are equal, in which case

lim
x→c−

f(x) = lim
x→c+

f(x) = lim
x→c

f(x).

Proof. If limx→c f(x) = c, it is not difficult to show that

lim
x→c− f(x) = lim

x→c+
f(x) = c,

and we leave the details as an exercise.
Now assume that

lim
x→c−

f(x) = lim
x→c+

f(x) = c.

Given ε > 0, there are δ1 > 0 and δ2 > 0 such that

x ∈ D, 0 < x− c < δ1 ⇒ |f(x)− c| < ε

x ∈ D, 0 < c− x < δ2 ⇒ |f(x)− c| < ε.
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Setting δ = min{δ1, δ2}, it is clear that δ > 0. If x ∈ D satisfies
0 < |x− c| < δ, then either 0 < x− c < δ ≤ δ1 or 0 < c− x < δ ≤ δ2.
In either case we have

|f(x)− c| < ε.

Thus limx→c f(x) = c. ¤
Example 5.13 Since

lim
x→0+

sgn x = 1, lim
x→0−

sgn x = −1,

it follows that lim
x→0 sgn x does not exist.

Example 5.14 Let

f(x) =

⎧⎪⎪⎨⎪⎪⎩
x− 4√
x− 2 , x > 4

0, x = 4
2x− 4, x < 4.

Then

lim
x→4+

f(x) = lim
x→4

x− 4√
x− 2 = lim

x→4(
√
x+ 2) = 4,

lim
x→4−

f(x) = lim
x→4(2x− 4) = 4.

Therefore
lim
x→4 f(x) = 4.

Example 5.15 If f : R\{0}→ R is defined by

f(x) =
1

x
,

then f(0+) does not exist because f
¯̄
(0,∞) is unbounded in any neigh-

borhood of 0. For a similar reason, neither does f(0−).

Example 5.16 If

f(x) =

(
x, x > 0
1

x
, x < 0,

then limx→0+ f(x) = 0, while limx→0− f(x) does not exist.
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In the extended real numbers R̄, we can extend the definition of the
limit of a function as we did with the limit of a sequence. This is quite
straightforward, as it ultimately relies on how the neighborhoods of
+∞ and −∞ were defined in Section 3.3.

Definition 5.3 Let f : D → R and c ∈ D̂. The limit of f at c is said
to be ∞, symbolically

lim
x→c

f(x) =∞,

if, given any M ∈ R, there is a δ > 0 such that

x ∈ D, 0 < |x− c| < δ ⇒ f(x) > M.

Similarly,
lim
x→c

f(x) = −∞,

if, given any M ∈ R, there is a δ > 0 such that

x ∈ D, 0 < |x− c| < 0⇒ f(x) < M.

Recalling the definition of a cluster point, we can say that ∞ ∈ D̂ if
(M,∞) ∩D 6= ∅ for every M ∈ R, and −∞ ∈ D̂ if (−∞,M) ∩D 6= ∅
for every M ∈ R. Now we can define the limits of f at ±∞.
Definition 5.4 Let f : D → R, where ∞ ∈ D̂. The limit of f at ∞ is
c,

lim
x→∞ f(x) = c,

if, given any ε > 0, there is a real number M such that

x ∈ D,x > M ⇒ |f(x)− c| < ε.

On the other hand, when −∞ ∈ D̂,

lim
x→−∞ f(x) = m

if, given any ε > 0, there is an M ∈ R such that

x ∈ D,x < M ⇒ |f(x)−m| < ε.

Example 5.17

lim
x→0

1

x2
=∞.
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To prove this, let M be any positive number. We wish to make 1/x2 >
M, that is, x2 < 1/M. It suffices therefore to take |x| < 1/√M, which
is achieved by choosing δ in Definition 5.3 such that 0 < δ ≤ 1/√M.

Example 5.18

lim
x→∞

1

x2
= 0.

To see this, let ε be any positive number. The inequality¯̄̄̄
1

x2
− 0
¯̄̄̄
=
1

x2
< ε

is equivalent to x2 > 1/ε. By choosing M =
p
1/ε, we have

x > M ⇒
¯̄̄̄
1

x2
− 0
¯̄̄̄
< ε.

Similarly, it is straightforward to show that

lim
x→−∞

1

x2
= 0.

Exercises 5.3

1. Modify the statements of Theorems 5.1 to 5.8 so that they apply
to one-sided limits, then prove the first and third theorems.

2. Let f, g : D→ R and c ∈ D̂. If c has a neighborhood U where

f(x) ≤ g(x) for all x ∈ D ∩ U/{c},

prove the following:

(a) If limx→c f(x) =∞, then limx→∞ g(x) =∞
(b) If limx→c g(x) = −∞, then limx→c f(x) = −∞.

3. Given f : D → R and c ∈ D̂, define each of the following state-
ments:

(a) limx→c+ f(x) =∞
(b) limx→c+ f(x) = −∞
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(c) limx→c− f(x) =∞
(d) limx→c− f(x) = −∞.

4. Given f : D → R and ±∞ ∈ D̂, define each of the following
statements:

(a) limx→∞ f(x) =∞
(b) limx→∞ f(x) = −∞
(c) limx→−∞ f(x) =∞
(d) limx→−∞ f(x) = −∞.

5. Determine the right-hand and the left-hand limits of f(x) at c
where they exist:

(a) f(x) =
x

x− 2 , c = 2
(b) f(x) =

√
x+ 1−√x, c =∞

(c) f(x) =
x√

x2 + 2
, c = −∞

(d) f(x) =
3x3 − 5x+ 7
2x3 + 4x2 − 1 , c = −∞

(e) f(x) =
p(x)

q(x)
, c =∞, where p and q are polynomials in x

(f) f(x) = x[x], c = 0

(g) f(x) = x[x], c = 1.

6. State and prove Theorem 5.1 for the case c =∞.

7. State and prove Theorem 5.1 for the case c =∞.

8. Let f : (0,∞)→ R. Prove that

lim
x→0+

f

µ
1

x

¶
= c ⇔ lim

x→∞ f(x) = c.

9. Let U be a neighborhood of ∞, and suppose f, g : U → R. If
g(x) > 0 for all x ∈ U , and limx→∞ f(x)/g(x) = c > 0, prove that

lim
x→∞ g(x) =∞ ⇔ lim

x→∞ f(x) =∞.

What can we say if c < 0?
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10. Let limx→c f(x) = c and limx→c g(x) = ∞. If c > 0 prove that
limx→c f(x)g(x) =∞. What can we say if c < 0, and if c = 0?

11. If f : D→ R and c ∈ D̂, define

lim sup
x→c

f(x) = inf
h>0

sup{f(x) : |x− c| < h}
lim inf
x→c

f(x) = sup
h>0

inf{f(x) : |x− c| < h}.

Show that limx→c f(x) = c ∈ R̄ if and only if lim supx→c f(x) =
lim inf f(x) = c.

5.4 Monotonic Functions

As defined in Section 2.2, a function is monotonic if it is either in-
creasing or decreasing, and strictly monotonic if it is either strictly
increasing or strictly decreasing. Clearly, f is (strictly) increasing if
and only if −f is (strictly) decreasing. Therefore, to study the prop-
erties of monotonic functions, we need only consider those properties
that pertain to increasing functions.

Theorem 5.10
If f : [a, b] → R is increasing, then for any c ∈ (a, b) the limits
limx→c+ f(x) and limx→c− f(x) exist and satisfy the inequality

lim
x→c−

f(x) ≤ f(c) ≤ lim
x→c+

f(x).

At the end-points, limx→a+ f(x) and limx→b− f(x) both exist and satisfy

f(a) ≤ lim
x→a−

f(x) ≤ lim
x→b+

f(x) ≤ f(b).

Proof. Since f is increasing,

f(a) ≤ f(x) ≤ f(b) for all x ∈ [a, b].
With a < c < b, the function f is bounded on the interval [a, b], and
hence on the intervals [a, c] and [c, b]. Let

c = inf{f(x) : c < x ≤ b}, m = sup{f(x) : a ≤ x < c}.
First we shall prove

lim
x→c+

f(x) = c. (5.8)
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Given any ε > 0, the definition of c implies that there is a point x0 ∈
(c, b] such that

c+ ε > f(x0). (5.9)

Let δ = x0 − c > 0. Using the increasing property of f, we see from
(5.9) that

0 < x− c < δ ⇒ c < x < x0

⇒ f(x) ≤ f(x0)

⇒ f(x) < c+ ε. (5.10)

We also conclude from the definition of c that

f(x) ≥ c for all x ∈ (c, b]. (5.11)

Now the relations (5.10) and (5.11) imply that

x ∈ [a, b], 0 < x− c < δ ⇒ |c− f(x)| < ε,

which proves (5.8). With a few obvious modifications on this argument
we can also prove that

lim
x→c−

f(x) = m.

Since f is increasing, f(c) is a lower bound of {f(x) : x ∈ (c, b]} and
an upper bound of {f(x) : x ∈ [a, c)}, which implies that f(c) ≤ f(c+)
and f(c) ≥ f(c−), hence f(c−) ≤ f(c) ≤ f(c+). The results pertaining
to the end-points a and b are left as an exercise. ¤
Remark 5.4 If f is decreasing on [a, b], then −f is increasing, and we
obtain from Theorem 5.10 the following relations:

lim
x→c+

f(x) = sup{f(x) : x ∈ (c, b]} for all c ∈ (a, b)
lim
x→c−

f(x) = inf{f(x) : x ∈ [a, c)} for all c ∈ (a, b)
lim
x→c+

f(x) ≤ f(c) ≤ lim
x→c_

f(x).

The last theorem in this chapter indicates that a monotonic function
has a limit at “almost every point” of its domain, in the sense that the
set of points where it may fail to have a limit is countable.
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Theorem 5.11
Let (a, b) be any open interval in R. If the function f : (a, b) → R
is monotonic, the set of points A ⊆ (a, b) where f has no limit is
countable. Furthermore, for every c ∈ (a, b)\A

lim
x→c

f(x) = f(c).

Proof.We shall assume, without loss of generality, that f is increasing.
By Theorem 5.9, f has a limit at c if and only if f(c+) = f(c−), and ,
by Theorem 5.10, such a limit can only be f(c). Hence

f(c−) < f(c+) ⇔ c ∈ A.

If c ∈ A choose a rational number rc such that

f(c−) < rc < f(c+).

To show that the function c 7→ rc is injective, let c and d be distinct
points in A, say c < d, then

f(c−) < rc < f(c+), f(d−) < rd < f(d+). (5.12)

Since f is increasing, we have f(c+) ≤ f(t) ≤ f(d−) for any point
t ∈ (c, d), hence rc < rd in view of (5.12). Thus there is a one-to-
one correspondence between A and a subset of Q, which proves A is
countable. ¤

Exercises 5.4

1. Prove that the inverse function of a strictly monotonic function is
also strictly monotonic and of the same type, i.e., both increasing
or both decreasing.

2. If f is increasing on (a, b) and unbounded above, prove that f(b−) =
∞. What can we say about f(b−) if f were decreasing on (a, b)
and unbounded below?

3. If f and g are increasing functions on D, prove that their sum
f + g is also increasing on D. What can you say about f · g?
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4. Let f : R→ R satisfy the relation

f(x+ y) = f(x) + f(y) for all x, y ∈ R.

If f is monotonic, prove that there is a real number α such that

f(x) = αx for all x ∈ R.

Hint: First prove that f(r) = αr for all r ∈ Q.
5. If a > 1, prove that ax → 0 as x→ −∞, and ax →∞ as x→∞.

What can you say about limx→±∞ ax when 0 < a < 1?

6. Let f be monotonically increasing on (a, b). If c ∈ (a, b) prove that

lim sup
x→c

f(x) = f(c+)

lim inf
x→c

f(x) = f(c−).



6

Continuity

6.1 Continuous Functions

When we say that a function f : D → R has a limit at the point c, it
is tacitly assumed that c is a cluster point of D, which may or may not
belong to D. In general, limx→c f(x) has no relation to f(c), the value
of f at c. For example the function defined on R by

f(x) =

½
x2, x 6= 2
5, x = 2

has a limit at every point c ∈ R, including the point 2, given by c2.
This coincides with the value of f at c, except when x = 2. At x = 2
we have f(2) = 5 6= limx→2 f(x) = 22 = 4.

Figure 6.1

The result, as can be seen in Figure 6.1, is that the graph of y = f(x)
goes through an abrupt “jump” at x = 2 as it passes through the point
(2, 5). Clearly, if f(2) = 4, the point (2, 4) would fill the vacant spot on
the curve representing f, and the curve would thereby acquire a quality
of “graphical continuity” which would otherwise be lacking. Our goal
now is to characterize this graphical quality analytically.
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Definition 6.1 Let f : D → R and c ∈ D. The function f is said to
be continuous at c if, given any ε > 0, there is a δ > 0 such that

x ∈ D, |x− c| < δ ⇒ |f(x)− f(c)| < ε. (6.1)

This definition has an apparent resemblance to Definition 5.1 of the
limit of a function at c. Here are some of the similarities and differences:

1. The limit of a function f is defined at a cluster point of its domain
D (which may or may not lie in D), while continuity is defined
only at a point in D (though it may be isolated in D).

2. Let c ∈ D∩D̂. If f is continuous at c, it is clear from Definition 6.1
that limx→c f(x) exists and equals f(c), since the condition 0 <
|x− c| < δ implies the condition |x− c| < δ. On the other hand,
if limx→c f(x) exists, call it c, then f is continuous at c provided
c = f(c), since x = c in (6.1) implies |f(c)− f(c)| = 0 < ε. Thus
we can say that, when c ∈ D ∩ D̂, the function f is continuous if
and only if

lim
x→c

f(x) = f(c). (6.2)

3. If c is an isolated point in D, there is a δ > 0 such that

(c− δ, c+ δ) ∩D = {c},
in which case

f(x)− f(c) = 0 for all x ∈ (c− δ, c+ δ) ∩D.

With this choice of δ the implication (6.1) is satisfied for any posi-
tive number ε, which means f is continuous at every isolated point
in its domain.

As was the case with Definition 5.1, we can also express Definition
6.1 in terms of neighborhoods as follows: f : D → R is continuous at
c ∈ D if, for every neighborhood (f(c)− ε, f(c) + ε) of the point f(c),
there is a neighborhood (c− δ, c+ δ) of the point c such that

x ∈ (c− δ, c+ δ) ∩D⇒ f(x) ∈ (f(c)− ε, f(c) + ε).

This is equivalent to saying: f : D → R is continuous at c ∈ D if, for
every neighborhood V of f(c), there is a neighborhood U of c such that
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f(U ∩D) ⊆ V. Note how this last statement, brief as it is, captures the
essence of Definition 6.1 in its full generality.
We shall say that f is continuous on E ⊆ D if f is continuous at

every point in E, and simply continuous if it is continuous on all D.
The largest subset of D on which f is continuous will be referred to as
the domain of continuity of f.
Using Theorem 5.1, continuity at a point may be expressed in terms

of sequences.

Theorem 6.1
A function f : D → R is continuous at c ∈ D if, and only if, for
every sequence (xn) in D which converges to c, the sequence (f(xn))
converges to f(c).

Proof. If c is isolated in D, the result is obvious since f is then con-
tinuous at c, and every sequence (xn) in D which converges to c must
have a fixed tail. Consequently f(xn)→ f(c).
If c ∈ D̂ then f is continuous at c if, and only if,

lim
x→c

f(x) = f(c).

Hence, by Theorem 5.1 and Remark 5.2.1, f(xn) → f(c) for any se-
quence (xn) in D which converges to c. ¤
Corollary 6.1 A function f : D → R is not continuous at c ∈ D if,
and only if, there is a sequence (xn) in D which converges to c, but
whose sequence of images under f, (f(xn)), does not converge to f(c).

Example 6.1 For any polynomial on R,

f(x) = anx
n + · · ·+ a1x+ a0,

where n ∈ N0, we have already seen in Example 5.7 that limx→c f(x) =
f(c) for all c ∈ R. Hence every polynomial on R is continuous.
Example 6.2 The function f : R→ R defined by

f(x) =

( sinx

x
, x 6= 0

0, x = 0

is continuous on R\{0} since, by Theorem 5.6(iii) and Example 5.9, we
have
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lim
x→c

f(x) = lim
x→c

sinx

x

=
sin c

c
, c 6= 0

= f(c).

At c = 0, using the result of Example 5.10,

lim
x→0 f(x) = lim

x→0
sinx

x
= 1.

Since f(0) = 0 6= limx→0 f(x) we conclude that f is not continuous at
0. Note that, had the function f been defined at x = 0 to be f(0) = 1,
it would have been continuous at that point, and hence on R.

Example 6.3 The function sgn x defined in Example 5.5 is continuous
on (0,∞), where it has the constant value 1, and also on (−∞, 0) for a
similar reason. At the cluster point x = 0 we saw in Example 5.13 that

lim
x→0+

sgn x = 1, lim
x→0_ sgn x = −1,

hence limx→0 sgn x does not exist, so the condition (6.2) is not satisfied.
sgn x is therefore not continuous at x = 0.

Example 6.4 The function defined on (0,∞) by the rule

f(x) =
1

x

is continuous, since

lim
x→c

1

x
=
1

c
for all x > 0.

But this function cannot be defined at x = 0 so as to become continuous
at that point, since limx→0 1/x does not exist.

Example 6.5 The function defined on R\{0} by

f(x) = sin
1

x

is continuous, but it has no limit at x = 0 (see Example 5.9). Its domain
of continuity cannot, therefore, be extended to R. But the function

g(x) = x sin
1

x
, x 6= 0
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has a limit at x = 0. In Example 5.11 it was shown that limx→0 g(x) =
0, so we can extend the definition of g to R as a continuous function
by setting g(0) = 0, so that

g(x) =

(
x sin

1

x
, x 6= 0

0, x = 0.

Figure 6.2

Example 6.6 The function f : R→ R defined by

f(x) =

½
1, x ∈ Q
0, x /∈ Q

has no limit at any point in R (example 5.6), so it is nowhere continuous.

Example 6.7 In Example 5.3 we found that the function defined on
(0, 1] by

f(x) =

⎧⎨⎩ 0, x /∈ Q ∩ (0, 1]
1

q
, x =

p

q
∈ Q ∩ (0, 1],

where p/q is in simplest form, has the limit 0 at every point in (0, 1].
Consequently, f is continuous at every irrational point in (0, 1], but not
continuous at any rational point in (0, 1]. Can we define f(0) so that f
becomes continuous at x = 0?

From these examples we conclude that the discontinuity of the func-
tion f : D → R at c ∈ D may be due to different causes, but they all
emanate from the failure to achieve the equality

lim
x→c

f(x) = f(c), (6.3)
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either because the limit of f at c does not exist, or because it is different
from f(c). This allows us to classify discontinuities into two main types:

1. If limx→c f(x) exists but does not equal f(c), f may be redefined
at c so as to satisfy Equation (6.3), as pointed out in Example 6.2.
This kind of discontinuity is said to be removable (see Figure 6.3).

Figure 6.3

2 If, on the other hand, limx→c f(x) does not exist, then the dis-
continuity at c is non-removable. In this case the one-sided limits
limx→c± f(x) may or may not exist, and f may or may not be
bounded in the neighborhood of c. Consequently, we can further
classify non-removable discontinuities as follows:

(a) If the right and the left-sided limits at c both exist but are
not equal, the discontinuity is characterized by a “jump” in
the value of the function at c, given by

lim
x→c+

f(x)− lim
x→c−

f(x),

as shown in Figure 6.4.
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Figure 6.4

This type is called a jump discontinuity. Since f(c+) and
f(c−) both exist, f is necessarily bounded in a neighborhood
of c.

(b) If one (or both) of the limits f(c+) and f(c−) does not ex-
ist, then neither does limx→c f(x). If, furthermore, there is a
neighborhood U of c such that f is bounded on D ∩ U, then
the discontinuity of f at c is called oscillatory. The function
sin(1/x), which is bounded on (0,∞) and has no limit at 0,
provides a typical example of such a discontinuity (see Fig-
ure 6.5). In Examples 6.6 and 6.7 the discontinuities are also
oscillatory.

Figure 6.5
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(c) If f is unbounded in every neighborhood of c, then, by Theo-
rem 5.4, it cannot have a limit at c. f is then said to have an
infinite discontinuity at c. Examples of infinite discontinuities
at x = 0 are provided by the functions

f1(x) =
1

x2
, f2(x) =

1

x
, f3(x) =

1

x
sin

1

x
,

whose graphs are shown in Figure 6.6. Note that f3, in ad-
dition to being unbounded in the neighborhood of 0, also
exhibits oscillatory behaviour as x→ 0.

Figure 6.6

The points where a function f : D → R is not continuous are of-
ten referred to as singular points of f. A singular point is therefore
removable if f has a limit at that point, otherwise it is non-removable.

Exercises 6.1

1. Write the proof of Corollary 6.1.

2. Determine the domain of continuity for each of the following func-
tions:

(a) f(x) = |x|
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(b) g(x) =

⎧⎨⎩ |x|
x
, x 6= 0

1, x = 0

(c) h(x) =

( 1

x2
sinx, x 6= 0
0, x = 0

3. Determine the points of discontinuity for the functions in Exercise
6.1.2 and their type.

4. Let f : D → R be continuous at a point c ∈ D ∩ D̂. If f(c) >
0, prove that there is a positive number d and a neighborhood
(c − δ, c + δ) of c, where δ > 0, such that f(x) ≥ d for all x ∈
(c− δ, c+ δ) ∩D.

5. Let f be defined on (−1, 1) and satisfy
|f(x)| ≤ |x| for all x ∈ (−1, 1).

Prove that f is continuous at x = 0.

6. Give an example of a function f : D→ R which is not continuous
at c ∈ D, but whose absolute value

|f | (x) = |f(x)| for all x ∈ D

is continuous at c.

7. Give an example of a function f : D→ R which is not continuous
at any point in D, but whose absolute value |f | is continuous on
D.

8. If f : D → R is continuous at c ∈ D, prove that |f | is continuous
at c.

9. Where possible, define each of the following functions at x = 0 so
as to make it continuous at that point:

(a) f(x) =
1

x
sin 3x, x 6= 0.

(b) g(x) =
1

x
sinx2, x 6= 0.

(c) h(x) =
1

x
sin
√
x, x > 0.
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(d) k(x) =
1p|x| sinx, x 6= 0.

10. The function f : R→ Z defined by f(x) = [x] is called a step func-
tion. Determine the domain of continuity of each of the following
functions:

(a) f(x) = [x].

(b) g(x) = x[x].

(c) h(x) = [sinx].

11. If f : D→ R is continuous, prove that the set {x ∈ D : f(x) = 0}
is closed in D.

12. Let f : D→ R and g be the restriction of f to E ⊆ D.

(a) If f is continuous at c ∈ E, prove that g is also continuous at
c.

(b) Give an example to show that the converse is false, that is,
the continuity of g at c does not imply the continuity of f at
c.

13. If the function f : R→ R is continuous and f(x) = 0 for all x ∈ Q,
prove that f(x) = 0 for all x ∈ R.

14. Suppose f : D → [0,∞). If f is continuous on D, prove that the
function

√
f, defined by

√
f(x) =

p
f(x) , is also continuous on

D.

15. A polynomial q is said to have a zero of degree m at x = c, where
m ∈ N, if the limit

lim
x→c

q(x)

(x− c)m

exists and is not 0. If q has a zero at c of degree m and p is a
polynomial, prove that the rational function p/q can be defined at
c so as to be continuous at that point if, and only if, c is a zero of
p of degree k ≥ m.

16. Let f : R→ R be defined by

f(x) =

½
x, x ∈ Q
0, R\Q.

Where is f continuous, and where is it discontinuous?



Continuity 169

17. Prove that a monotonic function on (a, b) can only have jump
discontinuities. If the function f is defined at a and b so that f is
monotonic on [a, b], what type of discontinuities can f have at a
and b?

18. Prove that the set of singular points of a monotonic function on a
real interval is countable.

19. Let f : R→R. What can you say about the cardinality of the set
of points where f has a jump discontinuity?

6.2 Combinations of Continuous Functions

As we did in Section 5.2 with regard to limit operations, we now con-
sider the conditions under which the continuity of two functions is
transmitted to their sum, product, quotient and composition. Because
of the close connection between limits and continuity, we should expect
many parallel results to those of Section 5.2.

Theorem 6.2
If the functions f : D → R and g : D → R are continuous at c ∈ D,
then
(i) f + g and f · g are both continuous at c.
(ii) f/g is continuous at c provided g(c) 6= 0.
Proof. (i) If c is an isolated point inD then all the functions mentioned
are continuous, so let c ∈ D̂. Since f and g are continuous at c, we can
use Theorem 5.6 to write

lim
x→c

(f + g)(x) = lim
x→c

[f(x) + g(x)]

= lim
x→c

f(x) + lim
x→c

g(x)

= f(c) + g(c)

= (f + g)(c).

Therefore the function f + g is continuous at c.
Similarly, we can prove the continuity of f ·g and f/g where g(c) 6= 0.

¤
As a special case of (i), kf is continuous for any constant k, hence

f − g = f + (−1)g is continuous wherever f and g are. Furthermore, if
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f and g are continuous on D, then so is f + g, f · g and f/g, except of
course where g(x) = 0 in the case of the quotient.

Example 6.8 Since every polynomial on R is a continuous function, a
rational function p/q, where p and q are polynomials, is continuous on
R except at the real zeros of q. Thus

f(x) =
x2 − 1
x2 − 4 , x 6= ±2,

is continuous on R\{−2, 2}, and since limx→2 f(x) and limx→−2 f(x) do
not exist, f is not continuous at the points ±2 no matter how f is
defined there. Clearly the singular points ±2 are of the infinite type.
The rational function

g(x) =
x2 − 1
x2 + 1

, x ∈ R,

is continuous on R, since x2 + 1 has no zeros in R. On the other hand,

h(x) =
x2 − 1
x− 1 , x 6= 1,

is continuous on R\{1}, but since

lim
x→1h(x) = lim

x→1
(x− 1)(x+ 1)

x− 1
= lim

x→1(x+ 1)

= 2,

the singular point x = 1 is removable. By defining h(1) = 2, the func-
tion h becomes continuous on R.

Example 6.9 We saw in Example 5.8 that, for any c ∈ R,

lim
x→c

sinx = sin c

lim
x→c

cosx = cos c,

which means these two functions are continuous on R.
Now Theorem 6.2 allows us to conclude that the other trigonometric

functions
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tanx =
sinx

cosx
, x 6=

µ
n+

1

2

¶
π, n ∈ Z,

cotx =
cosx

sinx
, x 6= nπ, n ∈ Z,

secx =
1

cosx
, x 6=

µ
n+

1

2

¶
π, n ∈ Z,

cscx =
1

sinx
, x 6= nπ, n ∈ Z,

are all continuous on their domains of definition. In each case the do-
main is R except for an infinite sequence of singular points. At each
singular point the function has an infinite discontinuity.

Theorem 6.3
Let f : D→ R, g : E → R, and f(D) ⊆ E. If f is continuous at c ∈ D
and g is continuous at f(c), then the composite function g ◦f : D→ R
is continuous at c.

Proof. We shall use Theorem 6.1 to prove the continuity of g ◦ f. Let
(xn) be a sequence in D which converges to c. Since f is continuous at
c, the sequence (f(xn)) converges to f(c), by Theorem 6.1. The same
theorem implies, due to the continuity of g at f(c), that g(f(xn)) →
g(f(c)). In other words,

lim g ◦ f(xn) = g ◦ f(c). ¤

From this theorem it follows that if f : D → R is continuous on D,
and g : E → R is continuous on E, where f(D) ⊆ E, then g◦f : D→ R
is continuous on D.

Example 6.10 Since

||x|− |c|| ≤ |x− c| for all x, c ∈ R,
the function g(x) = |x| is continuous on R. To see that, it suffices to
take δ = ε in Definition 6.1. In view of Theorem 6.3, if f : D → R is
continuous, its absolute value |f | is also continuous onD, for |f | = g◦f.
Example 6.11 In Example 3.9 we saw that if (xn) is a non-negative
sequence which converges to x, then

√
xn → √x. Therefore, by The-

orem 6.1, the function g(x) =
√
x is continuous on [0,∞). Now, if

f : D → [0,∞) is continuous, the function √f = g ◦ f is also continu-
ous on D.
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Example 6.12 For any polynomial

p(x) = anx
n + · · ·+ a1x+ a0

on R, Theorem 6.3 implies that the functions

(p ◦ sin)(x) = an(sinx)
n + · · ·+ a1 sinx+ a0,

(sin ◦p)(x) = sin(anxn + · · ·+ a1x+ a0),

are both continuous on R. If

f(x) =
x

x− 1 , x 6= 1,

then the composition

(f ◦ sin)(x) = sinx

sinx− 1
is continuous on its domain R\{π/2 + 2nπ : n ∈ Z}. But

(sin ◦f)(x) = sin
µ

x

x− 1
¶

is defined and continuous on R\{1}.

Exercises 6.2

1. Determine whether each of the following functions is continuous
at x = 0 :

(a) f(x) = 3
√
x, x ∈ R.

(b) g(x) =
p
x+
√
x, x ≥ 0.

(c) h(x) =

⎧⎨⎩ |sinx|
x

, x 6= 0
1, x = 0.

2. If f : D→ R is continuous, prove that the function fn defined by

fn(x) = (f(x))n, x ∈ D,n ∈ N,

is also continuous. Give an example to show that the converse is
false.
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3. Suppose f, g : D → R are both continuous. Prove that the func-
tions f ∨ g and f ∧ g defined on D by

(f ∨ g)(x) = f(x) ∨ g(x) = max{f(x), g(x)},
(f ∧ g)(x) = f(x) ∧ g(x) = min{f(x), g(x)},

are continuous. Hint: Show that f ∨ g = 1

2
(f + g + |f − g|) and

f ∧ g = 1

2
(f + g − |f − g|).

4. Give an example of two functions, one of which is not continuous
at c, whose product is continuous at c.

5. Give an example of two functions, one of which is not continuous
at c, whose composition is continuous at c.

6. Determine the domain of continuity of the function f(x) = x− [x]
for all x ∈ R.

7. Suppose f : R→ R satisfies f(x+y) = f(x)+f(y) for all x, y ∈ R.
If f has a limit at some point in R, use the results of Exercise 5.2.9
to prove that f is continuous on R.

8. Under the hypothesis of Exercise 6.2.7, if f(1) = α prove that
f(x) = αx for all x ∈ R. Hint: Start with x ∈ Q.

9. Suppose f : R→ R satisfies f(x+y) = f(x)f(y) for all x, y ∈ R. If
f has a limit at some point in R, use the results of Exercise 5.2.10
to show that f is continuous on R.

10. Under the hypothesis of Exercise 6.2.9, if f(1) = a, prove that
f(x) = ax for all x ∈ R. Hint: Start with x ∈ Q.

6.3 Continuity on an Interval

Intervals are the graphically connected subsets of the real line. Thus,
to study the properties of continuity for a function of a real variable, it
is only natural to start with a function defined on an interval, for then
the implications and significance of continuity are more apparent.
In Theorem 5.4 we defined what it means for a function to be bounded

on a neighborhood of a point. More generally, we have the following
definition.
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Definition 6.2 The function f : D→ R is bounded on E ⊆ D if there
is a constant M ≥ 0 such that

|f(x)| ≤M for all x ∈ E.

When f is bounded on D, it is said to be bounded.

Clearly, f : D → R is bounded if and only if its range f(D) is a
bounded set. Thus sinx is bounded on R (by any number M ≥ 1), but
f(x) = x2 is not bounded on R.

Theorem 6.4
Let I = [a, b] be a closed and bounded interval in R. If the function
f : I → R is continuous, it is bounded.

Proof. Assuming f is is not bounded on I, there is, for every n ∈ N, a
point xn ∈ I such that |f(xn)| > n. Now the sequence (xn) is bounded,
being in I. By the Bolzano-Weierstrass theorem, it has a subsequence
(xnk) which converges to some limit, say x. Since I is closed, x ∈ I by
Theorem 3.20. Therefore f(xnk)→ f(x), by the continuity of f. Being
convergent, the sequence (f(xnk)) is necessarily bounded, by Theorem
3.2, which contradicts the assumption that |f(xnk)| > nk for every
k ∈ N. ¤
Definition 6.3 The function f : D→ R is said to have a minimum on
D if there is a point x1 ∈ D such that

f(x) ≥ f(x1) for all x ∈ D,

and a maximum on D if there is a point x2 ∈ D such that

f(x) ≤ f(x2) for all x ∈ D.

When they exist, f(x1) and f(x2) are called the minimum value and
themaximum value, respectively, of f. An extremum value of f is either
a minimum or a maximum value of the function.

When f has a minimum at x1 and a maximum at x2, we clearly have

f(x1) ≤ f(x) ≤ f(x2) for all x ∈ D,

or f(D) ⊆ [f(x1), f(x2)]. Referring to Definition 2.6, we see that

f(x1) ≤ inf f(D), f(x2) ≥ sup f(D).
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But since f(x1), f(x2) ∈ f(D), we conclude that

f(x1) = inf f(D), f(x2) = sup f(D).

Hence, when it exists, an extremum value of a function is unique. But
the function may take on that value at more than one point, such as the
sine function on R, which assumes its maximum value 1 at π/2 + 2nπ
for all n ∈ Z, and its minimum value −1 at 3π/2+2nπ for every n ∈ Z.
Not every function has an extremum, however, as the following ex-

amples show:

1. The function f(x) = x2 defined on R has a minimum at x = 0
whose value is f(0) = 0, but no maximum. If this function is
redefined at x = 0 so that f(0) = 1 (or any other positive number),
it will no longer have a minimum.

2. f(x) = x2 defined on (0, 1) has neither a maximum nor a minimum.
Note that sup f(D) = 1 and inf f(D) = 0, and both points are
outside f(D) = (0, 1). However, if the function is extended, using
the same rule, to D0 = [0, 1] then f(D0) = [0, 1], and the function
acquires a maximum at x = 0 and a minimum at x = 1.

3. The function f : [0, 1]→ R defined by

f(x) =

½
1/x, x 6= 0
k, x = 0

has no maximum, regardless of the value of k, because sup f([0, 1])
=∞.

Thus, it would seem, the existence of an extremum for a function
depends on its behaviour and its domain of definition.

Theorem 6.5
If I is a closed and bounded set, and the function f : I → R is contin-
uous, then f has a maximum and a minimum on I.

Proof. We know from Theorem 6.4 that f(I) is bounded in R, hence

M = sup f(I), m = inf f(I)

exist, by the completeness of R. It remains to prove that M and m lie
in f(I).
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From the defining property of sup f(I), we know that, for every n ∈
N, there is a point xn ∈ I such that

M − 1
n
< f(xn) ≤M,

which implies
lim f(xn) =M.

Since (xn) is a bounded sequence, being in I, it has a subsequence (xnk)
which converges to some limit c ∈ I, I being closed. By Theorems 6.1
and 3.13,

f(c) = lim f(xnk) = lim f(xn) =M.

Hence M ∈ f(I).
On the other hand, −f is also continuous on I and, by the same

logic, there is a point d ∈ I such that

(−f)(d) = sup(−f)(I)
⇒ −f(d) = − inf f(I)
⇒ f(d) = inf f(I) = m. ¤

Needless to say, there are functions which do not satisfy the condi-
tions of Theorem 6.5 but which have maxima and minima, so these
conditions are sufficient but not necessary for a function to achieve its
extrema.

We should expect the graph of a continuous function on an interval
to be a “connected” curve in the xy-plane, as pointed out in the begin-
ning of this chapter. The next theorem, called the intermediate value
theorem, characterizes this basic property in analytical terms.

Theorem 6.6 (Intermediate Value Property)
Let f : [a, b] → R be continuous. If λ is a real number between f(a)
and f(b), then there is a point c ∈ (a, b) such that f(c) = λ.

Proof. Assume f(a) < f(b), otherwise consider −f instead of f. Let

S = {x ∈ [a, b] : f(x) < λ}.

The set S is clearly not empty, as it includes a, and is bounded above
(by b). Therefore it has a supremum which lies in [a, b]. Let c = supS.
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As we did in the proof of Theorem 6.5, we can form a sequence (xn)
in S which converges to c. Therefore f(xn)→ f(c) by the continuity of
f. Since f(xn) < λ for every n ∈ N, we can use Theorem 5.7 to write

f(c) ≤ λ < f(b), (6.4)

which implies c < b. Now we form a sequence (tn) in (c, b] which con-
verges to c, such as

tn = min

½
c+

1

n
, b

¾
.

Since tn ∈ [a, b] and tn > c = supS, it follows that tn /∈ S for any n.
Hence f(tn) ≥ λ for all n ∈ N, and

f(c) = lim f(tn) ≥ λ.

In view of (6.4) we must conclude that f(c) = λ. ¤
It should be noted that the converse of this theorem is false. In other

words, a function which satisfies the intermediate value property need
not be continuous (see Exercise 6.3.8).

Corollary 6.6.1 If I is an interval and f : I → R is continuous, then
f(I) is an interval.

Proof. Assuming f(I) is a bounded set, let

α = inf f(I), β = sup f(I).

It is enough to show that

(α, β) ⊆ f(I) ⊆ [α, β].

The inclusion f(I) ⊆ [α, β] follows from the definition of α and β.
To prove (α, β) ⊆ f(I), let y ∈ (α, β), hence α < y < β. From the
definition of the infimum and supremum, we know that there are points
x1, x2 ∈ I such that α ≤ f(x1) < y and y < f(x2) ≤ β. Therefore

f(x1) < y < f(x2).

By the Intermediate Value Theorem, applied to f on the closed interval
with end-points x1 and x2, there is a point x between x1 and x2 (and
hence in I) such that y = f(x). This means y ∈ f(I), hence (α, β) ⊆
f(I).
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If f(I) is bounded below and unbounded above, we have to show that
(α,∞) ⊆ f(I). This can be done by following the same procedure used
above: Take any y ∈ (α,∞) and show that there are x1, x2 ∈ I such
that α ≤ f(x1) < y < f(x2) <∞. Now apply Theorem 6.6 to f on the
closed interval determined by x1 and x2 to conclude that y ∈ f(I).
The cases where f(I) is unbounded below, or unbounded above and

below, can be similarly treated. ¤
Corollary 6.6.2 If f is continuous on a closed and bounded interval
[a, b], then f([a, b]) is a closed and bounded interval.

Proof. By Theorem 6.5, f assumes its maximum M and minimum m
on [a, b], and we shall prove that

f([a, b]) = [m,M ].

We clearly have f([a, b]) ⊆ [m,M ]. By Corollary 6.6.1, f([a, b]) is an in-
terval, and since it contains m andM, we must have [m,M ] ⊆ f([a, b]).
¤
When λ = 0 in Theorem 6.6, we obtain the following result, which

is often used to determine the zeros of a continuous function.

Corollary 6.6.3 If the function f : [a, b] → R is continuous, and its
values at a and b have opposite signs, that is, either f(a) < 0 < f(b)
or f(b) < 0 < f(a), then there is a point x ∈ (a, b) where f(x) = 0.

Example 6.13 Suppose we wish to approximate the irrational number√
7. It is clearly a zero of the function

f(x) = x2 − 7,
which is defined and continuous on R. Since f(2) = −3 and f(3) = 2,
f has a zero in the open interval (2, 3). As a first approximation of

√
7,

we can take the mid-point of the interval (2, 3),

x1 =
2 + 3

2
= 2.5.

Since f(x1) = −0.75, f has a zero in (2.5, 3). Let

x2 =
2.5 + 3

2
= 2.75.

Now f(x2) = 0.5625, hence f has a zero in (2.5, 2.75). If we take

x3 =
2.5 + 2.75

2
= 2.625
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as an approximation of the positive root of the equation x2 − 7 = 0,
the error in the approximation will not exceed half the length of the
interval (2.5, 2.75), i.e.,

1

2
(2.75− 2.5) = 1

8
.

Hence
¯̄
2.625−√7¯̄ < 1/8, or √7 ≈ 2.65 up to an error of 0.125.

If we continue this process, we obtain a sequence (xn) which satisfies¯̄̄
xn −

√
7
¯̄̄
<
1

2n
.

xn clearly converges to
√
7, and provides an approximation of

√
7 to

any degree of accuracy we desire.

Example 6.14 Let p be a real polynomial on R of degree n. If n is
odd, the equation p(x) = 0 has at least one root in R.

Proof. Suppose

p(x) = anx
n + · · ·+ a1x+ a0, x ∈ R,

and define the function g : R\{0}→ R by

g(x) =
p(x)

xn
= an + · · ·+ a1

xn−1
+

a0
xn

.

Thus
lim
x→∞ g(x) = lim

x→−∞ g(x) = an 6= 0 (6.5)

since p has degree n.
If an > 0, we can use equation (6.5) and Definition 5.4 to conclude

that there is a number k > 0 such that

g(x) ≥ 1
2
an for all |x| ≥ k.

Since p(x) = xng(x) and n is odd, we have

p(k) > 0, p(−k) < 0,

which implies, in view of Corollary 6.6.3, that p(c) = 0 for some c ∈
(−k, k).
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If an < 0, then
p(k) < 0, p(−k) > 0

and we reach the same conclusion. ¤
Example 6.15 If f : [0, 1]→ [0, 1] is a continuous function, prove that
it has a fixed point, that is, a point x0 ∈ [0, 1] where f(x0) = x0.

Proof. Let g(x) = f(x)−x on [0, 1].We have to prove that the function
g has a zero in [0, 1]. If f(0) = 0 we can take x0 = 0, and if f(1) = 1
we take x0 = 1. If f(0) 6= 0 and f(1) 6= 1, then

g(0) = f(0) > 0, g(1) = f(1)− 1 < 0.
Being the difference between two continuous functions on [0, 1], g is
continuous on [0, 1] and, by Corollary 6.6.3, there is a point x0 ∈ (0, 1)
where g(x0) = 0 and hence f(x0) = x0. ¤

Figure 6.7

The geometric interpretation of this example is that the curve y =
f(x) of a continuous function f : [0, 1] → [0, 1] must intersect the line
y = x in the square [0, 1]× [0, 1], as shown in Figure 6.7.
Theorem 6.7
Let f : I → R, where I is an interval. If f is continuous and injective,
then it is strictly monotonic.

Proof. We shall prove the theorem for the case when I = [a, b], and
leave the other cases as an exercise. Without loss of generality, we can
assume f(a) < f(b) and we have to show that f is strictly increasing
(otherwise we consider −f).
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First we shall prove that

f(a) < f(x) < f(b) for all x ∈ (a, b). (6.6)

Since f is injective, f(x) 6= f(a) and f(x) 6= f(b), and we have to
exclude the two possibilities

f(x) < f(a) < f(b), (6.7)

f(a) < f(b) < f(x). (6.8)

If the inequality (6.7) were valid, then, by the Intermediate Value The-
orem, there would exist a point c ∈ (x, b) where f(c) = f(a), which
contradicts the injective property of f. Similarly, inequality (6.8) im-
plies that there is a c ∈ (a, x) where f(c) = f(b), again contradicting
the injectivity of f. This proves (6.6).
To complete the proof, we have to show that, if x, y ∈ (a, b) and

x < y, then f(x) < f(y). From (6.6) we have

f(a) < f(y) < f(b).

If f(y) < f(x), then
f(a) < f(y) < f(x),

in which case there would have to be a point c ∈ (a, x) where f(c) =
f(y), thereby contradicting the injectivity of f. Therefore f(y) > f(x).¤
The next result is a sort of converse to Theorem 6.7.

Lemma 6.1 Let f be a monotonic function on the interval I. If f(I),
the range of I, is an interval, the function f is continuous.

Proof. As before, we shall only consider the case where f is strictly
increasing. Assuming f is not continuous at some point c ∈ I, we shall
show that this leads to a contradiction. The proof applies to the case
where c is an interior point of I, but the argument can easily be modified
if c is an end-point.
In view of Theorem 5.10, the discontinuity of f at c can only be a

jump discontinuity, where f(c−) < f(c+). But this is not consistent
with the assumption that f(I) is an interval (see Figure 6.8) for the
following reason:
Let y 6= f(c) be any point in the open interval (f(c−), f(c+)). Choose

two sequences in I, (un) and (vn), such that

un < c < vn for all n ∈ N
f(un)→ f(c−), f(vn)→ f(c+).



182 Elements of Real Analysis

Since f is strictly increasing, Theorem 3.3 implies that there is a num-
ber N such that

f(un) < y < f(vn) for all n ≥ N. (6.9)

Since f(I) is an interval, y lies in f(I), so there is a point x ∈ I where
y = f(x). The relation (6.9) and the monotonicity of f yield

un < x < vn for all n ≥ N,

which implies x = c, the common limit of un and vn. Consequently
y = f(c), which contradicts our choice of y. ¤

Figure 6.8

Theorem 6.8
Let f : I → R, where I is an interval. If f is continuous and injective,
then f−1is continuous and strictly monotonic.

Proof. By Theorem 6.7, f is strictly monotonic. To see that f−1 is
also monotonic, suppose f is strictly increasing and y1, y2 ∈ f(I) with
y1 < y2. If x1 = f−1(y1) and x2 = f−1(y2), then x1 < x2; for the
inequality x1 ≥ x2 implies

y1 = f(x1) ≥ f(x2) = y2,

since f is increasing. The continuity of f−1 : f(I) → I follows from
Lemma 6.1, I and f(I) being intervals. ¤
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Example 6.16 For every n ∈ N, the function
f(x) = xn

is continuous and strictly increasing on [0,∞). Its inverse function g :
[0,∞)→ [0,∞), defined by

g(x) = n
√
x

is therefore continuous and strictly increasing.

Figure 6.9

Example 6.17 Let f be defined on [0, 1] ∪ (2, 3] by

f(x) =

½
x, 0 ≤ x ≤ 1
x− 1, 2 < x ≤ 3.

It is a simple matter to verify that f is injective, and that its inverse
function g : [0, 2]→ [0, 1] ∪ (2, 3] is defined by

g(x) =

½
x, 0 ≤ x ≤ 1
x+ 1, 1 < x ≤ 2.

But, while f is continuous, g is not, as may be seen in Figure 6.10.
Note here that the domain of f is not an interval. We shall return to
this point in Theorem 6.16, where we take the domain of f to be closed
and bounded.
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Figure 6.10

Exercises 6.3

1. Let the function f : [a, b] → R be continuous and satisfy the
condition: For every x ∈ [a, b], there is a y ∈ [a, b] such that

|f(y)| ≤ 1
2
|f(x)| . Prove that there is a c ∈ [a, b] where f(c) = 0.

2. If the function f : [a, b] → R is continuous and satisfies f(x) > 0
for all x ∈ [a, b], prove that there is a positive number α such that
f(x) > α for all x ∈ [a, b].

3. Give an example of a real polynomial which has no real root.

4. Give an example of a function from [0, 1] to [0, 1] which has no
fixed point.

5. Let the functions f and g be continuous on [a, b] and f(a) ≥ g(a),
f(b) ≤ g(b). Prove that there is a point x0 ∈ [a, b] where f(x0) =
g(x0).

6. Prove that the equation cosx = x has a solution in (0, π/2).

7. Prove that the equation x2x = 1 has a solution in (0, 1).

8. Prove that the function

f(x) =

(
sin

1

x
, x 6= 0

0, x = 0
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satisfies the intermediate value property on R, but is not continu-
ous at x = 0.

9. Determine a real interval of length 1 where the equation

xex = 1

has a solution.

10. Determine a real interval of length 1/2 where the equation

x3 − 6x+ 2.5 = 0

has a solution. Approximate the solution to two significant decimal
figures, using the averaging method of Example 6.13.

11. Let f be continuous on [0, 1], and suppose f(0) = f(1). Prove the
existence of a point c ∈ [0, 1/2] where

f(c) = f(c+ 1/2).

Hint: Use the function g(x) = f(x)− f(x+ 1/2).

Assuming the temperature f is a continuous function of distance x
along a great circle on the surface of the earth, such as the equator,
this result has the following physical interpretation: There are two
opposite points on the circle, i.e., collinear with the center of the
earth, which have the same temperature.

12. Let f : [0, π/2]→ R be defined by

f(x) = max{x2, cosx}.

Prove that the function f has a minimum at some point c ∈ [0, π/2]
which satisfies cos c = c2.

13. Let f be a continuous function on R such that limx→−∞ f(x) =
limx→∞ f(x) = 0. Prove that f is bounded and that it has at least
one extremum. Give an example to show that f may not have both
a maximum and a minimum.
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6.4 Uniform Continuity

Suppose f : D → R is continuous. If c ∈ D, Definition 6.1 states that
for every ε > 0 there is a δ > 0 such that

x ∈ D, |x− c| < δ ⇒ |f(x)− f(c)| < ε. (6.10)

Clearly, the number δ depends on the choice of ε as long as we are
dealing with a fixed point c. But, if we move to a different point c0 ∈ D
while keeping ε fixed, the same δ may not satisfy the implication (6.10).
Since f is continuous at c0 as well, there is a δ0 > 0, not necessarily
equal to δ, such that

x ∈ D,
¯̄
x− c0

¯̄
< δ0 ⇒ ¯̄

f(x)− f(c0)
¯̄
< ε.

In other words, the number δ in (6.10) depends, in general, on c as well
as ε, and we sometimes write δ = δ(ε, c) to emphasize this dependence.
Take the function f : (0, 1)→ R defined by

f(x) =
1

x
,

for example. Clearly this rational function is continuous. Given a pos-
itive number ε, we wish to choose a δ > 0 such that the implication
(6.10) holds at c ∈ (0, 1). Note that

|f(x)− f(c)| =
¯̄̄̄
1

x
− 1

c

¯̄̄̄
, x ∈ (0, 1)

=
|x− c|
xc

. (6.11)

Suppose that

|x− c| < 1

2
c. (6.12)

By a simple calculation, we would then have

1

2
c < x <

3

2
c

⇒ 1

x
<
2

c

⇒ 1

cx
<
2

c2
. (6.13)
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Now equation (6.11) and inequalities (6.12) and (6.13) imply

|f(x)− f(c)| < 2

c2
|x− c| . (6.14)

To satisfy the inequality |f(x)− f(c)| < ε it suffices to make the right-
hand side of (6.14) less than ε, i.e.

2

c2
|x− c| < ε

⇒ |x− c| < 1

2
c2ε. (6.15)

Clearly, the inequality |f(x)− f(c)| < ε follows from the two inequal-
ities (6.12) and (6.15). Hence (6.10) becomes valid if we choose

δ = min{1
2
c,
1

2
c2ε}.

This choice of δ clearly depends on c as well as ε.
It is natural to ask, at this point, whether we can choose a δ in (6.10)

which will work for all points c ∈ D, in other words a δ which depends
only on ε. This would certainly be the case if D were a finite set, say
{c1, c2, · · · , cn}; for then the choice

δ = min{δ(ε, ci) : i = 1, 2, · · · , n},

which is a positive number, would serve the purpose. It may seem that
the choice

δ = inf{δ(ε, c) : c ∈ D}
would also work in the general case, but the problem then is that the
infimum of an infinite set of positive numbers may not be positive,
and the choice δ = 0 is inadmissible according to definition 6.1. In
fact, for the function f(x) = 1/x discussed above, where δ(ε, c) =
min{c/2, c2ε/2}, we have

inf{δ(ε, c) : c ∈ (0, 1)} = 0.

But the domain of continuity is not the only factor which determines
δ. Consider the function g : R→ R defined by

g(x) = x.
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Here we see that δ = ε meets the requirement

|x− c| < δ ⇒ |g(x)− g(c)| < ε

for any c ∈ R. This would seem to indicate that the function g(x) = x
possesses a type of continuity on R (or any subset thereof) which the
function f(x) = 1/x lacks on (0, 1).

Definition 6.4 A function f : D → R is said to be uniformly con-
tinuous on E ⊆ D if, for every ε > 0, there is a δ = δ(ε) > 0 such
that

x, t ∈ E, |x− t| < δ ⇒ |f(x)− f(t)| < ε.

When f is uniformly continuous on D, it is simply said to be uniformly
continuous.

Remarks 6.1
1. Uniform continuity is defined over a set and makes no useful sense
at a single point.

2. A uniformly continuous function is continuous.

The next theorem provides a criterion for proving that a function is
not uniformly continuous.

Theorem 6.9
A function f : D→ R is not uniformly continuous if, and only if, there
exist two sequences (xn) and (tn) in D such that
(i) |xn − tn|→ 0
(ii) |f(xn)− f(tn)|9 0.

Proof. If f is not uniformly continuous, then there is an ε > 0 such
that, for all δ > 0, we can find two points x, t ∈ D that satisfy |x− t| <
δ and |f(x)− f(t)| ≥ ε. By taking

δ = 1,
1

2
,
1

3
, · · · ,

we can form two sequences (xn) and (tn) in D such that

|xn − tn| < 1

n
, |f(xn)− f(tn)| ≥ ε.

Conversely, suppose f is uniformly continuous and (xn), (tn) are two
sequences inD which satisfy (i). If ε is any positive number, the uniform
continuity of f implies that there is a δ > 0 such that

x, t ∈ D, |x− t| < δ ⇒ |f(x)− f(t)| < ε.
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Since |xn − tn|→ 0, there is an integer N such that

n ≥ N ⇒ |xn − tn| < δ ⇒ |f(xn)− f(tn)| < ε,

and therefore |f(xn)− f(tn)|→ 0. ¤
Corollary 6.9 The function f : D → R is uniformly continuous if
and only if, for every pair of sequences (xn) and (tn) in D satisfying
|xn − tn|→ 0, we have |f(xn)− f(tn)|→ 0.

From a practical point of view, however, this variation on the state-
ment of Theorem 6.9 is not as useful as the theorem, as it involves
investigating the behaviour of |f(xn)− f(tn)| for all sequences which
satisfy |xn − tn|→ 0.

Example 6.18 To verify that the function f(x) = 1/x is not uniformly
continuous on (0, 1), using Theorem 6.9, choose

xn =
1

n
, tn =

1

2n
.

Now |xn − tn| = 1/2n→ 0 while |f(xn)− f(tn)| = n9 0.
But this function is uniformly continuous on [a,∞), where a is any

positive constant. To see that, let ε > 0 be arbitrary. By choosing δ to
be the positive number

δ = min

½
1

2
a,
1

2
a2ε

¾
,

we obtain

x, t ∈ [a,∞), |x− t| < δ ⇒ |x− t| < 1

2
a <

1

2
t

⇒ x >
1

2
t

⇒ xt >
1

2
t2 ≥ 1

2
a2

⇒ 1

xt
<
2

a2

⇒
¯̄̄̄
1

x
− 1

t

¯̄̄̄
=
|x− t|
xt

<
2 |x− t|

a2
≤ 1
2
a2ε · 2

a2
= ε.

The reader may wonder how we arrive at this choice of δ which makes
things work. Earlier on in this section, we found that we can make
|f(x)− f(c)| < ε if we take δ(c, ε) = min{c/2, c2ε/2}. By choosing
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δ = δ(a, ε) we are assured that δ is positive (which is not the case if
a = 0) and that it works for all points c in [a,∞).
Example 6.19 The function f(x) = x2 is continuous on R, but not
uniformly. Let

xn = n, tn = n+
1

n
.

Clearly, |xn − tn| = 1/n→ 0, but

|f(xn)− f(tn)| = 2 + 1

n2
9 0.

At this point it is natural to ask: When is a continuous function on
D ⊆ R uniformly continuous? In Example 6.18 the domain (0, 1) was
not closed, and in Example 6.19 it was not bounded; and in both cases
the function failed to achieve uniform continuity. It turns out that these
are precisely the qualities which determine the answer.

Theorem 6.10
Let f : D → R be continuous. If D is closed and bounded, then f is
uniformly continuous.

Proof. Suppose that f is continuous on the closed and bounded set
D, but not uniformly continuous. We shall show that this leads to a
contradiction.
Since f is not uniformly continuous, there is a positive number ε and

two sequences, (xn) and (tn), in D such that

|xn − tn| < 1

n
, |f(xn)− f(tn)| ≥ ε. (6.16)

SinceD is bounded, so is (xn), and by Theorem 3.14 it has a convergent
subsequence (xnk). Let x be the limit of (xnk). Since D is closed, x ∈ D.
The corresponding subsequence (tnk) also converges to x, since

|tnk − x| ≤ |tnk − xnk |+ |xnk − x|
<
1

nk
+ |xnk − x|→ 0.

Now the continuity of f at x allows us to write

f(xnk)→ f(x), f(tnk)→ f(x).

Hence |f(xnk)− f(tnk)|→ 0, which is inconsistent with (6.16). ¤
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Needless to say, this theorem gives sufficient, not necessary, condi-
tions for uniform continuity. The function f(x) = x, for example, is
uniformly continuous on any subset of R.

Example 6.20 We shall now prove that the function f : [0,∞) → R
defined by

f(x) =
√
x

is uniformly continuous.
Since f is continuous on [0, 2], it is uniformly continuous on this

interval by Theorem 6.10. On the other hand, if x, t ∈ [1,∞), then

|f(x)− f(t)| =
¯̄̄√

x−√t
¯̄̄
=

|x− t|√
x+
√
t
≤ |x− t| ,

which implies f is uniformly continuous on [1,∞).
Given any ε > 0, there is a δ1(ε) > 0 such that

x, t ∈ [0, 2], |x− t| < δ1 ⇒ |f(x)− f(t)| < ε.

There is also a δ2(ε) > 0 which satisfies

x, t ∈ [1,∞), |x− t| < δ2 ⇒ |f(x)− f(t)| < ε.

Define
δ(ε) = min{1, δ1(ε), δ2(ε)},

and let x, t ∈ [0,∞) satisfy |x− t| < δ. Then the points x, t be-
long to the interval [0, 2] or to [1,∞), and in either case we obtain
|f(x)− f(t)| < ε.

As noted earlier, a continuous function, such as f(x) = 1/x on (0, 1),
need not have a continuous extension to the closure of its domain, in
this case [0, 1]. The next theorem shows that this situation cannot arise
if the function is uniformly continuous.

Theorem 6.11
Let f : D → R be uniformly continuous. Then it has an extension to
D̄ = D ∪ D̂ which is uniformly continuous.

Proof. Let x ∈ D̄. Then there is a sequence in D such that xn → x.
(xn) is clearly a Cauchy sequence, and we shall now show that its image
under f , (f(xn)), is also a Cauchy sequence. Suppose ε > 0. By the
uniform continuity of f on D, there is a δ > 0 such that

x, t ∈ D, |x− t| < δ ⇒ |f(x)− f(t)| < ε. (6.17)
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Since (xn) is a Cauchy sequence, there is an integer N such that

m,n ≥ N ⇒ |xm − xn| < δ. (6.18)

Now (6.17) and (6.18) together imply

m,n ≥ N ⇒ |f(xm)− f(xn)| < ε,

which means (f(xn)) is a Cauchy sequence, and therefore convergent,
by Cauchy’s criterion.
Let

lim f(xn) = g(x). (6.19)

To make sure that equation (6.19) defines a function on D̄, we have
to check that g(x) does not depend on the choice of sequence (xn)
that converges to x. Let (x́n) be another sequence in D which con-
verges to x. Since |x́n − xn| → 0, it follows from Corollary 6.9 that
|f(x́n)− f(xn)|→ 0, hence f(x́n)→ g(x).
g is clearly an extension of f to D̄, and it remains to show that g is

uniformly continuous. Let ε > 0. f being uniformly continuous, there
is a δ > 0 such that (6.17) is satisfied for any pair of points x, t ∈ D.
Now take x, t ∈ D̄ and assume |x− t| < δ/3. There are two sequences
(xn) and (tn) in D such that xn → x and tn → t, and, by (6.19)

f(xn)→ g(x), f(tn)→ g(t).

Therefore there is an integer M such that

n ≥M ⇒ |xn − x| < δ

3
, |tn − t| < δ

3
⇒ |f(xn)− g(x)| < ε, |f(tn)− g(t)| < ε. (6.20)

Consequently,

n ≥M ⇒ |xn − tn| ≤ |xn − x|+ |x− t|+ |t− tn| < δ.

By (6.17),
|f(xn)− f(tn)| < ε for all n ≥M. (6.21)

Now, in view of (6.20) and (6.21), if n ≥M, then

|g(x)− g(t)| ≤ |g(x)− f(xn)|+ |f(xn)− f(tn)|+ |f(tn)− g(t)| < 3ε
for all x, t ∈ D̄ such that |x− t| < δ/3. This proves g is uniformly
continuous on D̄. ¤
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Exercises 6.4

1. Determine which functions are uniformly continuous:

(a) f(x) = 1/x2, Df = (0,∞).
(b) g(x) = 3

√
x, Dg = R.

(c) h(x) = x3/2, Dh = [0,∞).

2. Prove that the function f(x) =
1

x2 + 1
is uniformly continuous on

R.

3. Suppose the functions f and g are uniformly continuous on D.
Prove that f + g is also uniformly continuous on D. Show that
f ·g is not necessarily uniformly continuous by a suitable example.

4. If f and g are both uniformly continuous and bounded on D, prove
that f · g is also uniformly continuous on D.

5. If f : D → E and g : E → R are uniformly continuous, is g ◦ f :
D → R also uniformly continuous?

6. Let

f(x) =

(
x sin

1

x
, x 6= 0

0, x = 0.
.

(a) Prove that f is uniformly continuous on any bounded subset
of R.

(b) Is f uniformly continuous on R?

7. In the proof of Theorem 6.11 it was shown that the image of a
Cauchy sequence under a uniformly continuous function was a
Cauchy sequence. Give an example to show that this is not neces-
sarily the case if the function is merely continuous.

8. Prove that a uniformly continuous function on a bounded interval
is bounded. Show by example that this is not true if f is merely
continuous.

9. A function f : D → R is said to satisfy a Lipschitz condition if
there is a positive constant k > 0 such that

|f(x)− f(t)| ≤ k |x− t| for all x, t ∈ D.
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Prove that a function which satisfies a Lipschitz condition is uni-
formly continuous. Using the function f(x) =

√
x on [0,∞), prove

that the converse is false.

10. Prove that the function f(x) = x sinx is not uniformly continuous
on R (see Exercise 6.5.4).

11. A function f : R → R is called periodic if there exists a positive
constant T such that

f(x+ T ) = f(x) for all x ∈ R.
Prove that every periodic and continuous function (on R) is uni-
formly continuous.

6.5 Compact Sets and Continuity

In this section we define what it means for a set to be compact. This is
one of the important concepts in mathematical analysis, not only in R
but also in more general topological spaces. The notion of compactness
will be used to reformulate some of the results of the last two sections,
in order to see the properties of continuity in a more general context.

Suppose Gλ is an open subset of R for every λ ∈ Λ, where Λ is a
general index set which may be finite or infinite, countable (such as N)
or uncountable (such as R). If E is a subset of R such that

E ⊆ S
λ∈Λ

Gλ,

the collection {Gλ : λ ∈ Λ} is called an open cover (or covering) of E.
When the index set Λ is finite the open cover {Gλ : λ ∈ Λ} is called a
finite (open) cover.

Example 6.21
(i) The collection {(0, n) : n ∈ N} constitutes an open cover of the open
interval (0,∞).
(ii) The collection {(n− 1/n, n+ 1/n) : n ∈ N} covers N.
(iii) {(−n, n) : n ∈ N} is an open cover of R.
(iv) {R} is an open (and finite) cover of any subset of R.
Definition 6.5 E ⊆ R is compact if every open cover {Gλ : λ ∈ Λ} of
E contains a finite subcover {Gλ1 , Gλ2 , · · · , Gλn} of E.
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By this definition, E is compact if, for every open cover {Gλ : λ ∈ Λ}
of E, we can find a finite subset of Λ, say λ1, λ2, · · · , λn, such that

E ⊆ Gλ1 ∪Gλ2 ∪ · · · ∪Gλn .

There are many ways a set can be covered, so it will not be easy to use
this definition to test its compactness. Conversely, E is not compact
if it has an open cover which contains no finite subcover of E. This is
easier to check, as the following examples indicate:

Example 6.22 The set of real numbers R is not compact. To see that,
we take the collection of open intervals {(n−1, n+1) : n ∈ Z} as a cover
of R. For every x ∈ R, there is an integer n such that x ∈ (n−1, n+1),
hence

R ⊆ S
n∈Z
(n− 1, n+ 1).

But, since every integer n0 lies in one, and only one, of the these open
intervals, namely (n0−1, n0+1), every interval in the infinite collection
{(n− 1, n+ 1) : n ∈ Z} is needed to cover R. Thus no finite subcover
will suffice to cover R.
Another example of a cover of R which has no finite subcover is

{(−n, n) : n ∈ N}.
Example 6.23 Since

∞S
n=2

µ
0, 1− 1

n

¶
= (0, 1),

the collection of open intervals {(0, 1− 1/n) : n = 2, 3, · · · } is an open
cover of the interval (0, 1). Here again we cannot extract a finite sub-
collection which will cover (0, 1), for any such collection will be of the
form

{(0, 1− 1/n1), (0, 1− 1/n2), · · · , (0, 1− 1/nk)},
where ni ∈ {2, 3, · · · }; and if m = max{n1, n2, · · · , nk}, then

kS
i=1
(0, 1− 1/ni) = (0, 1− 1/m) ⊂ (0, 1).

Therefore (0, 1) is not compact.

Example 6.24 Every finite set of real numbers {x1, x2, · · · , xn} is
compact. To prove that, assume {Gλ : λ ∈ Λ} is an open cover of
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{x1, · · · , xn}. It then follows that, for every k ∈ {1, · · · , n}, there is
an open set Gλk in the collection {Gλ : λ ∈ Λ} such that xk ∈ Gλk .
Hence the finite collection {Gλ1 , · · · ,Gλn} covers {x1, · · · , xn}, which
must therefore be compact.

Example 6.24 demonstrates one of the few instances where we can
apply Definition 6.5 directly to prove compactness. That is why the next
theorem, known as the Heine-Borel theorem, is of crucial importance,
as it completely characterizes the compact subsets of R.

Theorem 6.12 (Heine-Borel)
A set E ⊆ R is compact if, and only if, it is closed and bounded.
Proof
(i) Suppose E is compact. We shall first prove that it is bounded. For
every n ∈ N, let In = (−n, n). Clearly,

E ⊆
∞S
n=1

In = R.

Since E is compact, there is a positive integer N1 such that

E ⊆
N1S
n=1
(−n, n) = (−N1,N1),

which means E is bounded.
Now we shall prove that E is closed by proving that its complement

Ec is open. Suppose x ∈ Ec. For every n ∈ N, define

Gn =

½
y ∈ R : |y − x| > 1

n

¾
=

∙
x− 1

n
, x+

1

n

¸c
.

Being the complement of a closed interval, Gn is open for every n ∈ N.
Furthermore,

∞S
n=1

Gn =
∞S
n=1

∙
x− 1

n
, x+

1

n

¸c
=

½ ∞T
n=1

∙
x− 1

n
, x+

1

n

¸¾c

= {x}c = R\{x}.
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Since x /∈ E it follows that E ⊆ S∞
n=1Gn, and since E is compact,

there is an N2 ∈ N such that

E ⊆
N2S
n=1

Gn = GN2 =

∙
x− 1

N2
, x+

1

N2

¸c
⇒
∙
x− 1

N2
, x+

1

N2

¸
⊆ Ec

⇒
µ
x− 1

N2
, x+

1

N2

¶
⊆ Ec.

This implies Ec is open, and hence E is closed.
(ii) Conversely, suppose E is closed and bounded, and let {Gλ : λ ∈

Λ} be an open cover of E.We shall prove that a finite number of open
sets in {Gλ : λ ∈ Λ} suffices to cover E.
Assume, on the contrary, that no finite sub-collection of {Gλ : λ ∈ Λ}

covers E. Since E is bounded, there is a finite closed interval I0 =
[a0, b0] which contains E. Divide this interval at its center into the two
closed subintervals

I
0
0 =

∙
a0,

a0 + b0
2

¸
, I

00
0 =

∙
a0 + b0
2

, b0

¸
.

At least one of the sets E ∩ I 00 and E ∩ I
00
0 cannot be covered by a finite

number of open sets in {Gλ : λ ∈ Λ}, for if both could be so covered
then the same would apply to

E = (E ∩ I 00) ∪ (E ∩ I
00
0 ),

which would violate our assumption. Suppose I1 = [a1, b1] is one of the
subintervals I

0
0 or I

00
0 whose intersection with E cannot be covered by

a finite sub-collection of {Gλ : λ ∈ Λ}.
Again subdivide I1 into two subintervals of equal length, I

0
1 and I

00
1 ,

and conclude that at least one of them, say I2 = [a2, b2] intersects E in
a set which cannot be covered by a finite sub-collection of {Gλ : λ ∈ Λ}.
Continuing in this manner, we end up with a sequence of closed intervals
In = [an, bn] which satisfies
(a) In+1 ⊆ In for all n ∈ N
(b) For every n ∈ N, E∩In cannot be covered by a finite sub-collection
of {Gλ : λ ∈ Λ}
(c) l(In) =

1

2
l(In−1) =

b0 − a0
2n

.
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By Cantor’s Theorem 3.11 for nested intervals, the intersection
T
In is

not empty, and since

inf{l(In) : n ∈ N} = 0,
it contains exactly one point, say x. Since E∩In is not empty for every
n, we can choose a sequence (xn) in E such that xn ∈ In for every
n ∈ N. This implies

|xn − x| ≤ l(In) =
b0 − a0
2n

→ 0,

hence x = limxn. But E is closed, so, by Theorem 3.20, x ∈ E. Since
{Gλ : λ ∈ Λ} covers E, there is an open set Gλ0 in the cover such that
x ∈ Gλ0 . There is therefore a positive number ε such that (x−ε, x+ε) ⊆
Gλ0 . Choose n so that

b0 − a0
2n

= l(In) < ε,

from which we conclude that In ⊆ (x − ε, x + ε) ⊆ Gλ0 , and hence
E ∩ In ⊆ Gλ0 . Thus a single element of the collection {Gλ : λ ∈ Λ}
covers E ∩ In, thereby contradicting our choice of In, and proving that
the assumption that no finite sub-collection of {Gλ : λ ∈ Λ} covers E
is false. ¤
If compact sets in R are precisely the closed and bounded sets, why

not define them as such and avoid Definition 6.5 altogether? The an-
swer is twofold: The Heine-Borel theorem does not hold in all topologi-
cal spaces, so we have to stick to Definition 6.5 in a general topological
space. Secondly, even in R, we sometimes need to resort to the charac-
teristic property of a compact set as spelled out in the definition (see the
proof of Theorem 6.14, for example). Using the theorem of Bolzano-
Weierstrass, the next theorem characterizes compactness in terms of
sequences.

Theorem 6.13
For any set E ⊆ R, the following statements are equivalent:
(i) E is compact.
(ii) E is closed and bounded.
(iii) Every sequence in E has a subsequence which converges to a point
in E.

Proof. The equivalence of (i) and (ii) is the content of Heine-Borel’s
theorem, so we need only prove the equivalence of (ii) and (iii). To
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prove that (ii) implies (iii), let (xn) be a sequence in the closed and
bounded set E. Being bounded, the sequence (xn) has a convergent
subsequence (xnk) by Theorem 3.14. Since E is closed, limxnk lies in
E by Theorem 3.20.
In the other direction, suppose statement (iii) is true. If E were

unbounded, we would be able to form a sequence (xn) in E such that

|xn| > n for all n ∈ N.

But such a sequence would have no convergent subsequence, thereby
violating (iii). Hence E is bounded. On the other hand, let (xn) be a
sequence in E such that xn → x. (iii) implies (xn) has a subsequence
which converges to a point in E. But such a subsequence can only
converge to x. Hence x ∈ E and, by Theorem 3.20, E is closed. ¤
Compactness has many implications for continuity, the first of which

is given in the following theorem. This theorem is actually a restatement
of Theorem 6.10, but the proof supplied here relies on the defining
property of compactness.

Theorem 6.14
If D is a compact subset of R and the function f : D→ R is continu-
ous, then f is uniformly continuous.

Proof. Let ε > 0 be given. Since f is continuous at every x ∈ D, there
is a δ(x) > 0 such that

t ∈ D, |t− x| < δ(x)⇒ |f(t)− f(x)| < ε. (6.22)

The collection of open intervals½µ
x− 1

2
δ(x), x+

1

2
δ(x)

¶
: x ∈ D

¾
clearly covers D. Since D is compact, there is a finite number of points
x1, x2, · · · , xn in D such that

D ⊆
nS
i=1

µ
xi − 1

2
δ(xi), xi +

1

2
δ(xi)

¶
. (6.23)

Define

δ =
1

2
min{δ(x1), · · · , δ(xn)},

which is positive, being the minimum of a finite set of positive numbers.
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Now suppose that x, t ∈ D and |t− x| < δ. From (6.23) we conclude
that

x ∈
µ
xi − 1

2
δ(xi), xi +

1

2
δ(xi)

¶
for some i ∈ {1, · · · , n}

⇒ |t− xi| ≤ |t− x|+ |x− xi| < δ +
1

2
δ(xi) ≤ δ(xi).

And from (6.22) we arrive at

|f(t)− f(x)| ≤ |f(x)− f(xi)|+ |f(xi)− f(t)| < 2ε. ¤

Some results of section 6.3 pertaining to the properties of a contin-
uous function on a compact interval can now be extended to compact
sets.

Theorem 6.15
If f is a continuous function on the compact set D ⊆ R, then f(D) is
also compact in R.

Proof. Let (yn) be any sequence in f(D). f(D) is compact if we can
find a convergent subsequence of (yn) whose limit lies in f(D). For
every n ∈ N there is an xn ∈ D such that yn = f(xn). Since (xn) is
a sequence in the compact set D, it has, according to Theorem 6.13,
a subsequence (xnk) which converges to some point x ∈ D. Now the
continuity of f implies

ynk = f(xnk)→ f(x) ∈ f(D). ¤

Corollary 6.15 If f is a continuous function on the compact set D,
then there are points x1, x2 ∈ D such that

f(x1) ≤ f(x) ≤ f(x2) for all x ∈ D.

Proof. f(D) is compact by Theorem 6.15, hence it is bounded and
closed. Therefore inf f(D) and sup f(D) both exist and belong to f(D),
which means there are points x1, x2 ∈ D such that f(x1) = inf f(D)
and f(x2) = sup f(D). This implies

f(x1) ≤ f(x) ≤ f(x2) for all x ∈ D. ¤
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Theorem 6.16
If D ⊆ R is compact and f : D → R is continuous and injective, then
f−1 : f(D)→ D is also continuous.

Proof. Suppose (yn) is a sequence in f(D) which converges to some y
∈ f(D). It suffices to show that f−1(yn)→ f−1(y).
By definition of f(D), there are points xn, x ∈ D such that yn =

f(xn) and y = f(x), and we have to show that xn → x. Since D is
bounded, the sequence (xn) is bounded. By Theorem 3.15, it suffices
to prove that all its convergent subsequences have the same limit x.
Let (xnk) be a convergent subsequence of (xn) with limit x

0
. Since

D is closed, x
0 ∈ D, hence

f(xnk)→ f(x
0
)

by the continuity of f . But we already have

f(xnk) = ynk → y = f(x).

Therefore f(x
0
) = f(x) by the uniqueness of the limit, and x

0
= x by

the injective property of f. ¤
Theorem 6.15 states that the image under a continuous function

of a compact set is compact. But this invariance under a continuous
mapping breaks down if we consider the image of an open or a closed
set, as may be seen from the following examples:
(i) If f is a constant function defined on the open interval (0, 1), it is
obviously continuous and its range f((0, 1)) is a single point, which is
clearly not open.
(ii) Let g : R→ R be defined by

g(x) =
1

1 + x2
.

In this case g(R) = (0, 1], which is neither open nor closed, though R
is both.

The situation is better if we look at the inverse of the function.

Theorem 6.17
A function f : D → R is continuous if and only if, for every open set
G there is an open set H such that f−1(G) = H ∩D.
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Proof
(i) Suppose f is continuous and G ⊆ R is open. If G∩ f(D) = ∅, then
f−1(G) = ∅ and we take H to be the open set ∅. Assume, therefore,
that c ∈ f−1(G), so that f(c) ∈ G. Since G is open, there is a positive
number ε such that

(f(c)− ε, f(c) + ε) ⊆ G. (6.24)

By the continuity of f, there is a δ > 0 such that

x ∈ (c− δ, c+ δ) ∩D⇒ f(x) ∈ (f(c)− ε, f(c) + ε). (6.25)

Using the notation Uc = (c− δ, c+ δ), Vc = (f(c)− ε, f(c) + ε), (6.24)
and (6.25) are equivalent to

f(Uc ∩D) ⊆ Vc ⊆ G,

which implies
Uc ∩D ⊆ f−1(G). (6.26)

Let
H =

S{Uc : c ∈ f−1(G)},
which is clearly open, and, in view of (6.26), satisfies

H ∩D ⊆ f−1(G).

But since every point c ∈ f−1(G) lies in Uc ∩D, we actually have

H ∩D = f−1(G).

(ii) Conversely, suppose that for every open set G there is an open
set H such that f−1(G) = H ∩ D. Take any c ∈ D and let ε be any
positive number. Since the interval

G = (f(c)− ε, f(c) + ε)

is open, there is an open set H which satisfies H ∩D = f−1(G). Since
f(c) ∈ G,

c ∈ f−1(G) ⊆ H;

and since H is open, there is a δ > 0 such that

(c− δ, c+ δ) ⊆ H,
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from which we conclude that

x ∈ (c− δ, c+ δ) ∩D⇒ x ∈ H ∩D
⇒ x ∈ f−1(G)
⇒ f(x) ∈ G

⇒ f(x) ∈ (f(c)− ε, f(c) + ε).

Thus f is continuous at c. But since c was an arbitrary point in D, f
is continuous on D. ¤
Definition 6.6 Let D be a subset of R. A set E ⊆ D is said to be open
(closed) in D if there is an open (closed) set H such that H ∩D = E
(see exercise 3.7.6).

Needless to say, when a set is described as being open (closed) with-
out qualification, it is tacitly assumed that it is open (closed) in R.
According to Definition 6.6, Theorem 6.17 simply states that, under a
continuous function f : D→ R, the inverse image of every open set (in
R) is an open set in D.

Corollary 6.17.1 A function f : R → R is continuous if and only if
the inverse image of every open set is open.

Corollary 6.17.2 A function f : D → R is continuous if and only
if, for every closed set F, there is a closed set K such that f−1(F ) =
K∩D, i.e., if and only if the inverse image of every closed set is closed
in D.

Proof. Assume f is continuous and F is closed. It follows that G =
F c is open and, by Theorem 6.17, there is an open set H such that
f−1(G) = H ∩D. Now

f−1(F ) = f−1(Gc)

= [f−1(G)]c ∩D
= (Hc ∪Dc) ∩D
= Hc ∩D.

Setting K = Hc, which is closed, we obtain f−1(F ) = K ∩D.
The proof in the other direction is left as an exercise. ¤
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Exercises 6.5

1. Define an open cover of (−1, 1] which has no finite subcover of
(−1, 1].

2. Let E = {1/n : n ∈ N}. Use Definition 6.5 to prove that E is not
compact, but that E ∪ {0} is compact.

3. Let K be a compact set and F ⊆ K. If F is closed in K, prove
that F is compact.

4. If K1 and K2 are compact sets, prove that K1 ∪K2 and K1 ∩K2

are also compact.

5. If Kn is a compact set for every n ∈ N, what can you say aboutS∞
n=1Kn and

T∞
n=1Kn?

6. If K is a compact set, prove that supK and infK both exist and
lie in K.

7. For any E ⊆ R and c ∈ R, the distance between the point c and
the set E is defined as the non-negative number

d(c, E) = inf{|x− c| : x ∈ E}.

If E is compact, prove that there is a point a ∈ E such that
|a− c| = d(c, E).

8. Suppose the function f is continuous on the compact set D. Prove
that the set {x : 0 ≤ f(x) ≤ 1} is compact.

9. Let the function f be defined on the set D = [0, 1] ∪ [2, 3) by

f(x) =

½
x, x ∈ [0, 1]
4− x, x ∈ [2, 3).

(a) Prove that f is continuous and injective.

(b) Prove that f−1 : [0, 2]→ D is not continuous at 1 by consid-
ering the sequence f−1(1 + (−1)n/n).

(c) Explain how this example is consistent with Theorems 6.8
and 6.16.

10. Define a non-continuous function whose inverse is continuous.
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11. Use the definition of a compact set and Theorem 6.17 to prove
Theorem 6.15.

12. Give an example to show that the inverse image under a contin-
uous function of a compact set is not necessarily compact. What
additional condition would make it compact?
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7

Differentiation
The derivative of a function, as presented in standard courses in dif-
ferential calculus, is usually tied up with the notion of the slope of the
tangent to the curve which represents the function, or with the rate
of change of the function. These interpretations are, in fact, the rea-
son differentiation was introduced. Once analytic geometry was devel-
oped in the early part of the seventeenth century, many geometric and
physical relations were expressed by algebraic relations. As it turned
out, the slope of the geometric curve which represents the equation
y = f(x) and the rate of change of the physical quantity y with respect
to x are one and the same, expressed by the concept of the deriva-
tive. René Descartes (1596-1650) is credited with the introduction of
analytic geometry, which was shortly followed by the development of
differential and integral calculus at the hands of Isaac Newton (1642-
1727) and Gottfried Wilhelm Leibnitz (1646-1716). Thus, in the course
of about forty years, from 1630 to 1670, mathematics went through a
phase of remarkable expansion unparalleled in its entire recorded his-
tory.
In this chapter we shall be mainly interested in the derivative from

an analytical point of view, as a development of the concepts which we
have presented so far. Its physical interpretations, important as they
are, lie outside the scope of this treatment. Integration will be presented
along the lines of Bernhard Riemann (1826-1866) in Chapter 8.

7.1 The Derivative

Given a function f : D → R and a point c ∈ D, the function

g(x) =
f(x)− f(c)

x− c

is defined on D\{c}. If c is a cluster point of D, we can discuss the
limit of g at c,

lim
x→c

f(x)− f(c)

x− c
,
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in the context of Definition 5.1. If this limit exists, we call it the deriv-
ative of f at c. But the significance of the derivative comes out more
naturally if c is not merely a point in D ∩ D̂, but an interior point of
D; that is, if there is a positive number ε such that (c− ε, c+ ε) ⊆ D.
It is therefore preferable to restrict the domain of f to an open set

when discussing its derivative. In view of Theorem 3.18, any open subset
of R is the union of a countable number of disjoint open intervals. Hence
there is little loss of generality if we assume from the outset that D is
simply an open interval (a, b). But since we sometimes need to consider
right-hand and left-hand derivatives at the end points a and b, D is
taken to be a real interval I, which may include one, or both, of its end
points. Thus we arrive at the following definition.

Definition 7.1 Let f : I → R, where I is a real interval, and c ∈ I.
The limit

lim
x→c

f(x)− f(c)

x− c
,

if it exists, is called the derivative of f at c, and is denoted by f 0(c).
The function f is said to be differentiable at c if f 0(c) exists. If f 0(c)
exists at every c ∈ I, f is said to be differentiable on I, or simply
differentiable, and its derivative is the function f 0 : I → R.

It is worth noting that x tends to c, in accordance with Definition
5.1, through points in I (where f is defined). Hence, when I = [a, b],
Definition 7.1 gives the derivatives at the end points as

f 0(a) = lim
x→a+

f(x)− f(a)

x− a
,

f 0(b) = lim
x→b−

f(x)− f(b)

x− b
.

It is common in calculus to introduce the independent variable y = f(x)

and write
dy

dx

¯̄̄̄
x=c

for f 0(c).

Example 7.1 The derivative of the constant function

f(x) = k for all x ∈ R
is

f
0
(c) = lim

x→c

f(x)− f(c)

x− c
= lim

x→c

k − k

x− c
= 0

for all c ∈ R.
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The function
g(x) = xn, x ∈ R,

where n ∈ N, is also differentiable on R, and its derivative is given by

g0(c) = lim
x→c

xn − cn

x− c

= lim
x→c

(xn−1 + xn−2c+ · · ·+ xcn−2 + cn−1)

= ncn−1 for all c ∈ R.

Example 7.2 The derivative of the function

f(x) = |x| , x ∈ R,

is the limit

f 0(c) = lim
x→c

|x|− |c|
x− c

.

Let (xn) be any sequence in R which converges to c. If c > 0, there is
an N1 ∈ N such that xn > 0 for all n ≥ N1, in which case

|xn|− |c|
xn − c

=
xn − c

xn − c
= 1 for all n ≥ N1

⇒ f 0(c) = 1.

But if c < 0, then there is an N2 ∈ N such that xn < 0 for all n ≥ N2,
and we we obtain

|xn|− |c|
xn − c

=
−xn − (−c)

xn − c
= −1 for all n ≥ N2

⇒ f 0(c) = −1.

If, on the other hand, c = 0 then the sequence xn = (−1)n/n tends to
0, while

|xn|− 0
xn − 0 =

1/n

(−1)n/n = (−1)
n

does not converge. This implies that f 0(0) does not exist.
Thus f(x) = |x| is differentiable on R\{0}, where its derivative is the

function

f 0(x) =
½
1, x > 0
−1, x < 0.
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Figure 7.1

Example 7.3 For the function

f(x) = sinx, x ∈ R,

we can use the identity

sinx− sin c = 2 cos
µ
x+ c

2

¶
sin

µ
x− c

2

¶
to obtain

f 0(c) = lim
x→c

sinx− sin c
x− c

= lim
x→c

1

x− c
2 cos

µ
x+ c

2

¶
sin

µ
x− c

2

¶
= lim

x→c
cos

µ
x+ c

2

¶
· lim
x→c

sin

µ
x− c

2

¶
÷
µ
x− c

2

¶
,

where we have used Theorem 5.6 in the last equality. Since

lim
x→c

cos

µ
x+ c

2

¶
= cos c

by the continuity of the cosine function, and

lim
x→c

sin

µ
x− c

2

¶
÷
µ
x− c

2

¶
= 1,

based on the result of Example 5.10, we obtain

f 0(c) = cos c for all c ∈ R.
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The relationship between continuity and differentiability is expressed
by the following theorem.

Theorem 7.1
If the function f : I → R is differentiable at c ∈ I, then it is continuous
at c.

Proof. Assume x 6= c. Then

f(x)− f(c) =
f(x)− f(c)

x− c
(x− c).

Since both functions
f(x)− f(c)

x− c
and (x− c) have limits at c,

lim
x→c

f(x)− f(c) = lim
x→c

f(x)− f(c)

x− c
· lim
x→c

(x− c)

= f
0
(c) · 0 = 0

⇒ lim
x→c

f(x) = f(c). ¤

Note that the converse of this theorem is false, as may be seen from
Example 7.2 where f(x) = |x| is continuous, but not differentiable, at
x = 0.

When functions are combined under the operations of addition, mul-
tiplication or division, we can use Theorem 5.6 to express the derivative
of the resulting function in terms of the original functions and their
derivatives.

Theorem 7.2
If the functions f and g are defined on the interval I and differentiable
at c ∈ I, then
(i) f + g is differentiable at c and (f + g)0(c) = f 0(c) + g0(c),
(ii) fg is differentiable at c and (fg)0(c) = f 0(c)g(c) + f(c)g0(c),
(iii) if g(c) 6= 0, f/g is differentiable at c andµ

f

g

¶0
(c) =

f 0(c)g(c)− f(c)g0(c)
g2(c)

.

Proof
(i) This follows directly from Theorem 5.6.
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(ii) Suppose x 6= c. Then

(fg)(x)− (fg)(c)
x− c

=
f(x)g(x)− f(c)g(x) + f(c)g(x)− f(c)g(c)

x− c

=
f(x)− f(c)

x− c
g(x) + f(c)

g(x)− g(c)

x− c
.

Since g is continuous at c (by Theorem 7.1), g(x) → g(c) as x → c.
And since f and g are differentiable at c,

f(x)− f(c)

x− c
→ f 0(c)

g(x)− g(c)

x− c
→ g0(c).

Hence

lim
x→c

(fg)(x)− (fg)(c)
x− c

= f 0(c)g(c) + f(c)g0(c).

(iii) If g(c) 6= 0 then, by the continuity of g, there is a neighborhood U
of c where g(x) 6= 0. With x ∈ U and x 6= c we therefore have

(f/g)(x)− (f/g)(c)
x− c

=
f(x)g(c)− f(c)g(x)

g(x)g(c)(x− c)

=
f(x)g(c)− f(c)g(c) + f(c)g(c)− f(c)g(x)

g(x)g(c)(x− c)

=
1

g(x)g(c)

∙
f(x)− f(c)

x− c
g(c)− f(c)

g(x)− g(c)

x− c

¸
.

Now the continuity of g at c yields

lim
x→c

(f/g)(x)− (f/g)(c)
x− c

=
f 0(c)g(c)− f(c)g0(c)

g2(c)
. ¤

If f is the constant function k in part (ii), then we obtain

(kg)0(c) = kg0(c)

for any constant number k, and if we replace g by (−1)g in (i) then
(f − g)0(c) = f 0(c)− g0(c).

Setting g = f in (ii) yields

(f2)0(c) = 2f(c)f 0(c),
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and using induction, we arrive at the more general result:

Corollary 7.2 If f is differentiable at c, then so is fn for any n ∈ N,
and

(fn)0(c) = nfn−1(c)f 0(c).

Since the derivative of the function f(x) = x is

f 0(c) = lim
x→c

x− c

x− c
= 1 for all c ∈ R,

the derivative of g(x) = xn is therefore

g0(c) = ncn−1,

in agreement with Example 7.1.

Example 7.4 Using Theorem 7.2 and its corollary, we can differentiate
any polynomial of degree n,

p(x) = anx
n + an−1xn−1 + · · ·+ a1x+ a0, x ∈ R,

at any point in R to obtain the polynomial of degree n− 1

p0(x) = nanx
n−1 + (n− 1)an−1xn−2 + · · ·+ a1.

Example 7.5 To differentiate the function

h(x) = x−n, x 6= 0, n ∈ N,

we apply rule (iii) of Theorem 7.2 with f(x) = 1 and g(x) = xn. Thus

h0(x) =
(0)(xn)− (1)(nxn−1)

x2n
=
−n
xn+1

= −nx−n−1.

The next theorem gives the conditions under which the composition
g ◦ f is differentiable and the form of its derivative.

Theorem 7.3
Let the functions f and g be defined on the real intervals I and J,
respectively, such that f(I) ⊆ J. If f is differentiable at c ∈ I, and g
is differentiable at f(c), then the composed function

g ◦ f : I → R
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is differentiable at c, where its derivative is given by

(g ◦ f)0(c) = g0(f(c)) · f 0(c).

Before we prove this theorem, it is worth pointing out a quick, but
false, “proof” which begins with writing

(g ◦ f)(x)− (g ◦ f)(c)
x− c

=
g(f(x))− g(f(c))

f(x)− f(c)
· f(x)− f(c)

x− c
,

and then taking the limit as x → c. But this equation is valid only if
f(x)−f(c) 6= 0. Though we know that x−c 6= 0, we cannot assume that
f(x)−f(c) 6= 0. The following proof covers the case when f(x)−f(c) =
0.

Proof. Let d = f(c) and define the function ϕ on J by

ϕ(y) =

⎧⎨⎩
g(y)− g(d)

y − d
, y 6= d

g0(d), y = d.

Observe that
lim
y→d

ϕ(y) = g0(d) = ϕ(d), (7.1)

and that g(y)− g(d) = (y − d)ϕ(y) for all y ∈ J , including y = d.
Now let x ∈ I\{c} and y = f(x).

(g ◦ f)(x)− (g ◦ f)(c) = g(y)− g(d)

= (y − d)ϕ(y)

⇒ (g ◦ f)(x)− (g ◦ f)(c)
x− c

=
y − d

x− c
ϕ(y)

=
f(x)− f(c)

x− c
ϕ(y).

As x→ c,
f(x)− f(c)

x− c
→ f 0(c),

and y → d, by the continuity of f, hence ϕ(y)→ g0(d) by (7.1). Thus

lim
x→c

(g ◦ f)(x)− (g ◦ f)(c)
x− c

= g0(d) · f 0(c). ¤
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Remarks 7.1
1. The rule for differentiating g ◦ f, according to Theorem 7.3, is ex-
pressed by

(g ◦ f)0 = (g0 ◦ f) · f 0.
Another form of this result can be obtained by writing

y = f(x), w = g(y)

dy

dx
= f 0(x),

dw

dy
= g0(y).

This leads to the more familiar (and suggestive) expression

dw

dx
=

dw

dy
· dy
dx

,

known as the chain rule.

2. The rule
(fn)0 = nfn−1 · f 0,

which we derived in Corollary 7.2, can also be obtained as a special
case of Theorem 7.3. Suppose

g(y) = yn, y ∈ R, n ∈ N.

Then
g0(y) = nyn−1,

and
(g ◦ f)(x) = fn(x).

Applying the chain rule, we obtain

(fn)0(x) = g0(f(x)) · f 0(x)
= nfn−1(x) · f 0(x).

Example 7.6 To differentiate the function

f(x) = cosx, x ∈ R,
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we apply the chain rule to the identity

cosx = sin
³
x+

π

2

´
.

Let g(x) = x+ π/2 on R, so that

cos(x) = sin(g(x))

cos0(x) = sin0(g(x)) · g0(x).

From Example 7.3 we know that sin0(g(x)) = cos(g(x)) = cos(x+π/2),
and since g0(x) = 1, we arrive at

cos0(x) = cos
³
x+

π

2

´
= − sinx, x ∈ R.

Example 7.7
(i) The function

f(x) =

(
x sin

1

x
, x 6= 0

0, x = 0

can be differentiated on R\{0}, using Theorems 7.2 and 7.3, to obtain

f 0(x) = sin
1

x
+ x cos

1

x

µ
− 1
x2

¶
= sin

1

x
− 1

x
cos

1

x
.

At x = 0 we cannot apply these theorems (why?), so we go back to the
definition

f 0(0) = lim
x→0

f(x)− f(0)

x− 0 = lim
x→0 sin

1

x
.

Since this limit does not exist, we conclude that f is not differentiable
at x = 0.

(ii) If, on the other hand, the function we are dealing with is defined
by

g(x) =

(
x2 sin

1

x
, x 6= 0

0, x = 0,

then

g0(x) = 2x sin
1

x
− cos 1

x
, x 6= 0,
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and

g0(0) = lim
x→0

g(x)− g(0)

x− 0
= lim

x→0x sin
1

x
= 0.

Hence g is differentiable on R, including 0, where its derivative is 0.
It is worth noting in this example that both f and g are continuous

at 0, where
lim
x→0 f(x) = lim

x→0 g(x) = 0.

But g(x) tends to 0 faster than does f(x), and that is why

lim
x→0 g(x)/x = g0(0)

exists while limx→0 f(x)/x = f 0(0) does not.

Figure 7.2

Note also that, though g is differentiable at x = 0, its derivative g0 is
not continuous at that point, for limx→0 g0(x) does not exist. Thus the
existence of the derivative does not guarantee its continuity.

Given an injective and differentiable function f , we can ask about
the conditions under which (f−1)0 exists and the relationship between
(f−1)0 and f 0. Let us first assume that f is an injective, continuous
function on an interval I, so that f(I) is an interval. Then

f(f−1(x)) = x for all x ∈ f(I).
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If f−1 is differentiable at c and f is differentiable at b = f−1(c),

f 0(b) · (f−1)0(c) = 1
by the chain rule. Based on this equation, it is clear that, for (f−1)0(c)
to exist, f 0(b) must not vanish, in which case

(f−1)0(c) =
1

f 0(b)
=

1

f 0(f−1(c))
.

The question as to whether this condition is sufficient for the existence
of (f−1)0(c) is answered in the affirmative by the following theorem.

Theorem 7.4
Let f be an injective, continuous function on the interval I. If f is
differentiable at b ∈ I, then f−1 is differentiable at c = f(b) if and
only if f 0(b) 6= 0, in which case

(f−1)0(c) =
1

f 0(b)
.

Proof. That f 0(b) 6= 0 is a necessary condition for the existence of
(f−1)0(c) has already been shown. Suppose now that f 0(b) 6= 0. To
evaluate the limit

lim
f−1(y)− f−1(c)

y − c
,

we note that y is a point in f(I)\{c} and may therefore be expressed
as y = f(x), where x = f−1(y) ∈ I. Since f−1 is injective, x 6= b and
we can write

f−1(y)− f−1(c)
y − c

=
x− b

f(x)− f(b)
. (7.2)

From Theorem 6.8 we know that f−1 is continuous, hence

y → c⇒ f−1(y)→ f−1(c)
⇒ x→ b,

and the limit

lim
x→b

f(x)− f(b)

x→ b

exists and equals f 0(b). Since f 0(b) 6= 0,

lim
x→b

x− b

f(x)− f(b)
=

1

f 0(b)
.
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The limit on the left-hand side of equation (7.2) therefore exists as
y → c, and gives (f−1)0(c) = 1/f 0(b). ¤
Example 7.8 The function

f(x) = sinx, x ∈
h
−π
2
,
π

2

i
is injective and differentiable. Since

f 0(x) = cosx > 0 for all x ∈
³
−π
2
,
π

2

´
,

the function g : [−1, 1]→ [−π/2, π/2] defined by
g(x) = f−1(x) = arcsinx

is differentiable on (−1, 1). Its derivative is

g0(x) =
1

f 0(g(x))

=
1

cos(arcsinx)

=
1p

1− sin2(arcsinx)
=

1√
1− x2

.

Figure 7.3
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Note that g is not differentiable at either −1 or 1, since f 0(−π/2) =
f 0(π/2) = 0.

Example 7.9 For any n ∈ Z we have already seen, in Examples 7.1
and 7.5, that the derivative of the function

f(x) = xn, x ∈ R\{0},
is

f 0(x) = nxn−1, x ∈ R\{0}. (7.3)

Now we shall extend this result from Z to Q.
For any n ∈ N we define the function

f(x) = xn, x ∈ D,

where D = R if n in odd and D = [0,∞) if n is even. This function is
strictly increasing and differentiable on D. Its inverse function

g(x) = x1/n, x ∈ D,

is also strictly increasing and differentiable on D\{0}. Since f 0(x) =
nxn−1 is positive on D\{0}, we can use Theorem 7.4 to write

g0(x) =
1

f 0(g(x))
=

1

n(x1/n)n−1
=
1

n
x1/n−1, x ∈ D\{0}.

For any m ∈ Z, let
h(x) = gm(x) = xm/n, x ∈ D\{0}.

By the chain rule,

h0(x) = m(x1/n)m−1 · g0(x)
=

m

n
x(m/n)−1, x ∈ D\{0}.

Since every rational number can be represented by m/n, where m ∈ Z
and n ∈ N, we have therefore proved that the rule for differentiating
the function h(x) = xr for any r ∈ Q is

h0(x) = rxr−1, x ∈ D\{0},
which has the same form as (7.3). We can also show, using the expo-
nential function, that this result actually holds for any real power of x
(see Chapter 9).



Differentiation 221

Exercises 7.1

1. Determine the derivative of each of the following functions where
it exists:

(a) f(x) = tanx, x ∈ (−π/2, π/2)
(b) g(x) = 1/

√
x, x > 0

(c) h(x) = [x], x ∈ R.

2. Let

f(x) =

½
x2, x ∈ Q
0, x ∈ Qc.

Prove that f is differentiable at x = 0, and evaluate f 0(0).

3. If the function f satisfies |f(x)| ≤ |x|α, where α > 1, prove that f
is differentiable at x = 0. Compare this to the results of Examples
7.2 and 7.7.

4. Assuming f is differentiable at c, prove that

(a) f
0
(c) = lim

h→0
f(c+ h)− f(c)

h

(b) f
0
(c) = lim

h→0
f(c+ h)− f(c− h)

2h
.

5. Let f : R→ R. The function f is even if f(−x) = f(x) for all x ∈
R, and odd if f(−x) = −f(x) for all x ∈ R. If f is differentiable,
prove that f 0 is odd when f is even, and even when f is odd.

6. For any n ∈ N, the derivative of f of order n, denoted by f (n) is
defined inductively as follows:

f (1) = f 0

f (2) = f 00 = (f 0)0

...

f (n) = (f (n−1))0.

Determine f (n)(x) for each of the following functions, where n ∈ N
and x ∈ R:
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(a) f(x) = sinx

(b) f(x) = cosx

(c) f(x) = xm, m ∈ N and 0 ≤ m < n

(d) f(x) = xn

(e) f(x) = xm, m ∈ N and m > n.

7. Let

f(x) =

½
xn, x ≥ 0, n ∈ N
0, x < 0.

(a) Prove that f is differentiable to order n − 1 at x = 0 and
compute f (n−1)(0), where f (0) is defined to be f.

(b) Prove that f (n)(0) does not exist.

8. Determine the derivatives of the following functions where they
exist:

(a) f(x) =
p|x|, x ∈ R

(b) g(x) = x |x| , x ∈ R
(c) h(x) =

¯̄
x2 − 1¯̄ , x ∈ R.

9. Let f(x) = cosx, where x ∈ [0, π], and determine the derivative of
f−1(x) = arccosx on [−1, 1].

10. Prove that a differentiable function at c satisfies a Lipschitz con-
dition (see Exercise 6.4.9) in a neighborhood of c.

11. Use mathematical induction to prove Leibnitz’ rule for the deriv-
ative of order n of the product of two functions:

(fg)(n)(x) =
nP

k=0

µ
n

k

¶
f (n−k)(x) · g(k)(x).

Compute the derivative of order 6 of the function x8 sinx.

12. Let n be an odd, positive integer and f(x) = |xn| , where x ∈
R. Determine f (m)(x) for any m < n and show that f (n)(0) does
not exist. What can we say about the case where n is even?
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7.2 The Mean Value Theorem

In Chapter 5 we introduced the notion of the maximum and the min-
imum values of a function defined on a given domain. Such values are
called absolute extrema of the function, in order to distinguish them
from the relative extrema defined below.

Definition 7.2 The function f : D → R is said to have a local maxi-
mum at c ∈ D if there is a neighborhood U = (c− δ, c+ δ) of the point
c such that

f(x) ≤ f(c) for all x ∈ U ∩D.

f has a local minimum at c ∈ D if there is a neighborhood of U =
(c− δ, c+ δ) such that

f(x) ≥ f(c) for all x ∈ U ∩D.

Referring to Definition 6.3, we see that every absolute maximum
(minimum) is also a local maximum (minimum), but not vice-versa, as
Figure 7.4 shows.

Figure 7.4

In this figure, the function f : [a, b] → R takes its absolute maximum
at the point a, and its local maxima at a, c2, c4 and c6. Its absolute
minimum is assumed at c3, and its local minima at c1, c3, c5 and b. Note
that the local minimum value f(c1) is greater than the local maximum
value f(c4).
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Where a function assumes its extreme values, both absolute and lo-
cal, is one of the fundamental questions in science, engineering, eco-
nomics, and other disciplines. The following theorem, together with
Theorem 6.5, provides an effective tool for tackling this problem.

Theorem 7.5
If the function f has an extremum on the open interval (a, b) at the
point c, and if f is differentiable at c, then f 0(c) = 0.

Proof. Suppose f has a maximum at c. Then

f(x) ≤ f(c) for all x ∈ (a, b),
and therefore

f(x)− f(c)

x− c
≥ 0 for all x ∈ (a, c).

Hence

lim
x→c−

f(x)− f(c)

x− c
= f 0(c) ≥ 0. (7.4)

On the other hand, if x ∈ (c, b), then
f(x)− f(c)

x− c
≤ 0

⇒ lim
x→c+

f(x)− f(c)

x− c
= f 0(c) ≤ 0, (7.5)

and we conclude from (7.4) and (7.5) that f 0(c) = 0.
If f has a minimum at c, then the sign of f 0(c) changes in both (7.4)

and (7.5), and again we obtain f 0(c) = 0. ¤
Remarks 7.2
1. c ∈ Df is called a critical point of the function f if f 0(c) = 0 or
f 0(c) does not exist. In view of Theorem 7.5, if f has an extremum on
an open interval, the extremum is attained at a critical point in the
interval.

2. If a function f : D → R has a local extremum at a point c in D◦,
the interior of D, then c is necessarily a critical point of f . But if c
lies on ∂D, the boundary of D, then c may not be a critical point of
the function. The function f(x) = x, for example, has a local (and
absolute) maximum on the interval [0, 1] at x = 1, but f 0(1) = 1.
3. In Theorem 7.5, the condition that c be a critical point of f is
necessary, but not sufficient, for the function to have a local extremum
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at c. 0 is a critical point of the function f(x) = x3 since f 0(0) = 0,
but f (x) has no maximum or minimum at x = 0 in any open interval
containing 0.

Example 7.10
To determine the absolute extrema of the function f(x) = 6x4/3−3x1/3
on the interval [−1, 1], we first note that this function is continuous on
the compact interval [−1, 1], hence it attains its extrema in the interval.
These values will be attained at points which lie either in the open
interval (−1, 1), or at the end-points −1, 1. In the former case, such
points are necessarily critical points. Consequently, the function takes
its extrema in the set C ∪ {−1, 1}, where C is the set of critical points
of f in (−1, 1).
f is not differentiable at x = 0, and when x 6= 0,

f 0(x) = 8x1/3 − x−2/3

=
8x− 1
x2/3

,

which implies that x = 0 and x = 1/8 are the critical points in (−1, 1).
f can therefore assume its maxima and minima only at points in the
set {0, 1/8,−1, 1}. Since

f(0) = 0, f(1/8) = −9/8, f(−1) = 9, f(1) = 3,

we conclude that the maximum value of f on [−1, 1] is 9, and is attained
at x = −1, while its minimum is −9/8, which is attained at x = 1/8.
Thus the process of determining the absolute extrema of a function f

on a given compact interval I is relatively straightforward, as long as the
function is continuous and the set of critical points in the interior of I is
finite. The process is not as simple when we wish to determine the local
extrema of f. Though local extrema are also absolute extrema when
viewed on a certain neighborhood of the critical point, it is not clear
beforehand what that neighborhood is. Fortunately, there is another
criterion for determining the type of extremum which depends on the
sign of f 0 near the critical point, and which ultimately relies on one of
the most important theorems of differential calculus, the mean value
theorem. We shall start with a special case of that theorem, known as
Rolle’s theorem.
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Theorem 7.6 (Rolle’s Theorem)
If the function f is continuous on [a, b], differentiable on (a, b), and
satisfies the equality f(a) = f(b), then there is a point c in (a, b) where
f 0(c) = 0.

Proof. The function defined by g(x) = f(x)− f(a) is also continuous
on [a, b] and differentiable on (a, b), and it satisfies

g(a) = g(b) = 0. (7.6)

Since g is continuous on [a, b] it achieves its maximum and minimum
values on this interval, by Theorem 6.5. If both of these extreme values
are 0, then g is the constant function 0, in which case f is the constant
function

f(x) = f(a) for all x ∈ [a, b],
and we can choose c to be any point in (a, b). But if one of the extreme
values of g is not 0, then the condition (7.6) implies that the extremum
is achieved at a point c other than a and b. In other words, c ∈ (a, b).
By Theorem 7.5 we now conclude that f 0(c) = g0(c) = 0. ¤
There is a simple geometric interpretation of Rolle’s theorem: The

curve which represents a differentiable function f, and which intersects
a horizontal line (parallel to the x-axis) at two points, must have a
horizontal tangent at some point between them. Of course there may
be more than one such point, as shown in Figure 7.5.

Figure 7.5

Note that the theorem does not require the existence of f 0(a) or f 0(b),
only the continuity of f at these points, for the function

f(x) =

½
x, 0 ≤ x < 1
0, x = 1
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satisfies all the conditions of Rolle’s theorem except continuity at x = 1,
but f 0(x) = 1 for all x ∈ (0, 1).
Of the three conditions on f in the statement of Rolle’s theorem, the

third seems to be the least essential. If we drop the requirement that
f(a) = f(b), we arrive at a more general result, also known as the mean
value theorem of differential calculus.

Theorem 7.7 (Mean Value Theorem)
If the function f is continuous on [a, b] and differentiable on (a, b),
then there is a point c in (a, b) where

f(b)− f(a) = (b− a)f 0(c).

Proof. Define the function g : [a, b]→ R by

g(x) = f(x)−
∙
f(a) +

f(b)− f(a)

b− a
(x− a)

¸
. (7.7)

It is worth noting in equation (7.7) that the function in the square
brackets is represented by the straight line joining the points (a, f(a))
and (b, f(b)), so g(x) is the difference, at x, between the y-coordinates
on this line and on the curve which represents f (see Figure 7.6).

Figure 7.6

Since g(a) = g(b) = 0, the function g satisfies the conditions of Rolle’s
theorem, so there is a point c ∈ (a, b) at which

0 = g0(c) = f 0(c)− f(b)− f(a)

b− a
,
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hence f(b)− f(a) = (b− a)f 0(c). ¤
The mean value theorem has a corresponding geometric interpre-

tation: The curve of a function which satisfies the conditions of the
theorem has a tangent at some point in (a, b) which is parallel to the
straight line that joins (a, f(a)) and (b, f(b)).

The next two theorems indicate how the mean value theorem can be
used to determine the behaviour of a differentiable function.

Theorem 7.8
Let f : [a, b] → R be a continuous function which is differentiable on
(a, b).
(i) If f 0(x) = 0 for all x ∈ (a, b), f is constant on [a, b].
(ii) If, for all x ∈ (a, b), f 0(x) 6= 0, f is injective on [a, b].
Proof
(i) Take any two points x1, x2 ∈ [a, b]. We shall prove that f(x1) =
f(x2). Suppose x1 < x2, and apply the mean value theorem to the
interval [x1, x2] to conclude that that there is a point c ∈ (x1, x2) such
that

f(x2)− f(x1) = (x2 − x1)f
0(c).

Since c ∈ (x1, x2), f 0(c) = 0 and therefore f(x1) = f(x2).
(ii) If f is not injective, there would be two points x1, x2 ∈ [a, b] such

that x1 < x2 and f(x1) = f(x2). Applying the mean value theorem
to [x1, x2] we would then conclude that there is a c ∈ (x1, x2) ⊆ (a, b)
where

f 0(c) =
f(x2)− f(x1)

x2 − x1
= 0.

This contradicts the hypothesis that f 0(x) 6= 0 for all x ∈ (a, b). ¤
Corollary 7.8 If the functions f and g are continuous on [a, b], dif-
ferentiable on (a, b), and

f 0(x) = g0(x) for all x ∈ (a, b),

then there is a constant c such that

f(x) = g(x) + c for all x ∈ [a, b].

Proof. Apply Theorem 7.8(i) to the function f − g.



Differentiation 229

Theorem 7.9
Let f : [a, b] → R be a continuous function which is differentiable on
(a, b).
(i) If f 0(x) ≥ 0 for all x ∈ (a, b), f is increasing on [a, b].
(ii) If f 0(x) ≤ 0 for all x ∈ (a, b), f is decreasing on [a, b].
(iii) If f 0(x) > 0 for all x ∈ (a, b), f is strictly increasing on [a, b].
(iv) If f 0(x) < 0 for all x ∈ (a, b), f is strictly decreasing on [a, b].
Proof. Suppose x1, x2 ∈ [a, b] and x1 < x2. From the mean value
Theorem, applied to the interval [x1, x2], there is a c ∈ (x1, x2) ⊆ (a, b)
such that

f(x2)− f(x1) = (x2 − x1)f
0(c).

This implies that f(x2)− f(x1) and f
0(c) have the same sign, and that

f(x1) = f(x2) if and only if f
0(c) = 0. ¤

Remarks 7.3
1. If we drop the condition that f be continuous on [a, b] in Theorems
7.8 and 7.9 and Corollary 7.8, then the conclusions of the theorems
remain valid on (a, b) instead of [a, b]. To see that, observe that, for any
x1, x2 ∈ (a, b), f is differentiable (and hence continuous) on [x1, x2], so
the mean value theorem applies to f on [x1, x2].

2. If f is differentiable and increasing on (a, b), then, for any c ∈ (a, b),
f(x)− f(c)

x− c
≥ 0 for all x ∈ (a, b)\{c},

hence

f 0(c) = lim
x→c

f(x)− f(c)

x− c
≥ 0.

This means we can restate parts (i) and (ii) of Theorem 7.9 in stronger
terms: a differentiable function f is increasing (decreasing) on [a, b] if
and only if f 0(x) ≥ 0 (f 0(x) ≤ 0) for all x ∈ (a, b). But this does not
apply to parts (iii) and (iv), since a function may be strictly increasing
on [a, b] without its derivative being positive on (a, b). Consider, for
example, the function f(x) = x3, which is strictly increasing on R
though f 0(0) = 0.

Example 7.11 Using the mean value theorem, we shall now prove that

(i) − x ≤ sinx ≤ x for all x ≥ 0,
(ii) sinx ≥ 2

π
x for all x ∈ [0, π/2]. (7.1)
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Inequality (i) was already established in Example 5.10 using a geo-
metric argument. It clearly holds when x = 0. If x > 0, we apply
Theorem 7.7 to the sine function over the interval [0, x] to conclude
that

sinx− sin 0 = (x− 0) cos c,
where c ∈ (0, x). Since |cos c| ≤ 1, this implies |sinx| ≤ x. Since
sin(−x) = − sinx, we conclude that |sinx| ≤ |x| for all x ∈ R.
To prove (ii), consider the function f(x) = sinx − 2x/π, which is 0

at x = 0 and x = π/2. Its derivative f 0(x) = cosx − 2/π is 0 at c =
cos−1(2/π) ∈ (0, π/2). Since cosx is a decreasing function on [0, π/2],
f 0(x) is positive on (0, c) and negative on (c, π/2). By Theorem 7.9 the
function f(x) is therefore increasing on [0, c] and decreasing on [c, π/2].
Consequently, we have

f(x) ≥ f(0) = 0 for all x ∈ [0, c],
f(x) ≥ f(π/2) = 0 for all x ∈ [c, π/2],

which implies f(x) ≥ 0 for all x ∈ [0, π/2].
Example 7.12 For any rational number r, let

f(x) = (1 + x)r for all x > −1.
We shall now prove that, if r > 1, then

f(x) > 1 + rx for all x > −1, x 6= 0.
This inequality is known as Bernoulli’s inequality.
Let g : (−1,∞)→ R be defined by

g(x) = f(x)− (1 + rx).

Using the rules of differentiation, we have

g0(x) = r(1 + x)r−1 − r

= r[(1 + x)r−1 − 1].
If x > 0 then (1+x)r−1 > 1 and therefore g0(x) > 0, and if −1 < x < 0
then (1 + x)r−1 < 1 and g0(x) < 0. By Theorem 7.9, g is strictly
decreasing on (−1, 0] and strictly increasing on [0,∞), which means

g(x) > g(0) for all x ∈ (−1,∞)\{0}.
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But, since g(0) = 0,

g(x) > 0 for all x ∈ (−1,∞)\{0},

and hence f(x) > 1 + rx on (−1,∞), x 6= 0.
Besides Theorems 7.8 and 7.9, the mean value theorem has many

deep consequences which will occupy us for the remainder of this chap-
ter. In the following theorem, the sign of the derivative of a function is
used to classify its critical points.

Theorem 7.10
Let c be a critical point and a point of continuity for the function f :
D→ R.
(i) If there is an open interval I ⊆ D, which contains c, such that

f 0(x) < 0 for all x ∈ I, x < c

f 0(x) > 0 for all x ∈ I, x > c,

then f(c) is a local minimum for f.
(ii) If there is an open interval I ⊆ D, which contains c, such that

f 0(x) > 0 for all x ∈ I, x < c

f 0(x) < 0 for all x ∈ I, x > c,

then f(c) is a local maximum for f.
(iii) If there is an open interval I ⊆ D, which contains c, such that
f 0(x) has the same sign on I\{c}, then f(c) is not a local extremum
for f.

Figure 7.7



232 Elements of Real Analysis

Proof. Figure 7.7 illustrates the three cases of the theorem. To prove
case (i), note that, by Theorem 7.9, f is decreasing on the interval
I ∩ (−∞, c] and increasing on the interval I ∩ [c,∞), hence

f(x) ≥ f(c) for all x ∈ I, x < c,

f(x) ≥ f(c) for all x ∈ I, x > c.

Thus f(x) ≥ f(c) for all x ∈ I, which means f(c) is a local minimum.
The other two cases can be proved by similar arguments. ¤
Theorem 7.4 gives the conditions under which the inverse function

may be differentiated, and the form of its derivative. The following
more general result shows the influence of the derivative of a function
on the local behaviour of the inverse function. It is the one-dimensional
version of a theorem that is central to the analysis of functions of several
variables.

Theorem 7.11 (Inverse Function Theorem)
Let f be a differentiable function whose derivative is continuous on the
open interval I. If f 0(b) 6= 0 for some b ∈ I, then there is an open
interval J ⊆ I which contains b such that f |J is injective, and the
function (f |J)−1 is differentiable on f(J), where its derivative is

¡
(f |J)−1

¢0
(f(x)) =

1

f 0(x)
for all x ∈ J.

Proof. Since f 0 is continuous at b, by Theorem 5.5, there are positive
numbers r and δ such that¯̄

f 0(x)
¯̄
> r for all x ∈ (b− δ, b+ δ),

which means f 0(x) 6= 0 for all x in the interval J = (b−δ, b+δ). By The-
orem 7.8, f |J is injective and, by Theorem 7.4, (f |J)−1 is differentiable
at every f(x) ∈ f(J) with derivative

((f |J)−1)0(f(x)) =
1

f 0(x)
. ¤

We end this section with a rather subtle question: Can any function
be a derivative (of another function)? We have already seen in Example
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7.7 that the function

g(x) =

(
x2 sin

1

x
, x 6= 0

0, x = 0

is differentiable on R, and that its derivative is given by

g0(x) =

(
2x sin

1

x
− cos 1

x
, x 6= 0

0, x = 0.

The function g0 is clearly not continuous at x = 0, as it has no limit at
that point. g0 is bounded in a neighborhood of 0, so its discontinuity
there is an oscillatory, not a jump, discontinuity (see Section 6.1), and
this is no coincidence; for g0 has to satisfy the mean value property, as
the following theorem stipulates.

Theorem 7.12 (Darboux)
Let the function f : [a, b] → R be differentiable. If λ is a number
between f 0(a) and f 0(b), then there is a point c ∈ (a, b) such that
f 0(c) = λ.

Proof. By using −f instead of f if necessary, we may assume that
f 0(a) < λ < f 0(b). (7.9)

The function defined by

g(x) = f(x)− λx for all x ∈ [a, b]
is differentiable on [a, b], and

g0(x) = f 0(x)− λ for all x ∈ [a, b].
If there is no c ∈ (a, b) such that f 0(c) = λ, then, for every x ∈ (a, b),
g0(x) 6= 0. By Theorem 7.8, this means that g is injective on [a, b]. Since
g is also continuous, it is strictly monotonic (by Theorem 6.7). If g is
strictly increasing, then

g(x)− g(a)

x− a
> 0 for all x ∈ (a, b),

hence

g0(a) = lim
x→a

g(x)− g(a)

x− a
≥ 0.
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This contradicts the assumption (7.9) that g0(a) = f 0(a)− λ < 0. If g,
on the other hand, is strictly decreasing, then

g(x)− g(b)

x− b
< 0 for all x ∈ (a, b),

and we obtain g0(b) ≤ 0 in the limit as x → b, thereby contradicting
the assumption that g0(b) = f 0(b) − λ > 0. Thus there is a c ∈ (a, b)
where g0(c) = f 0(c)− λ = 0. ¤
According to Darboux’s theorem, not every function can be a deriv-

ative of another function over an interval. For example, the function

f(x) =

½
1, x > 0
0, x ≤ 0

is not the derivative of any function in a neighborhood of 0, as it fails
to satisfy the intermediate value property on that neighborhood.

Exercises 7.2

1. Define a function f : [0, 1] → R which is continuous on [0, 1],
differentiable on (0, 1), and satisfies f(0) = f(1) = 0, but is not
differentiable at x = 0 and x = 1. Find a point c ∈ (0, 1) where
f 0(c) = 0.

2. Give an example to show that, if there is a point in (0, 1) where f
is not differentiable, the conclusion of the mean value theorem may
not hold.

3. For each of the following functions, determine whether f satisfies
the conditions of the mean value theorem. If it does, find the point
c, and if not, explain why.

(a) f(x) = x3, x ∈ [−1, 1]
(b) f(x) = |x| , x ∈ [−1, 1]
(c) f(x) = x |x| , x ∈ [−1, 1]
(d) f(x) = |x|3 , x ∈ [−1, 2]

(e) f(x) =
1

1 + x
, x ∈ [0, 2]
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(f) f(x) =

½
1/x, x ∈ (0, 1]
0, x = 0

(g) f(x) =

½
x2, x ∈ [−1, 1]
1, x ∈ (1, 2].

4. Prove that |cosx− cos y| ≤ |x− y| for all x, y ∈ R.
5. If f 00(x) = 0 for all x ∈ (a, b), prove that there are two constants

c1 and c2 such that f(x) = c1x + c2 for all x ∈ (a, b). What can
you say about the form of f if f 000(x) = 0 for all x ∈ (a, b)?

6. Show that the function

f(x) =

(
x2 sin

1

x
+
1

2
x, x 6= 0

0, x = 0

satisfies f 0(0) > 0, but is not increasing on any neighborhood of
x = 0. How is this consistent with Theorem 7.9?

7. Prove the following:

(a) x < tanx for all x ∈ (0, π/2)
(b) If f(x) =

x

sinx
, f is an increasing function on (0, π/2)

(c)
√
1 + x ≤ 1 + 1

2
x for all x > 0

(d) limx→∞(
√
x+ k−√x) = 0, where k is any positive constant.

8. If f and g are differentiable on R, and f 0(x) < g0(x) for all x ∈ R,
prove that for every a ∈ R we have

f(x)− f(a) ≤ g(x)− g(a) for all x ∈ [a,∞).

9. Suppose f is differentiable on R and 1 ≤ f 0(x) ≤ 2 for all x ∈ R.
If f(0) = 0 prove that

|x| ≤ |f(x)| ≤ 2 |x| for all x ∈ R.

10. Suppose f : (a, b)→ R is differentiable and f 0 is bounded on (a, b).
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(a) Prove that f satisfies a Lipschitz condition on (a, b), i.e., there
is a real constant K such that

|f(x)− f(y)| ≤ K |x− y| for all x, y ∈ (a, b).
Conclude that f is uniformly continuous.

(b) Give an example of a function f : (0, 1) → R which is differ-
entiable and uniformly continuous, but which does not satisfy
a Lipschitz condition on (0, 1).

(c) Is the function defined on R by

f(x) =

(
x2 sin

1

x
, x 6= 0

0, x = 0

uniformly continuous on R?

11. Let f be continuous on [a, b] and differentiable on (a, b). If lim
x→a

f 0(x)
exists, prove that f is differentiable at a and f 0(a) = lim

x→a
f 0(x).

12. Determine the local extreme values for each of the following func-
tions, and the intervals where each is increasing or decreasing:

(a) f(x) = 3x− 4x2, x ∈ R
(b) g(x) =

x

x2 + 1
, x ∈ R

(c) h(x) = x+
1

x
, x 6= 0.

13. Find the points where each function assumes its extreme values
on the given interval:

(a) f(x) =
¯̄
x2 − 4¯̄ on [−3, 4]

(b) g(x) = 1 + x2/3 on [−2, 1]
(c) h(x) = x

¯̄
x2 − 1¯̄ on [−2, 2].

14. Suppose the function f is continuous on [0,∞) and differentiable
on (0,∞). If f 0 is increasing on (0,∞) and f(0) = 0, prove that
the function g(x) = f(x)/x is increasing on (0,∞).
Hint: Differentiate g and use the mean value theorem applied to
f.
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15. If 0 < a < b and n ∈ {2, 3, 4, · · · }, prove that

b1/n − a1/n < (b− a)1/n.

Hint: Show that the function f(x) = x1/n − (x − 1)1/n is strictly
decreasing on [1,∞), and apply the mean value theorem over a
suitable interval.

16. Let f : R→ R be differentiable, and f(0) = 0, f(1) = f(2) = −1.
Prove that there are three points a, b, and c in (0, 2) such that
f 0(a) = −1/2, f 0(b) = −3/4, and f 0(c) = −1/11.
Hint: Apply Darboux’s theorem to f 0.

17. Suppose c is a critical point of the function f. If f 0 is differentiable
in a neighborhood of c, prove the following:

(a) If f 00(c) > 0 then f(c) is a local minimum value of f .

(b) If f 00(c) < 0 then f(c) is a local maximum value of f.

This is known as the second derivative test for classifying critical
points. Theorem 7.10 provides a first derivative test for such a
classification.

18. Provide examples to show that, if f 00(c) = 0, then f(c) may be a
local minimum, maximum, or neither.

7.3 L’Hôpital’s Rule

When two functions f and g have limits at the point c,

lim
x→c

f(x) = c, lim
x→c

g(x) = m,

we can write

lim
x→c

f(x)

g(x)
=

c

m
(7.10)

provided m 6= 0. But if m = 0, then there are two possibilities:
(i) c 6= 0, in which case the limit (7.10) does not exist in R, and there

is nothing more to be said.
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(ii) c = 0, in which case the limit (7.10) may exist, such as

lim
x→0

sinx

x
,

or it may not exist, as in

lim
x→0

sinx

|x| .

In case (ii), that is, when

lim
x→c

f(x) = lim
x→c

g(x) = 0,

we shall develop a method for deciding when the limit of f/g exists at
c, and how it can be evaluated.

We begin with a generalized version of the mean value theorem:

Theorem 7.13 (Cauchy’s Mean Value Theorem)
If the functions f and g are continuous on [a, b] and differentiable on
(a, b), then there is a point c ∈ (a, b) such that

[f(b)− f(a)]g0(c) = [g(b)− g(a)]f 0(c).

Proof. Let h be the function defined on [a, b] by

h(x) = [f(b)− f(a)]g(x)− [g(b)− g(a)]f(x),

which is clearly continuous on [a, b] and differentiable on (a, b). Since
h(a) = h(b), there is a c ∈ (a, b) where

h0(c) = [f(b)− f(a)]g0(c)− [g(b)− g(a)]f 0(c) = 0

by Rolle’s theorem. ¤
Note that the mean value theorem is a special case of this theorem

in which g(x) = x. Now we turn to the main result of this section.

Theorem 7.14 (L’Hôpital’s Rule)
Let the functions f and g be continuous on a real interval I and dif-
ferentiable on I\{c}, where c is a point in I. If
(i) g0(x) 6= 0 for all x ∈ I\{c},
(ii) f(c) = g(c) = 0,

(iii) lim
x→c

f 0(x)
g0(x)

exists in R̄ = R ∪ {−∞,∞},
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then

lim
x→c

f(x)

g(x)
= lim

x→c

f 0(x)
g0(x)

.

Proof. Let (xn) be any sequence in I such that xn 6= c and xn → c.
According to Theorem 5.1, it suffices to prove that

lim
n→∞

f(xn)

g(xn)
= lim

x→c

f 0(x)
g0(x)

.

Applying Cauchy’s mean value theorem, we can find a sequence (cn) in
I\{c} such that

1. cn lies between xn and c,

2. [f(xn)− f(c)]g0(cn) = [g(xn)− g(c)]f 0(cn) for all n ∈ N.

Note that condition 1 implies g0(cn) 6= 0 for all n ∈ N; and since
f(c) = g(c) = 0, condition 2 becomes

f(xn)g
0(cn) = g(xn)f

0(cn). (7.11)

The fact that g0(x) 6= 0 on I\{c} means that g is injective on the
interval whose end-points are xn and c, hence

g(xn) 6= g(c) = 0.

This allows us to divide equation (7.11) by g(xn)g
0(cn) to obtain

f(xn)

g(xn)
=

f 0(cn)
g0(cn)

.

As the sequence (f 0(cn)/g0(cn)) converges (in the extended sense) to

lim
x→c

f 0(x)
g0(x)

,

the sequence (f(xn)/g(xn)) also converges, and to the same limit. ¤
Since this proof remains valid if c is an end-point of I, L’Hôpital’s

rule may also be used to evaluate the one-sided limits of the function
f/g when the conditions of the theorem are satisfied.
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Example 7.13 In Chapter 5 we evaluated the limit at x = 0 of the
function

h(x) =
sinx

x
, x ∈ R\{0}

using a geometric argument. Now we observe that the functions

f(x) = sinx, g(x) = x

satisfy the conditions of Theorem 6.14 on any neighborhood of 0, there-
fore

lim
x→0

sinx

x
= lim

x→0
cosx

1
= 1.

The function
sinx

|x| also satisfies the conditions of Theorem 6.14 on

the intervals [0, 1] and [−1, 0] at c = 0, hence

lim
x→0+

sinx

|x| = lim
x→0+

sinx

x
= lim

x→0+
cosx

1
= 1,

lim
x→0−

sinx

|x| = lim
x→0−

sinx

−x = lim
x→0−

cosx

−1 = −1.

Thus the limit of sinx/ |x| does not exist at 0.
The next result extends L’Hôpital’s rule to the case when c =∞.

Theorem 7.15
Let the functions f and g be differentiable on [a,∞) and suppose

lim
x→∞ f(x) = lim

x→∞ g(x) = 0,

g0(x) 6= 0 for all x > a.

If lim
x→∞

f 0(x)
g0(x)

exists in R̄, then

lim
x→∞

f(x)

g(x)
= lim

x→∞
f 0(x)
g0(x)

.

Proof. Clearly, we can take a > 0. Define the functions F and G on
(0, 1/a] by

F (x) = f

µ
1

x

¶
, G(x) = g

µ
1

x

¶
.



Differentiation 241

This means

f(x) = F

µ
1

x

¶
, g(x) = G

µ
1

x

¶
, x ∈ [a,∞),

and so the limit we have to evaluate is

lim
x→∞

F (1/x)

G(1/x)
.

But since x → ∞ if and only if t = 1/x → 0+, this is the same as the
limit

lim
t→0+

F (t)

G(t)
.

By the chain rule,

F 0(t) = f 0
µ
1

t

¶
·
µ
− 1
t2

¶
,

G0(t) = G0
µ
1

t

¶
·
µ
− 1
t2

¶
.

Hence

lim
t→0+

F 0(t)
G0(t)

= lim
t→0+

f 0(1/t)
g0(1/t)

= lim
x→∞

f 0(x)
g0(x)

.

To complete the proof, we need to show that

lim
t→0+

F (t)

G(t)
= lim

t→0+
F 0(t)
G0(t)

. (7.12)

The functions F and G are differentiable on (0, 1/a), and they may be
extended as continuous functions to [0, 1/a) by the definitions

F (0) = lim
t→0+

F (t) = lim
x→∞ f(x) = 0,

G(0) = lim
t→0+

G(t) = lim
x→∞ g(x) = 0.

This allows us to apply Theorem 7.14 and obtain (7.12). ¤
Limits of the type limx→c f(x)/g(x), where

lim
x→c

f(x) = lim
x→c

g(x) = 0

are denoted by the indeterminate form 0/0. There are other indeter-
minate forms, such as∞/∞, 1∞, 0 ·∞, ∞−∞, 00, and∞0. The next
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theorem gives L’Hôpital’s rule for the form ∞/∞, and the others will
be discussed through some representative examples.

Theorem 7.16
Let the functions f and g be differentiable on (a, b) and g0(x) 6= 0 for
any x ∈ (a, b). If

lim
x→a+

g(x) = lim
x→a+

f(x) =∞

and lim
x→a+

f 0(x)
g0(x)

exists in R̄, then

lim
x→a+

f(x)

g(x)
= lim

x→a+

f 0(x)
g0(x)

.

Proof. We shall prove the theorem in the case when

lim
x→a+

f 0(x)
g0(x)

= c

with c ∈ R, and leave the cases when c = ±∞ as an exercise. Given
ε > 0, there is a δ > 0 such that¯̄̄̄

f 0(x)
g0(x)

− c

¯̄̄̄
< ε for all x ∈ (a, a+ δ). (7.13)

Choose any point c in (a, a + δ). Since f(x) → ∞ as x → a+, there is
a point d ∈ (a, c) (see Figure 7.8) such that

x ∈ (a, d)⇒ f(x) > f(c).

Figure 7.8

Define the function h on (a, d) by

h(x) =
1− f(c)/f(x)

1− g(c)/g(x)
,
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and note that 1 − g(c)/g(x) 6= 0 because g is injective on (a, b), and
h(x) 6= 0 because f(x) > f(c) on (a, d). Since f(c)/f(x) → 0 and
g(c)/g(x)→ 0 as x→ a+, it follows that limx→a+ h(x) = 1, so there is
a t ∈ (a, d) such that

x ∈ (a, t)⇒ |h(x)− 1| < ε0 = min{ε, 1/2}
⇒ 1− ε0 < h(x) < 1 + ε0

⇒ 1

|h(x)| <
1

1− ε0
≤ 2. (7.14)

Let x ∈ (a, t). We shall complete the proof by showing that¯̄̄̄
f(x)

g(x)
− c

¯̄̄̄
< kε

for some constant k. Observe that

f(x)

g(x)
=

f(x)

g(x)

h(x)

h(x)
=

f(x)− f(c)

g(x)− g(c)

1

h(x)
.

If we apply Cauchy’s mean value theorem to f and g on [x, c], and use
the above equation, we obtain, for some y ∈ (x, c),

f 0(y)
g0(y)

=
f(x)− f(c)

g(x)− g(c)
=

f(x)

g(x)
h(x) for all x ∈ (a, d).

In view of (7.13) and (7.14), and with a < x < t < d < c < a + δ, we
have ¯̄̄̄

f(x)

g(x)
− c

¯̄̄̄
=

¯̄̄̄
f 0(y)
g0(y)

1

h(x)
− c

¯̄̄̄
=

¯̄̄̄
f 0(y)
g0(y)

− ch(x)

¯̄̄̄
1

|h(x)|
≤ 2

µ¯̄̄̄
f 0(y)
g0(y)

− c

¯̄̄̄
+ |c− ch(x)|

¶
≤ 2(ε+ |c| ε)
≤ 2(1 + |c|)ε. ¤

This theorem does not preclude the possibility that the interval (a, b)
extends to infinity at either end, or both ends, which allows us to deal
with the limits

lim
x→∞

f(x)

g(x)
, lim
x→−∞

f(x)

g(x)
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when the limits of f and g at ±∞ are ∞. But in the proof we have to
use the appropriate form for the neighborhoods of ∞ and −∞.

In the following examples, we assume the validity of the rules for
differentiating the exponential function ex and the logarithmic function
log x,

d

dx
ex = ex, x ∈ R,

d

dx
log x =

1

x
, x > 0,

which will be proved in Chapter 9.

Example 7.14 To determine

lim
x→∞

log x

x
,

where log x and x both tend to ∞, we note that Theorem 7.16 applies
to the interval (0,∞). Thus

lim
x→∞

log x

x
= lim

x→∞
1/x

1
= 0.

Note that L’Hôpital’s rule does not apply to the limit at 0+ (since
log x→ −∞ while x→ 0), and it gives the false result

lim
x→0+

log x

x
= lim

x→0+
1/x

1
=∞.

Example 7.15 The limit limx→0+ x log x is of the form 0 · (−∞). We
can write

x log x =
log x

1/x
,

which satisfies the conditions of Theorem 7.16 on (0,∞), since log x→
−∞ and 1/x → ∞. Note that the negative sign of limx→0+ log x does
not violate the conditions of the theorem, since we can apply the rule
to −x log x and change the sign of the result. Thus

lim
x→0+

log x

1/x
= lim

x→0+
1/x

−1/x2 = 0.

It may seem, on the other hand, that writing

x log x =
x

1/ log x
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allows us to apply Theorem 7.14 for the indeterminate form 0/0. But
the limit of

f 0(x)
g0(x)

= −x(log x)2

as x→ 0+ is even more difficult to evaluate than the original limit.

Example 7.16 To evaluate the limit of xx as x → 0+, we use the
properties of the exponential function

xx = (elog x)x = ex log x for all x > 0.

Assuming the continuity of ex = expx on (0,∞),
lim
x→0+

xx = lim
x→0+

exp(x log x)

= exp

µ
lim
x→0+

x log x

¶
= exp(0)

= 1.

Example 7.17 The limit of the function (1 + p/x)x at ∞ leads to the
indeterminate form 1∞, and at 0 to the form ∞0.
(i) In the first case we have³

1 +
p

x

´x
= exp

h
x log

³
1 +

p

x

´i
.

The limit

lim
x→∞x log

³
1 +

p

x

´
= lim

x→∞
log(1 + p/x)

1/x

is of the form 0/0 to which Theorem 7.14 applies, so we may use
L’Hôpital’s rule to obtain

lim
x→∞x log

³
1 +

p

x

´
= lim

x→∞
−px−2/(1 + p/x)

−x−2
= lim

x→∞
px

x+ p

= p.

Hence,

lim
x→∞

³
1 +

p

x

´x
= exp p = ep,

as would be expected, in view of example 3.12.
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(ii) In the second case,

lim
x→0+

x log
³
1 +

p

x

´
= lim

x→0+
px

x+ p
= 0.

Therefore

lim
x→0+

µ
1 +

1

x

¶x

= exp 0 = 1.

Exercises 7.3

1. If limx→c f(x)/g(x) exists in R and limx→c g(x) = 0, prove that
limx→c f(x) = 0.

2. Define two functions, f and g, which are differentiable on (0,∞)
such that g(x) 6= 0 for any x ∈ (0,∞), limx→0+ f(x) = limx→0+ g(x) =
0, but limx→0+ f(x)/g(x) does not exist in R̄.

3. Define two functions, f and g, in a neighborhood of 0 such that
limx→0 f(x)/g(x) = 0 but limx→0 f 0(x)/g0(x) does not exist.

4. Evaluate the following limits:

(a) lim
x→0

cosx− 1
x2

(b) lim
x→0

√
1 + x−√1− x

x

(c) lim
x→0

x3

sinx− x

(d) lim
x→0

1− cosx
sin2 x

.

5. Evaluate the following limits:

(a) lim
x→0+

log(1 + x)

sinx

(b) lim
x→0+

tanx

x

(c) lim
x→∞

log x√
x
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(d) lim
x→∞

x4

ex
.

6. Evaluate the following limits:

(a) lim
x→∞x1/x

(b) lim
x→0+

µ
1 +

2

x

¶x

(c) lim
x→0+

µ
1

x
− 1

arctanx

¶
(d) lim

x→(π/2)−
(secx− tanx).

7.4 Taylor’s Theorem

Suppose f is a real polynomial on R of degree n,

f(x) = a0 + a1x+ a2x
2 + · · ·+ anx

n.

By differentiating f successively and setting x = 0 in each derivative,
we can evaluate the coefficients

a0 = f(0), a1 =
f 0(0)
1!

, a2 =
f 00(0)
2!

, · · · , an = f (n)(0)

n!
.

More generally, if

f(x) = a0 + a1(x− x0) + a2(x− x0)
2 + · · ·+ an(x− x0)

n,

where x0 is fixed, then we have

a0 = f(x0), ak =
f (k)(x0)

k!
, k = 1, 2, · · · , n,

in which case we can write

f(x) = f(x0) +
f 0(x0)
1!

(x− x0) +
f 00(x0)
2!

(x− x0)
2 + · · ·

+
f (n)(x− x0)

n!
(x− x0)

n. (7.15)

Now if f is not a polynomial, but a function which is differentiable
n times in a neighborhood of x0, can the right-hand side of equation
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(7.15) be considered an approximation of f(x), and in what sense? The
answer to this question is provided by Taylor’s theorem. This theorem,
in a certain sense, is another generalization of the mean value theorem
with deep significance in analytic function theory.

Theorem 7.17 (Taylor’s Theorem)
Let the function f and its derivatives f 0, f 00, · · · , f (n) be continuous on
[a, b], and suppose f (n) is differentiable on (a, b). If x0 is a point in
[a, b] then, for every x ∈ [a, b]\{x0}, there is a point c between x 0 and
x such that

f(x) = f(x0) +
f 0(x0)
1!

(x− x0) +
f 00(x0)
2!

(x− x0)
2 + · · ·

+
f (n)(x0)

n!
(x− x0)

n +
f (n+1)(c)

(n+ 1)!
(x− x0)

n+1. (7.16)

Remarks 7.4
1. We retrieve the mean value theorem by setting n = 0 in (7.16).

2. The number c depends on x and n.

Proof. Define the function g on the closed interval I, whose end-points
are x0 and x, by

g(t) = f(x)− f(t)− f 0(t)(x− t)− f 00(t)
2!

(x− t)2 − · · ·

− f (n)(t)

n!
(x− t)n,

so that we need only prove the equality

g(x0) =
f (n+1)(c)

(n+ 1)!
(x− x0)

n+1.

for some c ∈ I. Differentiating g,

g0(t) = −f 0(t) + f 0(t)− f 00(t)(x− t) + f 00(t)(x− t)− · · ·

− f (n)(t)

(n− 1)!(x− t)n−1 +
f (n)(t)

(n− 1)!(x− t)− f (n+1)(t)

n!
(x− t)n

= −f
(n+1)(t)

n!
(x− t)n, (7.17)

and setting

h(t) = g(t)− g(x0)

µ
x− t

x− x0

¶n+1

, t ∈ I,
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we see that

h(x0) = g(x0)− g(x0) = 0,

h(x) = g(x)− 0 = 0.

The function h, therefore, satisfies the conditions of Rolle’s theorem on
I, so there is a point c between x0 and x such that

0 = h0(c) = g0(c) + (n+ 1)
(x− c)n

(x− x0)n+1
g(x0),

which, using (7.17), implies

g(x0) = −g0(c) (x− x0)
n+1

(n+ 1)(x− c)n

=
f (n+1)(c)

n!
(x− c)n · (x− x0)

n+1

(n+ 1)(x− c)n

=
f (n+1)(c)

(n+ 1)!
(x− x0)

n+1. ¤

Taylor’s theorem allows us to express the function f as

f(x) = pn(x) +Rn(x),

where pn(x) is the polynomial

pn(x) = f(x0) +
nP

k=1

f (k)(x0)

k!
(x− x0)

k,

and Rn(x), the difference between f(x) and pn(x), is called Taylor’s
remainder and is given by

Rn(x) =
f (n+1)(c)

(n+ 1)!
(x− x0)

n+1 (7.18)

in the so-called Lagrange form. There is another representation of
Rn, known as the Cauchy form, given by

Rn(x) =
f (n+1)(d)

n!
(x− x0)(x− d)n, (7.19)
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where d lies between x0 and x. To prove the validity of (7.19), we have
to show that there is a point d in I, the interval bounded by x0 and x,
such that

f(x) = f(x0) + f 0(x0)(x− x0) + · · ·+ f (n)(x0)

n!
(x− x0)

n

+
f (n+1)(d)

n!
(x− x0)(x− d)n.

If we apply the mean value theorem to the function g (defined in the
proof of Theorem 7.17) on the interval I, we can find a point d ∈ I
where

g(x)− g(x0)

x− x0
= g0(d)

0− g(x0)

x− x0
= −f

(n+1)(d)

n!
(x− d)n,

by (7.17). Hence

g(x0) =
f (n+1)(d)(x− x0)(x− d)n

n!
.

Since g(x0) = f(x)− pn(x), Equation (7.19) follows.

If the remainder term Rn(x) in Taylor’s theorem tends to 0 as n
increases, the theorem provides an effective means for approximating
functions by polynomials, Rn(x) being the error in the approximation.

Example 7.18 To approximate the function f(x) =
√
x+ 1 on (−1, 1)

by a polynomial of degree 3, we take n = 3, x0 = 0, and calculate the
first four derivatives of the function at 0 :

f 0(x) =
1

2
(x+ 1)−1/2, f 0(0) =

1

2
,

f 00(x) = −1
4
(x+ 1)−3/2, f 00(0) = −1

4
,

f 000(x) =
3

8
(x+ 1)−5/2, f 000(0) =

3

8
,

f (4)(x) = −15
16
(x+ 1)−7/2, f (4)(0) = −15

16
.

Substituting into Taylor’s formula (7.16), we see that

√
x+ 1 = 1 +

1

2
x− 1

4

1

2!
x2 +

3

8

1

3!
x3 +R3(x),
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where

R3(x) = −15
16

(1 + c)−7/2

4!
x4

and 0 < c < x. On the interval [0, 1/2], for example, the error in the
approximation √

x+ 1 ' 1 + 1
2
x− 1

8
x2 +

1

16
x3

is

|R3(x)| < 15

16

1

4!

1

24
< 0.0025.

Example 7.19 To approximate the number e, take

f(x) = ex, x0 = 0.

Taylor’s formula yields

ex = 1 +
x

1!
+

x2

2!
+ · · ·+ xn

n!
+

xn+1

(n+ 1)!
ec, 0 < c < x.

Choose x = 1, so that

e = 1 + 1 +
1

2
+ · · ·+ 1

n!
+

1

(n+ 1)!
ec, 0 < c < 1.

Suppose we wish to approximate e to a margin of error not exceeding
10−6. Then we select n so that

1

(n+ 1)!
ec ≤ 10−6, 0 < c < 1. (7.20)

Since ec < e < 3, (7.20) will be satisfied if (n + 1)! ≥ 3× 106, that is,
if n ≥ 9. For n = 9, we obtain

e ' 1 + 1 + 1
2
+ · · ·+ 1

9!
= 2.718282

to within an error of 10−6.

Example 7.20 Let

f(x) =
1

1− x
, x ∈ (−1, 1), x0 = 0.

Therefore
f 0(0) = 1, f 00(0) = 2, · · · , f (k)(0) = k!
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and hence
1

1− x
= 1 + x+ x2 + · · ·+ xn +Rn(x).

Using Lagrange’s form of the remainder, we have

Rn(x) =
(n+ 1)!

(n+ 1)!(1− c)n+2
xn+1 =

xn+1

(1− c)n+2
, (7.21)

where c lies between 0 and x. With −1 < x < 1 it is not clear from
(7.21) that Rn(x)→ 0 as n→∞. Cauchy’s form gives

Rn(x) =
f (n+1)(d)

n!
x(x− d)n

=
(n+ 1)!

n!(1− d)n+2
x(x− d)n

= (n+ 1)xn+1
(1− θ)n

(1− θx)n+2
,

where 0 < θ < 1 and d = θx. Since −1 < x < 1, it follows that

1− θx > 1− θ > 0,

and that
|1− θx| ≥ 1− |θx| > 1− |x| .

Therefore

|Rn(x)| ≤ (n+ 1) |x|
n+1

(1− θx)2
<
(n+ 1) |x|n+1
(1− |x|)2 .

With |x| < 1, and in view of Exercise 3.2.6, we have n |x|n → 0, hence
|Rn(x)|→ 0 as n→∞ for every x ∈ (−1, 1).
Exercise 7.4.6 provides an example of a function for which Rn(x)9 0

at any x 6= 0, though the function is differentiable to any order. This
subject will be followed up in Chapter 9, where the distinction between
such functions and those for which Rn(x)→ 0 is clarified.

In Taylor’s theorem it was assumed that f (n) was differentiable on
the interval (a, b) containing c. The following result, often referred to
as Young’s theorem, requires that f (n) be differentiable only at x0.



Differentiation 253

Theorem 7.18
Let the function f and all its derivatives up to order n be continuous
on [a, b], and suppose f (n) is differentiable at the point x0 ∈ [a, b]. If
x ∈ [a, b] then

f(x) = f(x0) +
f 0(x0)
1!

(x− x0) +
f 00(x0)
2!

(x− x0)
2 + · · ·

+
f (n)(x0)

n!
(x− x0)

n +
f (n+1)(x0)

(n+ 1)!
(x− x0)

n+1 +En(x), (7.22)

where En(x)/(x− x0)
n+1 → 0 as x→ x0.

Proof. Let p be the polynomial

p(x) = f(x0)+
f 0(x0)
1!

(x−x0)+f 00(x0)
2!

(x−x0)2+· · ·+f (n)(x0)

n!
(x−x0)n,

and define

P (x) = f(x)− p(x), Q(x) = (x− x0)
n+1.

To prove the theorem, we have to show that

lim
x→x0

P (x)

Q(x)
=

f (n+1)(x0)

(n+ 1)!
.

Observe that

p(x0) = f(x0),

p(k)(x0) = f (k)(x0), k = 1, 2, · · · , n,

which implies

P (x0) = P 0(x0) = · · · = P (n)(x0) = 0.

Also

Q(k)(x) =
(n+ 1)!

(n+ 1− k)!
(x− x0)

n+1−k

⇒ Q(x0) = Q0(x0) = · · · = Q(n)(x0) = 0.
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To evaluate the limit of P/Q at x0, we apply L’Hôpital’s rule n times:

lim
x→x0

P (x)

Q(x)
= lim

x→x0

P 0(x)
Q0(x)

= lim
x→x0

P 00(x)
Q00(x)

= · · ·

= lim
x→x0

P (n)(x)

Q(n)(x)

= lim
x→x0

f (n)(x)− p(n)(x)

(n+ 1)!(x− x0)

= lim
x→x0

f (n)(x)− f (n)(x0)

(n+ 1)!(x− x0)

=
f (n+1)(x0)

(n+ 1)!
. ¤

Theorem 7.18 may be used to classify the critical points of a function
where it is differentiable a sufficient number of times, and provides
a clear improvement on the so-called second derivative test given in
Exercise 7.2.17.

Corollary 7.18 Suppose f 0(c) = f 00(c) = · · · = f (m−1)(c) = 0, and
f (m)(c) 6= 0. Then
(i) For f(c) to be an extremum of the function f , m has to be an even
number.
(ii) When m is even, f(c) is a local maximum if f (m)(c) < 0, and a
local minimum if f (m)(c) > 0.

Proof. Setting x0 = c in (7.22), we have

f(x) = f(c) +
f (m)(c)

m!
(x− c)m +E,

where E/(x− c)m → 0 as x→ c. Hence

lim
x→c

f(x)− f(c)

(x− c)m
=

f (m)(c)

m!
.

(i) Let m be an odd positive integer, and suppose f (m)(c) > 0 (oth-
erwise replace f by −f). It then follows that

lim
x→c

f(x)− f(c)

(x− c)m
> 0,
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so there is a δ > 0 such that

f(x)− f(c)

(x− c)m
> 0 for all x ∈ (c− δ, c+ δ). (7.23)

m being odd, we therefore have

f(x)− f(c) < 0 for all x ∈ (c− δ, c),

f(x)− f(c) > 0 for all x ∈ (c, c+ δ),

which implies f(c) is neither a local minimum nor a local maximum.
(ii) Now let m be even. If f (m)(c) > 0, (7.23) implies f(x)− f(c) ≥

0 on (c − δ, c + δ), hence f(c) is a local minimum; but if f (m)(c) < 0,
then f(x)− f(c) ≤ 0 on (c− δ, c+ δ), and f(c) is a local maximum. ¤

Exercises 7.4

1. Use Taylor’s theorem with n = 2 to obtain a suitable approxima-
tion of each of the following roots:

(a) 3
√
1.2

(b)
√
0.9.

2. Prove that Taylor’s remainder for f(x) = sinx in the representa-
tion (7.16) tends to 0 as n→∞ for any x0, x ∈ R.

3. Prove that, for x > 0,¯̄̄̄
log(1 + x)−

∙
x− x2

2
+

x3

3
− · · ·+ (−1)n−1x

n

n

¸¯̄̄̄
<

xn+1

n+ 1
.

Use this inequality to approximate log 1.3 to within 0.001.

4. Approximate the function cosx on [−1, 1] by a polynomial of de-
gree 6. Give an estimate of the error in the approximation.

5. Use Corollary 7.18 to decide whether f(0) is an extremum value
of f in each case:

(a) f(x) = cosx− 1
(b) f(x) = sinx− x+

1

6
x3
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(c) f(x) = x sinx.

6. Let

f(x) =

½
e−1/x2 , x 6= 0
0, x = 0.

Prove that f is differentiable on R any number of times, and that
f (k)(0) = 0 for every k ∈ N. Show that Rn(x) 9 0 as n → ∞ for
any x ∈ R\{0}.
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The Riemann Integral
In this chapter we introduce the Riemann integral and deduce its salient
properties. In all probability the reader is already familiar with the
integral and its applications from earlier calculus courses. Despite the
apparent technicality of the various definitions of the integral that we
offer in Sections 8.1 and 8.2, the concept arose from our need to handle
a simple and intuitive idea: how do we define and calculate the areas
of shapes in the plane?
Starting with a square whose side length is 1 as the unit area, in-

tuition suggests that the area of a shape should be the number of
non-overlapping unit squares needed to cover that shape exactly. With
this in mind, we quickly obtain laws for the areas of simple shapes like
rectangles, triangles, and more general polygonal shapes. Significant
difficulties arise, however, when we want to deal with shapes bounded
by curves rather than straight edges. The first attempt in recorded his-
tory at working out such areas is credited to Archimedes (287-212 BC),
if we overlook some evidence that the ancient Egyptians had quite ac-
curately calculated the area of the circle. Archimedes determined the
area under the parabola y = x2 over the interval [0, 1] by approximating
it using polygonal shapes. This is the very idea on which the Riemann
Integral, named after B.Riemann, is founded.
Section 8.4 deals with the relationship between integration and dif-

ferentiation. The all important “Fundamental Theorem of Calculus”,
derived independently by Newton and Leibnitz, reveals in striking sim-
plicity how one operation is essentially the inverse of the other. This is
rather surprising, since the derivative of a function measures its rate of
change, or the slope of its curve, while its integral measures the area
under its curve, and there is no apparent connection between the two
concepts.

8.1 Riemann Integrability

Unless otherwise stated, [a, b] is a closed and bounded interval in R and
f is a bounded real-valued function on [a, b].
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Definition 8.1 A finite ordered set of points P = {x0, x1, x2, · · · , xn}
is called a partition of [a, b] if

a = x0 < x1 < x2 < ... < xn = b.

The interval [xi, xi+1] is called the i-th subinterval of P . These subin-
tervals are clearly non-overlapping, except at the end-points, and they
cover [a, b] , which justifies the term “partition”. There are obviously
many ways to partition [a, b], and we shall denote the class of all par-
titions of [a, b] by P (a, b).
Let P = {x0, x1, x2, · · · , xn} be a partition of [a, b]. For each 0 ≤ i ≤

n− 1, let

Mi = sup {f(x) : x ∈ [xi, xi+1]} ,
mi = inf {f(x) : x ∈ [xi, xi+1]} .

Since f is bounded, both Mi and mi are real numbers for all i =
0, 1, · · · , n− 1.

Figure 8.1

Definition 8.2 The upper sum U (f, P ) and the lower sum L (f, P ) of
the function f, corresponding to the partition P, are defined as

U (f, P ) =
n−1P
i=0

Mi (xi+1 − xi)

L (f, P ) =
n−1P
i=0

mi (xi+1 − xi) .
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If f ≥ 0, as shown in Figure 8.2, then U (f, P ) is the area of the
union of the rectangles Di, Di being the rectangle whose base is the
subinterval [xi, xi+1] and whose height is Mi. Likewise L (f, P ) is the
area of the union of the rectangles D0

i, where D
0
i has the same base as

Di but has height mi (Figure 8.3).

Figure 8.2 Figure 8.3

Since Mi ≥ mi and xi+1 − xi > 0 for all i, we see that

U (f, P ) ≥ L (f, P ) for all P ∈ P (a, b) . (8.1)

Definition 8.3 We say a partition Q is finer than the partition P if,
as sets, P ⊆ Q.

To obtain a partition Q finer than P we need only add points from
(a, b) to P and rearrange the resulting set in ascending order. Observe
that each subinterval [xi, xi+1] of P is then a union of subintervals
of Q whose number depends on how many points were added within
[xi, xi+1] . In Figure (8.4) we refine P by adding four points u, v, w and
z to obtain the partition Q, with the result that

[x0, x1] = [x0, x1] ,

[x1, x2] = [x1, u] ∪ [u, x2] ,
[x2, x3] = [x2, v] ∪ [v,w] ∪ [w, x3] .
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Figure 8.4

At the risk of a slight abuse of notation, we shall extend the use of
some symbols, normally reserved for operations and relations on sets,
to partitions. Thus, for two partitions P and Q we shall write P ∪ Q
for the partition resulting from the union of the sets of points in P and
Q. We have already written P ⊆ Q to indicate that Q refines P.

Lemma 8.1 If the partition Q is finer than the partition P , then

U(f,Q) ≤ U (f, P ) , (8.2)

L(f,Q) ≥ L(f, P ). (8.3)

In other words, refinement reduces upper sums and increases lower
sums.

Proof. Let P = {x0, x1, x2, · · · , xn} , and suppose first that Q has just
one additional point u ∈ (xk, xk+1), so that

Q = {x0, x1, · · · , xk, u, xk+1, · · · , xn} .
Let

Mi = sup{f(x) : x ∈ [xi, xi+1]}, i = 0, 1, ..., n− 1,
M 0 = sup{f(x) : x ∈ [xk, u]},
M 00 = sup{f(x) : x ∈ [u, xk+1]}.

From the definition of the upper sum, we have

U(f,Q) =
k−1P
i=0

Mi(xi+1 − xi) +M 0(u− xk) +M 00(xk+1 − u)

+
n−1P
i=k+1

Mi(xi+1 − xi).

Since both [xk, u] and [u, xk+1] are subsets of [xk, xk+1], we must have

M 0 ≤Mk, M 00 ≤Mk.
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Hence

U(f,Q) ≤
k−1P
i=0

Mi(xi+1 − xi) +Mk(u− xk) +Mk(xk+1 − u)

+
n−1P
i=k+1

Mi(xi+1 − xi)

=
k−1P
i=0

Mi(xi+1 − xi) +Mk(xk+1 − xk) +
n−1P
i=k+1

Mi(xi+1 − xi)

= U(f, P ), (8.4)

which proves (8.2) in this case.
Suppose now that Q has r more points than P. Adding these points

one at a time, we obtain a sequence of nested partitions P ⊆ Q1 ⊆
Q2 ⊆ · · ·Qr−1 ⊆ Q, in which each partition exceeds its predecessor by
exactly one point. Using (8.4), we see that

U(f,Q) ≤ U(f,Qr−1) ≤ · · · ≤ U(f,Q2) ≤ U(f,Q1) ≤ U(f, P )

and thereby (8.2) is proved. The proof of (8.3) is similar; and we leave
the obvious modifications to the reader. ¤
Lemma 8.2 If P and Q are any two partitions of [a, b], then

U (f, P ) ≥ L (f,Q) . (8.5)

Proof. SinceP ∪Q refines both P and Q, we have

U (f, P ) ≥ U (f, P ∪Q)
L (f, P ∪Q) ≥ L (f,Q) .

But (8.1) asserts that U (f, P ∪Q) ≥ L (f, P ∪Q). Therefore

U (f, P ) ≥ L (f,Q) . ¤

Lemma 8.2 indicates that the set

E = {U (f, P ) : P ∈ P (a, b)}

is bounded below by L (f, P0) for any P0 ∈ P (a, b) , while

F = {L (f, P ) : P ∈ P (a, b)}
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is bounded above by U (f, P0). The completeness axiom ensures the
existence of inf E and supF in R.

Definition 8.4 The upper integral U (f) and the lower integral L (f)
of f over [a, b] are defined as

U (f) = inf E = inf {U (f, P ) : P ∈ P (a, b)}
L (f) = supF = sup {L (f, P ) : P ∈ P (a, b)} .

Since, for any P ∈ P (a, b), L (f, P ) is a lower bound for E, we must
have

U (f) ≥ L (f, P ) for all P ∈ P (a, b) .
Thus U (f) is an upper bound for F and we conclude that

U (f) ≥ L (f) . (8.6)

Definition 8.5 Let f : [a, b] → R be bounded. We say that f is Rie-
mann integrable over [a, b] if U (f) = L (f) , in which case the common
value is called the Riemann integral of f over [a, b], and is denoted by
I (f) or

R b
a f . The function f in

R b
a f is called the integrand and a and

b are the limits of integration. The class of functions that are Riemann
integrable over [a, b] will be denoted by R (a, b).
Remarks 8.1
1. It is also customary to denote the integral of f over [a, b] by

R b
a f(x)dx,

and we shall presently see some justification for this nomenclature. It
should be clear, however, that the value of the integral is not affected
by the choice of the symbol for the variable x. ThusZ b

a
f =

Z b

a
f(x)dx =

Z b

a
f(t)dt =

Z b

a
f(u)du = · · · . (8.7)

The justification for this redundancy will become apparent later on
when we make the connection between integration and differentiation.

2. Figures 8.2 and 8.3 suggest that, no matter how we define the area
A under the graph of f , we must have

L (f, P ) ≤ A ≤ U (f, P ) .

Consequently, we must have

L (f) ≤ A ≤ U (f) ,
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and so, if f ∈ R (a, b) , then A has to equal I (f). In other words, the
integral I(f) is a measure of the area under the curve of f(x) from
x = a to x = b.

Example 8.1 Suppose f is the constant function

f (x) = c for all x ∈ [a, b] .
If P = {x0, x1, x2, ..., xn} is any partition of [a, b], then Mi = mi = c,
and hence

U (f, P ) = L (f, P ) =
n−1P
i=0

c (xi+1 − xi) = c (b− a) .

Therefore
U (f) = L (f) = c (b− a)

and we conclude that f ∈ R (a, b) and that R ba c dx = c (b− a) .

Example 8.2 Let f : [a, b]→ R be defined by

f (x) =

½
1, x ∈ Q ∩ [a, b]
0, x /∈ Q ∩ [a, b]

This is often referred to as the Dirichlet function. If

P = {x0, x1, x2, · · · , xn} ∈ P (a, b) ,
then, Q and Qc being dense in R, we have

mi = 0, Mi = 1, i = 0, 1, 2, . . . , n− 1.
Consequently

U (f, P ) =
n−1P
i=0

1 · (xi+1 − xi) = b− a

L (f, P ) =
n−1P
i=0

0 · (xi+1 − xi) = 0,

which implies
U (f) = b− a, L (f) = 0

and we conclude that f is not Riemann integrable over [a, b] .

Calculating upper and lower sums is usually more straightforward
than evaluating U (f) and L (f). The following result is therefore useful
in that it enables us to determine the integrability of a function without
having to evaluate its upper and lower integrals.
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Theorem 8.1 (Riemann’s Criterion)
The following statements are equivalent:
(i) f ∈ R (a, b) .
(ii) For all ε > 0, there is a partition P ∈ P (a, b) such that U (f, P )−
L (f, P ) < ε.

Proof
Suppose f ∈ R (a, b) , and let ε > 0 be given. The definitions of U (f)
and L (f) imply the existence of P1, P2 ∈ P (a, b) such that

U (f, P1) < U (f) +
ε

2
, L (f, P2) > L (f)− ε

2
.

Let P = P1 ∪ P2. Using Lemma 8.1, we have
U (f, P1) ≥ U (f, P ) , L (f, P2) ≤ L (f, P ) .

Since U (f) = L (f) , we must have

U (f, P ) ≤ U (f, P1)

< U (f) +
ε

2

= L (f) +
ε

2
< L (f, P2) + ε

≤ L (f, P ) + ε.

Hence
U (f, P )− L (f, P ) < ε.

Now assume that (ii) is valid. Given any ε > 0, choose P ∈ P (a, b)
such that

U (f, P ) < L (f, P ) + ε.

Since U (f) ≤ U (f, P ) and L (f, P ) ≤ L (f) , we must have

U (f) ≤ U (f, P ) < L (f, P ) + ε ≤ L (f) + ε.

But ε > 0 is arbitrary, therefore U (f) ≤ L (f) . Since we always have
U (f) ≥ L (f) , it follows that U (f) = L (f) and hence f ∈ R (a, b) . ¤
Corollary 8.1 f ∈ R (a, b) if, and only if, there exists a sequence (Pn)
in P (a, b) such that

U (f, Pn)− L (f, Pn)→ 0,
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in which case Z b

a
f = lim

n→∞U (f, Pn) = lim
n→∞L (f, Pn) .

Proof. Suppose f ∈ R (a, b) . Given ε = 1/n, we deduce from the
Riemann criterion the existence of a partition Pn ∈ P (a, b) such that

U (f, Pn)− L (f, Pn) <
1

n
.

Clearly limn→∞ U (f, Pn)− L (f, Pn) = 0.
On the other hand, if (Pn) is a sequence in P (a, b) such that

lim
n→∞U (f, Pn)− L (f, Pn) = 0,

then, for all ε > 0, there is an N ∈ N such that

U (f, Pn)− L (f, Pn) < ε for all n ≥ N.

Thus the Riemann criterion is satisfied and therefore f ∈ R (a, b) .
Moreover, since

L (f, Pn) ≤ L (f) = I (f) = U (f) ≤ U (f, Pn) ,

we have
0 ≤ I (f)− L (f, Pn) ≤ U (f, Pn)− L (f, Pn) .

Hence,
lim
n→∞L (f, Pn) = I (f)

and, furthermore,

U (f, Pn) = L (f, Pn) + [U (f, Pn)− L (f, Pn)]→ I (f) . ¤

Example 8.3 Let f : [a, b] → R be defined by f (x) = x. We shall

prove that f ∈ R (a, b) and calculate R ba f . If P = {x0, x1, x2, · · · , xn}
is any partition of [a, b], then, as figure 8.5 indicates,

Mi = xi+1, mi = xi, i = 0, 1, · · · , n− 1.
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Figure 8.5

Thus

U (f, P )− L (f, P ) =
n−1P
i=0

(xi+1 − xi)
2 .

Choosing Pn to be the uniform partition into n (equal) parts, so that
xi = a+ i (b− a) /n, we get

U (f, Pn)− L (f, Pn) =
n−1X
i=0

(b− a)2

n2

=
(b− a)2

n
→ 0,

which means that f ∈ R (a, b). Furthermore,

L (f, Pn) =
n−1X
i=0

∙
a+

i (b− a)

n

¸
b− a

n

= a (b− a) +
(b− a)2

n2

n−1P
i=0

i

= a (b− a) +
(b− a)2

n2
n (n− 1)

2

→ a (b− a) +
(b− a)2

2
=
1

2

¡
b2 − a2

¢
.

Hence Z b

a
xdx =

1

2

¡
b2 − a2

¢
.
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Example 8.4 Suppose f : [0, 1]→ R is defined by

f (x) =

½
0, x ∈ [0, 1] \Q
1/q, x = p/q ∈ [0, 1] ∩Q,

where p and q have no common factors, symbolically expressed by writ-
ing (p, q) = 1. We shall show that f ∈ R (0, 1) .
The density of Qc in [0, 1] implies that L (f, P ) = 0 for all P ∈

P (0, 1) . Suppose ε > 0 is given. We shall show how to choose a par-
tition P satisfying U (f, P ) < ε. Riemann’s criterion will then ensure
the integrability of f .
Let A be the set of all rationals p/q ∈ [0, 1] satisfying (p, q) = 1 and

q ≤ 2/ε. There are finitely many integers q not exceeding 2/ε, and for
each such q there are finitely many integers p such that p/q ∈ [0, 1] with
(p, q) = 1. Thus A is a finite set, call it {r1, r2, · · · , rk} . Choose n ∈ N
such that n > 4k/ε and let Pn = {x0, x1, x2, · · · , xn} be the uniform
partition of [0, 1] into n parts. If we set

J1 = {i : [xi, xi+1] ∩A 6= ∅} ,
J2 = {i : [xi, xi+1] ∩A = ∅} ,

then
U (f, Pn) =

P
i∈J1

Mi (xi+1 − xi) +
P
i∈J2

Mi (xi+1 − xi) .

Since Mi ≤ 1 and the number of elements of J1 cannot exceed 2k (for
every point in A cannot intersect more than two subintervals of Pn),
we obtain P

i∈J1
Mi (xi+1 − xi) ≤

P
i∈J1

1

n
≤ 2k

n
≤ ε

2
.

On the other hand, if i ∈ J2, then for each x ∈ [xi, xi+1] either x /∈ Q,
and hence f(x) = 0, or x = p/q in which case f (x) = 1/q < ε/2 because
x /∈ A. In either case we see that 0 ≤ f (x) ≤ ε/2. Consequently

P
i∈J2

Mi (xi+1 − xi) ≤
n−1P
i=0

ε

2
(xi+1 − xi) =

ε

2
,

and
U (f, Pn) <

ε

2
+

ε

2
= ε

as promised.
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Since L (f, P ) = 0 for all partitions P, L (f) = 0, and thereforeR 1
0 f = 0.

Example 8.2 shows that not every bounded function is integrable. A
search for suitable conditions for integrability is thus both meaningful
and desirable. Using Riemann’s criterion, we shall soon prove the in-
tegrability of two wide classes of functions bounded on [a, b] .We begin
with a definition.

Definition 8.6 The norm of a partition P = {x0, x1, x2, · · · , xn} is
defined to be the positive number

kPk = max {xi+1 − xi : i = 0, 1, · · · , n− 1} .

That is, kPk is the length of the longest subinterval of P.
Theorem 8.2
If f is monotonic on [a, b] , then f ∈ R (a, b) .
Proof. Let us assume first that f is increasing. If f (a) = f (b), f
would be constant and therefore integrable (Example 8.1), so suppose
f (a) 6= f (b) .
Given ε > 0, choose a partition P = {x0, x1, x2, · · · , xn} such that

kPk < ε

f (b)− f (a)
.

Since f is increasing,

Mi = f (xi+1) , mi = f (xi) for all i = 0, 1, · · · , n− 1.

Consequently,

U (f, P )− L (f, P ) =
n−1P
i=0

[f (xi+1)− f (xi)] [xi+1 − xi]

≤ kPk
n−1P
i=0

[f (xi+1)− f (xi)]

≤ kPk [f (b)− f (a)] < ε.

Riemann’s criterion now implies that f ∈ R (a, b) .
The case where f is decreasing is handled by an obvious modification

of the above argument. We leave the details to the reader. ¤
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Theorem 8.3
If f is continuous on [a, b] , then f ∈ R (a, b) .
Proof. Let ε > 0 be given. Since the interval [a, b] is compact, f is
uniformly continuous on [a, b], and hence there is a δ > 0 such that

x, t ∈ [a, b] , |x− t| < δ ⇒ |f (x)− f (t)| < ε

b− a
. (8.8)

Choose a partition P = {x0, x1, x2, · · · , xn} that satisfies kPk < δ.
Since f is continuous, it attains its maximum and minimum on [xi, xi+1]
and therefore there exist points ui, vi ∈ [xi, xi+1] such that

Mi = f (vi) , mi = f (ui) for all i = 0, 1, · · · , n− 1.

Since |ui − vi| < δ, we see from (8.8) that Mi − mi <
ε

b− a
, and

therefore

U (f, P )− L (f, P ) =
n−1P
i=0

(Mi −mi) (xi+1 − xi)

<
ε

b− a

n−1P
i=0

(xi+1 − xi)

=
ε

b− a
(b− a) = ε.

Consequently, f is integrable by Riemann’s criterion. ¤
This theorem, like its predecessor, gives only a sufficient condition

for Riemann integrability, for monotonic functions need not be contin-
uous, just as continuous functions need not be monotonic. It can be
strengthened to assert the integrability of any bounded function whose
set of discontinuities in [a, b] is finite. Here we prove integrability for the
case when f has one point of discontinuity c ∈ (a, b) , but the argument
can be extended to the more general case.
Let ε > 0 be given. Since f is bounded, there is a number K such

that |f (x)| ≤ K for all x ∈ [a, b] . Choose ε0 > 0 such that a <
c − ε0, b > c + ε0 and ε0 < ε/(4K + 2). Since f is continuous, and
therefore integrable (by Theorem 8.3), on [a, c−ε0], there is a partition
P1 = {x0, x1, x2, ..., xk−1} of [a, c− ε0] such that

U (f, P1)− L (f, P1) =
k−2P
i=0
(Mi −mi) (xi+1 − xi) < ε0.
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Using Theorem 8.3 on [c+ ε0, b] , we also have a partition P2 ={xk+1,
xk+2, ..., xn} of [c+ ε0, b] such that

U (f, P2)− L (f, P2) =
n−1P
i=k+1

(Mi −mi) (xi+1 − xi) < ε0.

Figure 8.6

It is clear that P = {x0, x1, . . . , xk−1, xk, xk+1..., xn}, where xk = c, is
a partition of [a, b] . Since

U (f, P )− L (f, P ) ≤
k−2P
i=0
(Mi −mi) (xi+1 − xi) + 4Kε0

+
n−1P
i=k+1

(Mi −mi) (xi+1 − xi)

< 2ε0 + 4Kε0 < ε,

we conclude that f ∈ R (a, b) .
But the condition that the set of discontinuities be finite is not nec-

essary for integrability, for Example 8.4 exhibits an integrable function
on [0, 1] which is discontinuous at each point in the infinite set Q∩ [0, 1]
(see Example 5.3). We shall take up the relationship between continu-
ity and Riemann integrability in Chapter 11, where we give a necessary
and sufficient condition for a function to be Riemann integrable.

Exercises 8.1

In Exercises 1 to 6, determine whether f is integrable over [0, 1] and

evaluate
R b
a f (x) dx whenever it exists.

1. f (x) =

½
1, x ∈ [0, 1/2)
0, x ∈ [1/2, 1] .

2. f (x) =

½
2x, x ∈ [0, 1/2)

x− 2, x ∈ [1/2, 1] .
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3. f (x) =

½
x, x ∈ Q
0, x /∈ Q.

4. f (x) =

½
1/x, x 6= 0
0, x = 0.

5. f (x) = x2.

Use the formula
mP
i=1

i2 =
1

6
m (m+ 1) (2m+ 1) .

6. f (x) = x3.

Use
mP
i=1

i3 = [
1

2
m (m+ 1)]2.

7. Suppose that f ∈ R (a, b) and let g be defined by g (x) = f (x− c) for
all x ∈ [a+ c, b+ c] ,where c is a real constant. Prove that g ∈
R (a+ c, b+ c) and thatZ b+c

a+c
g (x) dx =

Z b

a
f (x) dx.

8. Suppose that f ∈ R (a, b) and let g be defined by g (x) = f (x/c)
for all x ∈ [ac, bc] , where c > 0. Prove that g ∈ R (ac, bc) and thatR bc
ac g (x) dx = c

R b
a f (x) dx.

9. Suppose the two functions f and g are equal everywhere on [a, b]
except on the finite subset {c1, c2, . . . , cn} . If f ∈ R (a, b) , prove
that g ∈ R (a, b) and that R ba f = R ba g.

10. Let f be continuous and non-negative on [a, b] . If
R b
a f (x) dx = 0,

prove that f (x) = 0 for all x ∈ [a, b] .

11. Let f be continuous on [a, b] . If
R b
a fg = 0 for all g ∈ R (a, b) ,

prove that f (x) = 0 for all x ∈ [a, b] .
12. Suppose f is bounded on [a, b] . If f ∈ R (c, b) for every c ∈ (a, b) ,

prove that f ∈ R (a, b) and thatR b
a f (x) dx = lim

c→a+

R b
c f (x) dx.
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8.2 Darboux’s Theorem and Riemann Sums

The attentive reader may have noticed how we obtained the desired
results in the last two theorems, and some of the preceding examples,
by choosing partitions of small enough norms. This is not altogether
accidental as the following theorem indicates.

Theorem 8.4 (Darboux)
Suppose the function f : [a, b]→ R is bounded . Given ε > 0, there is a
δ > 0 such that, if P is any partition of [a, b] satisfying kPk < δ, then

U (f, P )− U (f) < ε, L (f)− L (f, P ) < ε.

In the language of limits, we may (loosely) express this result as

lim
kPk→0

U (f, P ) = U (f) , lim
kPk→0

L (f, P ) = L (f) .

Proof. Let ε > 0 be given. From the definition of U (f) , there is a
partition P0 = {u0, u1, . . . ur} such that

U (f, P0) < U (f) + ε/2. (8.9)

Since f is bounded, there is a number K such that |f (x)| ≤ K for all
x ∈ [a, b] . Take δ1 = ε/8rK, and suppose P = {x0, x1, x2, ..., xn} is
any partition satisfying kPk < δ1. Set P1 = P0 ∪P and let us calculate
U (f, P )−U (f, P1) by calculating the contribution of each subinterval
[xi, xi+1] to this difference.
If the subinterval does not contain any member of P0, then its con-

tribution to U (f, P ) equals its contribution to U (f, P1) and thereby
contributes nothing to the difference. Suppose the subinterval con-
tains an element of P0. Since its contribution to U (f, P ) is at most
K (xi+1 − xi) , while its contribution to U (f, P1) is at least −K(xi+1−
xi), we see that its contribution to the difference does not exceed
2K (xi+1 − xi). Hence

U (f, P )− U (f, P1) ≤
P
i∈J
2K (xi+1 − xi) ,

where J = {i : [xi, xi+1] ∩ P0 6= ∅} .
Since each member of P0 can belong to at most two subintervals of

P, J cannot have more than 2r members. Consequently

U (f, P )− U (f, P1) ≤
P
i∈J
2K kPk ≤ 4Kr kPk < ε/2.
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With U (f, P1) ≤ U (f, P0) , we obtain

U (f, P )− U (f, P0) < ε/2

and deduce from (8.9) that

U (f, P )− U (f) = [U (f, P )− U (f, P0)] + [U (f, P0)− U (f)] < ε.

In a similar fashion we can find a δ2 > 0 such that

kPk < δ2 ⇒ L (f)− L (f, P ) < ε.

Now the number δ = min {δ1, δ2} meets the requirements. ¤
Definition 8.7 Let P = {x0, x1, x2, ..., xn} be a partition of [a, b] . We
say that α = (α0, α1, . . . , αn−1) is a mark on P if αi ∈ [xi, xi+1] for all
i ∈ {0, 1, . . . , n− 1}. We then call the sum

S (f, P,α) =
n−1P
i=0

f (αi) (xi+1 − xi)

the Riemann sum of f on P with mark α.

Since mi ≤ f (αi) ≤Mi for every i, we always have

L (f, P ) ≤ S (f, P,α) ≤ U (f, P ) .

for any partition P of [a, b] and any mark α on P.
The following theorem captures an equivalent definition of the Rie-

mann integral often used in calculus courses.

Theorem 8.5
The following statements are equivalent:
(i) f ∈ R (a, b) with integral over [a, b] equal to A.
(ii) For any ε > 0, there is a δ > 0 such that, if P is any partition
satisfying kPk < δ and α is any mark on P, then

|S (f, P,α)−A| < ε,

that is,
lim

kPk→0
S (f, P,α) = A.



274 Elements of Real Analysis

Proof
Assume (i) is true. Then

A = U (f) = L (f)

and, if ε > 0 is given, we know from Darboux’s theorem that there is
a δ > 0 such that, if P is any partition satisfying kPk < δ, then

A− L (f, P ) < ε, U (f, P )−A < ε.

Since, for every mark α on P, we have

L (f, P ) ≤ S (f, P,α) ≤ U (f, P ) ,

it follows that
|S (f, P,α)−A| < ε,

as required in (ii).
Now assume the validity of (ii). Let ε > 0 be given and suppose that

δ > 0 is chosen so that

kPk < δ ⇒ |S (f, P,α)−A| < ε/2

for every mark α on P. Take any partition P = {x0, x1, x2, ..., xn}
satisfying kPk < δ. From the definitions of mi and Mi, we are assured
of the existence of αi and βi in [xi, xi+1] such that

mi > f (αi)− ε

2 (b− a)
, Mi < f (βi) +

ε

2 (b− a)
.

This implies that α = (α0, α1, . . . , αn) and β = (β0, β1, . . . , βn) are
marks on P and that

L (f, P ) > S (f, P,α)− ε/2, U (f, P ) < S (f, P,β) + ε/2.

Since kPk < δ, we get

L (f, P ) > A− ε, U (f, P ) < A+ ε,

and since L (f, P ) ≤ L (f) and U (f, P ) ≥ U (f) , we obtain

L (f) > A− ε, U (f) < A+ ε.

Letting ε→ 0, and recalling that L(f) ≤ U(f), we conclude that

U (f) = L (f) = A. ¤
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Corollary 8.5 Suppose f ∈ R (a, b) . If (Pn) is a sequence of partitions
such that kPnk→ 0, then, for any choice of marks αn on Pn, we haveZ b

a
f = lim

n→∞S (f, Pn,αn) .

We leave the proof as an exercise. This corollary shows that, once
we know that f is integrable, we need not work with general partitions
to evaluate its integral. A uniform partition into n equal parts, whose
norm (b− a)/n tends to 0, can always be used.

Example 8.5 Using Riemann sums, evaluate
R 1
0

¡
x− x2

¢
dx.

Solution. Since the function f (x) = x − x2 is continuous, it is inte-
grable. Let Pn = {x0, x1, x2, ..., xn} be the uniform partition of [0, 1],
in which case

xi =
i

n
, i = 0, 1, . . . .n.

Choosing the mark αn = (x0, x1, ..., xn−1) ,we obtain

S (f, Pn,αn) =
n−1P
i=0

µ
i

n
− i2

n2

¶
1

n

=
1

n2

n−1P
i=0

i− 1

n3

n−1P
i=0

i2

=
1

n2
n (n− 1)

2
− 1

n3
(n− 1)n (2n− 1)

6
,

and since kPnk = 1/n→ 0, we haveZ 1

0

¡
x− x2

¢
dx = lim

n→∞S (f, Pn,αn)

=
1

2
− 1
3
=
1

6
.

Exercises 8.2

1. If f ∈ R (0, 1) , prove that

lim
n→∞

1

n

nP
k=1

f (k/n) =

Z 1

0
f (x) dx.
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2. Use Exercise 8.2.1 to write each of the following limits as an inte-
gral:

(a) lim
n→∞

nP
k=1

1

n+ k
.

(b) lim
n→∞

nP
k=1

k

n2 + k2
.

3. Evaluate the following limits:

(a) lim
n→∞

nP
k=1

1

n
cos (kπ/n) .

(b) lim
n→∞

nP
k=1

n

n2 + k2
.

(c) lim
n→∞

2nP
k=1

k3

24n
.

4. Prove Corollary 8.5.

5. If f is continuous and increasing on [a, b] , prove that
R b
a f = bf (b)−

af (a)− R f(b)f(a) f
−1. Evaluate

R 1
0

√
xdx.

Hint: Let P = {x0, x1, · · · , xn} be a partition of [a, b], and set Q =
{f(x0), f(x1), · · · , f(xn)}; then prove that L(f−1,Q) +U(f, P ) =
bf(b)− af(a).

6 Prove that the following statements are equivalent:

(a) f ∈ R (a, b) and R ba f = A.

(b) For any ε > 0, there is a partition Pε ∈ P (a, b) such that, if
Pε ⊆ P, then |S (f, P,α)−A| < ε.

8.3 Properties of the Integral

We present in this section the basic properties of the Riemann integral.
Since we have at hand more than one criterion for integrability, most of
the following theorems can have alternative proofs. The reader is invited
to explore these, if only to test her/his grasp of these definitions.
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Theorem 8.6 (Linearity Property)
If f1, f2 ∈ R (a, b) and k1, k2 ∈ R, then k1f1 + k2f2 ∈ R (a, b) andZ b

a
k1f1 + k2f2 = k1

Z b

a
f1 + k2

Z b

a
f2.

Proof. The result is immediate if k1 = k2 = 0, so we assume that
|k1|+ |k2| > 0. Let ε > 0 be given. Using Theorem 8.5, we can choose
δi > 0 (i = 1, 2) such that, if P ∈ P (a, b) satisfies kPk < δi and α is a
mark on P, then¯̄̄̄

S (fi, P,α)−
Z b

a
fi

¯̄̄̄
<

ε

|k1|+ |k2| , i = 1, 2.

Put δ = min {δ1, δ2} and let P ∈ P (a, b) satisfy kPk < δ. Since

S (k1f1 + k2f2, P,α) = k1S (f1, P,α) + k2S (f2, P,α) ,

we clearly have¯̄̄̄
S (k1f1 + k2f2, P,α)−

µ
k1

Z b

a
f1 + k2

Z b

a
f2

¶¯̄̄̄
≤ |k1|

¯̄̄̄
S (f1, P,α)−

Z b

a
f1

¯̄̄̄
+ |k2|

¯̄̄̄
S (f2, P,α)−

Z b

a
f2

¯̄̄̄
< ε.

Theorem 8.5 now yields the desired result. ¤
Theorem 8.7 (Positivity Property)
If f ∈ R (a, b) is non-negative, thenZ b

a
f ≥ 0.

Proof. Let P = {x0, x1, ..., xn} be any partition of [a, b]. Since f ≥ 0
on [a, b] , mi ≥ 0 for all i ∈ {0, 1, . . . , n− 1} and therefore L (f, P ) ≥ 0.
Now Z b

a
f = L (f) = sup {L (f, P ) : P ∈ P (a, b)} ≥ 0. ¤

Corollary 8.7. (Monotonicity Property) If f, g ∈ R (a, b) and
f (x) ≤ g (x) for all x ∈ [a, b] , thenZ b

a
f ≤

Z b

a
g.
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Proof. By the linearity property the function h = g − f is Riemann
integrable and Z b

a
h =

Z b

a
g −

Z b

a
f.

Since h is non-negative, the positivity property implies that
R b
a h ≥ 0,

and the required result follows. ¤
Theorem 8.8
Let c ∈ (a, b) . Then f ∈ R (a, b) if and only if f ∈ R (a, c) ∩R (c, b) ,
in which case Z b

a
f =

Z c

a
f +

Z b

c
f. (8.10)

Proof
Suppose first that f ∈ R (a, b) . If ε > 0 is given, we can choose a
partition P = {x0, x1, ..., xn} of [a, b] such that

U (f, P )− L (f, P ) < ε.

By refining P if needed, we may assume that c is a member of P, say
c = xk. It is obvious that Q = {x0, x1, ..., xk} is a partition of [a, c] and
that Q0 = {xk, xk+1, · · · , xn} is a partition [c, b]. Since Mi−mi ≥ 0 for
all i = 0, 1, · · · , n− 1,

U (f,Q)− L (f,Q) =
k−1P
i=0
(Mi −mi) (xi+1 − xi)

≤
n−1P
i=0

(Mi −mi) (xi+1 − xi)

= U (f, P )− L (f, P ) < ε.

This proves that f ∈ R (a, c) . Similarly, using the partition Q0 =
{xk, xk+1, . . . , xn} of [c, b] , we can show that f ∈ R (c, b) .
On the other hand, if f ∈ R (a, c) ∩ R (c, b), then, given ε > 0,

we can choose a partition Q = {x0, x1, ..., xk} of [a, c] and a partition
Q0 = {xk, xk+1, . . . , xn} of [c, b] such that

U (f,Q)− L (f,Q) < ε/2, U
¡
f,Q0

¢− L
¡
f,Q0

¢
< ε/2.

The partition P = {x0, x1, ..., xn} satisfies
U (f, P )− L (f, P ) = U (f,Q)− L (f,Q) + U

¡
f,Q0

¢− L
¡
f,Q0

¢
< ε,



The Riemann Integral 279

which proves f ∈ R (a, b) . Furthermore, if kQk → 0 and kQ0k → 0,
then kPk→ 0. Since

U (f, P ) = U (f,Q) + U
¡
f,Q0

¢
,

equation (8.10) follows from Darboux’s theorem. ¤
Remark 8.2 If f(x) ≥ 0 on [a, b] and f(x0) > 0 for some point x0 in
[a, b], the monotonicity property does not justify the conclusion thatR b
a f > 0. If, however, we have f(x) ≥ k for some k > 0 on some
subinterval [c, d] of [a, b], then Theorems 8.7 and 8.8 giveZ b

a
f =

Z c

a
f +

Z d

c
f +

Z b

d
f ≥

Z d

c
k = k (d− c) > 0.

A particular instance where this occurs is when f is non-negative, con-
tinuous, and f(x0) > 0 for some x0 ∈ [a, b]. It then follows that there
is a positive number k and a neighborhood U = (x0 − δ, x0 + δ) of x0
such that f(x) ≥ k for all x ∈ U∩[a, b] (see Exercise 6.1.4). This clearly
implies that

R b
a f > 0.

Thus we have proved

Corollary 8.8 If the function f is non-negative and continuous on
[a, b], then

R b
a f = 0 if, and only if, f(x) = 0 for all x ∈ [a, b].

By convention, we write Z a

b
f = −

Z b

a
f (8.11)

This makes (8.10) valid even if c /∈ [a, b] , provided that f is integrable
on the largest interval constructible from the points a, b and c. For
instance if c < a and f ∈ R (c, b) , thenZ b

c
f =

Z a

c
f +

Z b

a
fZ b

a
f =

Z b

c
f −

Z a

c
f

=

Z c

a
f +

Z b

c
f.

Observe that (8.11) implies Z a

a
f = 0,
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and this allows us to consider
R b
a f as an integral over any one of the

intervals (a, b) , [a, b), (a, b], or [a, b]. In other words, R(a, b) denotes
the set of integrable functions over any one of these intervals.
The next theorem is known as the mean value theorem of integral

calculus.

Theorem 8.9 (Mean Value Theorem)
If f is continuous on [a, b], then there exists a point c ∈ (a, b) such
that Z b

a
f (x) dx = f (c) (b− a) .

Proof. The case where f is constant on [a, b] can be dismissed, for
we can then choose c to be any point in (a, b). Since f is continuous
on the compact interval [a, b], it attains its maximum value M and its
minimum valuem on [a, b]; i.e., there are points x1, x2 ∈ [a, b] such that

m = f(x1) ≤ f(x) ≤ f(x2) =M for all x ∈ [a, b].
Since f is not constant, there are points t1, t2 ∈ [a, b] such that

f(t1) > m, f(t2) < M.

It follows from Remark 8.2 applied to the functions f(x) − m and
M − f(x) that Z b

a
mdx <

Z b

a
f (x) dx <

Z b

a
Mdx.

Using the result of Example 8.1,

m (b− a) <

Z b

a
f (x) dx < M (b− a)

m <
1

b− a

Z b

a
f (x) dx < M

f(x1) <
1

b− a

Z b

a
f(x)dx < f(x2).

By the intermediate value property for continuous functions (Theorem
6.6), there is a point c between x1 and x2 where

f(c) =
1

b− a

Z b

a
f(x)dx. ¤
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Theorem 8.10
Let f : [a, b] → [c, d] be Riemann integrable. If ϕ : [c, d] → R is
continuous, then ϕ ◦ f is Riemann integrable on [a, b] .
Proof. Let ε > 0 be given. We shall prove the existence of a partition
P ∈ P (a, b) such that

U (ϕ ◦ f)− L (ϕ ◦ f) < ε.

Since ϕ is continuous on the compact interval [c, d] , it is bounded
and uniformly continuous. Consequently there is a real constantK such
that

|ϕ (t)| ≤ K for all t ∈ [c, d] , (8.12)

and if we set ε0 =
ε

2K + (b− a)
, we know that there is a δ > 0 such

that
s, t ∈ [c, d] , |t− s| < δ ⇒ |ϕ (t)− ϕ (s)| < ε0. (8.13)

On the other hand, since f ∈ R (a, b) , there is a partition P =
{x0, x1, ..., xn} such that

U (f, P )− L (f, P ) < ε0δ. (8.14)

Let

Mi = sup {f (x) : x ∈ [xi, xi+1]}
M∗

i = sup {ϕ (f (x)) : x ∈ [xi, xi+1]}
mi = inf {f (x) : x ∈ [xi, xi+1]}
m∗i = inf {ϕ (f (x)) : x ∈ [xi, xi+1]} .

We then have

U (ϕ ◦ f)− L (ϕ ◦ f) =
n−1P
i=0

(M∗
i −m∗i ) (xi+1 − xi)

=
P
i∈J1

(M∗
i −m∗i ) (xi+1 − xi)

+
P
i∈J2

(M∗
i −m∗i ) (xi+1 − xi) , (8.15)

where

J1 = {i ∈ {0, 1, . . . , n− 1} :Mi −mi < δ}
J2 = {i ∈ {0, 1, . . . , n− 1} :Mi −mi ≥ δ} .
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If i ∈ J1, then

|f (x)− f (y)| < δ for all x, y ∈ [xi, xi+1] ,

and therefore, using (8.13),

|ϕ (f (x))− ϕ (f (y))| < ε0 for all x, y ∈ [xi, xi+1] ,

which implies that M∗
i −m∗i ≤ ε0. ThereforeP

i∈J1
(M∗

i −m∗i ) (xi+1 − xi) ≤
P
i∈J1

ε0 (xi+1 − xi) ≤ ε0 (b− a) .

Now from (8.14) we see that

ε0δ >
n−1P
i=0

(Mi −mi) (xi+1 − xi)

≥ P
i∈J2

(Mi −mi) (xi+1 − xi)

≥ δ
P
i∈J2

(xi+1 − xi) ,

hence P
i∈J2

(xi+1 − xi) < ε0.

Since M∗
i −m∗i ≤ 2K, we must haveP

i∈J2
(M∗

i −m∗i ) (xi+1 − xi) < 2Kε0.

Using these inequalities in (8.15) yields

U (ϕ ◦ f)− L (ϕ ◦ f) < ε0 (b− a) + 2Kε0 = ε. ¤

Corollary 8.10.1. If f ∈ R (a, b) , then |f | ∈ R (a, b) and¯̄̄̄Z b

a
f

¯̄̄̄
≤
Z b

a
|f | .

Proof. ChooseK such that |f (x)| ≤ K on [a, b] . Define ϕ : [−K,K]→
R by

ϕ (x) = |x| .
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Since ϕ is continuous, it follows from Theorem 8.10 that ϕ◦f ∈ R (a, b) .
But ϕ ◦ f is none other than |f | , hence |f | ∈ R (a, b) . To obtain the
inequality, observe that

f (x) ≤ |f (x)| and − f (x) ≤ |f (x)| for all x ∈ [a, b] .
The monotonicity and linearity properties then giveZ b

a
f ≤

Z b

a
|f | and −

Z b

a
f ≤

Z b

a
|f | ,

from which the desired result follows. ¤
Corollary 8.10.2 If f ∈ R (a, b) , then fn ∈ R (a, b) for all n ∈ N.
Proof. Use Theorem 8.10 with ϕ (x) = xn on [−K,K] , where K is
chosen to satisfy |f (x)| ≤ K for all x ∈ [a, b] . ¤
Corollary 8.10.3 If f, g ∈ R (a, b) , then fg ∈ R (a, b) .
Proof. Using the identity

fg =
1

2

h
(f + g)2 − f2 − g2

i
,

the conclusion follows from the linearity property and Corollary 8.10.2.¤
The following example shows that we cannot relax the condition of

continuity of ϕ to mere integrability.

Example 8.6 Let f : [0, 1]→ [0, 1] be defined by

f (x) =

½
0, x /∈ Q
1/q, x = p/q ∈ Q,

where p/q is in simplest form, and let ϕ : [0, 1]→ R be given by

ϕ (x) =

½
0, x = 0
1, x 6= 0.

f was shown to be integrable in Example 8.4, while ϕ is integrable
because it is continuous except at the single point 0. However

(ϕ ◦ f) (x) =
½
0, x /∈ Q
1, x ∈ Q,

which was shown to be non-integrable in Example 8.2.
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Exercises 8.3

1. If f is bounded on [a, b] and k > 0, prove that

L (kf) = kL (f) , U (kf) = kU (f) .

What if k ≤ 0 ? Deduce that if f ∈ R (a, b) , then for any real
number k, kf ∈ R (a, b) and R ba kf = k

R b
a f .

2. Let f and g be bounded on [a, b] . Prove that

L (f + g) ≥ L (f) + L (g) , U (f + g) ≤ U (f) + U (g) .

Prove that if f and g are integrable, then so is f+g, in which caseR b
a (f + g) =

R b
a f +

R b
a g.

3. Let f and g be bounded on [a, b] . If f ≤ g, prove that

L (f) ≤ L (g) , U (f) ≤ U (g) .

4. If f, g ∈ R (a, b), prove the Cauchy-Schwarz inequalityZ b

a
fg ≤

∙Z b

a
f2
¸1/2 ∙Z b

a
g2
¸1/2

.

If b− a = 1, show that
R b
a f ≤

hR b
a f 2

i1/2
.

5. For any two functions f and g, which are continuous on [a, b] , set

ρ (f, g) =

Z b

a
|f − g| .

Prove the following:

(a) ρ (f, g) ≥ 0
(b) f = g ⇔ ρ (f, g) = 0

(c) ρ (f, g) = ρ (g, f)

(d) ρ (f, h) ≤ ρ (f, g) + ρ (g, h), where h is also continuous on
[a, b].
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Any function ρ satisfying these conditions is called a metric.

Let fn : [0, 1]→ R be defined as follows (see Figure 8.7):

fn (x) =

⎧⎨⎩
0, x ≤ 1/2
n(x− 1/2), 1/2 < x ≤ 1/2 + 1/n
1, x > 1/2 + 1/n.

Figure 8.7

Prove that ρ(fn, fm) =
R b
a |fn − fm|→ 0 as n,m→∞.

6. Let f be continuous on [0, 1] . If gn (x) = f (xn) , prove thatR 1
0 gn → f (0) as n→∞.

7. If f : [a, b]→ [0,∞) is continuous andM = sup {f (x) : x ∈ [a, b]} ,
prove that

lim
n→∞

½Z b

a
[f (x)]n dx

¾1/n
=M.

8. Suppose that f is continuous on [0,∞) and limx→∞ f (x) = a.
Show that

lim
x→∞

1

x

Z x

0
f (t) dt = a.

Hint: Choose N large enough and use the mean value theorem on
[N,x].
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9. Let f be continuous on [a, b] and suppose that g ∈ R (a, b) is
non-negative. Prove the existence of a point c ∈ [a, b] such thatZ b

a
f (x) g (x) dx = f (c)

Z b

a
g (x) dx.

This result is called the second mean value theorem. Give an ex-
ample to show that the condition g ≥ 0 cannot be dropped.

10. Give an example of a function f /∈ R (a, b) such that |f | ∈ R (a, b) .

8.4 The Fundamental Theorem of Calculus

In this section the integral is considered as a function of the upper limit,
a function that proves to have smoother properties than the integrand.
This leads to the fundamental theorem of calculus and the connection
between integration and differentiation.

Theorem 8.11
Suppose that f ∈ R (a, b) , and let F : [a, b]→ R be defined by

F (x) =

Z x

a
f (t) dt.

Then
(i) F is continuous and satisfies a Lipschitz condition on [a, b] .
(ii) If f is continuous at c ∈ [a, b] , F is differentiable at c and

F 0 (c) = f (c) .

Proof

(i) Since f is bounded, there is a number K such that

|f (x)| ≤ K for all x ∈ [a, b] .

If x, y ∈ [a, b] and x < y, then, from the properties of the integral, we
have
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|F (y)− F (x)| =
¯̄̄̄Z y

a
f (t) dt−

Z x

a
f (t) dt

¯̄̄̄
=

¯̄̄̄Z y

x
f (t) dt

¯̄̄̄
≤
Z y

x
|f (t)| dt

≤
Z y

x
Kdt = K |y − x| ,

which means F is Lipschitz continuous on [a, b] .
(ii) Suppose f is continuous at c. Then, given any ε > 0, there is a

δ > 0 such that

x ∈ [a, b] , |x− c| < δ ⇒ |f (x)− f (c)| < ε.

If t lies between c and x, then |t− c| < δ and therefore |f (t)− f (c)| <
ε. Noting that

f (c) =
1

x− c

Z x

c
f (c) dt, x 6= c,

we can write¯̄̄̄
F (x)− F (c)

x− c
− f (c)

¯̄̄̄
=

¯̄̄̄
1

x− c

Z x

c
[f (t)− f (c)] dt

¯̄̄̄
≤ 1

|x− c|
¯̄̄̄Z x

c
|f (t)− f (c)| dt

¯̄̄̄
≤ 1

|x− c|
¯̄̄̄Z x

c
εdt

¯̄̄̄
= ε,

which confirms that limx→c
F (x)− F (c)

x− c
= f (c) , as required. ¤

Corollary 8.11 If f is continuous on [a, b] and

F (x) =

Z x

a
f (t) dt, x ∈ [a, b] , (8.16)

then F is differentiable on [a, b] and F 0 = f.

A function whose derivative on an interval I is f is called an anti-
derivative, or primitive function, of f on I. So this corollary asserts
the existence of an anti-derivative F for any continuous function f :
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[a, b]→ R, given by (8.16). But the following example shows that this
is not true for every integrable function. Let f : [0, 1]→ R be given by

f (x) =

½
0, x = 1
1, x 6= 1.

f is integrable, as its set of discontinuities is a single point, but since
f does not satisfy the intermediate value property on [0, 1], it cannot,
by Theorem 7.12, be the derivative of any function on [a, b].
Suppose f is continuous on [a, b] and let F be defined as in (8.16). If

G is any anti-derivative of f , then

f (x) = G0 (x) = F 0 (x) , x ∈ [a, b] ,
and we conclude from Corollary 7.8 the existence of a real constant C
such that

G (x) = F (x) + C, x ∈ [a, b] .
Putting x = a we obtain C = G (a) , and putting x = b we arrive at
F (b) = G(b)−G(a), orZ b

a
G0 (t) dt = G (b)−G (a) .

The continuity of f is not really required for the validity of this result.
The following celebrated theorem asserts its validity for any integrable
function.

Theorem 8.12 (Fundamental Theorem of Calculus)
If F is differentiable on [a, b] and F 0 ∈ R (a, b) , thenZ b

a
F 0 (x) dx = F (b)− F (a) . (8.17)

Proof. If P = {x0, x1, ..., xn} is any partition of [a, b] , then

F (b)− F (a) =
n−1P
i=0

[F (xi+1)− F (xi)] .

Applying the mean value theorem to F on [xi, xi+1] , we can choose
αi ∈ (xi, xi+1) such that

F (xi+1)− F (xi) = F 0 (αi) (xi+1 − xi) .
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Consequently

F (b)− F (a) =
n−1P
i=0

F 0 (αi) (xi+1 − xi) = S
¡
F 0, P,α

¢
,

where α = (α0, α1, . . . , αn−1) is a mark on P.
Now choose a sequence (Pk) of partitions such that kPkk → 0, and

a corresponding sequence of marks(αk) determined by the mean value
theorem as above. We then have

F (b)− F (a) = S
¡
F 0, Pk,αk

¢
, k ∈ N.

Since F 0 ∈ R (a, b) , the right hand side converges to R ba F 0 (x) dx as
k→∞. ¤
Remark 8.3 It is common to describe integration as the process inverse
to differentiation. This may suggest that derivatives are automatically
integrable, so that the requirement of integrability of F 0 in the theorem
is redundant, which is not true. We exhibit here a function on [0, 1]
whose derivative is not Riemann integrable. Let F : [0, 1]→ R be given
by

F (x) =

½
0, x = 0
x2 sin(1/x2), 0 < x ≤ 1.

A simple calculation will confirm that F is differentiable on [0, 1] but
that F 0 is not integrable (F 0 is in fact unbounded).

We now employ Theorems 8.11 and 8.12 to prove the validity of the
two most widely used methods for evaluating integrals.

Theorem 8.13 (First Substitution Rule)
Suppose ϕ is differentiable on [a, b] and its derivative ϕ0 is continuous.
If f is continuous on the range of ϕ, thenZ b

a
f (ϕ (t))ϕ0 (t) dt =

Z ϕ(b)

ϕ(a)
f (x) dx. (8.18)

Proof. Let J be the interval whose end-points are ϕ (a) and ϕ (b) .
Since ϕ is continuous, its range I is an interval, and since both ϕ (a)
and ϕ (b) lie in I , I ⊇ J. f is therefore continuous on J and the integral
on the right-hand side of (8.18) exists. The continuity of f, ϕ, and ϕ0

ensures the existence of the integral on the left-hand side of (8.18). All
that remains is to prove the equality.



290 Elements of Real Analysis

Let us define F : I → R and G : [a, b]→ R as follows:

F (y) =

Z y

ϕ(a)
f (x) dx, G = F ◦ ϕ.

From the chain rule and Theorem 8.11, we have

G0 (t) = F 0 (ϕ (t))ϕ0 (t) = f (ϕ (t))ϕ0 (t) , t ∈ [a, b] .

Noting that G (a) = 0, and using Theorem 8.12, we see that

G (b) =

Z b

a
f (ϕ (t))ϕ0 (t) dt,

which proves (8.18). ¤.

Example 8.7 To evaluate the integral
R 2
1 t
¡
t2 + 1

¢7/2
dt, let

ϕ (t) = t2 + 1, f (x) =
1

2
x7/2.

Then Z 2

1
t
¡
t2 + 1

¢7/2
dt =

Z 2

1
f (ϕ (t))ϕ0 (t) dt,

and from Theorem 8.13 we obtainZ 2

1
t
¡
t2 + 1

¢7/2
dt =

Z 5

2
f (x) dx.

Since x 7→ x9/2/9 is an anti-derivative of f,

Z 5

2
f (x) dx =

x9/2

9

¯̄̄̄
¯
5

2

=
59/2

9
− 2

9/2

9
,

where, following a standard convention, we write F (x)|ba for F (b) −
F (a). Hence Z 2

1
t
¡
t2 + 1

¢7/2
dt =

59/2

9
− 2

9/2

9
.

Remark 8.4 To calculate an integral of the form
R b
a f (ϕ (t))ϕ

0 (t) dt
all we have to do is set x = ϕ (t) , formally write dx = ϕ0 (t) dt, and
replace the limits of integration on t by the corresponding limits on x.
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This leads to
R ϕ(b)
ϕ(a) f (x) dx, which theorem 8.13 asserts is the correct

value of the integral. For instance, in Example 8.7, we have

x = ϕ (t) = t2 + 1,

dx = 2tdt, tdt = dx/2.

Furthermore, x = 2 when t = 1 and x = 5 when t = 2. The given
integral can then be expressed in terms of the variable x asZ 2

1
t
¡
t2 + 1

¢7/2
dt =

Z 5

2

x7/2

2
dx =

1

2

Z 5

2
x7/2dx.

Theorem 8.14 (Second Substitution Rule)
Let the function ϕ : [a, b] → R have a continuous derivative that does
not vanish anywhere in (a, b) . If f is continuous on the range of ϕ,
and ψ is the inverse of ϕ, thenZ b

a
f (ϕ (t)) dt =

Z ϕ(b)

ϕ(a)
f (x)ψ0 (x) dx. (8.19)

Proof. Once again, we note that the range of ϕ is an interval I that
contains the interval J with end points ϕ (a) and ϕ (b) . Since ϕ0 (t) 6=
0 for all t ∈ (a, b), the inverse function theorem (Theorem 7.11) ensures
the existence of ψ = ϕ−1 and the continuity of ψ0 on I. To prove the
equality (8.19), we use (8.18) with f ◦ ϕ in place of f, ψ in place of ϕ,
ϕ (a) in place of a and ϕ (b) in place of b. We then obtainZ ϕ(b)

ϕ(a)
(f ◦ ϕ) (ψ (t))ψ0 (t) dt =

Z ψ(ϕ(b))

ψ(ϕ(a))
(f ◦ ϕ) (x) dx.

This gives Z ϕ(b)

ϕ(a)
f (t)ψ0 (t) dt =

Z b

a
f (ϕ (x)) dx,

which coincides with (8.19) after interchanging the dummy indices t
and x. ¤
To evaluate an integral of the form

R b
a f (ϕ (t)) dt using this theorem,

we set x = ϕ (t) so that t = ϕ−1 (x) = ψ (x) and dt = ψ0 (x) dx, and
replace the limits on t by the corresponding limits on x.
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Example 8.8 We can use Theorem 8.14 to evaluateZ 4

1

1¡
1 +
√
t
¢3dt

by first setting x = ϕ (t) = 1 +
√
t, so that

t = ψ (x) = (x− 1)2
dt = 2 (x− 1) dx.

Hence Z 4

1

1¡
1 +
√
t
¢3 dt =

Z 3

2

2 (x− 1)
x3

dx

= 2

Z 3

2

¡
x−2 − x−3

¢
dx.

Since −x−1 + 1
2
x−2 is a primitive of x−2 − x−3, we obtain

2

Z 3

2
(x−2 − x−3)dx = 2

∙µ
−1
3
+
1

18

¶
−
µ
−1
2
+
1

8

¶¸
= 7/36.

Theorem 8.15 (Integration by Parts)
Let f, g : [a, b]→ R be differentiable on [a, b]. If f 0, g0 ∈ R (a, b) , thenZ b

a
f(x)g0(x)dx = f (b) g (b)− f (a) g (a)−

Z b

a
f 0(x)g(x)dx. (8.20)

Proof. Corollary 8.10.3 ensures the existence of both integrals in (8.20).
To prove the equality, put h = fg. From the product rule, we have

h0 = f 0g + fg0

and we deduce from the fundamental theorem of calculus that

f(b)g(b)− f(a)g(a) = h (b)− h (a)

=

Z b

a
[f 0(x)g(x) + f(x)g0(x)]dx

=

Z b

a
f 0(x)g(x)dx+

Z b

a
f(x)g0(x)dx. ¤
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Exercises 8.4

1. Use Theorem 8.9 for integrals to obtain an alternative proof of
Corollary 8.11.

2. If f is continuous on [a, b] and H is given by H (x) =
R b
x f (t) dt,

calculate H 0 (x) .

3. Suppose f is continuous on [a, b] and g, h : [c, d]→ [a, b] are differ-
entiable. If F : [c, d]→ R is defined by

F (x) =

Z g(x)

h(x)
f (t) dt,

prove that

F 0 (x) = f (g (x)) g0 (x)− f (h (x))h0 (x) .

4. Calculate F 0 (x) if

(a) F (x) =
R g(x)
0 cos tdt, g (x) =

R x2
1 sin t2dt,

(b) F (x) =
R x2
2x sin

√
1 + t2dt.

5. If f is continuous on (0, 1) , prove thatZ x

0
f (u) (x− u) du =

Z x

0

∙Z u

0
f (t) dt

¸
du, x ∈ (0, 1) .

Hint: Differentiate both sides.

6. The function log : (0,∞)→ R is often defined by

log x =

Z x

1

1

t
dt.

Use this definition to verify the following:

(a)
d

dx
log x =

1

x
, x > 0.

(b) log (xy) = log x+ log y, x, y > 0.

(c) log xp = p log x, x > 0, p ∈ Q.
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Use (b) and Exercise 6.2.10 to verify that this definition of log x
coincides with the one given in Section 2.4.

7. Let f be continuous on [a, b] . IfZ x

a
f (t) dt =

Z b

x
f (t) dt for all x ∈ [a, b] ,

prove that
f (x) = 0 for all x ∈ [a, b] .

Deduce an alternative proof of Exercise 8.1.10.

8. Let f be continuous on [0,∞) and suppose that it does not vanish
on (0,∞) . If

[f (x)]2 =

Z x

0
f (t) dt for all x > 0,

prove that

f (x) =
1

2
x for all x ∈ [0,∞) .

9. Evaluate the following integrals:

(a)

Z 4

1

p
1 +
√
x√

x
dx.

(b)
R 4
0 x
√
3x+ 4dx.

(c)
R π/4
0 x2 sinxdx.

10. Prove the following form of Taylor’s theorem:

If f and its derivatives f 0, f 00, . . . , f (n), f (n+1) are continuous on
[a, b] , then

f (b) = f (a) +
nX

k=0

f (k) (a)

k!
(b− a)k +Rn,

where

Rn =
1

n!

Z b

a
(b− t)n f (n+1) (t) dt.

Hint: Integrate by parts a suitable number of times.
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8.5 Improper Integrals

Throughout the preceding sections we had consistently assumed that
the integrand f and the interval of integration [a, b] were bounded. This
places a considerable limitation on applications. For instance, we may
wish to calculate the area under the graph of the unbounded function

f (x) =

½
1/x, x 6= 0
0, x = 0

over [0, 1] , or the area under the graph of

g (x) = 1/x2

over the unbounded interval [1,∞) . Our aim in this section is to extend
the definition of the integral to cover such cases.

Figure 8.8

8.5.1 Unbounded Integrand

Let f be a real valued function on [a, b] that is not necessarily bounded
in the neighborhood of a. We say that f has an improper integral over
[a, b] if f ∈ R (c, b) for all c ∈ (a, b) and limc→a+

R b
c f exists.When it

exists, this limit represents the value of the improper integral, and will
be denoted by

R b
a+ f or

R b
a+ f(x)dx.

Observe that if f is bounded on [a, b], then f has an improper integral
on [a, b] if and only if f ∈ R (a, b) (see Exercise 8.1.12), in which caseZ b

a+
f =

Z b

a
f. (8.21)
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Thus no confusion would arise if, as is customarily done, we drop the
+ sign in the notation of the improper integral and simply write

R b
a f .

Example 8.9 The function

f (x) =

½
1/
√
x, x 6= 0

k, x = 0,

where k is a real constant, is unbounded in the neighborhood of 0. Since
f is continuous on [c, 1] for any c ∈ (0, 1), f ∈ R (c, 1), and a simple
calculation gives Z 1

c
f = 2

¡
1−√c¢ .

Since
√
c→ 0 as c → 0+, f has an improper integral over [0, 1] whose

value is 2.

Note that the value of the improper integral (8.21) does not depend
on the definition of f at a, the point where its limit becomes unbounded,
and in many cases (as in the next example) f is not even defined at a.
This is consistent with the observation made earlier that the value of
the integral over [a, b] is the same as its value over (a, b].

Example 8.10 The function f (x) = 1/x3, x ∈ (0, 1], is unbounded in
the neighborhood of 0 but is integrable on [c, 1] for every 0 < c < 1.
Since

lim
c→0+

Z 1

c

1

x3
dx = lim

c→0+
1

2

µ
1

c2
− 1
¶
= +∞,

the improper integral
R 1
0 1/x

3dx does not exist.

The case where the function is unbounded in the neighborhood of b
is similarly treated. We define the resulting improper integral

R b
a f to

be Z b−

a
f = lim

c→b−

Z c

a
f

whenever the limit exists.

Suppose now that f is unbounded in the neighborhood of a point
c ∈ (a, b) . We say that f has an improper integral on [a, b] if both
improper integrals

R c−
a f and

R b
c+ f exist. We then define the improper

integral to be
R c−
a f +

R b
c+ f and denote it by

R b
a f . Observe thatZ b

a
f =

Z c−

a
f +

Z b

c+
f = lim

ε1→0+

Z c−ε1

a
f + lim

ε2→0+

Z b

c+ε2

f,
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where ε1 and ε2 are independent. It is obvious that the existence of
these limits implies the existence of

lim
ε→0+

½Z c−ε

a
f +

Z b

c+ε
f

¾
. (8.22)

The limit (8.22), when it exists, is called The Cauchy principal value of
the integral and is commonly denoted by pv

R b
a f . The existence of this

value does not, however, ensure the existence of the improper integral.
Here is an example.

Example 8.11 Let f : [−1, 1]→ R be defined by

f (x) =

½
1/x3, x 6= 0
k, x = 0.

A simple calculation yieldsZ −ε

−1
f =

1

2

µ
1− 1

ε2

¶
,

Z 1

ε
f =

1

2

µ
1

ε2
− 1
¶
,

so that

pv
Z 1

−1
f = 0.

However, we have already seen in Example 8.10 that
R 1
0+ f does not

exist.

8.5.2 Unbounded Interval

If f : [a,∞)→ R is Riemann integrable on [a, c] for every c > a, and if

lim
c→∞

Z c

a
f (x) dx (8.23)

exists, then we say that f has an improper integral on [a,∞) , which is
denoted by

R∞
a f or

R∞
a f (x) dx, whose value is the limit (8.23). ThusZ ∞

a
f(x)dx = lim

c→∞

Z c

a
f(x)dx.

In a similar fashion the improper integral
R a
−∞ f (x) dx is defined as

limc→−∞
R a
c f (x) dx whenever this limit exists.
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To integrate over the unbounded interval (−∞,∞), we pick any
real number a and consider the improper integrals

R a
−∞ f (x) dx andR∞

a f (x) dx. If both exist, we say that the improper integral
R∞
−∞ f (x) dx

exists and define its value byZ ∞

−∞
f (x) dx =

Z a

−∞
f (x) dx+

Z ∞

a
f (x) dx.

Note that, in view of Theorem 8.8, the existence of
R∞
−∞ f (x) dx requires

the integrability of f over every bounded interval. Hence, when this
improper integral exists, its value does not depend on a. We can also
write Z ∞

−∞
f (x) dx = lim

c→−∞

Z a

c
f (x) dx+ lim

d→∞

Z d

a
f (x) dx,

where c and d are independent. The limit

lim
c→∞

Z c

−c
f (x) dx = lim

c→∞

½Z a

−c
f (x) dx+

Z c

a
f (x) dx

¾
is called the Cauchy principal value of the integral

R∞
−∞ f, and is de-

noted by pv
R∞
−∞ f. Here again the existence of pv

R∞
−∞ f does not guar-

antee that of the improper integral
R∞
−∞ f.

Example 8.12 Consider f (x) = 1/x2 on [1,∞) . We have

lim
c→∞

Z c

1
1/x2dx = lim

c→∞

µ
1− 1

c

¶
= 1.

Therefore the improper integral
R∞
1

¡
1/x2

¢
dx exists and has value 1.

Example 8.13. Let f (x) = x on R. Since

lim
c→∞

Z c

0
xdx = lim

c→∞
c2

2
=∞,

the improper integral
R∞
0 xdx does not exist, and therefore neither doesR∞

−∞ xdx. However

lim
c→∞

Z c

−c
xdx = lim

c→∞

µ
c2

2
− c2

2

¶
= 0,

so that pv
R∞
−∞ xdx = 0.



The Riemann Integral 299

Having been defined by a limiting process, it is customary to call an
improper integral convergent if it exists and divergent otherwise.

To conclude this chapter, we return to the tests of convergence for
series, as given in Chapter 4, and present yet another test which utilizes
the Riemann integral.

Theorem 8.16 (Integral Test)
Suppose f : [1,∞) → [0,∞) is decreasing and Riemann integrable on
[1, b] for all b > 1. Then
(i) The series

P∞
n=1 f (n) is convergent if and only if the improper

integral
R∞
1 f (t) dt is convergent.

(ii) In case the series is convergent, we haveZ ∞

n+1
f (t) dt ≤

∞P
k=n+1

f (k) ≤
Z ∞

n
f (t) dt, n ∈ N.

Proof
(i) Since f is decreasing and integrable over [k − 1, k] ,we have

f (k) ≤
Z k

k−1
f (t) dt ≤ f (k − 1) . (8.24)

Summing up from k = 2 to k = n, we obtain

nP
k=2

f (k) ≤
Z n

1
f (t) dt ≤

n−1P
k=1

f (k) .

The convergence of the series ensures that the increasing sequence of
integrals

R n
1 f (t) dt is bounded above by

P∞
k=1 f (k) and is therefore

convergent. On the other hand, if the improper integral
R∞
1 f (t) dt

exists, then it becomes an upper bound for the partial sums of the
series, and we conclude that the series is convergent.
(ii) By summing over k from n+ 1 to m in (8.24) we see that

mP
k=n+1

f (k) ≤
Z m

n
f (t) dt ≤

m−1P
k=n

f (k)

⇒
Z m+1

n+1
f(t)dt ≤

mP
k=n+1

f(k) ≤
Z m

n
f(t)dt.
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Figure 8.9

If the series converges then so does the improper integral, and the
desired result is obtained by letting m→∞. ¤
To illustrate the effectiveness of this test, we reconsider in the next

example the series
P
1/np, whose convergence properties have already

been derived in Examples 4.6, 4.7 and 4.8.

Example 8.14 The function f (t) = 1/tp satisfies the conditions of
Theorem 8.14. Since the integralZ n

1
t−pdt =

⎧⎨⎩
1

1− p

¡
n1−p − 1¢ , p 6= 1

logn, p = 1

converges to 1/(p − 1) if p > 1 and to ∞ if p ≤ 1, we conclude thatP
1/np is convergent for all p > 1 and divergent for all p ≤ 1.

Exercises 8.5

1. Evaluate the following improper integrals:

(a)

Z 1

0
log xdx
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(b)

Z 2

1

1

x log x
dx

(c)

Z ∞

−∞
1

1 + x2
dx

(d)

Z ∞

0

dx√
x (x+ 1)

(e)

Z 2

−2
dx√
4− x2

.

2. Let α < 0. Prove that the function f (x) = xα has a convergent
improper integral on [0, 1] if α > −1, and on [1,∞) if α < −1.

3. Let f be defined on (0,∞) by

f (x) =

½
1/
√
x, x ∈ (0, 1]

1/x2, x > 1.

Define and evaluate
R∞
0 f (x) dx.

4. Suppose f ∈ R (a, c) for all c > a. Prove the equivalence of the
following statements:

(a) f has a convergent improper integral on [a,∞) .
(b) For all ε > 0, there is a number N such that

b, c > N ⇒
¯̄̄̄Z c

b
f (x) dx

¯̄̄̄
< ε.

5. Suppose f, g ∈ R (a, c) for all c > a, and that

|f (x)| ≤ g (x) for all x ∈ [a,∞) .

If
R∞
a g (x) dx is convergent, prove that

R∞
a f (x) dx is also convergent.

Use this to prove the existence of the integral

Z ∞

0

1

1 + x4
dx.

6. If f : [0,∞) → [0,∞) is monotonic, and the integral R∞a f (x) dx
is convergent, prove that

lim
x→∞xf (x) = 0.
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7. Use the integral test to determine the convergence or divergence
of the following series:

(a)
∞P
n=2

1

n logn

(b)
∞P
n=2

logn

n2

(c)
∞P
n=2

1

n (logn)2
.

8. Prove that the improper integralZ ∞

0

sinx

x
dx

exists, but that Z ∞

0

|sinx|
x

dx

does not.
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Sequences and Series of
Functions
Having discussed sequences and series of numbers in Chapters 3 and 4,
we now consider sequences and series of functions. For the purposes of
this study, these have two modes of convergence, pointwise convergence
and uniform convergence. Our interest in the second type stems from
the fact that it imparts to the limit function some of the smoothness
properties of the members of the sequence. This naturally leads to
series of functions, as a special class of sequences of functions, and
their corresponding convergence properties. Of particular significance
in this context are the power series, which are taken up towards the end
of the chapter and used to define some well known analytic functions.

9.1 Sequences of Functions

Let D ⊆ R and suppose that, for each n ∈ N, we have a function
fn : D→ R. We then say that we have a sequence

(fn : n ∈ N)

of real-valued functions on D. Evaluating fn, for each n ∈ N, at any
fixed point x ∈ D generates a sequence (fn(x) : n ∈ N) of real numbers
which may or may not converge. If the sequence (fn(x)) converges for
every x ∈ D, the sequence of functions (fn) is said to converge pointwise
on D. The function f : D→ R defined by

f(x) = lim
n→∞ fn(x) (9.1)

is called the (pointwise) limit of (fn), and we express this symbolically
by writing

lim fn = f or fn → f on D.

Recalling Definition 3.2, we therefore have
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Definition 9.1 The sequence of functions (fn) is said to converge point-
wise to f onD if, given ε > 0, there is, for each x ∈ D, a natural number
N = N(ε, x) (which depends on ε and x) such that

n ≥ N ⇒ |fn(x)− f(x)| < ε.

Example 9.1 Let fn : [0, 1]→ R be defined by

fn(x) = xn.

For any fixed x ∈ [0, 1), we get

lim
n→∞ fn(x) = 0.

Since fn(1) = 1 for all n, lim fn(1) = 1, and we see that lim fn = f is
given by (see Figure 9.1)

f(x) =

½
0, 0 ≤ x < 1
1, x = 1.

(9.2)

Figure 9.1

Observe, in this example, that fn is continuous on [0, 1] for each n,
but that lim fn is not, since limx→1 f(x) 6= f(1). Thus continuity is not
preserved by pointwise convergence in this case. Equivalently, we can
write

lim
x→1 limn→∞ fn(x) 6= lim

n→∞ limx→1 fn(x),
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and we see that interchanging the order of the limiting processes can
produce different results under pointwise convergence.

Example 9.2 Let fn : [0, 1]→ R be defined by

fn(x) =

½
1, x = p/q ∈ Q, q ≤ n
0, otherwise

(9.3)

where the rational number p/q is assumed to be in simplest form. Thus,
for all n ≥ q, we have fn(p/q) = 1 → 1 as n → ∞. If, on the other
hand, x /∈ Q, then fn(x) = 0 for all n, and limn→∞ fn(x) = 0. Therefore
the sequence (fn) converges to the function

f(x) =

½
1, x ∈ Q ∩ [0, 1]
0, x ∈ Qc ∩ [0, 1]. (9.4)

Here we note that fn ∈ R(0, 1) for all n, since fn is continuous except
at a finite number of points (where it equals 1), but f /∈ R(0, 1) as we
saw in Example 8.2. So we conclude that, under pointwise convergence,
the limit of a sequence of Riemann integrable functions may not be
Riemann integrable, even though, as is the case in this example, the
sequence (fn(x)) actually increases to f(x) for every x ∈ [0, 1].
Example 9.3 Let

fn(x) = nx(1− x2)n, x ∈ [0, 1].
For any x ∈ (0, 1] it is easy to show that fn(x)→ 0 (see Exercise 3.2.6).
Since fn(0) = 0 for all n, we see that

lim fn(x) = 0 for all x ∈ [0, 1].
Here fn is integrable andZ 1

0
fn(x)dx = n

Z 1

0
x(1− x2)ndx

=

∙ −n
2(n+ 1)

(1− x2)n+1
¸1
0

=
n

2(n+ 1)
→ 1

2
.

Since
R 1
0 f(x)dx = 0, we conclude that

lim
n→∞

Z 1

0
fn(x)dx 6=

Z 1

0
lim
n→∞ fn(x)dx.
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Example 9.4 Let fn : R→ R be given by

fn(x) =

⎧⎨⎩
−1, x < −1/n
sin(nπx/2), −1/n ≤ x ≤ 1/n
1, x > 1/n.

(9.5)

Figure 9.2

If x > 0 then, by the theorem of Archimedes, there is a positive integer
N such that x > 1/N. It then follows that x > 1/n for all n ≥ N, and
therefore fn(x) = 1 for all n ≥ N. Consequently fn(x)→ 1.
Similarly, if x < 0, then fn(x) → −1. Since fn(0) = 0 for all n, we

see that

f(x) = lim
n→∞ fn(x) =

⎧⎨⎩
−1, x < 0
0, x = 0
1, x > 0.

= sgnx. (9.6)

It is straightforward to verify that fn is differentiable on R for all n ∈ N,
yet f is not even continuous.

Example 9.5 Suppose

fn(x) =
sinnx

n
, x ∈ R, n ∈ N.

Clearly fn → 0 on R. Here the limit function is differentiable, but its
derivative is far from equal to the limit of f 0n. In fact f 0n(x) = cosnx
does not even converge on R (except at integral multiples of 2π).
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The above examples highlight the need for a mode of convergence
other than pointwise convergence if the limit function is to inherit any
of the smoothness properties of the sequence.
Going back to Example 9.1, we see in Figure 9.1 that the deviation

of the graph of fn from that of f becomes more pronounced as x ap-
proaches 1 from the left, so that |fn − f | cannot be made arbitrarily
small over the whole interval [0, 1] by taking n large enough.

Definition 9.2 A sequence (fn) of real functions on D ⊆ R converges
uniformly to a function f on D, symbolically expressed by

fn
u→ f,

if, given ε > 0, there is a positive integer N (which depends on ε) such
that

n ≥ N ⇒ |fn(x)− f(x)| < ε for all x ∈ D.

According to this definition, for any ε > 0, we can always “force”
the graph of fn into a band of width less than 2ε centred about the
graph of f, and extending over the whole domain D, by taking n large
enough, as shown in Figure 9.3.

Figure 9.3

It is as if this band is a neighborhood of f in some sense. Recalling the
definition of convergence for a numerical sequence in terms of neighbor-
hoods, we immediately see that the corresponding “natural” mode of
convergence for a sequence of functions is uniform, not pointwise, con-
vergence. The basic difference between these two modes is, of course,
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that the integerN in Definition 9.2 does not depend on x, as is generally
the case in Definition 9.1.

Remarks 9.1
1. It is worth noting that, if fn → f uniformly, then fn → f pointwise.
This implies that, if a sequence of functions converges uniformly, it
converges to the pointwise limit of the sequence.

2. As with numerical sequences, the inequality |fn(x)− f(x)| < ε in
Definitions 9.1 and 9.2 may be replaced by |fn(x)− f(x)| ≤ ε or
|fn(x)− f(x)| < Cε, where C is a positive number which does not
depend on ε.

Since the statement |fn(x)− f(x)| ≤ ε, for all x ∈ D, is equivalent
to the requirement that

sup
x∈D

|fn(x)− f(x)| ≤ ε,

we see that fn
u→ f if and only if, for every ε > 0, there is a positive

integer N such that

n ≥ N ⇒ sup
x∈D

|fn(x)− f(x)| ≤ ε,

which, in turn, is equivalent to the statement

sup
x∈D

|fn(x)− f(x)|→ 0 as n→∞.

This observation is useful enough to be recorded as a theorem.

Theorem 9.1
The sequence fn : D → R converges to f uniformly on D if, and only
if,

sup
x∈D

|fn(x)− f(x)|→ 0 as n→∞.

Let us now apply this test to our previous examples:

1. The sequence of functions fn(x) = xn, x ∈ [0, 1], converges point-
wise to the function defined in (9.2). Here we have

sup
x∈[0,1]

|fn(x)− f(x)| = sup
x∈[0,1)

xn = 19 0,

hence fn does not converge uniformly to f on [0, 1], or, for that
matter, on [0, 1).
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2. In Example 9.2 the sequence fn defined on [0, 1] by (9.3) converges
pointwise to the function f expressed by (9.4). Since

sup
x∈[0,1]

|fn(x)− f(x)| ≥
¯̄̄̄
fn

µ
1

n+ 1

¶
− f

µ
1

n+ 1

¶¯̄̄̄
= |0− 1| = 1

does not tend to 0 as n→∞, the sequence (fn) does not converge
uniformly to f on [0, 1].

3. The sequence fn(x) = nx(1−x2)n, x ∈ [0, 1], converges pointwise
to 0, as we found in Example 9.3. To evaluate

sup
x∈[0,1]

|fn(x)− f(x)| = sup
x∈[0,1]

nx(1− x2)n,

we use differential calculus to determine the maximum value of the
polynomial nx(1 − x2)n over the interval [0, 1]. The point where
this polynomial attains its maximum value is 1/

√
2n+ 1, therefore

sup
x∈[0,1]

|fn(x)− f(x)| = n√
2n+ 1

µ
1− 1

2n+ 1

¶n

→∞,

since µ
1− 1

2n+ 1

¶n

=

µ
1 +

1

2n

¶−n
→ 1√

e

and n/
√
2n+ 1 → ∞. Thus the convergence fn → 0 on [0, 1] is

not uniform.

4. In Example 9.4 the sequence (fn) converges pointwise to f on R,
where fn and f are defined in (9.5) and (9.6) respectively, but here
also the convergence is not uniform, since

sup
x∈R

|fn(x)− f(x)| ≥ |fn(1/2n)− f(1/2n)|

= 1− sinπ/49 0.

5. The sequence

fn(x) =
sinnx

n
, x ∈ R,

converges pointwise to 0 on R. Here we see that

sup
x∈R

|fn(x)− f(x)| = sup
x∈R

¯̄̄̄
sinnx

n

¯̄̄̄
≤ 1

n
→ 0,

so we conclude that fn
u→ 0 on R.
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Example 9.6 Given
fn(x) = nxe−nx,

it is clear that fn → 0 if and only if x ≥ 0. To test this sequence for
uniform convergence on [a,∞), where a ≥ 0, we need to evaluate the
limit of sup {fn(x) : x ≥ 0} as n → ∞. Now f 0n(x) = ne−nx(1 − nx),
hence x = 1/n is the only critical point of fn in [0,∞). We consider
two cases:

(i) a = 0. Here the maximum value of fn is attained at 1/n and equals
1/e. Consequently,

sup
x∈[0,∞)

fn(x) = 1/e9 0,

and the sequence (fn) does not converge uniformly on [0,∞).
(ii) a > 0. In this case we can always find a positive integer N such that
a > 1/N. For each n ≥ N the function fn does not have any critical
points in the interval (a,∞). Since fn is a decreasing function on this
interval for all n ≥ N, its maximum value is attained at x = a. Hence

sup
x∈[a,∞)

fn(x) = fn(a) = nae−na → 0,

and we conclude that fn converges uniformly to 0 on [a,∞) for any
a > 0.

A Cauchy criterion is also available for testing uniform convergence.

Theorem 9.2 (Cauchy Criterion for Uniform Convergence)
The sequence of functions fn : D→ R is uniformly convergent if, and
only if, for every ε > 0, there is a positive integer N such that

m,n ≥ N ⇒ |fn(x)− fm(x)| < ε for all x ∈ D, (9.7)

or, equivalently,

m,n ≥ N ⇒ sup
x∈D

|fn(x)− fm(x)| < ε.

Proof. Suppose fn
u→ f on D, and let ε > 0. Choose N ∈ N such that

n ≥ N ⇒ |fn(x)− f(x)| < ε/2, x ∈ D.

If m,n ≥ N then

|fn(x)− fm(x)| ≤ |fn(x)− f(x)|+ |f(x)− fn(x)| < ε, x ∈ D.
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Now suppose (fn) satisfies the criterion stated in the theorem; then,
for every x ∈ D, the real sequence (fn(x)) is clearly a Cauchy sequence,
and hence convergent. Let f(x) be its (pointwise) limit, that is,

f(x) = lim
n→∞ fn(x), x ∈ D.

Now hold n ≥ N fixed and let m → ∞ in (9.7) to conclude, from the
continuity of the absolute value, that

n ≥ N ⇒ |fn(x)− f(x)| ≤ ε for all x ∈ D,

which implies fn
u→ f. ¤

Exercises 9.1

In Exercises 1 through 10 determine the pointwise limit of (fn), then
decide whether the convergence is uniform or not.

1. fn(x) =
x

n
, x ∈ R.

2. fn(x) =
sin(nx)

nx
, x ∈ (0, 1).

3. fn(x) =
1

nx+ 1
, x ∈ (0, 1).

4. fn(x) =
x

nx+ 1
, x ∈ [0, 1].

5. fn(x) =
nx

1 + n2x2
, x ∈ R.

6. fn(x) =
nx3

1 + nx
, x ∈ [0, 1].

7. fn(x) = xn(1− x), x ∈ [0, 1].
8. fn(x) = xn(1− xn), x ∈ [0, 1].

9. fn(x) =

½
nx, x ∈ [0, 1/n]
0, x ∈ (1/n, 1].

10. fn(x) =

½ √
nx, x ∈ [0, 1/n]

0, x ∈ (1/n, 1].
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11. If fn
u→ f on D and fn

u→ f on E, prove that fn
u→ f on D ∪E.

12. If fn
u→ f and gn

u→ g on D, prove that, for all α, β ∈ R, αfn +
βgn

u→ αf + βg.

13. Suppose fn
u→ f and gn

u→ g on D. If each fn and each gn is
bounded on D, prove that fngn

u→ fg. Give an example where
fn

u→ f and gn
u→ g on a set D and yet (fngn) does not converge

uniformly.

14. Suppose (fn) converges uniformly on D. If each fn is bounded on
D, prove that (fn) is uniformly bounded on D, in the sense that
there is a constant K such that |fn(x)| ≤ K for all x ∈ D, n ∈ N.

15. Let D be a compact set in R. Suppose (fn) is a sequence of con-
tinuous functions that decreases pointwise to f , in the sense that,
for any x ∈ D, fn+1(x) ≤ fn(x) for all n ∈ N and fn(x) → f(x).
If f is continuous on D, prove that fn

u→ f. Use the sequence
fn(x) = xn on (0, 1) to show that the compactness condition can-
not be dropped. This is known as Dini’s Theorem.

Hint: Given ε > 0, show that, for each c ∈ D, there is a positive
integer Nc and a δc > 0 (which depend on c and ε) such that
fn(x)− f(x) < ε for all n ≥ Nc and x ∈ (c− δc, c+ δc).

9.2 Properties of Uniform Convergence

Having demonstrated some of the shortcomings of pointwise conver-
gence in the last section, we now examine the situation under uniform
convergence.

Theorem 9.3
Let x ∈ D̂ and suppose fn

u→ f on D\{x}. If
lim
t→x

fn(t) = cn

exists for each n ∈ N, then
(i) (cn) is convergent,
(ii) lim t→xf(t) exists and coincides with limn→∞ cn, i.e.,

lim
n→∞ limt→x

fn(t) = lim
t→x

lim
n→∞ fn(t).
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Proof. Let ε > 0. Since (fn) converges uniformly, it satisfies the Cauchy
criterion, so there is an N ∈ N such that

m,n ≥ N ⇒ |fn(t)− fm(t)| < ε for all t ∈ D\{x}. (9.8)

Now let t→ x in (9.8), and recall that the absolute value is a continuous
function to conclude that

m,n ≥ N ⇒ |cn − cm| ≤ ε, (9.9)

which implies that (cn) is a Cauchy sequence, and hence convergent.
This proves (i).
To prove (ii), let c = limn→∞ cn. Setting n = N and letting m→∞

in (9.8) yields

|fN (t)− f(t)| ≤ ε for all t ∈ D\{x}, (9.10)

and in (9.9), it gives
|cN − c| ≤ ε. (9.11)

Since fN (t)→ cN as t→ x, there is a δ > 0 such that

t ∈ D\{x}, |t− x| < δ ⇒ |fN (t)− cN | < ε. (9.12)

Using (9.10), (9.11), and (9.12), we obtain

|f(t)− c| ≤ |f(t)− fN (t)|+ |fN (t)− cN |+ |cN − c| < 3ε
for all t ∈ D\{x} such that |t− x| < δ, which means limt→x f(t) = c. ¤
Corollary 9.3 Suppose fn

u→ f on D. If, for each n ∈ N, fn is
continuous at c ∈ D, then so is f.

Proof. We need only consider c ∈ D̂ ∩D. In view of Theorem 9.3, we
have

lim
t→c

f(t) = lim
n→∞ limt→c

fn(t)

= lim
n→∞ fn(c)

= f(c),

which proves that f is continuous at c. ¤
Thus, if a sequence of continuous functions converges to a discon-

tinuous limit function, then we can conclude, based on this corollary,
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that the convergence is not uniform. Example 9.1 demonstrates such
a sequence. But Corollary 9.3 gives a necessary, not a sufficient, con-
dition for uniform convergence; for it may happen that a sequence of
continuous functions converges to a continuous limit function without
the convergence being uniform. Example 9.3 provides an example of
such a sequence.

Theorem 9.4
Suppose fn ∈ R(a, b) for each n ∈ N. If fn

u→ f on [a, b], then f ∈
R(a, b) and Z b

a
f(x)dx = lim

n→∞

Z b

a
fn(x)dx. (9.13)

Proof. Let ε > 0. To prove that f ∈ R(a, b), we need only exhibit a
partition P such that

U(f, P )− L(f, P ) < Cε,

where C is independent of ε.
Since fn converges uniformly to f, we can find a positive integer N

such that

n ≥ N ⇒ fn(x)− ε < f(x) < fn(x) + ε for all x ∈ [a, b].

Since fN ∈ R(a, b), there is a partition P = {x0, x1, · · · , xn} of [a, b]
such that

U(fN , P )− L(fN , P ) < ε.

But since fN(x)− ε < f(x) < fN (x) + ε for all x ∈ D, we have

L(fN , P )− ε(b− a) ≤ L(f, P ),

U(f, P ) ≤ U(fN , P ) + ε(b− a).

Hence

U(f, P )− L(f, P ) ≤ U(fN , P )− L(fN , P ) + 2ε(b− a)

< ε+ 2ε(b− a)

= Cε,

where C = 1 + 2(b− a), so f ∈ R(a, b).
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Furthermore,¯̄̄̄Z b

a
fn(x)dx−

Z b

a
f(x)dx

¯̄̄̄
≤
Z b

a
|fn(x)− f(x)| dx

≤
Z b

a
sup
x∈[a,b]

|fn(x)− f(x)| dx

≤ (b− a) sup
x∈[a,b]

|fn(x)− f(x)| .

The uniform convergence of (fn) now ensures that

sup
x∈[a,b]

|fn(x)− f(x)|→ 0 as n→∞. ¤

Equation (9.13) can actually hold in the absence of uniform conver-
gence, as may be seen by taking fn(x) = xn (see Example 9.1), whereZ 1

0
fn(x)dx =

Z 1

0
xndx =

1

n+ 1
→ 0 =

Z 1

0
f(x)dx,

so the conditions on fn, as stated in Theorem 9.4, are not necessary
for the validity of (9.13). In fact, these conditions will be significantly
relaxed when we take up the Lebesgue integral in Chapter 11.

We may be tempted to expect an analogous result for differentiation,
perhaps along the following lines: if fn

u→ f on [a, b] and fn is differen-
tiable at c ∈ [a, b], then so is f and f 0n(c) → f 0(c). But this statement
is false. Consider the following examples:

Example 9.7 The sequence

fn(x) =
p
x2 + 1/n2, x ∈ [−1, 1],

converges (pointwise) to the function f(x) =
√
x2 = |x| . The conver-

gence is uniform on [−1, 1], since
|fn(x)− f(x)| =

p
x2 + 1/n2 −

√
x2

=
1/n2p

x2 + 1/n2 +
√
x2

≤ 1

n
, x ∈ [−1, 1].

Clearly each fn is differentiable, with f 0n(x) = x/
p
x2 + 1/n2, but f is

not differentiable at 0.
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In Example 9.5 we saw that the sequence

fn(x) =
sinnx

n
, x ∈ R,

converges uniformly to 0. However, the sequence f 0n(x) does not con-
verge at any x, except integral multiples of 2π. Even if the limit function
f is differentiable and the sequence f 0n is convergent, we cannot be cer-
tain of the equality f 0 = limn→∞ f 0n, as the next example demonstrates.

Example 9.8 The sequence (fn) defined by

fn(x) =
xn

n
, x ∈ [0, 1],

clearly converges uniformly to f = 0. However,

lim
n→∞ f 0n(1) = 1 6= f 0(1).

The following theorem gives sufficient conditions for the convergence
f 0n → f 0.

Theorem 9.5
Suppose (fn) is a differentiable sequence of functions on [a, b] which
converges at some point x0 ∈ [a, b]. If the sequence (f 0n) is uniformly
convergent on [a, b], then (fn) is also uniformly convergent on [a, b] to
a function f which is differentiable on [a, b], and f 0n → f 0.

Proof. Let ε > 0. From the convergence of (fn(x0)) and the uniform
convergence of (f 0n), we deduce that there is an N ∈ N such that

m,n ≥ N ⇒ ¯̄
f 0n(x)− f 0m(x)

¯̄
< ε for all x ∈ [a, b],

and
m,n ≥ N ⇒ |fn(x0)− fm(x0)| < ε.

Given any two points x, t ∈ [a, b], we know from the mean value
theorem, applied to fn− fm, that we can find a point c between x and
t such that

fn(x)− fm(x)− [fn(t)− fm(t)] = (x− t)[f 0n(c)− f 0m(c)].

If m,n ≥ N then

|fn(x)− fm(x)− [fn(t)− fm(t)]| < ε |x− t| , (9.14)
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hence

|fn(x)− fm(x)| ≤ |fn(x)− fm(x)− [fn(x0)− fm(x0)]|
+ |fn(x0)− fm(x0)|
< ε |x− x0|+ ε

≤ ε(b− a+ 1) = Cε, x ∈ [a, b].
This proves that (fn) satisfies Cauchy’s criterion for uniform conver-
gence, and must therefore converge uniformly to some limit f.
For any fixed point x ∈ [a, b], define

gn(t) =
fn(t)− fn(x)

t− x
, t ∈ [a, b]\{x},

g(t) =
f(t)− f(x)

t− x
, t ∈ [a, b]\{x}.

Clearly gn → g as n→∞, and we shall now show that this convergence
is uniform. If m,n ≥ N then, using (9.14),

|gn(t)− gm(t)| < ε for all t ∈ [a, b]\{x},
hence, by Cauchy’s criterion, gn

u→ g on [a, b]\{x}. Since
lim
t→x

gn(t) = f 0n(x) for all n ∈ N,

we can use Theorem 9.3 to conclude that

lim
t→x

g(t) = lim
n→∞ f 0n(x).

But since limt→x g(t) = f 0(x), this proves that f is differentiable at x,
and that

f 0(x) = lim
n→∞ f 0n(x). ¤

That the uniform convergence of (f 0n) is not necessary for the con-
clusions of this theorem may be seen by considering the sequence

fn(x) =
xn+1

n+ 1
, x ∈ (0, 1),

which converges uniformly to 0, while f 0n(x) = xn converges also to 0,
but not uniformly (see Example 9.1).

We end this section with a celebrated theorem of classical analysis
due to Karl Weierstrass (1815-1897). According to Corollary 9.3, the
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uniform limit of a sequence of polynomials on a compact interval [a, b]
is necessarily continuous. The converse statement, that each continuous
function on [a, b] is such a limit, is known as the Weierstrass approxi-
mation theorem.

Theorem 9.6
If the function f : [a, b]→ R is continuous, then, for each ε > 0, there
is a polynomial p such that |f(x)− p(x)| < ε for all x ∈ [a, b].
Proof. We first show that it is sufficient to prove the theorem for
the special case [a, b] = [0, 1]. This follows from the observation that
x = (b− a)t+ a is a continuous mapping of [0, 1] onto [a, b], hence the
function

g(t) = f(x) = f((b− a)t+ a)

is continuous on [0, 1]. If the theorem is valid on [0, 1] and q is a poly-
nomial which satisfies

|g(t)− q(t)| < ε for all t ∈ [0, 1],
then we obtain

|f(x)− p(x)| < ε for all x ∈ [a, b],
where p is the polynomial defined by

p(x) = q

µ
x− a

b− a

¶
, x ∈ [a, b].

Secondly, we may assume, without loss of generality, that f(0) =
f(1) = 0. Indeed, if the theorem is proved in this case, then for the
function

h(x) = f(x)− f(0)− [f(1)− f(0)]x, x ∈ [0, 1],
which satisfies h(0) = h(1) = 0, there would exist a polynomial r such
that

|h(x)− r(x)| < ε for all x ∈ [0, 1].
Setting p(x) = r(x) + f(0) + [f(1)− f(0)]x, we now have

|f(x)− p(x)| < ε for all x ∈ [0, 1].
Finally, we extend f as a continuous function to R by defining f(x) = 0
on R\[0, 1].
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For each n ∈ N, let

ϕn(x) =

½
cn(1− x2)n, |x| ≤ 1
0, |x| > 1,

with cn chosen so that
R 1
−1 ϕn(x)dx = 1. That is,

cn =

∙Z 1

−1
(1− x2)ndx

¸−1
.

Since Z 1

−1
(1− x2)ndx = 2

Z 1

0
(1− x2)ndx

= 2

Z 1

0
(1− x)n(1 + x)ndx

≥ 2
Z 1

0
(1− x)ndx

=
2

n+ 1
,

we arrive at the estimate

0 < cn ≤ n+ 1

2
.

Define

pn(x) =

Z 1

−1
f(x− t)ϕn(t)dt, x ∈ R.

Since f vanishes outside [0, 1], we have

pn(x) =

Z x

x−1
f(x− t)ϕn(t)dt.

The substitution s = x− t yields

pn(x) =

Z 1

0
f(s)ϕn(x− s)ds,

which is clearly a polynomial in x for all x ∈ [0, 1].
Now let ε be any positive number. Since f is continuous on the

compact interval [0, 1], it is bounded and uniformly continuous there.
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Therefore there is a number M such that |f(x)| ≤ M for all x ∈ [0, 1]
and a number 0 < δ < 1 such that

x, t ∈ [0, 1], |x− t| < δ ⇒ |f(x)− f(t)| < ε/2.

Thus, for all x ∈ [0, 1],

|f(x)− pn(x)| =
¯̄̄̄Z 1

−1
f(x)ϕn(t)dt−

Z 1

−1
f(x− t)ϕn(t)dt

¯̄̄̄
≤
Z 1

−1
|f(x)− f(x− t)|ϕn(t)dt

≤
µZ −δ

−1
+

Z δ

−δ
+

Z 1

δ

¶
|f(x)− f(x− t)|ϕn(t)dt

≤ 2M
Z −δ

−1
ϕn(t)dt+

ε

2

Z δ

−δ
ϕn(t)dt+ 2M

Z 1

δ
ϕn(t)dt.

Using the upper bound on cn, we haveZ 1

δ
ϕn(t)dt ≤

n+ 1

2

Z 1

δ
(1− t2)ndt

≤ n+ 1

2

Z 1

δ
(1− t)ndt

=
1

2
(1− δ)n+1.

By symmetry, we also haveZ −δ

−1
ϕn(t)dt ≤

1

2
(1− δ)n+1.

Since (1−δ)n+1 → 0 as n→∞, there is a positive integer N such that,
for all n ≥ N ,

0 ≤ 2M
Z −δ

−1
ϕn(t)dt+ 2M

Z 1

δ
ϕn(t)dt <

ε

2
.

With
R δ
−δ ϕn(t)dt ≤

R 1
−1 ϕn(t)dt ≤ 1, we finally conclude that

|f(x)− pn(x)| < ε for all t ∈ [0, 1]. ¤
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We have actually shown that, for any continuous function f on [a, b],
the sequence of polynomials pn converges uniformly to f on [a, b]. By
analogy with the density of Q in R, in the sense that any real number is
the limit of a sequence of rational numbers, this amounts to the state-
ment that the polynomials on [a, b] are dense in the set of continuous
functions on [a, b].

Exercises 9.2

1. Find the limit of the sequence fn(x) = xn/(1 + xn) on [0, 2], and
determine whether the convergence is uniform.

2. Define a sequence fn : [0, 1] → R such that each fn is discontinu-
ous at each point in [0, 1], and yet (fn) converges uniformly to a
continuous function on [0, 1].

3. Let ϕ be a continuous function on [0, 1], and suppose fn(x) =
ϕ(x)xn, x ∈ [0, 1]. Show that (fn) converges uniformly if and only
if ϕ(1) = 0. Deduce from this that nx(1− x)n

u→ 0 on [0, 1].

4. Suppose fn
u→ f on D, where each fn is continuous at c ∈ D. If

(xn) is a sequence of points in D which converges to c, prove that
fn(xn)→ f(c).

5. Let fn : [0, 1]→ R be defined as follows:

fn(x) =

⎧⎨⎩
n2x, x ∈ [0, 1/n]
−n2(x− 2/n), x ∈ (1/n, 2/n]
0, x ∈ (2/n, 1].

Prove that lim fn = f = 0. By comparing
R 1
0 f to lim

R 1
0 fn, show

that the convergence of fn is not uniform.

6. Let p > 0 and suppose

fn(x) =
nx

1 + n2xp
, x ∈ [0, 1].

For what values of p does (fn) converge uniformly on [0, 1] to a
limit f? Does

R 1
0 fn →

R 1
0 f if p = 2?
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7. Evaluate the limit of the sequence

fn(x) =
x

nx+ 1

on [0, 1]. Show that the convergence is not uniform, but thatR 1
0 fn →

R 1
0 f.

8. Theorem 9.4 is not, in general, valid for improper integrals. Let fn
and gn be defined on [1,∞) as follows:

fn(x) =

½
1/x, x ≤ n
0, x > n,

gn(x) =

½
1/n, x ≤ n
0, x > n.

(a) Show that fn
u→ f on [1,∞) and R∞1 fn exists for all n, butR∞

1 f does not exist.

(b) Show that gn
u→ g on [1,∞), R∞1 gn and

R∞
1 g exist, butR∞

1 gn 9
R∞
1 g.

9. The functions fn on [−1, 1] are defined by

fn(x) =
x

1 + n2x2
.

Show that (fn) converges uniformly and that its limit f is differ-
entiable, but that the equality f 0(x) = lim f 0n(x) does not hold for
all x ∈ [−1, 1].

10. Let
fn(x) = (1 + xn)1/n, x ∈ [0, 2].

Prove that fn is differentiable, but that it converges uniformly to
a limit which is not differentiable at x = 1.

11. Let

fn(x) =
n2x3

1 + n2x3
, x ∈ [0, 1].

Show that (fn) does not satisfy all the conditions of Theorem 9.5,
but that the derivative of the limit function is the limit of (f 0n).



Sequences and Series of Functions 323

12. Suppose fn is continuous on [0, 1] and fn
u→ f on [0, 1]. Prove that

lim
n→∞

Z 1−1/n

0
fn(x)dx =

Z 1

0
f(x)dx.

Hint: Use Exercise 9.1.14.

13. Let fn → f on [a, b]. If f 0n is continuous on [a, b] for each n ∈ N
and f 0n

u→ g, prove that
R x
a g(t)dt = f(x) − f(a) for all x ∈ [a, b]

and that g(x) = f 0(x) for all x ∈ [a, b].
14. Prove that Z π

a
lim
n→∞

sinnx

nx
dx = 0 for all a > 0.

Deduce the value of

lim
n→∞

Z π

0

sinnx

nx
dx.

15. If f is a continuous function on [0, 1] and
R 1
0 x

nf(x)dx = 0 for all
n ∈ N0, use the Weierstrass approximation theorem to prove that
f = 0 on [0, 1].

9.3 Series of Functions

Consider a sequence (fn) of functions defined on a set D ⊆ R. By
analogy with numerical series, we define the n-th partial sum of the
sequence as the function

Sn(x) =
nP

k=1

fk(x), x ∈ D.

The sequence (Sn) is called an infinite series (of functions) and is de-
noted by

P
fn. The series is said to converge on D if the sequence

(Sn) converges pointwise on D. In this case the limit of the sequence is
called the sum of the series and is denoted by

lim
n→∞Sn(x) =

∞P
k=1

fk(x), x ∈ D.

A series which does not converge at a point is said to diverge at that
point. The series

P
fk is said to converge absolutely on D if the series
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then

P
fk is also said to converge uniformly on D.

Applying Theorems 9.3, 9.4, and 9.5 to the sequence (Sn), and using
the linearity of the limiting process, integration, and differentiation, we
obtain the following parallel theorems:

Theorem 9.7
Let x ∈ D̂ and suppose limt→x fn(t) exists for each n ∈ N. If P fn
converges uniformly on D\{x}, then

lim
t→x

∞P
n=1

fn(t) =
∞P
n=1

lim
t→x

fn(t).

Consequently, if each fn is continuous at x, then so is the sum
P∞

n=1 fn.

Theorem 9.8
Suppose fn ∈ R(a, b) for all n ∈ N. If P fn converges uniformly on
[a, b], then

P∞
n=1 fn ∈ R(a, b) andZ b

a

∞P
n=1

fn(x)dx =
∞P
n=1

Z b

a
fn(x)dx.

Theorem 9.9
Let fn be a differentiable function on [a, b] for each n ∈ N, and suppose
the series

P
fn(x0) converges at some point x0 ∈ [a, b]. If the seriesP

f 0n is uniformly convergent on [a, b], then
P

fn is also uniformly
convergent on [a, b], its sum

P∞
n=1 fn is differentiable on [a, b], andµ ∞P

n=1
fn

¶0
(x) =

∞P
n=1

f 0n(x) for all x ∈ [a, b].

Applied to series, the Cauchy criterion for uniform convergence (The-
orem 9.2) takes the following form:

Theorem 9.10
The series

P
fn is uniformly convergent on D if, and only if, for every

ε > 0, there is an N ∈ N such that

n > m ≥ N ⇒ |Sn(x)− Sm(x)| =
¯̄̄̄
¯ nP
k=m+1

fk(x)

¯̄̄̄
¯ < ε for all x ∈ D.
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The importance of this theorem derives from the fact that it gives a
sufficient and necessary condition for the uniform convergence of series.
It is obvious that the convergence of the series

P
fn implies the point-

wise convergence fn → 0 on D. Setting n = m + 1 in Theorem 9.10,
we see that fn

u→ 0 on D is a necessary condition for the convergence
of
P

fn to be uniform on D. This theorem can also be used to prove a
more practical test for uniform convergence, known as the Weierstrass
M-test.

Theorem 9.11 (Weierstrass M-Test)
Let (fn) be a sequence of functions defined on D, and suppose that
there is a sequence of non-negative numbers (Mn) such that

|fn(x)| ≤Mn for all x ∈ D, n ∈ N.

If the series
P

Mn converges, then both
P

fn and
P |fn| converge

uniformly on D.

Proof. Let ε > 0. Since
P

Mn is convergent, there is an N ∈ N such
that

n > m ≥ N ⇒
nP

k=m+1

Mk < ε.

But ¯̄̄̄
¯ nP
k=m+1

fk(x)

¯̄̄̄
¯ ≤ nP

k=m+1

|fk(x)| ≤
nP

k=m+1

Mn for all x ∈ D.

Therefore

n > m ≥ N ⇒
¯̄̄̄
¯ nP
k=m+1

fk(x)

¯̄̄̄
¯ ≤ nP

k=m+1

|fk(x)| < ε for all x ∈ D,

and, by Cauchy’s criterion, both the series
P

fn and
P |fn| are uni-

formly convergent. ¤
Example 9.9 Discuss the uniform convergence of the series

P
fn,

where

(i) fn(x) = sin
³ x

n2

´
, (ii) fn(x) =

1

n2x2
, x 6= 0, (iii) fn(x) = sin(3nx)

2n
.
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Solution
(i) Suppose D is a subset of R bounded by K, i.e., |x| ≤ K for all
x ∈ D. Then, using Example 7.11,¯̄̄

sin
³ x

n2

´¯̄̄
≤ |x|

n2
≤ K

n2
for all x ∈ D.

Taking Mn = K/n2 and noting that
P

Mn is convergent, we conclude
that

P
fn is uniformly (and absolutely) convergent on any bounded

subset of R.
Since, however, fn → 0 pointwise on R and

sup
x∈R

|fn(x)| ≥
¯̄̄̄
sin

µ
n2π/2

n2

¶¯̄̄̄
= 19 0,

we see that (fn) does not converge uniformly to 0 on R. Consequently,
the series

P
fn does not converge uniformly on R.

(ii) The series
P
1/n2x2 clearly converges pointwise on the open set

R\{0}. Now let r > 0. For all x ∈ R such that |x| > r, we have

|fn(x)| ≤ 1

n2r2
for all n ∈ N.

Since
P
1/n2r2 is convergent, the series

P
fn converges uniformly, by

the M-test, on the closed set R\(−r, r) = (−∞, r]∪ [r,∞) for all r > 0.
But, though fn(x)→ 0 pointwise on R\{0},

sup
x6=0

|fn(x)| ≥ |fn(1/n)| = 19 0.

Hence (fn) does not converge uniformly to 0 on R\{0}, and
P

fn there-
fore fails to converge uniformly on R\{0}.
(iii) The series

P
2−n sin(3nx) is easily seen to be uniformly convergent

on R by the M-test, using Mn = 2
−n. Since fn is continuous on R for

all n, its sum

f(x) =
∞P
n=1

2−n sin(3nx)

is also a continuous function on R, by Theorem 9.7. But, surprisingly, f
is nowhere differentiable (see [KRA]). This is an example of a function,
first pointed out by Weierstrass, which is continuous everywhere but
nowhere differentiable.
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Lemma 9.1 (Abel’s Partial Summation Formula)
Let (an) and (bn) be two real sequences. If An =

Pn
k=1 ak, then

nP
k=1

akbk = Anbn+1 +
nP

k=1

Ak(bk − bk+1). (9.15)

Proof. Set A0 = 0. Then

ak = Ak −Ak−1 for all k = 1, · · · , n.
Therefore

nP
k=1

akbk =
nP

k=1

(Ak −Ak−1)bk

=
nP

k=1

Akbk −
nP

k=1

Ak−1bk

=
nP

k=1

Akbk −
n−1P
k=0

Akbk+1

=
nP

k=1

Akbk −
nP

k=1

Akbk+1 +Anbn+1 ¤

Theorem 9.12 (Dirichlet Test for Uniform Convergence)
Let (un) and (vn) be two sequences of real valued functions on a set
D ⊆ R which satisfy the following conditions:
(i) The sequence (Un) of partial sums of (un) is uniformly bounded, in
the sense that there is a constant K such that

|Un(x)| =
¯̄̄̄
nP

k=1

uk(x)

¯̄̄̄
≤ K for all x ∈ D,n ∈ N.

(ii) The sequence (vn) is monotonically decreasing on D; that is, vn+1(x)
≤ vn(x) for all n ∈ N and x ∈ D.
(iii) vn

u→ 0 on D.
Then the series

P
unvn is uniformly convergent on D.

Proof. Let Sn =
Pn

k=1 ukvk. From Lemma 9.1, we have

Sn = Unvn+1 +
nP

k=1

Uk(vk − vk+1).

If n > m and x ∈ D, noting that vk(x)− vk+1(x) ≥ 0, we obtain
|Sn(x)− Sm(x)| ≤ K |vn+1(x)|+K |vm+1(x)|

+K
nP

k=m+1

[vk(x)− vk+1(x)]

= K |vn+1(x)|+K |vm+1(x)|+K[vm+1(x)− vn+1(x)].
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Properties (ii) and (iii) imply vk(x) ≥ 0 for all k, hence

|Sn(x)− Sm(x)| ≤ 2Kvm+1(x).

Since vn → 0 uniformly on D, we see that (Sn) satisfies the Cauchy
criterion for uniform convergence. ¤
Example 9.10 Discuss the convergence properties of the two series

(i)
X sinnx

n2
, (ii)

X sinnx

n
.

Solution

(i) Since |sinnx| ≤ 1 for all x ∈ R and
X 1

n2
is convergent, the seriesX sinnx

n2
is uniformly convergent on R by the M-test.

(ii) If

¯̄̄̄
sinnx

n

¯̄̄̄
≤Mn for all x in some interval I, then Mn ≥ c

n
, where

c = sup
x∈I

|sinnx| > 0. Since
P 1

n
is divergent, we see that the M-test

is not applicable on any interval in R. We shall use the Dirichlet test
to prove uniform convergence on any interval [a, b] ⊆ (2mπ, (2m +
1)π), m ∈ Z. The proof relies on the equality

nP
k=1

sin kx =
cos 12x− cos(n+ 1

2)x

2 sin 12x
, x 6= 2mπ,m ∈ Z, (9.16)

which can be proved by induction on n. Setting uk(x) = sin kx and
Un(x) =

Pn
k=1 uk(x), we see that

|Un(x)| ≤
¯̄
cos 12x

¯̄
+
¯̄
cos(n+ 1

2)x
¯̄

2
¯̄
sin 12x

¯̄
≤ 1¯̄
sin 12x

¯̄
≤ max

(
1¯̄

sin 12a
¯̄ , 1¯̄
sin 12b

¯̄) for all n ∈ N, x ∈ [a, b].

With vn(x) = 1/n on [a, b], we obtain a decreasing sequence which

converges (uniformly) to 0. By Dirichlet’s test the series
X sinnx

n
converges uniformly on [a, b].
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Using Fourier expansions (see [CAR], for example), it can be shown

that
X sinnx

n
converges pointwise on R to a function which is periodic

in 2π, and which is defined on [−π, π] by

S(x) =

⎧⎪⎪⎨⎪⎪⎩
−π + x

2
, x ∈ [−π, 0)

0, x = 0
π − x

2
, x ∈ (0, π].

Note that x = 2mπ, m ∈ Z, are points of (jump) discontinuity for
the function S. Hence the series

X sinnx

n
of continuous terms cannot

converge uniformly in any interval containing such points.

Theorem 9.13 (Abel’s Test for Uniform Convergence)
Suppose the sequences (un) and (vn) of real valued functions defined
on D ⊆ R satisfy the following conditions:
(i)

P
un converges uniformly on D.

(ii) The sequence (vn) is uniformly bounded and monotonically decreas-
ing on D.
Then the series

P
unvn is uniformly convergent on D.

Proof. Suppose |vn(x)| ≤ M for all n ∈ N, x ∈ D. If n > m then,
applying the equality (9.15) to the sequences ũk = uk+m and ṽk =
vk+m, we obtain

n−mP
k=1

ũkṽk = Ũn−mṽn−m+1 +
n−mP
k=1

Ũk(ṽk − ṽk+1).

⇒
nP

k=m+1

ukvk = vn+1
nP

k=m+1

uk +
nP

k=m+1

(vk − vk+1)
k+mP

j=m+1
uj .

Now let ε be an arbitrary positive number. Relying on condition (i),
we can choose N such that

n > m ≥ N ⇒
¯̄̄̄
¯ nP
j=m+1

uj(x)

¯̄̄̄
¯ < ε for all x ∈ D.

Therefore, if n > m ≥ N, then for all x ∈ D we have¯̄̄̄
¯ nP
k=m+1

uk(x)vk(x)

¯̄̄̄
¯ < ε |vn+1(x)|+ ε

nP
k=m+1

[vk(x)− vk+1(x)]

= ε |vn+1(x)|+ εvm+1(x)− εvn+1(x)

≤ 3Mε.
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By the Cauchy criterion, the series
P

unvn converges uniformly on
D. ¤
Example 9.11 The series

P
anx

n is uniformly convergent on [0, 1] ifP
an is convergent. To see that, set un(x) = an and vn(x) = xn for

all n ∈ N, x ∈ [0, 1]. With this choice of un and vn the conditions of
Abel’s test are clearly satisfied, hence its conclusion applies. If

P
an is

absolutely convergent, the same conclusion follows from the M-test.

Exercises 9.3

1. Determine where the series
P

fn converges pointwise and where
it converges uniformly, if fn(x) is defined as

(a)
1

x2 + n2

(b)
1

xn + 1
, x 6= −1

(c)
xn

xn + 1
, x 6= −1

(d)
(−1)n
n+ |x|

(e)
x

n(1 + nx2)
.

2. If
P

an is absolutely convergent, prove that
P

an cosnx andP
an sinnx are uniformly convergent on R.

3. Let (an) be a decreasing sequence of non-negative numbers. IfP
an sinnx is uniformly convergent on R, prove that nan → 0.

4. Determine the domain of (i) absolute convergence and (ii) uniform

convergence for the series
X 1

1 + n2x
.

5. Prove that the series
X xp

1 + n2x2
, where p > 0, is uniformly con-

vergent on [0, 1] if and only if p > 1. Hint: For p ≤ 1 consider the
sum from n to 2n evaluated at x = 1/n.

6. Prove that
P
(−1)n(x2 + n2)/n3 converges uniformly on any

bounded interval, but that it does not converge absolutely at any
x ∈ R.
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7. Use induction to prove the identity 9.16.

8. Discuss the convergence of
X cosnx

np
and

X sinnx

np
, where p > 0.

Hint: Use Dirichlet’s test.

9. Let p > 0. Prove that
P xn sinnx

np
is uniformly convergent on

[0, 1]. Hint: Use Abel’s test and Exercise 9.3.8.

10. Prove that
X xn(1− x)

log(n+ 1)
is uniformly convergent on [0, 1]. If

Mn = sup
x∈[0,1]

xn(1− x)

log(n+ 1)
,

show that
P

Mn is divergent.

This is an example of a uniformly convergent series to which the
M-test does not apply.

11. Prove that the series
P
1/nx is uniformly convergent on [a,∞) for

all a > 1. If S(x) =
P∞

n=1 1/n
x, prove that

S0(x) = −
∞X
n=1

logn

nx
for all x > 1.

Use the definition nx = ex logn.

12. By dividing the interval [0,∞) into the subintervals [(n−1)π, nπ],
prove the existence of the improper integral

Z ∞

0

sinx

x
dx. Does the

integral

Z ∞

0

¯̄̄̄
sinx

x

¯̄̄̄
dx converge?

13. Prove that the series
X x2

n2 + x2
converges uniformly on [−1, 1]

to a differentiable function S. Determine limx→0
S(x)

x2
and S00(0).
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9.4 Power Series

A series
P

fn is called a power series if the function fn has the form

fn(x) = an(x− c)n, n ∈ N0,
where c and an are real numbers and f0(x) = a0. Since the translation
t = x − c reduces the series

P
an(x − c)n to

P
ant

n, there is no loss
of generality, and more convenience, in taking c = 0. When an is not
defined at n = 0, as in

P
xn/n, it is tacitly assumed that the summation

is over N rather than N0.
The power series

P
anx

n obviously converges at x = 0 to a0 re-
gardless of the values of a1, a2, a3, · · · . For other values of x we should
expect convergence to depend on these values.

Example 9.12 Consider the series

(i)
P

n!xn, (ii)
P

xn, (iii)
P xn

n!
.

Applying the ratio test (Corollary 4.9.2) leads to the following results:

(i)
(n+ 1)!

¯̄
xn+1

¯̄
n! |xn| = (n+ 1) |x|→∞ for all x 6= 0.

(ii)

¯̄
xn+1

¯̄
|xn| = |x| < 1 for all x ∈ (−1, 1).

(iii)

¯̄
xn+1

¯̄
n!

(n+ 1)! |xn| =
|x|

n+ 1
→ 0 for all x ∈ R.

Thus the first series converges only at x = 0. The second series con-
verges on (−1, 1) and diverges for |x| > 1. Since the n-th term does
not converge to 0 at x = ±1, the series diverges at these points also.
The third series converges on R. Note how the domain of convergence
of
P

anx
n grows larger as the sequence (an) decreases more rapidly.

This is to be expected in light of the fact that convergence ultimately
depends on how rapidly the product anx

n tends to 0.

For any power series
P

anx
n, we define the extended number

ρ = lim sup |an|1/n . (9.17)

Clearly 0 ≤ ρ ≤ ∞. Now we set

R =
1

ρ
, 0 < ρ <∞, (9.18)

and define R =∞ if ρ = 0 and R = 0 when ρ =∞.
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Theorem 9.14 (Cauchy-Hadamard)
The series

P
anx

n is absolutely convergent if |x| < R and divergent if
|x| > R.

Proof. Applying the root test (Theorem 4.8), we obtain

lim sup |anxn|1/n = |x| lim sup |an|1/n = |x|
R
.

Hence the series converges absolutely when
|x|
R

< 1 and diverges when

|x|
R

> 1. ¤

When 0 < R < ∞, Theorem 9.14 asserts that the series
P

anx
n

converges on the open interval (−R,R) and diverges on R\[−R,R] =
(−∞,−R) ∪ (R,∞). For that reason R is called the radius of conver-
gence of the series

P
anx

n. Note that the theorem says nothing about
what happens when x = ±R. In other words, the interval of conver-
gence for the series is either (−R,R), [−R,R), (−R,R], or [−R,R].
According to Corollary 4.9.2, if

lim
n→∞

¯̄̄̄
an+1
an

¯̄̄̄
exists, then it equals lim sup |an|1/n , in which case

R = lim
n→∞

¯̄̄̄
an
an+1

¯̄̄̄
.

In many examples, this limit is easier to evaluate than the limit in
(9.17).

Example 9.13 Test the following series for convergence:

(i)
X xn

n
(ii)

X xn

n2
(iii)

Xµ
sin

1

n

¶
xn

(iv)
P

anx
n, an =

½
2−n n = 2k
3−n n = 2k + 1.

Solution
(i) With an = 1/n, we have

R = lim

¯̄̄̄
an
an+1

¯̄̄̄
= lim

n+ 1

n
= 1.
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At x = 1, we obtain the harmonic series
P
1/n, which we know is di-

vergent. x = −1 yields the alternating series P(−1)n/n, which is con-
vergent. Thus the series converges on [−1, 1) and diverges on R\[−1, 1).
(ii) In this case an = 1/n

2 and

R = lim
(n+ 1)2

n2
= 1.

The series converges at x = ±1, hence it converges on the closed interval
[−1, 1] and diverges outside it.
(iii)

R = lim
sin(1/n)

sin(1/(n+ 1))
= 1.

When x = −1, the alternating seriesP(−1)n sin(1/n) results. Since the
sequence sin(1/n) decreases monotonically to 0, the series converges at
this point. Using the inequality sinx ≥ 2x/π for all x ∈ [0, π/2], which
was proved in example 7.11, we obtain

sin
1

n
≥ 2

nπ
for all n ∈ N.

Since the series
P
2/nπ diverges, so does

P
sin(1/n) by the comparison

test. The interval of convergence is therefore [−1, 1).
(iv) Since

lim
k→∞

a
1/2k
2k =

1

2
, lim

k→∞
a
1/(2k+1)
2k+1 =

1

3
,

we have lim sup a
1/n
n = 1/2, hence R = 2. At x = ±2, the n-th term

anx
n does not converge to 0, so this series converges on (−2, 2) only.
Uniform convergence for power series is characterized by the follow-

ing simple result.

Theorem 9.15
Let R be the radius of convergence of the power series

P
anx

n. If 0 <
r < R, then the series converges uniformly on [−r, r].
Proof. For any x ∈ [−r, r],

|anxn| ≤ |an| rn, n ∈ N0.
Since r ∈ (−R,R), the (numerical) series P |an| rn is convergent. By
the M-test, with Mn = |an| rn, the series

P
anx

n is uniformly conver-
gent on [−r, r]. ¤
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Remarks 9.2
1. If R is the radius of convergence of the power series

P
anx

n, then
the series is uniformly convergent on any compact subset of (−R,R).
Indeed, if D ⊆ (−R,R) is compact, then supD and infD both exist
and belong to D, hence D ⊆ [−r, r], where

0 ≤ r = max{supD,− infD} < R.

2. In general,
P

anx
n may not converge uniformly on (−R,R). ConsiderP

xn, whose radius of convergence is 1. Since

sup
x∈(−1,1)

|xn| = 19 0,

the n-th term does not converge uniformly to 0 on (−1, 1), and hence
the series cannot converge uniformly on (−1, 1).
3. Since each function x 7→ anx

n is continuous, the sum

S(x) =
∞P
n=0

anx
n

is continuous on [−r, r] for all r ∈ (0, R) (by Theorem 9.7). Conse-
quently S is continuous at every x ∈ (−R,R). In view of Remark 9.2.2
we cannot assume continuity at ±R, even if the series converges there.
A related result in this connection, known as Abel’s continuity theorem,
states that if

P
an is convergent, then

lim
x→1−

∞P
n=0

anx
n =

∞P
n=0

an.

This follows from the observation that, by Abel’s test (Theorem 9.13),
the series

P
anx

n is uniformly convergent on [0, 1] (see Example 9.11).
Thus the sum S is continuous (from the left) at x = 1, and we arrive
at the desired result.

Lemma 9.2 If bn → b > 0, then, for any sequence (an),

lim sup anbn = b lim sup an. (9.19)

Proof. We may assume, without loss of generality, that bn > 0 for all

n ∈ N. Choose a subsequence of (an), call it (ank), such that ank →
lim sup an. Since bnk → b, we have

lim
k−→∞

ankbnk = b lim sup an.
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But, by Theorem 3.16, lim sup anbn is the largest limit attained by a
subsequence of (anbn), hence

lim sup anbn ≥ b lim sup an.

Replacing bn in this inequality by 1/bn, and an by anbn, we obtain

lim sup an = lim sup
1

bn
(anbn) ≥ 1

b
lim sup anbn,

which proves (9.19). ¤
Theorem 9.16
Let R be the radius of convergence of the series

P
anx

n. Then the sum
S(x) =

P∞
n=0 anx

n is differentiable on (−R,R), and its derivative is
given by the series

S0(x) =
∞P
n=1

nanx
n−1, (9.20)

whose radius of convergence is also R.

Proof. Since limn1/n = 1, we can use Lemma 9.2 to obtain

lim sup |nan|1/n = lim sup |an|1/n = 1/R.
By Theorem 9.15 both series

P
anx

n and
P

nanx
n−1 are uniformly

convergent on [−r, r] for all 0 < r < R. Since any x ∈ (−R,R) lies in
[−r, r] for some r ∈ (0, R), Equation (9.20) follows from Theorem 9.9.
¤
By applying this theorem a number of times, we obtain

Corollary 9.16.1 If R is the radius of convergence of the series
P

anx
n,

then its sum S(x) =
P∞

n=0 anx
n is differentiable any number of times

on (−R,R), with its m-th derivative given by

S(m)(x) =
∞P

n=m
n(n− 1) · · · (n−m+ 1)anx

n−m for all m ∈ N. (9.21)

In particular
S(m)(0) = m!am. (9.22)

Suppose a function f is represented by a power series

f(x) =
∞P
n=0

anx
n
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on the interval (−R,R). It follows from (9.22) that the coefficients an
in this representation are uniquely defined by

an = f (n)(0)/n!.

In other words, a function that is expressible on an open interval by
a power series can be so represented in only one way. Equivalently, we
can say

Corollary 9.16.2 If the series
P

anx
n and

P
bnx

n have the same
sum on an interval (−ε, ε), where ε > 0, then an = bn for all n ∈ N0.
According to Corollary 9.16.1, if we have a power series

P
an(x −

c)n about a point c, the function which represents its sum, S(x) =P∞
n=0 an(x− c)n, is differentiable any number of times on the interval

(c−R, c+R). This raises the question: When can a function be repre-
sented as a power series on an open interval (a, b)? Clearly the function
has to be differentiable any number of times, or infinitely differentiable,
on (a, b). But that is not enough. We have already seen in Exercise 7.4.6
that the function

f(x) =

½
e−1/x2 , x 6= 0
0, x = 0

is infinitely differentiable in a neighborhood of x = 0, with f (k)(0) = 0
for all k ∈ N. If f(x) were representable by a power series

∞P
n=0

anx
n

in a neighborhood of 0, then

ak =
f (k)(0)

k!
= 0 for all k ∈ N,

which would imply that f(x) = 0 on that neighborhood, and this is
clearly false. For a complete answer to the question raised here, we
have to go back to Taylor’s theorem in Chapter 7.
According to Theorem 7.17, if f is infinitely differentiable on an open

interval I and c ∈ I, then we can write

f(x) = pn(x) +Rn(x),

where pn is the polynomial

pn(x) = f(c) + f 0(c)(x− c) + · · ·+ f (n)(c)

n!
(x− c)n
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and Rn(x), the remainder term, can be expressed in a variety of ways.
Two forms of Rn were given in Section 7.4: The Lagrange form

Rn(x) =
f (n+1)(d)

(n+ 1)!
(x− c)n+1,

where d lies between x and c, and the Cauchy form

Rn(x) =
f (n+1)(c)

n!
(x− u)(x− c)n+1,

where u is a point in I which lies between x and c. A third form, given
in Exercise 8.4.10, has the integral representation

Rn(x) =
1

n!

Z x

c
(x− t)nf (n+1)(t)dt.

If limn→∞Rn(x) = 0 for all x ∈ I, then pn(x)→ f(x) on I, so that

f(x) =
∞P
n=0

f (n)(c)

n!
(x− c)n, x ∈ I. (9.23)

The series on the right-hand side of equation (9.23) is called Taylor’s
series for f about c, or the Taylor series expansion of f about c. A
function is called analytic on an open interval I if it can be expressed by
its Taylor series at every point of I, that is, if it is infinitely differentiable
on I and its remainder term Rn(x) tends to 0 on I as n→∞. Here are
some examples:

1. Polynomials
If f is a polynomial of degree n on R, then Rm(x) = 0 for all m > n

and all x ∈ R. Hence its Taylor expansion about c = 0 (for example) is
f(x) = pn(x) = a0 + a1x+ · · ·+ anx

n, x ∈ R.
2. The exponential function
We have already used the term exponential function to denote the

function x 7→ expx = ex on R, which was defined in Section 2.4 and
some of whose algebraic and analytical properties were derived in the
following chapters. We need only assume that ex is an increasing func-
tion whose derivative is ex. This implies that its derivative to any order
is also ex. By Taylor’s theorem, ex is represented about c = 0 by

ex =
nP

k=0

xk

k!
xk +Rn(x),



Sequences and Series of Functions 339

and

Rn(x) =
ed

(n+ 1)!
xn+1,

where d lies between 0 and x. Since ex is increasing, we have

|Rn(x)| ≤ e|x|

(n+ 1)!
|x|n+1 → 0, for all x ∈ R,

as n→∞. This follows from the fact that the convergence of
P

xn/n!
on R (Example 9.12) implies xn/n!→ 0. Thus the exponential function
is analytic on R and has the following power series representation about
c = 0 :

ex =
∞P
n=0

xn

n!
, x ∈ R, (9.24)

3. The sine and cosine functions
Using the known properties of sin : R→ [−1, 1] and cos : R→ [−1, 1],

namely that
sin0 x = cosx, cos0 x = − sinx,

we see that both of these functions are infinitely differentiable and
satisfy |sinx| ≤ 1 and |cosx| ≤ 1. This immediately implies that
limn→∞Rn(x) = 0, and leads to the following Taylor series representa-
tion about c = 0 of these functions:

sinx =
∞P
n=0

(−1)n
(2n+ 1)!

x2n+1, (9.25)

cosx =
∞P
n=0

(−1)n
(2n)!

x2n, x ∈ R. (9.26)

4. The binomial function x 7→ 1

1− x
This function is also infinitely differentiable on (−1, 1), and we saw

in Example 7.20 that

1

1− x
= 1 + x+ x2 + · · ·+ xn +Rn(x), x ∈ (−1, 1),

where the remainder term in Cauchy’s form is given by

Rn(x) =
(n+ 1)xn+1(1− θ)n

(1− θx)n+2
, 0 < θ < 1,
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which tends to 0 as n→∞ for all x ∈ (−1, 1), as was shown in Example
7.20. Hence

1

1− x
=

∞P
n=0

xn

is the Taylor expansion of this analytic function on (−1, 1).
Example 9.14

π = 4
∞P
n=0

(−1)n
2n+ 1

.

Proof. Using the Taylor series for the binomial function, we have, for
all x ∈ (−1, 1),

1

1− x
=

∞P
n=0

xn,

⇒ 1

1 + x
=

1

1− (−x) =
∞P
n=0
(−1)nxn,

⇒ 1

1 + x2
=

∞P
n=0
(−1)nx2n.

Integrating both sides of the last equation, and using Theorem 9.8, we
obtain

arctanu =
∞P
n=0

(−1)nu2n+1
2n+ 1

, u ∈ (0, 1).

Since the alternating series
P
(−1)n/(2n+1) converges, we may apply

Abel’s continuity theorem to obtain

lim
u→1−

arctanu =
∞P
n=0

(−1)n
2n+ 1

,

noting that the left-hand side of this equation is π/4.

The power series expressions for the exponential and trigonometric
functions, given by (9.24), (9.25), and (9.26), were obtained by employ-
ing some old definitions of these functions which have certain draw-
backs. The definition of the exponential function, as given in Section
2.4 for example, is somewhat awkward to use in actual calculations,
while the sine and cosine functions were defined in geometrical, rather
than analytical, terms. Now we can turn things around and redefine
these functions in terms of their power series representations. This has
the advantage of placing the definitions on a firm analytical basis, which
is supported by a well developed theory, that of power series. We then
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have to show that all the known properties of these so-called transcen-
dental functions can be derived solely from the new definitions.

Definition 9.3 The exponential function exp : R→ R is defined by

expx =
∞P
n=0

xn

n!
.

Since the radius of convergence of the series is infinite (Example 9.12),
this function is infinitely differentiable on R, and

exp0 x =
∞P
n=1

nxn−1

n!
=

∞P
n=0

xn

n!
= expx.

This is the fundamental property which characterizes the exponential
function.
To prove the relation

exp(x+ t) = expx · exp t, (9.27)

we define f(x) = expx exp(c − x) on R with c a fixed real number.
Differentiating this function, we get

f 0(x) = expx · exp(c− x)− expx · exp(c− x) = 0 for all x ∈ R.
By Theorem 7.8, f is a constant on R, which can be evaluated by
setting x = 0 and noting that

exp 0 = 1.

Thus
f(x) = f(0) = exp 0 · exp c = exp c, x ∈ R.

Setting t = c− x now yields (9.27). Setting t = −x in (9.27), we get
expx · exp(−x) = exp 0 = 1, (9.28)

which shows that expx 6= 0 and that exp(−x) = 1/ expx for any x ∈ R.
Since the exponential function is continuous, it must have the same sign
on R (see Corollary 6.6.3), and since exp(0) = 1, that sign is positive,
i.e.,

expx > 0 for all x ∈ R.
Thus the exponential function, being its own derivative, is strictly in-
creasing. Furthermore, since expx > x for all x > 0, we have

lim
x→∞ expx =∞, (9.29)
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and hence, in view of (9.28),

lim
x→−∞ expx = 0. (9.30)

The exponential function being continuous, its range is necessarily an
interval, and we conclude, based on (9.29) and (9.30), that it maps R
onto (0,∞). By defining exp 1 = e, we see that the constant e is given
by

e = 1 + 1 +
1

2!
+
1

3!
+
1

4!
· · · ,

which can be shown to agree with its previous definition as lim(1 +
1/n)n (see Exercise 9.4.17). Now we define

ex = expx,

and this allows us to use the more common notation ex to denote the
exponential function. In Exercises 9.4.18 and 9.4.19 the reader is asked
to show that this definition is consistent with the definition of the
exponential function in Section 2.4.
Thus we have shown that exp : R → (0,∞) is a differentiable bi-

jection. It therefore has a differentiable inverse function, which is the
logarithmic function log : (0,∞) → R, or, more specifically, the loga-
rithmic function to the base e, since

y = log x⇔ ey = x.

From the inverse function theorem (Theorem 7.11), we have

log0 x =
1

exp(log x)
=
1

x
, x ∈ (0,∞).

Since log 1 = exp−1 1 = 0, we see that

log x =

Z x

1

1

t
dt. (9.31)

This is the definition of the logarithmic function given in many calculus
books.
Since x = exp(log x), the identity (9.27) implies

xn = exp(n log x), x > 0, n ∈ N.
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Similarly, by taking roots, we obtain

x1/m = exp

µ
1

m
log x

¶
, x > 0, m ∈ N.

Consequently, using (9.28),

xr = exp(r log x), x > 0, r ∈ Q. (9.32)

Based on (9.32), we now define

xα = exp(α log x), x > 0, α ∈ R. (9.33)

Differentiating (9.33), and using the chain rule, we arrive at the formula

(xα)0 = exp(α log x) · α
x

= α[exp(α log x) · exp(− log x)]
= α[exp((α− 1) log x]
= αxα−1,

which agrees with the differentiation rules for powers of x. Other prop-
erties of exponents can be similarly derived.

Definition 9.4 The sine and cosine functions are defined on R by the
power series

sinx =
∞P
n=0

(−1)n
(2n+ 1)!

x2n+1, (9.34)

cosx =
∞P
n=0

(−1)n
(2n)!

x2n. (9.35)

Using the ratio test, it is straightforward to show that the series in
(9.34) and (9.35) converge on R, hence the sine and cosine functions are
infinitely differentiable on R. Their first derivatives are given, according
to Theorem 9.16, by

sin0 x = cosx, cos0 x = − sinx.
Using Definition 9.4, we immediately see that

sin(−x) = − sinx, cos(−x) = cosx, x ∈ R,
sin 0 = 0, cos 0 = 1, lim

x→0
sinx

x
= 1.
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The other familiar properties of these functions, such as

sin2 x+ cos2 x = 1,

sin(x+ y) = sinx cos y + cosx sin y,

cos(x+ y) = cosx cos y − sinx sin y,

can also be obtained in ways not too different from those used in the
case of the exponential function.

Exercises 9.4

1. Determine the radius of convergence of the series
P

anx
n, where

an is given by

(a)
1

nn
,

(b)
nn

n!
,

(c)
(n!)2

(2n)!
,

(d) n−
√
n,

(e) 1 if n = k2 and 0 if n 6= k2, k ∈ N.

2. Given that 0 < b ≤ |an| < c, find the radius of convergence ofP
anx

n.

3. Give an example of a power series which converges on (−1, 1] and
diverges at −1.

4. If the function f(x) =
P∞

n=0 anx
n is even on (−R,R), show that

an = 0 for all odd n, and if f is odd then an = 0 for all even n.

5. For what values of c is each of the following series uniformly con-
vergent on [−c, c]?

(a)
P xn

n1/n
,

(b)
P

nxn,

(c)
P 2n√

n!
xn,
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(d)
P (−1)nxn
5n(n+ 1)

,

(e)
P x2√

n(1 + nx2)
,

(f)
P

xn(1− x).

6. If 0 < R < ∞ is the radius of convergence of
P

anx
n and k is a

fixed positive integer, find the radius of convergence of

(a)
P

aknx
n,

(b)
P

anx
kn,

(c)
P

anx
nk .

7. Suppose
P

anx
n and

P
bnx

n have radii of convergence R1 and
R2, respectively.

(a) IfR1 6= R2, prove that
P
(an+bn)x

n has radius of convergence
min{R1, R2}. What can happen if R1 = R2?

(b) Show that the radius of convergence of
P

anbnx
n is not less

than R1R2.

8. (a) If
P

an converges, prove that
P an

n+ 1
converges and that

Z 1

0

∞P
n=0

anx
ndx =

∞P
n=0

an
n+ 1

.

(b) If
P an

n+ 1
converges, show that the above equation still holds,

even though the integral may be improper.

9. Prove that the function f(x) = (1 + x)α is analytic on (−1, 1) for
all α ∈ R, and that

(1 + x)α =
∞P
n=0

µ
α

n

¶
xn,

where
³α
0

´
= 1,

³α
n

´
=

α(α− 1)(α− 2) · · · (α− n+ 1)

n!
, n ∈ N.

Use this to prove that xα is analytic on (0,∞) by writing xα =
cα[1 + (x/c− 1)]α.



346 Elements of Real Analysis

10. Use the Taylor expansion of
1

1− x
to prove that

log(1− x) = −
∞P
n=1

xn

n
, x ∈ (−1, 1).

Deduce that

log 2 =
∞P
n=1

1

n2n
.

11. Use the Taylor expansion of
1

1− x
about x = 0 to prove that

1

(1− x)2
=

∞P
n=1

nxn−1, |x| < 1.

12. Find the Taylor expansions of
1

2− x
about x = 0 and x = 1. What

is the radius of convergence in each case?

13. Determine the Taylor expansion of the function
1

x(2− x)
about

x = 1 and its radius of convergence.

14. Find the power series representing the so-called error function

f(x) =

Z x

0
e−t

2
dt, x ∈ R.

Evaluate limx→∞ f(x).

15. Let R be the radius of convergence of
P

anx
n.

(a) If f(x) =
P∞

n=0 anx
n = 0 for all x ∈ (−R,R), prove that

an = 0 for all n ∈ N0.
(b) If there is a sequence of distinct points (ck) in (−R,R) such

that ck → c ∈ (−R,R), and f(ck) = 0 for all k ∈ N, prove
that an = 0 for all n ∈ N0.

16. Suppose f : R→ R satisfies f(x+ y) = f(x)f(y) for all x, y ∈ R.
If f is continuous, prove that f(x) = ecx for some constant c.

17. Prove that

e = lim
n→∞

µ
1 +

1

n

¶n

=
∞P
n=0

1

n!
.

Hint: Recall from Example 3.12 that the sequence xn = (1+n−1)n

is monotonically increasing and bounded above by
P
1/n!.



Sequences and Series of Functions 347

18. Prove that, for any rational number r, er = exp r.

19. Using the definition of ax for any real number x (see Section 2.4),
prove that ex = expx.
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10

Lebesgue Measure
In Chapter 11 we shall present a theory of integration more general than
the Riemann theory of Chapter 8, called Lebesgue integration, which
is due to the French mathematician Henri Lebesgue (1875-1941). From
among the standard approaches to this theory, we shall follow the path
based on first extending the notion of length of a real interval to define
the so-called Lebesgue measure of certain subsets of R, which forms the
subject of this chapter, then using this to define the Lebesgue integral in
Chapter 11. This approach has the advantage of giving prominence to
measure as a fundamental mathematical concept in its own right with
wide applications in probability and stochastic theory, besides provid-
ing the cornerstone for building a more complete integration theory, in
a sense which will be clarified in the next chapter.

So far we have followed the usual convention of denoting sets, such as
intervals, by capital letters, like A and B, and their elements by small
letters, such as a and b. In this chapter we shall deal extensively with
sets composed of subsets of R, and these will usually be denoted by
calligraphic letters, such as A and B. If E ⊆ R, we have already used
the symbol P(E) to denote the set of subsets of E, or the power set of
E (see Exercise 1.1.7). Thus

P(∅) = {∅},
P({1}) = {∅, {1}},

P({1, 2}) = {∅, {1}, {2}, {1, 2}}.
We shall also have occasion to deal with the extended real numbers

R̄ = R∪{−∞,∞}, where the operations of addition and multiplication
are extended according to the rules

a±∞ = ±∞ for all a ∈ R,
a ·∞ =∞ for all a ∈ (0,∞),
a ·∞ = −∞ for all a ∈ (−∞, 0),

∞+∞ =∞,

∞ · (±∞) = ±∞.
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The form ∞−∞ is indeterminate, but we shall set 0 ·∞ = 0.
As in all significant concepts in mathematics, the notion ofmeasure is

based on capturing the essence of a simple intuitive idea and extending
it by a mathematical procedure to a more general setting. The intuitive
idea in our case is the length of a real interval I, denoted by l(I),
which is the (non-negative) difference between its end-points. In order
to extend this idea to any subset of R, we should like to define a non-
negative function, or measure, m on P(R) which satisfies the following
conditions:

1. The function m is defined on P(R).
2. For any interval I in R, m(I) = l(I).

3. If E and F are disjoint subsets of P(R), then m(E∪F ) = m(E)+
m(F ). More generally, if (En) is a sequence of pairwise disjoint
elements of P(R), in the sense that Ei ∩Ej = ∅ for all i 6= j, then
we would like to have

m

µ∞S
i=1

Ei

¶
=

∞P
i=1

m(Ei).

This property is known as countable additivity.

4. m is invariant under translation, in the sense that

m(E + x) = m(E) for all x ∈ R, E ∈ P(R),

where E + x = {y + x : y ∈ E}.

But, as it turns out, there is no function which satisfies all four
conditions (see [HAL], for example), so we have to drop some of them.
Since the last three conditions are basic for any definition of measure,
as they capture the essence of the notion of length, we shall drop the
first condition, and thereby accept the existence of subsets of R on
which m is not defined, that is, which are not measurable. But if we
cannot define m on all of P(R), we should define it on as large a subset
of P(R) as possible while preserving properties 2,3 and 4. In order to
avoid cumbersome additional conditions for applying these properties,
such a subset, or class, should naturally be closed under the formation
of unions and complementation. We shall therefore start by considering
such classes of P(R).
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10.1 Classes of Subsets of R

In all that follows, Ω will denote a non-empty subset of R.

Definition 10.1 A non-empty class R of subsets of Ω is called a
Boolean ring, or simply a ring, on Ω if

A,B ∈ R⇒A ∪B,A\B ∈ R.

A ring, in other words, is characterized by its closure under the opera-
tions of forming finite unions and differences.

Example 10.1 Let Ω be a non-empty subset of R, and suppose that
A,B ⊆ Ω. Each of the following classes is a ring on Ω:
(i) P(Ω), the power set of Ω.
(ii) {∅, A}.
(iii) {∅, A,Ac,Ω}.
(iv) {∅, A,B,A ∩ B,A ∪ B,A\B,B\A,A∆B}. See Exercise 1.1.5 for
the definition of A∆B.

(v) The class of all finite subsets of Ω.

(vi) The class of all finite subsets of Ω and their complements in Ω.

(vii) The class of all countable subsets of Ω.

(viii) The class of all countable subsets of Ω and their complements in
Ω.

Definition 10.2 A class D ⊆ P(R) is said to be pairwise disjoint , or
simply disjoint, if

A,B ∈ D, A 6= B ⇒ A ∩B = ∅.

The union ∪{A : A ∈ D} is then described as a disjoint union.
The symbol I will be used to denote the class of semi-open intervals

[a, b) where a, b ∈ R and a < b. If a ≥ b, then [a, b) should be read as
the empty set ∅. The class of all finite, disjoint unions of members of
of I will be denoted by E .
Lemma 10.1 For all I1, I2 ∈ I, we have

(i) I1 ∩ I2 ∈ I, (ii) I1\I2 ∈ E .
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Proof. Let Ik = [ak, bk), k = 1, 2. Using the notation α ∧ β =
min{α, β}, α ∨ β = max{α, β} for any α, β ∈ R, we have

I1 ∩ I2 = [a1 ∨ a2, b1 ∧ b2) ∈ I,
I1\I2 = [a1, b1 ∧ a2) ∪ [a1 ∨ b2, b1) ∈ E . ¤

We are now in a position to present a more substantial example of a
ring.

Theorem 10.1
E is a ring on R.
Proof. E is by definition closed under disjoint finite unions. We begin
by verifying its closure under finite intersections and differences. Let

E =
nS
i=1

Ii, F =
mS
j=1

Jj ,

where Ii, Jj ∈ I, and each union is disjoint. Then

E ∩ F =
nS
i=1

mS
j=1

Ii ∩ Jj .

Since each Ii ∩ Jj ∈ I, by Lemma 10.1, and the class {Ii ∩ Jj : 1 ≤ i ≤
n, 1 ≤ j ≤ m} is disjoint, we see that E ∩ F ∈ E .
Furthermore,

E\F =
mT
j=1

nS
i=1

Ii\Jj .

Here we have Ii\Jj ∈ E , again by Lemma 10.1, and the class {Ii\Ij ∈
E : 1 ≤ i ≤ n} is disjoint for each j. Hence

Sn
i=1 Ii\Jj ∈ E for all

1 ≤ j ≤ m. Since E has been shown to be closed under the formation
of finite intersections, we conclude that E\F ∈ E .
To prove that E is a ring, it remains to show that E∪F ∈ E . But since

E ∪ F = (E\F ) ∪ F is a disjoint union of elements of E , E ∪ F ∈ E . ¤
Corollary 10.1 E is the class of all finite unions of elements of I.
Remarks 10.1
1. Since a ring is non-empty and closed under differences, it necessarily
includes the empty set ∅.
2. A ring is closed under the binary operations ∩ and ∆. This is seen
from the equalities

E ∩ F = E\(E\F ),
E∆F = (E\F ) ∪ (F\E).
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The converse is also true. Suppose R is a non-empty class of subsets of
Ω which is closed under ∩ and ∆. If E,F ∈ R, then

E ∪ F = (E∆F )∆(F ∩E) ∈ R,
E\F = E ∩ (E∆F ) ∈ R,

which means R is a ring.

Definition 10.3 A class A of subsets of Ω is called an algebra on Ω if
it is a ring and Ω ∈ A.
It follows immediately that a non-empty class A is an algebra if and

only if

E,F ∈ A⇒ E ∪ F ∈ A,
E ∈ A⇒ Ec = Ω\E ∈ A.

We leave the details of the proof as an exercise.

Remarks 10.2
1. Amongst the rings described in Example 10.1, (i), (iii), (vi) and (viii)
are algebras; (ii) is an algebra if and only if A = Ω; (v) is an algebra if
and only if Ω is finite; (vii) is an algebra if and only if Ω is countable.

2. Since R cannot be expressed as a finite union of bounded intervals,
E is not an algebra on R.
Definition 10.4
(i) A non-empty class R of subsets of Ω is called a σ-ring on Ω if it is
closed under the formation of differences and countable unions, i.e.,

E,F ∈ R⇒ E\F ∈ R,
Ei ∈ R⇒

∞S
i=1

Ei ∈ R.

(ii) A σ-ring on Ω that contains Ω is called a σ-algebra on Ω.

Equivalently, a σ-algebra is a non-empty class which is closed under
complementation in Ω and the formation of countable unions.

Remarks 10.3
1. Every σ-ring (σ-algebra) is a ring (algebra). Every finite ring (alge-
bra) is a σ-ring (σ-algebra).

2. In Example 10.1, the rings (i), (iii), and (viii) are σ-algebras, while
(ii), (iv) and (vii) are σ-rings that may not be σ-algebras.
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3. E is not a σ-ring.
4. A σ-ring is closed under the formation of countable intersections.
This follows from the observation that, if Ei ∈ R for all i ∈ N, where
R is a σ-ring, then E =

S∞
i=1Ei ∈ R, and therefore

∞T
i=1

Ei = E\
∞S
i=1
(E\Ei) ∈ R.

The next theorem is basic for the construction of σ-algebras.

Theorem 10.2
Let D be any class of subsets of Ω. Then there is a smallest σ-algebra
A(D) on Ω that contains D.
Proof. Let S be the family of all σ-algebras containing D. S is not
empty as P(Ω) ∈ S, so we can define A(D) to be the (non-empty) inter-
section of all the σ-algebras in S. Since each σ-algebra in S contains Ω
and is closed under the formation of countable unions and complemen-
tation, the same is true of A(D). Thus A(D) is a σ-algebra on Ω and
is clearly the smallest such σ-algebra, in the sense that any σ-algebra
on Ω that contains D also contains A(D). ¤
A(D) is called the σ-algebra generated by D. Note, in this context,

that the term class and family are used as synonyms of set. A simple
modification of the proof yields a smallest ring, a smallest algebra, or
a smallest σ-ring containing D, or generated by D.
Example 10.2
(i) Let E ⊆ Ω and D = {E}. Then A(D) = {E,Ec,Ω,∅}.
(ii) Let E,F ⊆ Ω and D = {E,F}. Then the σ-ring generated by D is
{E,F,E ∪ F,E ∩ F,E\F,F\E,E∆F,∅}.
(iii) Let Ω be a non-countable subset of R, and suppose D is the class
of all singleton sets. A singleton set is a set which contains exactly
one element. Clearly A(D) contains all countable sets in Ω and their
complements. Since the class of all such sets is a σ-algebra, it coincides
with A(D).
While the ring generated by I is E , the σ-algebra generated by I is

important enough to warrant a formal definition, as it plays a central
role in this study.

Definition 10.5 The σ-algebra generated by I is called the Borel σ-
algebra on R. It is denoted by B and its elements are called Borel sets.
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The next theorem shows that B can be generated by intervals other
than the semi-open type [a, b).

Theorem 10.3
Let

I0 = {(a, b) : a, b ∈ R},
I1 = {[a, b] : a, b ∈ R},
I2 = {(a,∞) : a ∈ R},
I3 = {[a,∞) : a ∈ R}.

Then B = A(I0) = A(I1) = A(I2) = A(I3).
Proof. It suffices to prove that

B ⊇ A(I0) ⊇ A(I1) ⊇ A(I2) ⊇ A(I3) ⊇ B.

For the first inclusion, note that

(a, b) =
∞S
n=1

[a+ 1/n, b) ,

which proves that B ⊇ I0, and hence B ⊇ A(I0). The second inclusion
follows from the observation that

[a, b] =
∞T
n=1

(a− 1/n, b+ 1/n)

⇒ A(I0) ⊇ I1
⇒ A(I0) ⊇ A(I1).

Similarly, the equalities

(a,∞) =
∞S
n=1
[a+ 1/n, n]

[a,∞) =
∞T
n=1
(a− 1/n,∞)

[a, b) = [a,∞)\[b,∞)

lead to the remaining inclusions. ¤
Corollary 10.3 B is generated by the class of open subsets of R, and
also by the class of closed subsets of R.
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Proof
(i) Let G denote the class of open sets in R. Since G ⊇ I0, it follows
that A(G) ⊇ A(I0) = B. On the other hand, every open subset of R is
a countable union of open intervals (Theorem 3.18), hence G ⊆ B, and
therefore A(G) ⊆ B.
(ii) Since a σ-algebra is closed under complementation and countable
intersections, B is also generated by the class of all closed subsets of
R. ¤
Corollary 10.3 indicates that the σ-algebra of Borel sets is large

enough to include all the “interesting” subsets of R from our point
of view, such as the open sets, closed sets, compact sets, intervals, and
countable sets. In fact, this corollary allows us to extend the notion of
Borel σ-algebras to abstract spaces: If X is any set and τ is a topology
on X, we define the Borel σ-algebra of (X, τ) to be A(τ).
We conclude this section with a useful result which we shall have

occasion to fall back on before the end of this chapter: If f : Ω→ Γ is
any function and D is a class of subsets of Γ, we define

f−1(D) ={f−1(D) : D ∈ D},
where, as usual,

f−1(D) = {x ∈ Ω : f(x) ∈ D}.

Theorem 10.4
Let f : Ω→ Γ and suppose D is a class of subsets of Γ. Then

A(f−1(D)) = f−1(A(D)).

Proof. As

f−1(∪∞i=1Ei) =
S∞
i=1 f

−1(Ei), f
−1(Ec) = [f−1(E)]c,

by (1.21) and (1. 23), f−1(A(D)) is easily seen to be a σ-algebra; and
since f−1(A(D)) ⊇ f−1(D), we conclude that

f−1(A(D)) ⊇ A(f−1(D)).

To prove the inclusion in the other direction, let

H ={E ∈ A(D) : f−1(E) ∈ A(f−1(D))}.



Lebesgue Measure 357

Clearly, H ⊇ D. Furthermore, H is a σ-algebra; for suppose E ∈ H,
then f−1(E) ∈ A(f−1(D)) and therefore

f−1(Ec) = [f−1(E)]c ∈ A(f−1(D)).
Hence Ec ∈ H. Also, if Ei ∈ H for all i ∈ N, then

f−1(
∞S
i=1

Ei) =
∞S
i=1

f−1(Ei) ∈ A(f−1(D)),

which implies
S∞
i=1Ei ∈ H. Being a σ-algebra, H necessarily includes

A(D). Therefore, if F ∈ f−1(A(D)) then F ∈ f−1(H) = A(f−1(D)).
Hence

f−1(A(D)) ⊆ A(f−1(D)). ¤

Exercises 10.1

1. Prove that a non-empty class of subsets is an algebra if, and only
if, it is closed under complementation and the formation of finite
unions.

2. (a) When is Example 10.1(iv) an algebra?

(b) When is Example 10.1(v) a σ-ring?

(c) When is Example 10.1(vii) a σ-algebra?

3. Let E,F ⊆ Ω. Determine the algebra generated by {E,F}.
4. Let Ω = [0, 1] ∩ Q, and suppose D consists of all subsets of Ω of

the form [a, b) ∩Q. Show that A(D) = P(Ω).
5. Suppose D is a class of subsets of R. Let R(D) be the ring gener-

ated by D. Show that each of the elements of R(D) can be covered
by a finite union of elements of D. State a parallel result for the
σ-ring generated by D.

6. Let R be a Boolean ring of subsets of Ω. If the binary operations
+ and · are defined on R by A + B = A∆B and A · B = A ∩ B,
show that (R,+, ·) is an algebraic ring.

7. Make the necessary modifications to Theorem 10.2 to verify the
existence of a smallest ring, algebra, and σ-ring which contains D.
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8. If S is any σ-ring on Ω, show that A(S) = S ∪ {Ec : E ∈ S}.
9. Give an example of a class of subsets of R that is closed under ∆

and the formation of countable intersections, but is not a σ-ring.

10. Show that N,Z,Q,Qc are all Borel sets.

11. If Γ ⊆ Ω and D ⊆ P(Ω), we write Γ∩D to mean {Γ∩D : D ∈ D}.
Show that A(Γ ∩ D) = Γ ∩ A(D). Hint: Consider the function
i : Γ→ Ω, i(x) = x.

10.2 Lebesgue Outer Measure

In order to extend the concept of “length” from intervals in I to all of
P(R), we shall define the Lebesgue outer measure of any subset of R.
This is achieved by first making the extension to E . The remainder of
this section is then devoted to examining the basic properties of outer
measure.

Definition 10.6 For any real, bounded interval I with end-points a
and b, where a ≤ b, we define the length of I as

l(I) = b− a.

If I is unbounded, we define l(I) =∞.

Lemma 10.2 The function l : I → [0,∞) satisfies the following prop-
erties:
(i) l(∅) = 0.
(ii) Monotonicity, i.e.,

I, J ∈ I, I ⊆ J ⇒ l(I) ≤ l(J).

(iii) Finite additivity, in the sense that, if {I1, I2, · · · , In} is a finite set
of disjoint intervals in I whose union lies in I, then

l

µ
nS
i=1

Ii

¶
=

nP
i=1

l(Ii).

Proof. Properties (i) and (ii) easily follow from Definition 10.6, so we
shall only prove finite additivity. Let Ii = [ai, bi) and

Sn
i=1 Ii = [a, b).
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By rearranging the intervals, if necessary, we can assume that b1 <
b2 < · · · < bn. Since the set {I1, I2, · · · , In} is disjoint, we have

a1 < b1 ≤ a2 < b2 ≤ · · · ≤ an < bn.

Now the equality
Sn
i=1 Ii = [a, b) implies

a1 = a,

bi = ai+1, 1 ≤ i ≤ n− 1,
bn = b.

Hence

nP
i=1

l(Ii) = (b1 − a1) + (b2 − a2) + · · ·+ (bn − an)

= bn − a1

= b− a

= l

µ
nS
i=1

Ii

¶
. ¤

Definition 10.7 If E ∈ E is represented by a finite union Sn
i=1 Ii of

disjoint intervals Ii ∈ I, the length of E is defined as

l(E) =
nP
i=1

l(Ii).

For this definition to make sense, we have to show that l(E) does
not depend on how E is represented as a union of disjoint intervals in
I. To that end, let E =

Sm
j=1 Jj be any other representation, where

J1, · · · , Jm are disjoint intervals in I, and we have to show that
mP
j=1

l(Jj) =
nP
i=1

l(Ii).

Observe that, for all i ∈ {1, · · · , n},

Ii = Ii ∩E =
mS
j=1
(Ii ∩ Jj).

Since {Ii ∩ Jj : 1 ≤ j ≤ m} is a disjoint set of intervals, we can use
Lemma 10.2 to write

nP
i=1

l(Ii) =
nP
i=1

mP
j=1

l(Ii ∩ Jj).
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Similarly, by writing Jj =
Sn
i=1 Jj ∩ Ii, we obtain

mP
j=1

l(Jj) =
mP
j=1

nP
i=1

l(Jj ∩ Ii) =
nP
i=1

l(Ii). ¤

It is not difficult to verify that the function l : E →[0,∞) satisfies
the three properties of l|I which were derived in Lemma 10.2. l enjoys
an additional property, known as finite subadditivity, expressed by the
following lemma.

Lemma 10.3 If Ei ∈ E for all 1 ≤ i ≤ n, then

l

µ
nS
i=1

Ei

¶
≤

nP
i=1

l(Ei).

Proof. In order to express the
Sn
i=1Ei as a disjoint union, we define

F1 = E1,

Fi = Ei\
i−1S
j=1

Ej , i = 2, · · · , n.

Clearly, the sets Fi ∈ E are pairwise disjoint and
Sn
i=1 Fi =

Sn
i=1Ei.

By the finite additive property of l on E , we can write

l

µ
nS
i=1

Ei

¶
= l

µ
nS
i=1

Fi

¶
=

nP
i=1

l(Fi).

Since Fi ⊆ Ei for all 1 ≤ i ≤ n, the monotonicity property of l implies

l

µ
nS
i=1

Ei

¶
=

nP
i=1

l(Fi) ≤
nP
i=1

l(Ei). ¤

Let us now expand our underlying set from E to P(R). In Section
6.5 we defined an open cover of a set E ⊆ R as a collection of open sets
{Gλ : λ ∈ Λ} whose union contains E. Similarly, if {Ii : i ∈ N} is a
(countable) collection of intervals in I such that E ⊆ S∞i=1 Ii, then the
collection {Ii} is referred to as a countable cover of E by intervals in
I, or a countable I-cover of E. Since R = S∞n=1[−n, n), the collection
{[−n, n) : n ∈ N} is an I-cover of any E ⊆ R.
The following definition is a first attempt at defining a measure on

the subsets of R.
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Definition 10.8 The Lebesgue outer measure, or simply the outer mea-
sure, of any set E ⊆ R is defined as

m∗(E) = inf
½ ∞P
i=1

l(Ii) : Ii ∈ I, E ⊆
∞S
i=1

Ii

¾
. (10.1)

In other words, the outer measure of E is inf
P

l(Ii) over all countable
I-covers {Ii : i ∈ N} of E.
The next theorem indicates that m∗ is an extension of l from I to

P(R).
Theorem 10.5
For all I ∈ I, m∗(I) = l(I).

Proof. Let I = [a, b). Since{I,∅,∅, · · · } is a countable I-cover of the
interval I, m∗(I) ≤ l(I), and it remains to prove that l(I) ≤ m∗(I).
Let ε > 0. Using the defining property of the infimum, there is a cover
{Ii ∈ I : i ∈ N} of I such that

m∗(I) + ε >
∞P
i=1

l(Ii). (10.2)

Suppose Ii = [ai, bi) and let Ji = (ai − ε/2i, bi). The collection {Ji :
i ∈ N} constitutes an open cover of the compact interval [a, b − ε].
Therefore, by the Heine-Borel theorem, there is a positive integer n
such that

[a, b− ε] ⊆
nS
i=1

Ji

⇒[a, b− ε) ⊆
nS
i=1
(ai − ε/2i, bi).

By the subadditive property of l (Lemma 10.3),

b− ε− a ≤
nP
i=1
(bi − ai + ε/2i)

≤
∞P
i=1
(bi − ai + ε/2i)

≤
∞P
i=1

l(Ii) + ε,

which implies

l(I) = b− a ≤
∞P
i=1

l(Ii) + 2ε.
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Using (10.2) we obtain

l(I) < m∗(I) + 3ε,

and since ε > 0 is arbitrary, we conclude that l(I) ≤ m∗(I). ¤
The next theorem presents the basic properties of outer measure.

Theorem 10.6
The function m∗ : P(R)→ [0,∞] satisfies the following properties:
(i) m∗(∅) = 0.
(ii) Monotonicity: E ⊆ F ⇒ m∗(E) ⊆ m∗(F ).
(iii) Countable subadditivity: m∗ (

S∞
i=1Ei) ≤

P∞
i=1m

∗(Ei) for any col-
lection {Ei : n ∈ N} of subsets of R.
Proof
(i) follows directly from the definition of m∗, so we shall only prove (ii)
and (iii).

(ii) Suppose {Ii : Ii ∈ I, i ∈ N} covers F , then it also covers E, and we
therefore have

m∗(E) ≤
∞P
i=1

l(Ii).

This means that m∗(E) is a lower bound of the set of positive numbers½∞P
i=1

l(Ii) : Ii ∈ I, F ⊆
∞S
i=1

Ii

¾
. (10.3)

Since m∗(F ) is the infimum of the set (10.3), we have m∗(E) ≤ m∗(F ).
(iii) Let ε > 0. For every i ∈ N there is an I-cover {Iij : j ∈ N} of Ei

such that

m∗(Ei) +
ε

2i
≥

∞P
j=1

l(Iij).

Since the collection {Iij : i, j ∈ N} is countable and covers
S∞
i=1Ei,

m∗
µ∞S
i=1

Ei

¶
≤

∞P
i=1

∞P
j=1

l(Iij) ≤
∞P
i=1

m∗(Ei) + ε,

and since this true for all ε > 0,

m∗
µ∞S
i=1

Ei

¶
≤

∞P
i=1

m∗(Ei). ¤
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Example 10.3 Since [0, n] ⊆ [0,∞) for all n ∈ N, the monotonicity of
m∗ implies

m∗([0,∞)) ≥ m∗([0, n])
⇒ m∗([0,∞)) ≥ l([0, n]) = n for all n ∈ N

⇒ m∗([0,∞)) =∞.

Corollary 10.6.1 If E is a countable subset of R, then m∗(E) = 0.

Proof. Assume first that E = {x}, where x is a real number. Then
E ⊆ [x, x+ 1/n) for all n ∈ N, and therefore

m∗(E) ≤ l([x, x+ 1/n)) = 1/n for all n ∈ N,
which implies m∗(E) = 0. If E = {xi : i ∈ N}, where xi ∈ R, then we
can write E =

S∞
i=1{xi} and use the countable subadditive property of

m∗ to conclude that

m∗(E) ≤
∞P
i=1

m∗({xi}) = 0. ¤

Corollary 10.6.2 The outer measure of any real interval is its length.

Proof. By Theorem 10.5, this statement is true when the interval is
in I, and we have to check its validity for other types of intervals. We
shall only prove the theorem for compact intervals I = [a, b] and leave
the other cases as an exercise. Since [a, b) ⊆ I = [a, b) ∪ {b}, we have
from monotonicity and countable subadditivity

m∗([a, b)) ≤ m∗(I) ≤ m∗([a, b)) +m∗({b}).
Using Theorem 10.5 and Corollary 10.6.1, we obtain

b− a ≤ m∗(I) ≤ b− a,

which means m∗(I) = l(I). ¤
Corollary 10.6.3 The set [0, 1] is not countable.

The next theorem addresses the effects of translation, reflection, and
contraction of a set on its outer measure. As would be expected, m∗ is
invariant under translation and reflection, and preserves contraction.
For the sake of convenience, we shall use the notation cE = {cx : x ∈
E}, where E is a subset of R and c is a real number.
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Theorem 10.7
For any E ⊆ R and all c ∈ R,
(i) m∗(E + c) = m∗(E),
(ii) m∗(cE) = |c|m∗(E).
Proof
(i) Suppose {Ii = [ai, bi) : i ∈ N} is an I-cover of E. If Ji = [ai+c, bi+c),
then clearly {Ji : i ∈ N} is an I-cover of E + c, and we therefore have

m∗(E + c) ≤
∞P
i=1

l(Ji) =
∞P
i=1

l(Ii),

which implies m∗(E + c) ≤ m∗(E). Using E + c instead of E, and −c
instead of c, we obtain

m∗(E) = m∗(E + c− c) ≤ m∗(E + c).

(ii) If c = 0 then cE = {0} and we obtain the desired result by using
Corollary 10.6.1. If c > 0, let {Ii = [ai, bi)} be an I-cover of E, in which
case the intervals {Ji = [cai, cbi)} cover cE. Consequently

m∗(cE) ≤
∞P
i=1

l(Ji) = c
∞P
i=1

l(Ii),

and we obtain the inequality m∗(cE) ≤ cm∗(E). If E is replaced by
cE and c by 1/c in this inequality, then m∗(E) ≤ c−1m∗(cE), hence
m∗(cE) = cm∗(E).
To complete the proof, we have to show that m∗(−E) = m∗(E),

that is, the outer measure of a set is not affected by reflection. Once
again we assume that the intervals {Ii = [ai, bi)} cover E, so that
{−Ii = (−bi,−ai]} cover −E, i.e.,

−E ⊆
∞S
i=1
(−bi,−ai]

⇒ m∗(−E) ≤
∞P
i=1

m∗(−bi,−ai] ≤
∞P
i=1

l(Ii).

This means that m∗(−E) is a lower bound of the sumP∞
i=1 l(Ii), hence

m∗(−E) ≤ m∗(E). By interchanging E and −E we obtain this inequal-
ity in the reverse direction, which proves m∗(−E) = m∗(E). ¤
The reader may already have noticed the higher dose of set the-

ory used in the proofs involving outer measure, with the supremum
property of R playing a central role. This interplay between "covering
intervals" and "epsilons" will feature prominently in much of our work
for the remainder of this chapter, thereby giving it a distinctive flavour.
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Exercises 10.2

1. Verify that the properties of l|I , as spelled out in Lemma 10.2,
are satisfied by l|E .

2. Complete the proof of Corollary 10.6.2 by treating the cases where
the interval is (a, b], (a, b), [a,∞), (a,∞), (−∞, b], (−∞,

b), or (−∞,∞).
3. If {I1, I2, · · · , In} is a finite set of intervals in I which covers Q ∩

[0, 1], prove that
Pn

i=1 l(Ii) ≥ 1.
4. Given m∗(E) = 0, prove that m∗(E ∪ F ) = m∗(F ) for all F ⊆ R.
5. Given any E ⊆ R, prove that, for all ε > 0, there is an open set G

which contains E and satisfies m∗(G) ≤ m∗(E) + ε.

6. In Definition 10.8, show that taking the intervals Ii in I0 or I1,
instead of I, does not change the definition of m∗.

10.3 Lebesgue Measure

The results we obtained in Section 10.2 would seem to imply that outer
measure constitutes a reasonable extension of the length function l to
P(R). But we were not able to prove that m∗ is countably additive, in
the sense that

m∗
µ ∞S
i=1

Ei

¶
=

∞P
i=1

m∗(Ei)

for any disjoint countable collection {Ei : i ∈ N} of subsets of R. We
were only able to prove that m∗ is countably subadditive, i.e.,

m∗
µ∞S
i=1

Ei

¶
≤

∞P
i=1

m∗(Ei).

As pointed out at the beginning of this chapter, countable additivity
is indispensable for any definition of measure, and we shall have to
reduce the domain of definition of m∗ in order to achieve it. We start
with a general definition of measure, which does not necessarily extend
l. Suppose Ω is any non-empty subset of R.

Definition 10.9 Let A be a σ-algebra on Ω. A function μ : A→ [0,∞]
is called a measure on A if
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(i) μ(∅) = 0.
(ii) μ is countably additive, i.e., for any countable class {Ei : i ∈ N} of
pairwise disjoint sets in A,

μ

µ∞S
i=1

Ei

¶
=

∞P
i=1

μ(Ei).

The triplet (Ω,A, μ) is then called a measure space. When A is under-
stood, we often refer to μ simply as a measure on Ω.

Examples 10.4
(i) For every E ⊆ R, we define μ(E) to be the number of elements in
E if E is finite, and to be ∞ otherwise. It is straightforward to verify
that μ is a measure on P(R), known as the counting measure.
(ii) Let c ∈ R and define μc on P(R) by

μc(E) =

½
1 if c ∈ E
0 otherwise.

This is the so-called Dirac measure at c.

(iii) Let (ci) be a sequence in R and suppose that (pi) is a corresponding
sequence of non-negative numbers. Define

μ(E) =
P

{i:ci∈E}
pi.

Then μ is a measure on P(R) which, in fact, is related to the Dirac
measure by the equality μ =

P∞
i=1 piμci .

(iv) Let μ be defined on P(R) by

μ(E) =

½
0 if E is finite
∞ otherwise.

Clearly μ is finitely additive. But it is not countably additive, for N =S∞
i=1{i}, and yet

μ(N) =∞ 6=
∞P
i=1

μ({i}) = 0.

Thus μ is not a measure.

The next theorem indicates the properties of a general measure which
derive from Definition 10.9 above. It is significant to note that these
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include monotonicity and countable subadditivity, but not invariance
under translation, reflection, or preservation of contraction which, ac-
cording to Theorem 10.7, apply to outer measure. This should come
as no surprise in as much as m∗, being an extension of l, inherits the
homogeneous and isotropic properties of “length”.

Theorem 10.8
Let μ be a measure on a σ-algebra A. Then
(i) μ is monotonic, i.e.,

E,F ∈ A, E ⊆ F ⇒ μ(E) ≤ μ(F ).

(ii) μ is subtractive, in the sense that

E,F ∈ A, E ⊆ F, μ(E) <∞⇒ μ(F\E) = μ(F )− μ(E).

(iii) μ is countably subadditive, so that if Ei ∈ A for all i ∈ N, then

μ

µ∞S
i=1

Ei

¶
≤

∞P
i=1

μ(Ei).

Proof. Since F = E ∪ (F\E) represents F as a disjoint union of ele-
ments of A, we have

μ(F ) = μ(E) + μ(F\E).
Now (i) follows by noting that μ(F\E) ≥ 0. Furthermore, if μ(E) <∞,
we obtain (ii).
To prove (iii), we shall first express

S∞
i=1Ei as a disjoint union. Define

F1 = E1, Fi = Ei\
i−1S
j=1

Ej , i ≥ 2.

Clearly, the collection {Fi : i ∈ N} is pairwise disjoint and
S∞
i=1 Fi =S∞

i=1Ei. Consequently

μ

µ∞S
i=1

Ei

¶
=

∞P
i=1

μ(Fi),

and since Fi ⊆ Ei, we have μ(Fi) ≤ μ(Ei) by monotonicity, which
proves (iii). ¤
Another property of measure which follows from Definition 10.9 is

continuity in a sense which will be defined below.
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Definition 10.10 Let (Ei) be a sequence of subsets of Ω ⊆ R. We
define

lim supEi =
∞T
i=1

∞S
j=i

Ej , lim inf Ei =
∞S
i=1

∞T
j=i

Ej .

Denote lim supEi by E∗, and lim inf Ei by E∗. The sequence (Ei) is
said to be convergent with limit E if E∗ = E∗ = E.

Example 10.5
(i)If (Ei) is increasing, in the sense that Ei+1 ⊇ Ei for all i ∈ N,
then (Ei) converges to

S∞
i=1Ei. This follows from the observation thatS∞

j=iEj =
S∞
j=1Ej and

T∞
j=iEj = Ei for all i ∈ N.

(ii) If (Ei) is decreasing, in the sense that Ei+1 ⊆ Ei for all i ∈ N, thenS∞
j=iEj = Ei and

T∞
j=iEj =

T∞
j=1Ej for all i ∈ N. Therefore (Ei)

converges to
T∞
i=1Ei.

Theorem 10.9
Let A be a σ-algebra on Ω, μ a measure on A, and (Ei) a sequence in
A.
(i) If (Ei) is increasing, then μ(limEi) = limμ(Ei), and μ is said to
be continuous from below on A.
(ii) If (Ei) is decreasing and there is an N such that μ(EN ) < ∞,
then μ(limEi) = limμ(Ei), and μ is said to be continuous from above
on A.
Proof
(i) Let E = limEi. From Example 10.5 we know that E =

S∞
i=1Ei. As

we did in the proof of Theorem 10.8, we first express E as a disjoint
union by defining

F1 = E1, Fi = Ei\
i−1S
j=1

Ej , i ≥ 2.

Fi ∈ A for all i ∈ N and the unions

Ei =
iS

j=1
Fj , E =

∞S
j=1

Fj

are disjoint. By countable additivity,

μ(E) =
∞P
i=1

μ(Fi)

= lim
n→∞

nP
i=1

μ(Fi) = lim
n→∞μ(En).
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(ii) In this case, set E = limEi =
T∞
i=1Ei. Since (Ei) is decreasing,

Gi = EN\Ei is an increasing sequence in A with limit EN\E. From
part (i) we therefore have

μ(EN\E) = limμ(EN\Ei).

The monotonicity of μ implies that μ(E) <∞ and that μ(Ei) <∞ for
all i ≥ N. Now the subtractive property gives

μ(EN)− μ(E) = lim[μ(EN)− μ(Ei)] = μ(EN )− limμ(Ei)

and the desired result. ¤
Remark 10.4 The requirement that μ(EN ) < ∞ for some integer N
cannot be dropped. This can be seen by taking μ to be the counting
measure on P(R), and Ei = {j ∈ N : j > i}. Clearly (Ei) is decreasing,
with limit ∅ (by the theorem of Archimedes). Thus μ(limEi) = μ(∅) =
0, while μ(Ei) =∞ for all i, so that limμ(Ei) =∞.

Definition 10.9 of the measure μ and the subsequent variety of ex-
amples given in Example 10.4 indicate the scope and richness of this
concept. Our interest here, however, is in a measure which extends the
function l : I → [0,∞] to a suitably large σ-algebra. We shall achieve
this by restrictingm∗ to a sub-σ-algebra of P(R) on whichm∗ is count-
ably additive, and thereby ensuring that it satisfies the conditions of a
measure according to Definition 10.9.

Definition 10.11 A set E ⊆ R is said to be Lebesgue measurable if

m∗(A) = m∗(A ∩E) +m∗(A ∩Ec) for all A ⊆ R. (10.4)

The Lebesgue measurable sets in P(R) will be denoted byM.

Remarks 10.5
1. We shall often refer to the elements of M simply as measurable
sets with the understanding that they are measurable in the sense
of Lebesgue, that is, they satisfy equation (10.4), also known as the
Carathéodory condition.

2. Clearly equation (10.4) is satisfied by E = ∅ and E = R, and
therefore both of these sets are measurable.
3. By the subadditivity of m∗ we always have

m∗(A) ≤ m∗(A ∩E) +m∗(A ∩Ec),
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so a set E belongs toM if and only if

m∗(E) ≥ m∗(A ∩E) +m∗(A ∩Ec) for all A ⊆ R. (10.5)

4. Supposem∗(E) = 0 and let A ⊆ R. By the monotonicity ofm∗,m∗(A
∩E) = 0 and

m∗(A) ≥ m∗(A ∩Ec) = m∗(A ∩E) +m∗(A ∩Ec),

so we conclude that E ∈M. In other words, a set whose outer measure
is 0 is measurable.

Lemma 10.4M is an algebra on R.

Proof. Since interchanging E and Ec does not alter the right-hand
side of equation (10.4), it follows that

E ∈M⇔ Ec ∈M.

Now suppose E,F ∈ M. We shall prove that E ∪ F ∈ M. Let A be
any subset of R. Since E ∈M, equation (10.4) remains valid with A
replaced by A ∩ (E ∪ F ). Thus

m∗(A ∩ (E ∪ F )) = m∗(A ∩ (E ∪ F ) ∩E) +m∗(A ∩ (E ∪ F ) ∩Ec)

= m∗(A ∩E) +m∗(A ∩ F ∩Ec).

Noting that

m∗(A ∩ (E ∪ F )c) = m∗(A ∩Ec ∩ F c),

and adding these two equations, we obtain

m∗(A ∩ (E ∪ F )) +m∗(A ∩ (E ∪ F )c) =
m∗(A ∩E) +m∗(A ∩Ec ∩ F ) +m∗(A ∩Ec ∩ F c).

But since F is measurable, we have

m∗(A ∩Ec) = m∗(A ∩Ec ∩ F ) +m∗(A ∩Ec ∩ F c).

Hence

m∗(A ∩ (E ∪ F )) +m∗(A ∩ (E ∪ F )c) = m∗(A ∩E) +m∗(A ∩Ec)

= m∗(A),
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since E is measurable. This implies E ∪ F is measurable. Thus M
is closed under complementation and the formation of unions, and is
therefore an algebra on R. ¤
Theorem 10.10
M is a σ-algebra on R.

Proof. In view of Lemma 10.4, we need only prove that M is closed
under the formation of countable unions. Suppose Ei ∈ M for every
i ∈ N.Wemay assume that the sets E1, E2, E3, · · · are pairwise disjoint,
otherwise we apply the method used in the proof of Lemma 10.3 to
define a disjoint class inM having the same union. Let A ⊆ R. Using
induction, we shall prove that

m∗ (A ∩Sn
i=1Ei) =

nP
i=1

m∗(A ∩Ei). (10.6)

Equation (10.6) clearly holds for n = 1. Assume it is true for n = k.
Since Ek+1 ∈M,

m∗
³
A ∩Sk+1

i=1 Ei

´
= m∗

³
A ∩Sk+1

i=1 Ei ∩Ek+1

´
+m∗

³
A ∩Sk+1

i=1 Ei ∩Ec
k+1

´
= m∗(A ∩Ek+1) +m∗

³
A ∩Sk

i=1Ei

´
=

k+1P
i=1

m∗(A ∩Ei),

using the inductive hypothesis. This means (10.6) is true for n = k+1,
and hence for all n ∈ N.
Define

Fn =
nS
i=1

Ei, F =
∞S
i=1

Ei.

Since Fn ∈M,

m∗(A) = m∗(A ∩ Fn) +m∗(A ∩ F c
n)

=
nP
i=1

m∗(A ∩Ei) +m∗(A ∩ F c
n)

≥
nP
i=1

m∗(A ∩Ei) +m∗(A ∩ F c)

for all n ∈ N. In the limit as n→∞, we obtain
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m∗(A) ≥
∞P
i=1

m∗(A ∩Ei) +m∗(A ∩ F c)

≥ m∗(A ∩ F ) +m∗(A ∩ F c), (10.7)

where we use the subadditive property of m∗ in the last inequality.
From (10.7) we conclude that F is measurable. ¤
Corollary 10.10.1 If {Ei : i ∈ N} is a disjoint family of measurable
sets, then

m∗ (A ∩S∞i=1Ei) =
∞P
i=1

m∗(A ∩Ei) for all A ⊆ R. (10.8)

Proof. For all n,

m∗(A ∩S∞i=1Ei) ≥ m∗(A ∩Sn
i=1Ei)

=
nP
i=1

m∗ (A ∩Ei)

by (10.6). Therefore

m∗(A ∩S∞i=1Ei) ≥
∞P
i=1

m∗(A ∩Ei).

But m∗(A ∩S∞i=1Ei ) ≤
P∞

i=1m
∗(A ∩Ei) by countable subadditivity,

hence the equality (10.8). ¤
Corollary 10.10.2 m∗|M, the restriction of outer measure to the class
M, is a measure on M.

Proof. To prove this result, it suffices to verify that m∗ is countably
additive onM. Let {Ei : i ∈ N} be a disjoint collection of members of
M. Setting A = R in (10.8) yields

m∗ (
S∞
i=1Ei) =

∞P
i=1

m∗(Ei). ¤

The measure m∗|M is known as the Lebesgue measure, and is denoted
by m. Thus m : M → [0,∞] is the natural extension of l from I to
the σ-algebraM which, in accordance with Definition 10.9, yields the
measure space (R,M,m). We shall now see that restricting the outer
measure functionm∗ from P(R) toM does not really restrict our ability
to handle practically all sets of interest in R, forM contains all Borel
sets.
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Theorem 10.11
Every Borel set is measurable, that is, B ⊆M.

Proof. We have already proved that B = A(I3), I3 being the class of
intervals of the form [a,∞). Since M is a σ-algebra, all we need to
show is that [a,∞) ∈M for every a ∈ R. Let A ⊆ R, and set

A1 = A ∩ [a,∞), A2 = A ∩ (−∞, a).

Let ε be any positive number. By Definition 10.8, there is an I-cover
{Ii : i ∈ N} of A such that

m∗(A) + ε ≥
∞P
i=1

l(Ii). (10.9)

Setting Ji = Ii ∩ [a,∞) and J 0i = Ii ∩ (−∞, a), it is clear that Ji and
J 0i both lie in I, and that

A1 ⊆
∞S
i=1

Ji, A2 ⊆
∞S
i=1

J 0i .

Therefore

m∗(A1) ≤
∞P
i=1

m∗(Ji) =
∞P
i=1

l(Ji), (10.10)

m∗(A2) ≤
∞P
i=1

m∗(J 0i) =
∞P
i=1

l(J 0i). (10.11)

Since Ii = Ji ∪ J 0i and Ji ∩ J 0i = ∅,

l(Ii) = l(Ji) + l(J 0i). (10.12)

Now inequalities (10.9), (10.10), (10.11) and equation (10.12) imply

m∗(A1) +m∗(A2) ≤
∞P
i=1

l(Ii) ≤ m∗(A) + ε.

Since ε > 0 is arbitrary,

m∗(A) ≥ m∗(A1) +m∗(A2)
= m∗(A ∩ [a,∞)) +m∗(A ∩ [a,∞)c),

hence [a,∞) ∈M. ¤
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Thus we have the following inclusion relation between three impor-
tant σ-algebras on R:

B ⊆M ⊆ P(R).
It can be shown that both inclusions are proper. In other words there
are non-measurable subsets of R, and there are measurable sets which
are not Borel sets. But we shall not give examples of such sets, as their
definitions are rather involved (see [ROY] or [HAL], for example), an
indication that the subsets of R which we are likely to deal with all lie
in B.
Remarks 10.6
1. The fact that P(R)\M 6= ∅ means that m∗ is not additive on P(R),
since m∗ cannot be additive if (10.4) is not satisfied.
2. The construction of a non-measurable subset of R, cited in [ROY],
shows that there is no translation invariant measure on P(R) which
extends c.

3. Since B is a σ-algebra, the restriction of m to B is also a measure,
known as the Borel measure.

In view of Remark 10.6.3, and the fact that B includes all the inter-
esting subsets of R, it is natural to ask why we bother with M. The
reason is that m enjoys a property that m|B does not share, the so-
called completeness property, which states: If F ∈M and m(F ) = 0,
then every E ⊆ F is measurable (and, of course, m(E) = 0). To see
this, note that, since m∗ is monotonic,

0 ≤ m∗(E) ≤ m∗(F ) = m(F ) = 0.

Thus m∗(E) = 0 and, by Remark 10.5.4, E is measurable. A set whose
measure is 0 is called a null set. To see why Borel measure is not
complete, refer to Exercise 10.4.9.

We saw in Corollary 10.6.1 that every countable set has outer mea-
sure 0 and is therefore measurable. The next example exhibits a non-
countable set whose Lebesgue measure is 0.

Example 10.6 Recalling the definition of the Cantor set F =
T∞
n=1 Fn

in Example 3.17, we found that F is uncountable. As F is closed, it is
a Borel set and hence measurable. Since Fi is obtained by dropping the
middle third of each interval in Fi−1, we have
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m(Fn) =
2

3
m(Fn−1) =

µ
2

3

¶n

m(F0) =

µ
2

3

¶n

.

(Fn) is a decreasing sequence with limit F , so we can use continuity
from above to conclude that

m(F ) = limm(Fn) = lim

µ
2

3

¶n

= 0.

Theorem 10.12
If E ∈M and a ∈ R, then E + a ∈M, aE ∈M, and

m(E + a) = m(E), m(aE) = |a|m(E).

Proof. In view of Theorem 10.7, we need only prove that E + a and
aE are measurable. For any A ⊆ R, it is a simple matter to show that

A ∩ (E + a) = [(A− a) ∩E] + a,

A ∩ (E + a)c = A ∩ (Ec + a) = [(A− a) ∩Ec] + a.

Since E ∈M and outer measure is preserved under translation,

m∗(A ∩ (E + a)) +m∗(A ∩ (E + a)c) = m∗((A− a) ∩E)
+m∗((A− a) ∩Ec)

= m∗(A− a)

= m∗(A),

which implies E + a ∈M.
A similar argument leads to the conclusion that cE ∈M. ¤
The next theorem shows that the extension of the function l : I →

[0,∞] to a measure on B is unique.
Theorem 10.13
If μ is any measure on B such that μ(I) = l(I) for all I ∈ I, then
μ = m on B.
Proof. Let E be any Borel set and suppose ε > 0. By Definition 10.8,
there is a collection {Ii ∈ I : i ∈ N} such that E ⊆

S∞
i=1 Ii and

m(E) + ε ≥
∞P
i=1

l(Ii) =
∞P
i=1

μ(Ii).
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Since μ is monotonic and countably subadditive,

∞P
i=1

μ(Ii) ≥ μ(E),

hence, ε being arbitrary,

m(E) ≥ μ(E). (10.13)

Suppose now that m(E) < ∞. Given ε > 0, choose {Ii : i ∈ N}
as above and assume, without loss of generality, that the union A =S∞
i=1 Ii is disjoint. Since m and μ are both countably additive, m(A) =

μ(A); and since E ⊆ A,

m(E) ≤ m(A) = μ(A) = μ(E) + μ(A\E).
But μ(A\E) ≤ m(A\E) by (10.13), and m(A) ≤ m(E)+ ε by assump-
tion, hence

m(E) ≤ μ(E) +m(A\E)
= μ(E) +m(A)−m(E)

≤ μ(E) + ε,

which implies m(E) ≤ μ(E). In view of (10.13), we conclude that
μ(E) = m(E).
We have therefore proved that μ(E) = m(E) for every E ∈ B with

m(E) <∞. For a general E in B, we can write
E =

S
n∈Z

E ∩ [n, n+ 1) = S
n∈Z

En,

where En = E ∩ [n, n + 1). Since, for each n, m(En) < ∞, we have
μ(En) = m(En). The sets En being pairwise disjoint, the countable
additivity of μ and m implies

m(E) =
P
n∈Z

m(En) =
P
n∈Z

μ(En) = μ(E). ¤

Thus we have shown thatm, the Lebesgue measure on R, extends the
notion of length from intervals to more general subsets of R. However,
to compute the measure of a set using Definition 10.8 is no simple mat-
ter, so the following approximation theorems (especially the second) is
useful in that it gives us a manipulation grip on m.
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Theorem 10.14 (First Approximation Theorem)
For any E ⊆ R, the following statements are equivalent:
(i) E ∈M.
(ii) For every ε > 0 there is an open set G ⊇ E such that

m∗(G\E) < ε.

(iii) For every ε > 0 there is a closed set F ⊆ E such that

m∗(E\F ) < ε.

Proof
(i)⇒(ii): Suppose m(E) < ∞, and let {Ii : i ∈ N} be an I-cover of E
which satisfies

m(E) +
ε

2
>

∞P
i=1

l(Ii).

Assuming Ii = [ai, bi), we can choose G =
S∞
i=1 Ji with Ji = (ai −

ε/2i+1, bi). G is clearly open and contains E. Furthermore,

m(G) ≤
∞P
i=1

m(Ji) =
∞P
i=1

l(Ii) +
ε

2
< m(E) + ε.

Since both G and E are measurable,

m∗(G\E) = m(G\E) = m(G)−m(E) < ε.

If m(E) =∞ then we set En = E ∩ (−n, n). Since m(En) ≤ 2n <∞
for all n ∈ N, there is an open set Gn such that Gn ⊇ En for each n
and

m∗(Gn\En) <
ε

2n
.

Clearly, the set G =
S∞
n=1Gn is open, contains E, and satisfies

G\E = S∞n=1(Gn\E) ⊆
∞S
n=1
(Gn\En).

Hence

m∗(G\E) ≤
∞P
n=1

m∗(Gn\En) < ε.

(ii)⇒(i): For every n ∈ N, let ε = 1/n and choose the open set Gn ⊇ E
so that m∗(Gn\E) < 1/n. The intersection G =

T∞
n=1Gn is clearly

measurable, contains E, and satisfies

G\E =
∞T
n=1
(Gn\E).
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Consequently,m∗(G\E) < 1/n for every n ∈ N, which impliesm∗(G\E)
= 0. G\E is therefore measurable, hence so is G\(G\E) = E.

(i)⇒(iii): Since E is measurable, so is Ec. Given ε > 0, from the equiv-
alence of (i) and (ii), we can find an open set G ⊇ Ec such that
m∗(G\Ec) < ε. Setting F = Gc, we see that F is closed, contained
in E, and satisfies

E\F = E ∩G = G\Ec

⇒ m∗(E\F ) = m∗(G\Ec) < ε.

(iii)⇒(i): Since F c\Ec = E\F , it is clear that that the set Ec satisfies
statement (ii) with G = F c. Ec is therefore measurable, so E is also
measurable. ¤
Theorem 10.15 (Second Approximation Theorem)
Let E ⊆ R. If m∗(E) <∞ then E ∈M if and only if, for every ε > 0,
there is a set A ∈ E such that m∗(E∆A) < ε.

Proof. Suppose E ∈M and ε > 0. Then, by Theorem 10.14, there is
an open set G ⊇ E such that

m(G\E) < ε

2
. (10.14)

Since G is open, it can be represented by a union of disjoint open
intervals {Ii : i ∈ N}. Thus G =

S∞
i=1 Ii, and, since m(E) <∞, we can

use countable additivity and (10.14) to write

∞P
i=1

m(Ii) = m(G) <∞.

Therefore there is a positive integer n such that

m(G)−m (
Sn
i=1 Ii) <

ε

2
. (10.15)

Setting Ii = (ai, bi), A0 =
Sn
i=1 Ii, and A =

Sn
i=1[ai, bi), we note

that A ∈ E and differs from A0 by a finite number of points. Hence
m(A) = m(A0) < m(G) <∞. Now the inclusion relation E\A ⊆ G\A0
and (10.15) imply

m(E\A) ≤ m(G\A0) = m(G)−m(A0) <
ε

2
,

while the inclusion A0\E ⊆ G\E and (10.14) imply

m(A\E) = m(A0\E) ≤ m(G\E) < ε

2
.
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Thus m(E∆A) < ε.
Conversely, givenm∗(E) <∞, let ε > 0 and chooseA =

Sn
i=1[ai, bi) ∈

E so that m∗(E∆A) < ε. To prove that E is measurable, it is sufficient,
by Theorem 10.14, to prove the existence of an open set G ⊇ E such
that m∗(G\E) < 3ε. Let A1 =

Sn
i=1(ai − ε/2i, bi). Then A1 is an open

set which satisfies

m∗(E∆A1) ≤ m∗(E\A1) +m∗(A1\E)
< m∗(E\A) +m∗(A\E) + ε < 2ε. (10.16)

Furthermore, from the definition of m∗(E\A1), there is a cover {Ii ∈
I : i ∈ N} of E\A1 such that

m∗(E\A1) + ε

2
>

∞P
i=1

l(Ii).

Following the procedure in the proof of Theorem 10.14, we can con-
struct an open set A2 that contains E\A1 and satisfies

m∗(A2) ≤
∞P
i=1

l(Ii) +
ε

2
< m∗(E\A1) + ε. (10.17)

By defining G = A1∪A2, we see that G ⊇ E and G\E ⊆ A2∪ (A1\E).
Hence, using (10.16) and (10.17),

m∗(G\E) ≤ m∗(A2) +m∗(A1\E)
< m∗(E\A1) +m∗(A1\E) + ε

= m∗(E∆A1) + ε = 3ε. ¤

Exercises 10.3

1. Let (xi : i ∈ N) be a sequence of positive numbers. If μ(E) is
defined for each E ⊆ R by μ(E) =

P
xi∈E xi, prove that μ is a

measure on P(R).
2. For any E,F ∈M, prove that m(E)+m(F ) = m(E∪F )+m(E∩

F ).

3. Given E ∈M, prove thatm∗(E)+m∗(F ) = m∗(E∪F )+m∗(E∩F )
for all F ⊆ R. Use this to prove the equality in Exercise 10.3.2.
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4. Let E be a subset of [0, 1] such that 5 does not appear in the
decimal expansion of any x ∈ E. Prove that E ∈ M and that
m(E) = 0.

5. If (En) is a sequence inM, prove that

m(lim inf En) ≤ lim infm(En).

Assuming that m(
S∞
i=N Ei) <∞ for some N , prove that

m(lim supEn) ≥ lim supm(En).

6. Let G be the collection of open sets in R and F the collection of
closed sets in R. Gδ will denote the class of all intersections of all
sequences in G, that is, G ∈ Gδ if and only if there is a sequence
of open sets (Gi : i ∈ N) such that G =

T∞
i=1Gi. Similarly Fσ is

made up of the unions of sequences in F , so that F ∈ Fσ if and
only if there is a sequence (Fi : i ∈ N) in F such that F =

S∞
i=1 Fi.

(a) Prove that all sets in Gδ and Fσ are Borel sets.

(b) Give an example of a set in Gδ, and one of a set in Fσ, such
that neither set belongs to G ∪ F .

(c) Prove that, for every E ⊆ R, there is a set G ∈ Gδ such that
E ⊆ G and m∗(E) = m(G).

(d) If E ∈M, prove that there is a G ∈ Gδ and an F ∈ Fσ such
that F ⊆ E ⊆ G and m(G\F ) = 0.

7. If G is an open, non-empty subset of R, prove that m(G) > 0.

10.4 Measurable Functions

We now turn our attention from sets to functions. In Section 6.5 we
saw that a function f : Ω→ R is continuous if, and only if, the inverse
image under f of every open subset of R is open in Ω. For a function
defined from one topological space to another, this idea whereby f−1

preserves the topologies of the underlying spaces serves as the appropri-
ate definition of continuity. We define measurability for a function along
the same lines, with the σ-algebras B andM replacing the topologies.
Throughout this section, Ω is assumed to be a (Lebesgue) measurable
set.
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Definition 10.12 A function f : Ω → R is said to be Lebesgue mea-
surable, or simply measurable, if the set f−1(B) is measurable for every
Borel set B, that is, if

B ∈ B⇒f−1(B) ∈M. (10.18)

In order to include extended real functions in this definition, we say
that f : Ω→ R̄ is measurable if, in addition to (10.18) being satisfied,
the sets f−1({−∞}) and f−1({∞}) are also measurable.
Definition 10.13A function f : Ω→ R̄ is Borel measurable if f−1(B) ∈
B for every B ∈ B, and f−1({−∞}), f−1({∞}) ∈ B.
Note that, in this definition, Ω = f−1(R̄) is necessarily a Borel set.

Lemma 10.5 Suppose B is generated by a collection D of subsets of
R. A function f : Ω→ R̄ is measurable if, and only if,
(i) f−1(D) ∈M for every D ∈ D,
(ii) f−1({−∞}), f−1({∞}) ∈M.

Proof. Suppose (i) and (ii) are satisfied. By Theorem 10.4,

A(f−1(D)) = f−1(A(D)) = f−1(B).

From (i) we have f−1(D) ⊆M, hence f−1(B) ⊆M, which means f is
measurable. The converse is obvious. ¤
Theorem 10.16
For a function f : Ω→ R̄, the following statements are equivalent:
(i) f is measurable.
(ii) For all α ∈ R, {x ∈ Ω : f(x) > α} is measurable.
(iii) For all α ∈ R, {x ∈ Ω : f(x) ≥ α} is measurable.
(iv) For all α ∈ R, {x ∈ Ω : f(x) < α} is measurable.
(v) For all α ∈ R, {x ∈ Ω : f(x) ≤ α} is measurable.
Proof
(i)⇒(ii): We have

{x ∈ Ω : f(x) > α} = f−1((α,∞)) ∪ f−1({∞}).

Since f is measurable and (α,∞) is a Borel set, f−1({∞}) and f−1((α,∞))
are both measurable, hence so is {x ∈ Ω : f(x) > α}.
(ii)⇒(i): By Theorem 10.3, the intervals {(α,∞) : α ∈ R} generate B.
Furthermore, the sets
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f−1({∞}) =
∞T
n=1
{x ∈ Ω : f(x) > n},

f−1({−∞}) =
∞T
n=1
{x ∈ Ω : f(x) ≤ −n} =

∞T
n=1
{x ∈ Ω : f(x) > −n}c

are both measurable. Since

f−1((α,∞)) = {x ∈ Ω : f(x) > α}\{x ∈ Ω : f(x) =∞}

is also measurable, we conclude that f is measurable by Lemma 10.5.
The equivalence of (i) and (iii) is established by choosing D to be

composed of all sets of the form [α,∞), and using Lemma 10.5. To
prove the equivalence of (ii) and (v) and that of (iii) and (iv), we resort
to the fact that a σ-algebra is closed under complementation. ¤
Remarks 10.7
1. Suppose f : Ω → R̄ is a measurable function. If Ω0 is a measurable
subset of Ω, then f |Ω0 is also measurable. Conversely, if Ω1,Ω2 ∈M
and f |Ω1 , f |Ω2 are measurable, then so is f : Ω1 ∪Ω2 → R̄.
2. Since every singleton {α} is a Borel set, the set {x ∈ Ω : f(x) = α}
is measurable for all α ∈ R whenever f is measurable. The converse,
however, is not true (see Exercise 10.4.2).

3. If Ω ∈ B, Lemma 10.4 and Theorem 10.16 are valid for Borel mea-
surability as well. All that is needed is to replaceM by B, as the proof
depends only on the properties shared by all σ-algebras.

4. Recalling the definition of neighborhoods of ∞ and −∞, a function

f : Ω→ R̄

is continuous at x ∈ Ω if, for every neighborhood V of f(x), there is
a neighborhood U of x such that f(U) ⊆ V. Thus a straightforward
modification of Theorem 6.17, whereby R is replaced by R̄, leads to the
conclusion that f is continuous if and only if, whenever G is open in
R or is a neighborhood of ∞ or −∞, f−1(G) is open in Ω. Suppose
f : Ω→ R̄ is continuous. Then

f−1({∞}) =
∞T
n=1

f−1((n,∞]) ∈M,

f−1({−∞}) =
∞T
n=1

f−1([−∞,−n)) ∈M,
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and for any open set G ⊆ R, f−1(G) is open and therefore measurable.
Since the open sets in R generate B, the function f is measurable. It
is precisely to achieve this result, namely that continuous functions be
measurable, that Definition 10.12 was designed. The “neater” require-
ment that the inverse image of a measurable set be measurable would
not have achieved that.

5. Suppose f : Ω → R is Lebesgue measurable and ϕ : Γ → R̄, where
Γ ⊇ f(Ω), is Borel measurable. Then, with E ∈ B, E = {∞}, or
E = {−∞}, we have

(ϕ ◦ f)−1(E) = f−1(ϕ−1(E)) ∈M

since ϕ−1(E) ∈ B. Consequently, the composite function ϕ ◦ f is mea-
surable. In particular, if ϕ is continuous, Γ ∈ B, and f is measurable,
then ϕ ◦ f is measurable. In general, we cannot relax the requirement
that ϕ be Borel measurable to Lebesgue measurable and ensure the
measurability of ϕ ◦ f (see Exercise 10.4.8). Of course, if Ω ∈ B and ϕ
and f are both Borel measurable, then so is ϕ ◦ f.
In the next theorem we verify the closure of the set of measurable

functions under the usual algebraic operations. We have at hand a
variety of criteria for measurability, and the choices we make below
are aimed as much at illustrating this variety as they are dictated by
convenience. The reader is encouraged to try alternative proofs.

Theorem 10.17
If the functions f, g : Ω→ R̄ are measurable, then each of the following
functions is also measurable:
(i) f + g : Ω0 → R̄, where

Ω0 = {x ∈ Ω : (f(x), g(x)) 6= (∞,−∞), (−∞,∞)}.

(ii) cf : Ω→ R̄, where c ∈ R.
(iii) |f | : Ω→ [0,∞].
(iv) fn : Ω→ R̄, where n ∈ N.
(v) 1/f : Ω→ R̄, where (1/f)(x) =∞ if f(x) = 0.
(vi) fg : Ω→ R̄.

Proof
(i) Note that Ω is replaced here by Ω0 in order to avoid the indetermi-
nate forms∞−∞ and −∞+∞. Since the sets f−1({∞}), f−1({−∞}),
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g−1({∞}), and g−1({−∞}) are all measurable, Ω0 is itself measurable.
Let α ∈ R and consider the set

A = {x ∈ Ω0 : f(x) + g(x) < α}
= {x ∈ Ω0 : f(x) < α− g(x)}.

Since Q is dense in R, for every x ∈ Ω there is a q ∈ Q such that
f(x) < q < α− g(x). Consequently

A =
S
q∈Q
{x ∈ Ω0 : f(x) < q} ∩ {x ∈ Ω0 : g(x) < α− q}.

But for each q ∈ Q, the set {x ∈ Ω0 : f(x) < q}∩{x ∈ Ω0 : g(x) < α−q}
is measurable, hence A ∈M.

(ii) If c = 0 then the function cf = 0 on Ω is measurable because it is
continuous. Suppose, therefore, that c 6= 0. In this case, for all α ∈ R,

{x ∈ Ω : cf(x) > α} = {x ∈ Ω : f(x) > α/c} if c > 0,

{x ∈ Ω : cf(x) > α} = {x ∈ Ω : f(x) < α/c} if c < 0.

Since both of these sets are measurable, cf is measurable for all c.

(iii) For all α ≥ 0, the set

{x ∈ Ω : |f(x)| > α} = {x ∈ Ω : f(x) > α} ∪ {x ∈ Ω : f(x) < −α}

is clearly measurable. If α < 0, then {x ∈ Ω : |f(x)| > α} = Ω ∈M.

(iv) Let Ω1 = {x ∈ Ω : |f(x)| < ∞} and g = f |Ω1 . Then Ω1 ∈ M
and g is measurable. Since the function ϕ(x) = xn is continuous on
R, it follows from Remark 10.7.5 above that gn = ϕ ◦ g is measurable.
Also fn(x) = ∞ if and only if |f(x)| = ∞, so (fn)−1({∞}) ∈M. On
the other hand, (fn)−1({−∞}) is either empty or f−1({−∞}), and is
therefore measurable. Finally, noting that every Borel set B lies in R,
we have

(fn)−1(B) = (gn)−1(B) ∈M,

so we conclude that fn is measurable.

(v) Let Ω2 = {x ∈ Ω : f(x) = 0}, Ω3 = {x ∈ Ω : f(x) = −∞}, and
Ω4 = Ω\(Ω2 ∪ Ω3). We shall prove that the functions

g =
1

f

¯̄̄̄
Ω2

, h =
1

f

¯̄̄̄
Ω3

, k =
1

f

¯̄̄̄
Ω4
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are all measurable. By definition of 1/f , we have {x ∈ Ω2 : g(x) <
α} = ∅ for all α ∈ R, so this set is measurable. Furthermore,

{x ∈ Ω3 : h(x) < α} =
½
Ω3, α > 0
∅, α ≤ 0,

and in either case this set is also measurable. Finally we can write
k = ϕ ◦ f, where ϕ is the continuous function defined on R\{0} by
ϕ(x) = 1/x. Hence k is measurable.

(vi) It is a simple matter to ascertain that the product fg restricted
to any of the sets {x : f(x) = ∞}, {x : f(x) = −∞}, {x : g(x) =
∞}, {x : g(x) = −∞} is measurable. Therefore we may assume that f
and g are real valued on all of Ω. Since

fg =
1

2

£
(f + g)2 − f2 − g2

¤
,

we conclude from (i), (ii), and (iv) that fg is measurable. ¤
Using the function f − g in Theorem 10.17, we have

Corollary 10.17.1 If f, g : Ω→ R̄ are measurable functions, then the
sets {x : f(x) < g(x)}, {x : f(x) ≤ g(x)}, and {x : f(x) = g(x)} are
all measurable.

For any two functions f : Df → R̄ and g : Dg → R̄, we have already
defined the functions f ∨ g and f ∧ g on Df ∩Dg in Exercise 6.2.3 by

(f ∨ g)(x) = f(x) ∨ g(x) = max{f(x), g(x)},
(f ∧ g)(x) = f(x) ∧ g(x) = min{f(x), g(x)}.

We now define the positive part and the negative part of f, respectively,
by

f+ = f ∨ 0 : Df → [0,∞],
f− = −(f ∧ 0) : Df → [0,∞].

Noting that

f ∨ g = 1

2
(f + g + |f − g|),

f ∧ g = 1

2
(f + g − |f − g|),

and using Theorem 10.17, we can state
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Corollary 10.17.2 If the functions f, g : Ω→ R̄ are measurable, then
f ∨ g, f ∧ g, f+, and f− are all measurable.

An important feature of measurability is its closure under limiting
operations, whether we are dealing with a sequence of sets, as we have
already seen, or a sequence of functions, as we shall now show. Let

fn : D→ R̄, n ∈ N,
be a sequence of extended real functions. For every x ∈ D, we define

sup fn : x 7→ sup{fn(x) : n ∈ N},
inf fn : x 7→ inf{fn(x) : n ∈ N},

lim sup fn : x 7→ lim sup fn(x),

lim inf fn : x 7→ lim inf fn(x).

These functions are therefore well defined from D to R̄. As we already
know from Theorem 3.16, the pointwise limit of fn exists at every point
x ∈ D where lim sup fn(x) = lim inf fn(x). The subset of D where this
equality holds is the domain of existence of lim fn.

Theorem 10.18
For any sequence fn : Ω → R̄ of measurable functions, the functions
sup fn, inf fn, lim sup fn, lim inf fn are all measurable on Ω, and lim fn
is measurable on its domain of existence.

Proof. Since fn is measurable for every n ∈ N, the sets

{x : sup fn(x) > α} =
∞S
n=1
{x : fn(x) > α},

{x : inf fn(x) < α} =
∞S
n=1
{x : fn(x) < α}

are both measurable, which means that sup fn and inf fn are measur-
able. Noting that

lim sup fn = inf
n∈N

gn, gn = sup
k≥n

fk,

lim inf fn = sup
n∈N

hn, hn = inf
k≥n

fk,

we conclude that the functions gn, hn, lim sup fn, and lim inf fn are all
measurable. The measurability of lim sup fn and lim inf fn implies, by
Corollary 10.17.1, that

Ω0 = {x ∈ Ω : lim sup fn(x) = lim inf fn(x)},



Lebesgue Measure 387

which is the domain of existence of lim fn, is measurable. Therefore
lim fn = lim sup fn|Ω0 is measurable. ¤
Definition 10.14
(i) The functions f, g : Ω → R̄ are said to be equal almost everywhere
(a.e.) if they are equal except on a set of measure 0, that is, if

m({x ∈ Ω : f(x) 6= g(x)}) = 0,
and we express this symbolically by writing

f = g (a.e.).

Similarly f ≥ g (a.e.) means m{x ∈ Ω : f(x) < g(x)} = 0, and
f > g (a.e.), f ≤ g (a.e.), f < g (a.e.) are defined in the same way.
(ii) The sequence of functions fn : Ω → R̄ are said to converge to f
almost everywhere if

m({x ∈ Ω : lim fn(x) 6= f(x)}) = 0,
in which case we write

lim fn = f (a.e.) or fn → f (a.e.).

Theorem 10.19
If the functions f, g : Ω → R̄ are equal almost everywhere and the
function f is measurable, then g is also measurable.

Proof. Let
E = {x ∈ Ω : f(x) 6= g(x)}.

Then, for any α ∈ R,
{x : g(x) > α} = ({x : f(x) > α}∩Ec)∪({x : g(x) > α}∩E). (10.19)
Since m(E) = 0, both E and Ec are measurable, hence, f being mea-
surable,

{x : f(x) > α} ∩Ec ∈M.

Since m(E) = 0 and {x : g(x) > α} ∩ E ⊆ E, the completeness of m
implies that {x : g(x) > α}∩E is measurable. By equation (10.19), the
set {x : g(x) > α}, and therefore g, is measurable. ¤
Since Borel measure is not complete (Exercise 10.4.9), this theorem is

not valid if we use Borel measurability, and that is the main advantage
of Lebesgue measurability.
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Definition 10.15 For any set E ⊆ R, the function χE defined on R by

χE(x) =

½
1, x ∈ E
0, x ∈ Ec,

is called the characteristic function of E.

Clearly, χE is measurable if, and only if, E is measurable.

Definition 10.16 If {E1, E2, · · · , En} is a finite collection of disjoint,
measurable sets, then any linear combination of the corresponding char-
acteristic functions χE1 , χE2 , · · · , χEn ,

ϕ =
nP
i=1

ciχEi , ci ∈ R, (10.20)

is called a simple function.

Thus a simple function is a measurable function whose range is a
finite set of real numbers. Clearly, the representation (10.20) of ϕ is
not unique. It becomes unique if ci 6= cj whenever i 6= j, in which case
Ei = ϕ−1({ci}),Dϕ =

Sn
i=1Ei, and ϕ(Dϕ) = {c1, c2, · · · , cn}. Equation

(10.20) is then said to be a canonical representation of ϕ. Algebraic
combinations of simple functions, such as sums and products, are also
simple functions; for if

ϕ =
nP
i=1

ciχEi , ψ =
mP
i=1

diχFi ,

then it is straightforward to verify that

kϕ =
nP
i=1

kciχEi ,

ϕ+ ψ =
nP
i=1

mP
j=1
(ci + dj)χEi∩Fj ,

ϕψ =
nP
i=1

mP
j=1
(cidj)χEi∩Fj ,

ϕ ∨ ψ =
nP
i=1

mP
j=1
(ci ∨ dj)χEi∩Fj ,

ϕ ∧ ψ =
nP
i=1

mP
j=1
(ci ∧ dj)χEi∩Fj .

We end this section with an important density theorem, one which
will be used in the next chapter when we define the Lebesgue integral.
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Theorem 10.20
If the function f : Ω → [0,∞] is Lebesgue measurable, then there is a
sequence (ϕn : n ∈ N) of non-negative simple functions such that

(i) ϕn+1(x) ≥ ϕn(x) for all n ∈ N and x ∈ Ω,
(ii) lim

n→∞ϕn(x) = f(x) for all x ∈ Ω.

We shall often abbreviate (i) and (ii) by writing ϕn % f.

Proof. For every n ∈ N we define the sets

Fn,i = f−1([(i− 1)/2n, i/2n)), i ∈ {1, 2, · · · , n2n},
Fn,∞ = f−1([n,∞]) = f−1([n,∞) ∪ f−1({∞}),

and the simple function

ϕn =
n2nX
i=1

i− 1
2n

χFn,i + nχFn,∞ ,

which is measurable since all of the intervals

∙
i− 1
2n

,
i

2n

¸
and [n,∞)

are Borel sets.
(i) Let x ∈ Fn,i where 1≤ i ≤ n2n, that is

i− 1
2n
≤ f(x) <

i

2n
.

There are two possibilities:

(a)
i− 1
2n
≤ f(x) <

2i− 1
2n+1

,

(b)
2i− 1
2n+1

≤ f(x) <
i

2n
.

In case (a), x ∈ Fn+1,2i−1 and therefore

ϕn+1(x) =
2i− 2
2n+1

=
i− 1
2n

= ϕn(x).

In case (b), x ∈ Fn+1,2i and therefore

ϕn+1(x) =
2i− 1
2n+1

>
i− 1
2n

= ϕn(x).
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Figure 10.1

If x ∈ Fn,∞ then either n ≤ f(x) < n + 1, or f(x) ≥ n + 1. In the
first case,

i− 1
2n+1

≤ f(x) <
i

2n+1
, n2n+1 + 1 ≤ i < (n+ 1)2n+1

⇒ ϕn+1(x) =
i− 1
2n+1

≥ n = ϕn(x).

In the second case, ϕn+1(x) = n+ 1 > n = ϕn(x).
(ii) If f(x) = ∞, then ϕn(x) = n → ∞. Suppose, therefore, that

f(x) < N for some positive integer N. For all n ≥ N , there is a positive
integer i ≤ 2nN such that

i− 1
2n
≤ f(x) <

i

2n
,

which implies
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0 ≤ f(x)− i− 1
2n

= f(x)− ϕn(x) <
1

2n
.

Hence ϕn(x)→ f(x). ¤

Exercises 10.4

1. Give an example of a Lebesgue non-measurable function, and one
of a Borel non-measurable function.

2. Suppose the set E is non-measurable and the function f : R→ R
is defined by

f(x) =

½
ex, x ∈ E
−ex, x /∈ E.

Prove that {x : f(x) = c} is measurable for every c ∈ R, but that
f is not measurable.

3. According to Theorem 10.17, |f | is measurable whenever f is
measurable. Prove that the converse is false by exhibiting a non-
measurable function whose absolute value is measurable.

4. Prove the following equalities:

(a) χA∩B = χA.χB.

(b) χA∪B = χA + χB − χA∩B.
(c) χA∆B = |χA − χB| .
(d) χAc = 1− χA.

5. Given a sequence of sets (En) with E∗ = lim supEn and E∗ =
lim inf En, prove that χE∗ = lim supχEn and χE∗ = lim inf χEn .

6. (a) If Ω1,Ω2 ∈ M and f is a function defined on Ω = Ω1 ∪ Ω2,
prove that f is measurable if, and only if, f |Ω1 and f |Ω2 are both
measurable.

(b) If f : Ω→ R is measurable and g : R→ R is defined by

g(x) =

½
f(x), x ∈ Ω
0, x /∈ Ω,

prove that g is measurable. This implies that, for the purpose
of studying the properties of measurable functions, we need only
consider functions defined on all of R.
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7. Let x =
P∞

i=1 si/2
i be the binary expansion of x ∈ [0, 1] which

does not end in a string of 1’s if x > 0. Define Ψ : [0, 1] → R
by Ψ(x) =

P∞
i=1 2si/3

i, so that the range of Ψ is included in the
Cantor set (see Example 3.19).

(a) Prove that Ψ is injective and measurable.

(b) Prove that Ψ(E) is measurable for every E ⊆ [0, 1].
(c) Prove that B 6=M by choosing E /∈ M and showing that

Ψ(E) ∈M but Ψ(E) /∈ B.

The function Ψ is often referred to as Cantor ’s function.

8. Let Ψ be the the Cantor function defined in Exercise 10.4.7. Let
E be a non-measurable set, and define g : R→ R by

g(x) =

½
1, x ∈ Ψ(E)
0, otherwise.

Prove that g is measurable but that g ◦Ψ is not.
9. The result of Exercise 10.4.7 shows that the Cantor set contains

a subset which is not in B. Use this to conclude that the Borel
measure m|B is not complete.

10. Prove that the convergence ϕn % f in Theorem 10.20 is uniform
if f is bounded.
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Lebesgue Integration
Until the early part of the twentieth century, the standard theory of
integration was that of Riemann, which was presented in Chapter 8.
Even today, scientists and engineers rarely need to look beyond the
Riemann integral in their work. Its definition is simple and clearly mo-
tivated as a measure of area, it is well suited to formulating physical
laws and performing computations (both analytically and numerically),
and it articulates the relationship between integration and differenti-
ation through the fundamental theorem of calculus. The drawback of
the theory is that, from an analytical point of view, the class of Rie-
mann integrable functions is not wide enough. Consider the following
observations:

1. In Example 8.2 we saw that the function defined on R by

f(x) =

½
1, x ∈ Q
0, x ∈ Qc (11.1)

is not Riemann integrable on any bounded interval, though the
function is almost constant (Q being countable and hence of mea-
sure 0).

2. The set of Riemann integrable functionsR(a, b) is not closed under
pointwise convergence, as we saw in several examples in Chapter
9. It is not even closed under monotonic pointwise convergence,
as the following example demonstrates: Let (fn : n ∈ N) be the
sequence of functions defined on [0, 1] by

fn(x) =

½
1, x = p/q ∈ Q ∩ [0, 1], q ≤ n
0, otherwise,

where p and q have no common factors. fn ∈ R(0, 1) because fn
is continuous except at a finite number of points. Clearly, fn(x)
increases with n and tends to the function f(x) in equation (11.1)
as n→∞.

3. To ensure the closure of R(a, b) under a limit operation, we have
to restrict the operation to something stronger than pointwise con-
vergence, such as uniform convergence (see Theorem 9.4).
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4. The Riemann integral is defined for bounded functions over bounded
intervals, and its extension beyond that requires a separate treat-
ment.

The Lebesgue integral, which is the subject of this chapter, is based
on a more general definition which enlarges the class of Riemann in-
tegrable functions, and thereby avoids some of these shortcomings. In
fact, such an extension may be viewed as a sort of “completion” of
R(a, b), under certain limiting operations, which addresses the defi-
ciencies of R(a, b) mentioned above.

11.1 Definition of The Lebesgue Integral

At the outset we assume that Ω ⊆ R is a Lebesgue measurable set. The
set of Lebesgue measurable functions f : Ω → R̄ will be denoted by
L0(Ω), and its subset of simple functions by S(Ω). L0+(Ω) and S+(Ω)
will denote the subsets of non-negative functions in L0(Ω) and S(Ω), re-
spectively. When Ω coincides with R or is understood from the context,
we shall often write L0,S,L0+, or S+.
The definition of the Lebesgue integral of f on Ω will be given in

three stages.

Step 1: f ∈ S+(Ω)
Here f can be represented by the sum

f =
nP
i=1

ciχEi , (11.2)

where ci ≥ 0, Ei ∈ M, and {Ei : 1 ≤ i ≤ n} is a partition of Ω, so
that Ω is a disjoint union of the sets E1, · · · , En. The integral of f on
Ω, with respect to the measure m, is defined byR

Ωfdm =
nP
i=1

cim(Ei), (11.3)

where we take 0 ·∞ = 0. The left-hand side of (11.3) is also written
as
R
Ωf(x)dm(x). To show that this definition does not depend on the

representation (11.2) of f , let

f =
kP

j=1
djχFj ,



Lebesgue Integration 395

where {Fj : 1 ≤ j ≤ k} is any other partition of Ω by measurable sets.
We have to prove that

kP
j=1

djm(Fj) =
nP
i=1

cim(Ei).

Since Fj =
Sn
i=1Ei ∩ Fj , for all 1 ≤ j ≤ k, is a disjoint union of the

collection {Ei ∩ Fj : 1 ≤ i ≤ n}, we have

m(Fj) =
nP
i=1

m(Ei ∩ Fj).

Therefore

kP
j=1

djm(Fj) =
kP

j=1

nP
i=1

djm(Ei ∩ Fj) =
P

(i,j)∈Λ
djm(Ei ∩ Fj), (11.4)

where Λ = {(i, j) : 1 ≤ i ≤ n, 1 ≤ j ≤ k, Ei ∩ Fj 6= ∅}. Similarly,
nP
i=1

cim(Ei) =
P

(i,j)∈Λ
cim(Ei ∩ Fj). (11.5)

Now we note that, whenever Ei ∩ Fj 6= ∅, there is a point x such that
x ∈ Ei and x ∈ Fj , which implies f(x) = ci = dj , and hence the
equality of the sums (11.4) and (11.5).

Remark 11.1 Let
f =

nP
i=1

ciχEi ,

where ci ≥ 0, Ei ∈M, and the collection {Ei : 1 ≤ i ≤ n} is pairwise
disjoint and contained in Ω, but the union

Sn
i=1Ei is a proper subset

of Ω. By writing

f =
nP
i=1

ciχEi + 0 · χE,

where E = Ω\Sn
i=1Ei, we see that f ∈ S+(Ω) and thatR

Ωfdm =
nP
i=1

cim(Ei).

In particular, if A is a measurable subset of Ω, thenR
ΩχAdm = m(A).
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Lemma 11.1
(i) If f, g ∈ S+ and α, β ≥ 0, thenR

Ω(αf + βg)dm = α
R
Ωfdm+ β

R
Ωgdm.

(ii) If f, g ∈ S+ and f(x) ≥ g(x) for all x ∈ Ω, thenR
Ωfdm ≥

R
Ωgdm.

The proof is left as an exercise.

Step 2: f ∈ L0+(Ω)
Definition 11.1 The integral of any function f in L0+(Ω) is defined asR

Ωfdm = sup
©R

Ωϕdm : ϕ ∈ S+(Ω), ϕ ≤ f
ª
,

and it is straightforward to verify that this definition agrees with (11.3)
when f is a simple function.

We saw in Theorem 10.20 that, for every f ∈ L0+(Ω), there is a
sequence (ϕn) in S+(Ω) such that ϕn % f. Now we shall use this result
to arrive at a formula for evaluating

R
Ωfdm.

Lemma 11.2 Let ψ ∈ S+(Ω). If (ϕn) is a sequence in S+(Ω) such
that ϕn % ψ, then

lim
n→∞

R
Ωϕndm =

R
Ωψdm.

Proof. It should first be noted that limn→∞
R
Ωϕndm exists in R̄, owing

to the monotonicity of the integral on S+.
Suppose ψ =

Pk
i=1 ciχEi . There are two cases: (i)

R
ψdm = ∞ and

(ii)
R
ψdm <∞.

(i)
R
ψdm =∞

In this case there is a j in {1, 2, · · · , k} such that cj > 0 andm(Ej) =
∞. For any ε ∈ (0, cj), define

An = {x ∈ Ω : ϕn(x) > ψ(x)− ε}, n ∈ N. (11.6)

An is clearly measurable and, since ϕn % ψ, An ⊆ An+1 for every
n. Furthermore, limAn = Ω. Using the continuity of m from below
applied to the sequence (An ∩Ej), we obtain

lim
n→∞m(An ∩Ej) = m(Ej) =∞. (11.7)
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Since

ϕn ≥ ϕnχAn∩Ej ≥ (ψ − ε)χAn∩Ej = (cj − ε)χAn∩Ej ,

the monotonicity of the integral on S+ impliesR
Ωϕndm ≥

R
Ω(cj − ε)χAn∩Ej = (cj − ε)m(An ∩Ej).

Now equation (11.7) completes the proof.

(ii)
R
ψdm <∞

The monotonicity of the integral implies
R
ϕndm ≤ R

ψdm, from
which we conclude that

lim
n→∞

R
ϕndm ≤

R
ψdm,

and it remains to show that

lim
n→∞

R
ϕndm ≥

R
ψdm. (11.8)

In this case m(Ei) < ∞ when ci > 0. Let I = {i : ci > 0} and
Ω∗ =

S
i∈I Ei, so that m(Ω

∗) < ∞. With ε > 0 and An as defined in
(11.6), we have

ϕn + εχAn∩Ω∗ ≥ (ϕn + ε)χAn∩Ω∗ ≥ ψχAn∩Ω∗ =
P
i∈I

ciχAn∩Ei

⇒ R
Ωϕndm+ εm(An ∩ Ω∗) ≥

P
i∈I

cim(An ∩Ei)

⇒ lim
n→∞

R
Ωϕndm+ εm(Ω∗) ≥ P

i∈I
cim(Ei) =

R
Ωψdm.

Since m(Ω∗) is finite and ε > 0 is arbitrary, (11.8) follows. ¤
Theorem 11.1
Let f ∈ L0+(Ω) and suppose (ϕn) is a sequence in S+(Ω) such that
ϕn % f. Then

lim
n→∞

R
Ωϕndm =

R
Ωfdm.

Proof. The monotonicity property of the integral over S+ guarantees
the existence of the limit. By the definition of

R
Ωfdm we have

lim
n→∞

R
Ωϕndm ≤

R
Ωfdm,



398 Elements of Real Analysis

and we have to prove this inequality in the reverse direction. Suppose ϕ
is any function in S+(Ω) such that ϕ ≤ f. The sequence (ϕ∧ϕn) is then
monotonically increasing in S+(Ω) and converges to ϕ. Using Lemma
11.2, we conclude thatR

Ωϕdm = lim
n→∞

R
Ω(ϕ ∧ ϕn)dm.

Since ϕ ∧ ϕn ≤ ϕn, R
Ω(ϕ ∧ ϕn)dm ≤

R
Ωϕndm

⇒ R
Ωϕdm ≤ lim

n→∞
R
Ωϕndm. (11.9)

But ϕ is an arbitrary function in S+(Ω) which satisfies ϕ ≤ f , hence,
by Definition 11.1 and inequality (11.9), we haveR

Ωfdm = sup
©R

Ωϕdm : ϕ ∈ S+(Ω), ϕ ≤ f
ª ≤ lim

n→∞
R
Ωϕndm. ¤

Example 11.1 Given f : [0, 1]→ R, f(x) = x, evaluate
R
[0,1]fdm.

Solution. The sequence of simple functions

ϕn =
2nP
i=1

i− 1
2n

χ[(i−1)/2n,i/2n)

clearly lies in S+ and satisfies ϕn % f (see Theorem 10.20). By Theo-
rem 11.1, R

[0,1]fdm = lim
n→∞

R
[0,1]ϕndm

= lim
n→∞

2nX
i=1

i− 1
2n

m

µ∙
i− 1
2n

,
i

2n

¶¶
= lim

n→∞
1

22n

2nP
i=1
(i− 1)

= lim
n→∞

1

22n
2n(2n − 1)

2
=
1

2
.

Example 11.2 Let (an) be a sequence in (0,∞) and suppose f is
defined on [1,∞) by

f(x) = a[x],

where [x] is the integer part of x.
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To calculate
R
[1,∞)fdm, set ϕn =

Pn
i=1 aiχ[i,i+1), which is in S+, and

note that ϕn % f. ThereforeR
[1,∞)fdm = lim

n→∞
R
[1,∞)ϕndm

= lim
n→∞

nP
i=1

aim([i, i+ 1))

=
∞P
i=1

ai.

The following lemma shows that linearity and monotonicity are pre-
served in the extension of the integral to L0+.
Lemma 11.3 Let f, g ∈ L0+(Ω).
(i) For any α, β ≥ 0,R

Ω(αf + βg)dm = α
R
Ωfdm+ β

R
Ωgdm.

(ii) If f(x) ≥ g(x) for all x ∈ Ω, thenR
Ωfdm ≥

R
Ωgdm.

Proof
(i) This is left as an exercise.

(ii) Suppose ϕ ∈ S+(Ω) is such that ϕ ≤ g. Then ϕ ≤ f, and henceR
Ωfdm ≥

R
Ωϕdm.R

Ωfdm is therefore an upper bound for the set©R
Ωϕdm : ϕ ∈ S+(Ω), ϕ ≤ g

ª
,

and we immediately conclude thatR
Ωfdm ≥ sup

©R
Ωϕdm : ϕ ∈ S+(Ω), ϕ ≤ g

ª
=
R
Ωgdm. ¤

Step 3: f ∈ L0(Ω)
Both functions f+ = f ∨ 0 and f− = −(f ∧ 0) lie in L0+(Ω), hence

the integrals
R
Ωf

+dm and
R
Ωf
−dm are well defined. If

R
Ωf

+dm < ∞
or
R
Ωf
−dm < ∞, the Lebesgue integral of f on Ω with respect to the

measure m is defined (in R̄) asR
Ωfdm =

R
Ωf

+dm− RΩf−dm. (11.10)
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f is said to be integrable on Ω with respect to m, or is Lebesgue integrable
on Ω, if

R
Ωfdm exists in R, that is, if both

R
Ωf

+dm and
R
Ωf
−dm are

finite. We shall denote the set of Lebesgue integrable functions on Ω
by L1(Ω), which is clearly a subset of L0(Ω). Once again, when there
is no likelihood of confusion, we shall drop the Lebesgue qualification.
For any measurable subset E of Ω, the function f : Ω → R̄ is inte-

grable on E if its restriction f |E is integrable on E, in which case we
shall write f ∈ L1(E) instead of f |E ∈ L1(E), and

R
Efdm instead ofR

E f |E dm.

Remarks 11.2
1. If f is integrable on Ω, then so is |f | and¯̄R

Ωfdm
¯̄ ≤ RΩ |f | dm.

Indeed, |f | is measurable and, since |f | = f+ + f−, we haveR
Ω |f | dm =

R
Ωf

+dm+
R
Ωf
−dm <∞.

Furthermore,¯̄R
Ωfdm

¯̄
=
¯̄R
Ωf

+dm− RΩf−dm¯̄ ≤ RΩf+dm+
R
Ωf
−dm ≤ RΩ |f | dm.

On the other hand, if f is measurable on Ω, then

|f | ∈ L1(Ω) ⇒ f ∈ L1(Ω). (11.11)

This follows from the observation that f+ ≤ |f | and f− ≤ |f | , so that
Lemma 11.3 implies R

Ωf
+dm ≤ RΩ |f | dm <∞,R

Ωf
−dm ≤ RΩ |f | dm <∞.

Since, however, |f | may be measurable while f is not (see Exercise
10.4.3), the implication (11.11) is not valid in general.

2. If f ∈ L0(Ω), E ⊆ Ω, and m(E) = 0, then f ∈ L1(E) andR
Efdm = 0.

We prove this result by following the stages of the definition of the
integral. Suppose, to begin with, that f is the simple function

f =
nP
i=1

ciχEi .
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Then

f |E =
nP
i=1

ciχEi∩E ,

and therefore R
Efdm =

nP
i=1

cim(Ei ∩E) = 0.

If f ∈ L0+(Ω), we choose a sequence (ϕn) in S+(Ω) such that ϕn % f.
Then ϕn|E ∈ S+(E) and ϕn|E % f |E . Since, from the previous step,R
Eϕndm = 0 for every n, it follows thatR

Efdm = lim
n→∞

R
Eϕndm = lim

n→∞ 0 = 0.

Finally, if f ∈ L0(Ω), we observe that (f |E)+ = f+|E and (f |E)− =
f−|E so that R

Efdm =
R
Ef

+dm− REf−dm = 0.

3. If f ∈ L1(Ω), then f ∈ L1(E) for every measurable set E ⊆ Ω, andR
Efdm =

R
ΩfχEdm. (11.12)

Since |fχE| ≤ |f | , we see that
R
Ω |fχE| dm <∞, so we need only prove

equation (11.12). This can be done in stages by following the procedure
in Remark 2 above.

Example 11.3 Given f(x) = x3, prove that

R
[a,b]fdm =

b4 − a4

4
.

Proof. We shall only consider the case where a < 0 < b. Here

f+(x) = x3χ[0,b], f−(x) = −x3χ[a,0].

Let

ϕn =
2nX
i=1

∙
(i− 1)b
2n

¸3
χ[(i−1)b/2n,ib/2n),

ψn =
2nX
i=1

µ−ia
2n

¶3
χ[ia/2n,(i−1)a/2n).
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It is straightforward to show that ϕn % f+ and ψn % f−. Using the
equality

Pm
i=1 i

3 = [m(m+ 1)/2]2 (see Exercise 2.3.4),R
[a,b)f

+dm = lim
n→∞

R
[a,b)ϕndm

= lim
n→∞

2nP
i=1

b4

24n
(i− 1)3

= lim
n→∞

b4

24n

∙
(2n − 1)2n

2

¸2
=

b4

4
.

Similarly,
R
[a,b)f

−dm = a4/4, and hence the desired result.

Exercises 11.1

1. Use Theorem 11.1 to evaluate
R
Ωfdm, where

(a) Ω = [0, 1], f(x) =

½
1, x ∈ Q
0, x /∈ Q

(b) Ω = [1, 2], f(x) = 3x− 1
(c) Ω = [0, 1], f(x) = x2.

2. If f(x) = 1/x, where x 6= 0, prove that R[1,∞]fdm =∞.

3. If f =
Pn

i=1 ciχEi ∈ L1(Ω), where {Ei, · · · , En} is a partition of
Ω inM and ci ∈ R , prove that

R
Ωfdm =

Pn
i=1 cim(Ei).

4. Let f ∈ L0(Ω) and A = {x ∈ Ω : f(x) ≥ 0}. Prove that, for all
c > 0,

m{x ∈ A : f(x) > c} ≤ 1
c

Z
A
fdm.

5. Verify equation (11.12) for f ∈ L1(Ω) and any measurable E ⊆ Ω.
6. Suppose that f ∈ L1([a, b]) and c > 0. If g : [a/c, b/c] → R is

defined by g(x) = f(cx),prove that g ∈ L1([a/c, b/c]) and thatZ
[a/c,b/c]

gdm =
1

c

Z
[a,b]

fdm.

Hint: Start with f = χE, where E is a measurable subset of [a, b].

7. Let f ∈ L1([a+ h, b+ h]) and define fh(x) = f(x+ h). Show thatR
[a,b]fhdm =

R
[a+h,b+h]fdm.
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11.2 Properties of the Lebesgue Integral

The next theorem presents the most basic properties of the Lebesgue
integral. Its proof is particularly significant as it illustrates some of the
techniques of Lebesgue integration.

Theorem 11.2
(i) Let E and F be two measurable and disjoint subsets of Ω. If f ∈
L1(E) ∩ L1(F ), then f ∈ L1(E ∪ F ), andR

E∪F fdm =
R
Efdm+

R
F fdm (11.13)

(ii) If f ∈ L1(Ω) and g = f (a.e) on Ω, then g ∈ L1(Ω) andR
Ωgdm =

R
Ωfdm.

(iii) If f ∈ L1(Ω) then
m{x ∈ Ω : |f(x)| =∞} = 0.

(iv) If f, g ∈ L1(Ω), then f + g ∈ L1(Ω) andR
Ω(f + g)dm =

R
Ωfdm+

R
Ωgdm. (11.14)

(v) If f ∈ L1(Ω) and c ∈ R, then cf ∈ L1(Ω) andR
Ωcfdm = c

R
Ωfdm. (11.15)

(vi) If f, g ∈ L1(Ω) and f(x) ≥ g(x) (a.e.) on Ω, thenR
Ωfdm ≥

R
Ωgdm.

(vii) If f(x) ≥ 0 (a.e.) on Ω and RΩfdm = 0, then

f(x) = 0 (a.e.) on Ω.

(viii) If f ∈ L1(Ω) andR
Efdm = 0 for all E ∈M, E ⊆ Ω,

then f(x) = 0 (a.e.) on Ω.

Note that property (ii) allows us to assume that any integrable func-
tion on Ω does not assume the values ±∞, while (iv), (v) and (vi)
express the linearity and monotonicity of the Lebesgue integral.
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Proof
(i) Since E ∩ F = ∅,

χE∪F = χE + χF

(fχE∪F )
+ = f+χE + f+χFR

Ω(fχE∪F )
+dm =

R
Ωf

+χEdm+
R
Ωf

+χFdm

=
R
Ef

+dm+
R
F f

+dm (11.16)

Similarly, R
Ω(fχE∪F )

−dm =
R
Ωf
−χEdm+

R
Ωf
−χFdm

=
R
Ef

−dm+
R
F f

−dm (11.17)

Consequently, fχE∪F is integrable on Ω, that is, f is integrable on
E ∪F, if and only if f is integrable on E and F, and (11.13) follows by
subtracting (11.17) from (11.16).

(ii) Note first that g ∈ L0(Ω) by Theorem 10.19. Setting A = {x ∈ Ω :
f(x) 6= g(x)}, we see that m(A) = 0 and Ω\A ∈ M. Using Remarks
11.2.2 and 11.2.3, we conclude that f ∈ L1(Ω\A) andR

Afdm =
R
Agdm = 0.

Since gχΩ\A = fχΩ\A, g ∈ L1(Ω\A) andR
Ω\Agdm =

R
Ω\Afdm.

Using (i) we therefore have g ∈ L1(Ω) andR
Ωgdm =

R
Ω\Agdm+

R
Agdm

=
R
Ω\Afdm+

R
Afdm

=
R
Ωfdm.

(iii) Setting A = {x ∈ Ω : |f(x)| = ∞} and ϕn = nχA, we see that
ϕn ∈ L+(Ω) and ϕn % |f |χA. By Theorem 11.1,R

A |f | dm = lim
n→∞n ·m(A).

Since f ∈ L1(A), RA |f | dm <∞ and therefore m(A) = 0.

(iv) Using part (iii), we may assume that both f and g are finite-valued
functions, so that their sum is well defined on Ω. Since

(f + g)+ ≤ |f |+ |g| , (f + g)− ≤ |f |+ |g| ,
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we conclude, by Lemma 11.3, thatR
Ω(f + g)+dm <∞,

R
Ω(f + g)−dm <∞,

and this implies that f + g ∈ L1(Ω). To prove (11.14), observe that

f + g = (f + g)+ − (f + g)−

and
f + g = f+ − f− + g+ − g−,

hence

(f + g)+ + f− + g− = (f + g)− + f+ + g+

⇒RΩ(f + g)+dm+
R
Ωf
−dm+

R
Ωg
−dm =

R
Ω(f + g)−dm+R

Ωf
+dm+

R
Ωg

+dm,

and we arrive at (11.14) by rearranging terms.

(v) If c ≥ 0 then (cf)+ = cf+ and (cf)− = cf−, and if c < 0 then
(cf)+ = −cf− and (cf)− = −cf−. In either case we arrive at Equation
(11.15) by applying Lemma 11.3.

(vi) We can write f = g + f − g, which impliesR
Ωfdm =

R
Ωgdm+

R
Ω(f − g)dm.

Since (f − g) ∈ L0+, it follows that
R
Ω(f − g)dm ≥ 0 by definition.

(vii) Let A = {x ∈ Ω : f(x) > 0} and An = {x ∈ Ω : f(x) > 1/n}. (An)
is an increasing sequence inM, and from the theorem of Archimedes we
see that it increases to A. Since m is continuous from below (Theorem
10.9),

m(A) = lim
n→∞m(An).

For the purpose of evaluating
R
Ωfdm we may assume that f ≥ 0 on Ω,

since the subset of Ω on which f is negative has measure 0. ThusR
Ωfdm =

R
An

fdm+
R
Ω\An

fdm

≥ RAnfdm
≥ 1

n
m(An).

But
R
Ωfdm = 0, hencem(An) = 0 for every n, and thereforem(A) = 0.
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(viii) Let E = {x ∈ Ω : f(x) ≥ 0}. We then haveR
Ω |f | dm =

R
E |f | dm+

R
Ω\E |f | dm

=
R
Efdm+

R
Ω\E(−f)dm

=
R
Efdm−

R
Ω\Efdm

= 0,

since both E and Ω\E are measurable. From (vii) we now see that |f |,
and hence f, equals 0 almost everywhere. ¤
Note that (i) implies that

L1([a, b]) = L1([a, b)) = L1((a, b]) = L1((a, b)),

and we shall use L1(a, b) to denote any of these sets.

Exercises 11.2

1. Suppose f, g ∈ L0(Ω) satisfy |f | ≤ |g| almost everywhere. If g is
integrable on on Ω, show that f is also integrable on Ω.

2. Given f ∈ L1(Ω), prove that m({x ∈ Ω : |f(x)| ≥ ε}) <∞ for all
ε > 0.

3. For any f ∈ L1(Ω), show that there is a sequence (Ei) of measur-
able sets such that

(a) Ei ⊆ Ω for all i
(b) m(Ei) <∞ for all i

(c) {x ∈ Ω : f(x) 6= 0} = S∞i=1Ei.

4. If f2, g2 ∈ L1(Ω), prove that fg ∈ L1(Ω) and that the inequalityR
Ω |fg| dm ≤

¡R
Ωf

2dm
¢1/2 ¡R

Ωg
2dm

¢1/2
,

known as the Schwarz inequality, holds.

5. If m(Ω) <∞ and

L2(Ω) = {f ∈ L0(Ω) : f2 ∈ L1(Ω)}
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is the set of square integrable functions on Ω, prove that L2(Ω) ⊆
L1(Ω). Hint: Use the Schwarz inequality.
A more general result, known as Hölder’s inequality, states that if
|f |p , |g|q ∈ L1(Ω), where p and q are positive and 1

p +
1
q = 1, then

fg ∈ L1(Ω) andR
Ω |fg| dm ≤

¡R
Ω |f |p dm

¢1lp ¡R
Ω |g|q dm

¢1/q
.

If m(Ω) <∞ and p > q, show that Lp(Ω) ⊆ Lq(Ω), where
Lp(Ω) = ©f ∈ L0(Ω) : |f |p ∈ L1(Ω)ª .

See [ROY] for a more detailed discussion of Lp(Ω) spaces.
6. Let E,F ∈ M and f ∈ L1(E). If m(E∆F ) = 0, prove that f ∈

L1(F ) and REfdm =
R
F fdm.

7. Suppose the sets E1, E2, · · · , En are measurable. For each i ∈
{1, · · · , n} define the set Fi as follows: x ∈ Fi if and only if x
belongs to exactly i members of the class {E1, · · · , En}. Prove
that

nP
i=1

m(Ei) =
nP
i=1

im(Fi).

Hint: Fi = {x :
Pn

j=1 χEj = i}.
8. Let f ∈ L0(Ω) and g ∈ L1(Ω). If a ≤ f ≤ b (a.e.) for some real

numbers a and b, prove that f |g| ∈ L1(Ω) and that there is a
number c ∈ [a, b] such thatR

Ωf |g| dm = c
R
Ω |g| dm.

11.3 Lebesgue Integral and Pointwise Convergence

In this section we investigate the behaviour of the Lebesgue integral un-
der limit operations, and demonstrate its superiority over the Riemann
integral in this respect.

Theorem 11.3 (Monotone Convergence Theorem)
If fn ∈ L0+(Ω) for every n ∈ N and fn % f , then f ∈ L0+(Ω) andR

Ωfdm = lim
n→∞

R
Ωfndm.
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Proof. It was already shown in Theorem 10.18 that f is measurable,
hence f ∈ L0+(Ω). For each n ∈ N choose a sequence (ϕnk : k ∈ N) in
S+(Ω) such that ϕnk % fn, and let

ψk = max{ϕ1k, ϕ2k, · · · , ϕkk}.

Figure 11.1

Note that
(i) ψk ∈ S+(Ω)
(ii) ψ1 ≤ ψ2 ≤ ψ3 ≤ · · ·
(iii) For every x ∈ Ω and all k ∈ N, there is a number m ∈ {1, · · · , k}
such that ψk(x) = ϕmk(x), and therefore

ψk(x) = ϕmk(x) ≤ fm(x) ≤ fk(x).

Thus, for all k ∈ N and n ≤ k,

ϕnk ≤ ψk ≤ fk. (11.18)

By letting k →∞, we obtain

fn ≤ limψk ≤ f for all n ∈ N.
In the limit as n→∞, this yields

limψk = f.

Consequently, we have ψk % f and, by Theorem 11.1,R
Ωfdm = lim

k→∞
R
Ωψkdm. (11.19)
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The monotonicity of the integral and equation (11.18) implyR
Ωϕnkdm ≤

R
Ωψkdm ≤

R
Ωfkdm. (11.20)

Now we take the limit in as k → ∞ in (11.20), keeping in mind that
ϕnk % fn, to obtainR

Ωfndm ≤ lim
k→∞

R
Ωψkdm ≤ lim

k→∞
R
Ωfkdm, n ∈ N.

In view of (11.19), we therefore have

lim
n→∞

R
Ωfndm = lim

k→∞
R
Ωψkdm =

R
Ωfdm. ¤

Remarks 11.3
1. We have already encountered two special cases of this theorem: one
is Theorem 11.1, and the other is the continuity ofm from below, where
En % E, fn = χEn , f = χE.

2. The theorem is not valid if fn & f, i.e., if fn tends to f from above.
Consider En = [n,∞). Clearly En & ∅ and fn = χEn & f = 0. HenceR
Ωfdm = 0 while

R
Ωfndm = m(En) =∞ for all n.

3. Theorem 11.3 is not valid for Riemann integrals, as demonstrated at
the beginning of this chapter.

Corollary 11.3.1 Let (fn) be a sequence in L0+(Ω) and

f(x) =
∞P
n=1

fn(x), x ∈ Ω.

Then f ∈ L0+(Ω) and R
Ωfdm =

∞P
n=1

R
Ωfndm.

Compare this result to Theorem 9.4 for Riemann integrals.

Proof. Let gn =
Pn

i=1 fi, in which case gn ∈ L0+(Ω) and gn % f. The
monotone convergence theorem now guarantees that f ∈ L0+(Ω) andR

Ωfdm = lim
n→∞

R
Ωgndm

= lim
n→∞

nP
i=1

R
Ωfidm

=
∞P
i=1

R
Ωfidm. ¤
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Example 11.4 For every x ∈ [0, 1] and n ∈ N, define fn(x) to be the
distance between x and the nearest point in [0, 1] of the form 10−nk,
where k is an integer. If f(x) =

P∞
n=1 fn(x), evaluate

R
[0,1]fdm.

Solution. Taking x ∈ [10−nk, 10−n(k+1)) with 0 ≤ k ≤ 10n, we have

fn(x) =

½
x− 10−nk, x ∈ Ikn
10−n(k + 1)− x, x ∈ Jkn ,

where

Ikn =

∙
k

10n
,
2k + 1

2× 10n
¶
, Jkn =

∙
2k + 1

2× 10n ,
k + 1

10n

¶
.

Figure 11.2

Using the result of Example 11.1 and the linearity of the integral, we
obtain R

Ikn
fndm =

R
Jkn
fndm =

1

8× 102n

⇒ R
[0,1]fndm =

10n−1P
k=0

R
Ikn∪Jknfndm =

1

4× 10n .

Since fn ≥ 0, Corollary 11.3.1 givesR
[0,1]fdm =

∞P
n=1

1

4× 10n =
1

36
.

Corollary 11.3.2 (Continuity Theorem) If f ∈ L1(Ω), then, for
every ε > 0 there is a δ > 0 such that

E ∈M, E ⊆ Ω, m(E) < δ ⇒ ¯̄R
Efdm

¯̄
< ε,

that is,
lim

m(E)→0
R
Efdm = 0.
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Proof. For every n ∈ N define the function

fn(x) =

½ |f(x)| , |f(x)| ≤ n
n, |f(x)| > n.

Figure 11.3

Clearly fn ∈ L0+(Ω) and fn % |f | , hence, by the monotone convergence
theorem, R

Ω |f | dm = lim
n→∞

R
Ωfndm.

This means, given ε > 0, there is an integer N such that

n ≥ N ⇒ R
Ω(|f |− fn)dm < ε/2.

Let δ = ε/2N and suppose m(E) < δ. Since 0 ≤ fn(x) ≤ n for all
x ∈ Ω and |f |− fn ≥ 0, we see that¯̄R

Efdm
¯̄ ≤ RE |f | dm
=
R
EfNdm+

R
E(|f |− fN)dm

≤ Nm(E) +
R
Ω(|f |− fN)dm

< ε/2 + ε/2 = ε. ¤

Example 11.5 Let f ∈ L1(a, b). Prove that the function F : [a, b]→ R
defined by

F (x) =
R
[a,x]fdm

is continuous.

Proof. For any x ∈ [a, b],

|F (x+ h)− F (x)| =
¯̄̄R
[a,x+h)fdm−

R
[a,x)fdm

¯̄̄
=
¯̄̄R
Ih
fdm

¯̄̄
,
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where x+ h ∈ [a, b] and Ih is the interval with end-points x and x+ h.
Since

lim
h→0

m(Ih) = lim
h→0

|h| = 0,
Corollary 11.3.2 implies

lim
h→0

|F (x+ h)− F (x)| = lim
h→0

¯̄̄R
Ih
fdm

¯̄̄
= 0,

which means f is continuous at x. ¤
Theorem 11.4 (Fatou’s Lemma)
If (fn) is a sequence in L0+(Ω), then lim inf fn ∈ L0+(Ω) andR

Ω lim inf fndm ≤ lim inf
R
Ωfndm. (11.21)

Proof. lim inf fn ∈ L0+(Ω) by Theorem 10.18, and it remains to prove
the inequality (11.20). Let

gn = inf{fk : k ≥ n} for all n ∈ N,
g = lim inf fn.

Then gn ∈ L0+(Ω) and gn % g, so the monotone convergence theorem
gives R

Ωgdm = lim
n→∞

R
Ωgndm.

But since gn ≤ fn for all n,R
Ωgndm ≤

R
Ωfndm

⇒ lim
n→∞

R
Ωgndm ≤ lim inf

R
Ωfndm. ¤

The following example shows that (11.21) can be a strict inequality.

Example 11.6 Let Ω = [0, 2] and define the sequence of functions
fn : [0, 2]→ R by

f2n−1 = χ[0,1), f2n = χ[1,2].

Since lim inf fn = 0,
R
[0,2] lim inf fndm = 0, whereas

R
[0,2]fndm = 1 for

all n ∈ N, and thereby lim inf R[0,2]fndm = 1.

Next to the monotone convergence theorem and Fatou’s lemma, the
following theorem, known as the dominated convergence theorem, is an-
other important result of Lebesgue integration with wide applications.
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Theorem 11.5 (Dominated Convergence Theorem)
Let (fn) be a sequence of measurable functions on Ω, and suppose
fn converges to f almost everywhere. If there is a function g ∈ L1(Ω)
such that, for all n ∈ N,

|fn(x)| ≤ g(x) a.e.,

then f ∈ L1(Ω) and

lim
n→∞

R
Ωfndm =

R
Ωfdm. (11.22)

Proof. We know from Theorem 10.18 that f is measurable on Ω. Since
|f | ≤ g (a.e.), we have R

Ω |f | dm ≤
R
Ωgdm <∞,

which implies f ∈ L1(Ω).
Let hn = 2g − |fn − f | , which is clearly in L0+(Ω), and therefore

satisfies R
Ω lim inf hndm ≤ lim inf

R
Ωhndm,

by Fatou’s lemma. Since hn → 2g, we haveR
Ω2gdm ≤ lim inf

£R
Ω2gdm−

R
Ω |fn − f | dm¤

=
R
Ω2gdm− lim sup

R
Ω |fn − f | dm,

which implies
lim sup

R
Ω |fn − f | dm ≤ 0.

But since
R
Ω |fn − f | dm ≥ 0, it follows that lim inf RΩ |fn − f | dm ≥ 0,

and therefore
lim

R
Ω |fn − f | dm = 0

Now, by taking the limit as n→∞ in the inequality¯̄R
Ωfndm−

R
Ωfdm

¯̄ ≤ RΩ |fn − f | dm,

we obtain (11.22). ¤
Remarks 11.4
1. In Theorem 11.5 the function g, which is necessarily non-negative,
dominates the sequence |fn| , in the sense that |fn| ≤ g on Ω, hence the
name.
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2. Under the hypothesis of the theorem we have actually proved that

lim
R
Ω |fn − f | dm = 0,

which, in general, is stronger than the equality

lim
R
Ωfndm =

R
Ωfdm.

Corollary 11.5.1 (Bounded Convergence Theorem) Let ( fn) be
a bounded sequence of measurable functions on Ω, where m(Ω) < ∞.
If fn → f almost everywhere in Ω, then f ∈ L1(Ω) and

lim
n→∞

R
Ωfndm =

R
Ωfdm.

Proof. AssumingM is an upper bound of |fn(x)| on Ω for every n ∈ N,
set g(x) = M for all x ∈ Ω. Since m(Ω) < ∞, g ∈ L1(Ω), and the
dominated convergence theorem gives the desired result. ¤
Corollary 11.5.2 Let (fn) be a sequence in L1(Ω) which satisfies

∞P
n=1

R
Ω |fn(x)| <∞.

Then there there is a function f ∈ L1(Ω) such that

f =
∞P
n=1

fn (a.e)

R
Ωfdm =

∞P
n=1

R
Ωfndm.

Proof. Define the function g : Ω→ R̄ by

g(x) =
∞P
n=1

|fn(x)| ,

which is clearly in L0+(Ω). From Corollary 11.5.1 we know that

R
Ωgdm =

∞P
n=1

R
Ω |fn| dm <∞,

hence g ∈ L1(Ω). Let

A = {x ∈ Ω : g(x) =∞}.
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By Theorem 11.2, m(A) = 0. With B = Ω\A, let

f(x) = χB(x)
∞P
n=1

fn(x), x ∈ Ω.

Now the sum Sn =
Pn

k=1 fk is measurable, converges almost every-
where to f , and |Sn| is dominated a.e. by g, henceR

Ωfdm = lim
n→∞

R
ΩSndm =

∞P
k=1

fkdm. ¤

Example 11.7 Let f ∈ L1(Ω) and define the function ν on M0 =
{E ⊆ Ω : E ∈M} by

ν(E) =
R
Efdm.

Prove that ν is countably additive.

Proof. Suppose (En) is a pairwise disjoint sequence in M0 and E =S∞
n=1En. We can then write

fχE =
∞P
n=1

fχEn .

Applying Corollary 11.3.1, we have

∞P
n=1

R
Ω

¯̄
fχEn

¯̄
dm =

R
Ω

∞P
n=1

|f |χEndm

=
R
Ω |f |χEdm <∞.

By Corollary 11.3.2,R
ΩfχEdm =

R
Ω

∞P
n=1

fχEndm =
∞P
n=1

R
ΩfχEndm.

This implies ν(E) =
R
Efdm =

P∞
n=1

R
En
fdm =

P∞
n=1 ν(En). ¤

Note that, if f ≥ 0, ν becomes a measure on M0. Furthermore, if
m(E) = 0, then ν(E) = 0, in which case we say that the measure ν is
absolutely continuous with respect to m, and we write

ν ¿ m.

When Ω is a countable union of measurable sets, each of which has
finite measure, this result has a well known converse, called the Radon-
Nykodym theorem (see [ROY], for example).
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Corollary 11.5.3 Let ft ∈ L1(Ω) for every t in the real interval I,
and suppose

lim
t→c

ft(x) = f(x) a.e.,

where c ∈ Ī, the closure of I. If there is a function g ∈ L1(Ω) such
that, for all t ∈ I,

|ft(x)| ≤ g(x) a.e.,

then f ∈ L1(Ω) and

lim
t→c

R
Ωftdm =

R
Ωfdm. (11.23)

Proof. Take any sequence (tn : n ∈ N) in I such that tn → c, tn 6= c.
By applying the dominated convergence theorem to the sequence (ftn),
we conclude that f ∈ L1(Ω) and

lim
n→∞

R
Ωftndm =

R
Ωfdm.

Since this equality is true for every sequence (tn) in I, where tn 6= c,
with limit c, Equation (11.23) follows. ¤

Exercises 11.3

1. Suppose (fn) is sequence in L0+(Ω) such that fn → f and fn ≤ f
for all n ∈ N. Prove that

lim
n→∞

R
Ωfndm =

R
Ωfdm.

Note that we do not assume fn % f.

2. Let fn ∈ L0+(Ω) and fn & f. If there a k ∈ N for which RΩfkdm <
∞, prove that

lim
n→∞

R
Ωfndm =

R
Ωfdm.

Show the necessity of the condition
R
Ωfkdm < ∞ by a suitable

example.

3. Let fn ∈ L0(Ω) for all n ∈ N and suppose f ∈ L1(Ω). If

|fn(x)| ≤ |f(x)| a.e., n ∈ N,
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prove that R
Ω lim sup fndm ≥ lim sup

R
Ωfndm

≥ lim inf RΩfndm
≥ RΩ lim inf fndm.

Hint: Apply Fatou’s lemma to |f | ± fn.

4. Apply Fatou’s lemma to the sequence fn : [0, 1]→ R defined by

fn(x) =

⎧⎨⎩
0, x = 0
n, 0 < x < 1/n
0, 1/n ≤ x ≤ 1.

5. Given a sequence of measurable sets (En), use Fatou’s lemma to
show that

m(lim inf En) ≤ lim infm(En).

Also show that, if m (
S∞
i=k Ei) <∞ for some k, then

m(lim supEn) ≥ lim supm(En).

(see Exercise 10.3.6)

6. Let (En) be a sequence of measurable sets. Prove that

∞P
n=1

m(En) <∞ ⇒ m(lim supEn) = 0.

Hint: Use integration.

7. Let f ∈ L1(Ω) and En = {x ∈ Ω : f(x) ≥ n}. Prove that

(a) m(En) ≤ 1

n

R
En
|f | dm

(b) limn→∞
R
En
|f | dm = 0

(c) limn→∞ nm(En) = 0.

8. Suppose m(Ω) < ∞ and f ∈ L0(Ω). Prove that f ∈ L1(Ω) if and
only if the series

P∞
n=1m{x ∈ Ω : |f(x)| > n} is convergent. Hint:

Assume 0 ≤ f <∞, set En = {x ∈ Ω : f(x) > n}, Fn = En\En+1,
and note that En =

S∞
i=n Fi.
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9. Let f ∈ L1(Ω) and suppose f > 0. Show that

lim
n→∞

R
Ωf

1/ndm = m(Ω).

Hint: Consider the integral over the sets {x ∈ Ω : f(x) ≤ 1} and
{x ∈ Ω : f(x) > 1}.

10. Suppose the function f : [a, b] × [a, b] → R satisfies the following
conditions:

(a) f(t, ·) ∈ L1(Ω) for all t ∈ [a, b].
(b)

¯̄̄̄
∂

∂t
f(t, x)

¯̄̄̄
≤ ϕ(x) for all t ∈ [a, b], x ∈ Ω, where ϕ ∈ L1(Ω).

Prove that
d

dt

Z
Ω
f(t, ·)dm =

Z
Ω

∂

∂t
f(t, ·)dm.

11. Let f ∈ L0(0,∞) and define gt on (0,∞) by gt(x) = xtf(x). If
ga, gb ∈ L1(0,∞), where 0 < a < b, prove that gt ∈ L1(0,∞) for
all t ∈ (a, b), and that the function t 7→ R

(0,∞)gtdm is continuous.

12. For any f ∈ L1(R), the cosine transform and the sine transform
of f are defined, respectively, by

A(ξ) =
R
Rf(x) cos(ξx)dx, B(ξ) =

R
Rf(x) sin(ξx)dx, ξ ∈ R.

Prove that A and B are continuous on R.

11.4 Lebesgue and Riemann Integrals

Here we consider the Lebesgue integral over an interval in order to study
its relation to the Riemann integral, and show that it is an extension
of the latter. Furthermore, with the tools of measure theory at our
disposal, we can now determine the necessary and sufficient condition
for a bounded function to be Riemann integrable on a bounded interval.

Theorem 11.6
Let f be a bounded function on the compact interval I = [a, b]. If
f ∈ R(a, b), then f ∈ L1(I) andR

[a,b]fdm =
R b
a f(x)dx.
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Proof. Let P = {x0, x1, · · · , xn} be a partition of I, and define the
functions ϕP and ψP on I as follows:

ϕP =
n−1P
i=0

miχ[xi,xi+1),

ψP =
n−1P
i=0

Miχ[xi,xi+1),

where, as usual,

mi = inf{f(x) : xi ≤ x ≤ xi+1},
Mi = sup{f(x) : xi ≤ x ≤ xi+1}.

Note that
ϕP ≤ f ≤ ψP , ϕP , ψP ∈ S(I).

Referring to Definitions 8.2 and 8.3,R
IϕPdm = L(f, P ),R
IψPdm = U(f, P ).

Furthermore,
Q ⊇ P ⇒ ϕQ ≥ ϕP , ψQ ≤ ψP .

Choose a sequence of partitions (Pn) of I such that, for each n ∈ N,
Pn+1 ⊇ Pn, kPnk→ 0.

For example, Pn could be the uniform partition of I into 2
n equal parts.

Setting ϕn = ϕPn and ψn = ψPn , we conclude that the sequence (ϕn)
is increasing while (ψn) is decreasing. Their limits

ϕ(x) = lim
n→∞ϕn(x), ψ(x) = lim

n→∞ψn(x)

are clearly measurable and satisfy ϕ ≤ f ≤ ψ. Since f is bounded,
the sequence (ψn−ϕn) is also bounded, and the bounded convergence
theorem (Corollary 11.5.1) impliesR

I(ψ − ϕ)dm = lim
n→∞

R
I(ψn − ϕn)dm

= lim
n→∞[U(f, Pn)− L(f, Pn)]

= U(f)− L(f) = 0,
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where we use Darboux’s theorem and the fact that f is Riemann inte-
grable in the last two equalities. Since ψ − ϕ ≥ 0 on I, it follows from
Theorem 11.2(vii) that ψ − ϕ = 0 a.e., hence

f = ϕ = ψ a.e., (11.24)

which means f is measurable. Furthermore,R
Ifdm =

R
Iϕdm

= lim
n→∞

R
Iϕndm

= lim
n→∞L(f, Pn)

= L(f)

=
R b
a f(x)dx. ¤

Remarks 11.5
1. According to Theorem 11.6, we have R(a, b) ⊆ L1(a, b) for any
bounded interval (a, b). Since the function

f(x) =

½
1, x ∈ Q ∩ [0, 1]
0, x ∈ Qc ∩ [0, 1],

is Lebesgue (but not Riemann) integrable, we actually have the proper
inclusion R(a, b) ⊂ L1(a, b).
2. Theorem 11.6 allows us to use the methods of Chapter 8 to evaluateR
[a,b]fdm when f is Riemann integrable. In particular, if f is continuous

on [a, b] and F is a primitive function of f on [a, b], thenR
[a,b]fdm = F (b)− F (a).

Refer to Examples 11.1 and 11.3 in this connection. Conversely, where
limits are involved, we also use the more powerful results of Lebesgue
integration to evaluate a Riemann integral (see Examples 11.8 and 11.9
below).

3. If f is continuous on [a, b] and F (x) =
R
[a,x]fdm, then F is a primitive

function of f . In fact, if f ∈ L1(a, b), we have the following significant
result which generalizes Theorem 8.11(ii), and whose proof may be
found in [ROY],

F 0(x) = f(x) a.e.
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The tools used in the proof of Theorem 11.6 allow us now to com-
pletely characterize the set R(a, b) of Riemann integrable functions, as
promised at the beginning of this section.

Theorem 11.7
Let f be a bounded function on a compact interval I = [a, b], and
suppose C ⊆ I is it domain of continuity. Then

f ∈ R(a, b) ⇔ m(I\C) = 0,

that is, f is Riemann integrable on [a, b] if, and only if, f is continuous
almost everywhere.

Proof. Let Pn, ϕn, ψn, ϕ, ψ be as defined in the proof of Theorem
11.6.

(i) Suppose f ∈ R(a, b). It suffices to show that

I\C ⊆ E ∪ {x ∈ I : ϕ(x) 6= ψ(x)}, (11.25)

where E =
S∞
n=1 Pn is the set of all points of the partitions Pn. That

is because, on the one hand, E is countable (hence m(E) = 0) and, on
the other, m({x ∈ I : ϕ(x) 6= ψ(x)}) = 0 as we saw in equation (11.24).
To prove (11.25), let x ∈ I\C. Then there is a positive number ε and a
sequence (xk) in I such that xk → x and |f(xk)− f(x)| ≥ ε for all k.
If x /∈ E then, for every n ∈ N, there is a k such that xk and x both lie
in the same subinterval of Pn. But since |f(xk)− f(x)| ≥ ε, we obtain

ψn(x)− ϕn(x) ≥ ε

⇒ ψ(x)− ϕ(x) ≥ ε

⇒ x ∈ {x ∈ I : ϕ(x) 6= ψ(x)}.

(ii) Assume now that m(I\C) = 0. If x ∈ C then, for every ε > 0, there
is a δ > 0 such that

x0 ∈ (x− δ, x+ δ)⇒ ¯̄
f(x)− f(x0)

¯̄
< ε. (11.26)

Since kPnk→ 0 we can choose N so that the subinterval of PN which
contains x is contained in (x− δ, x+ δ). In view of (11.26) we therefore
have

ψN(x)− ϕN(x) ≤ 2ε
⇒ ψ(x)− ϕ(x) ≤ 2ε.
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Since ε > 0 is arbitrary, ψ(x) = ϕ(x), and since m(I\C) = 0, ψ = ϕ
a.e. Referring back to equation (11.23), this implies that U(f) = L(f)
and hence f ∈ R(a, b). ¤
Theorem 11.6 does not address the relationship between the Lebesgue

integral and the improper integral. We consider here the case of the
semi-infinite interval [a,∞), and relegate the other types of improper
integrals to the exercises.
To begin with, we should note that the existence of the improper

integral
R∞
a f(x)dx entails the measurability of f on [a,∞). Indeed,

when f ∈ R(a, b) for every b > a, then f ∈ L1(a, b) by Theorem 11.6.
Since f = limn→∞ fχ[a,n], we conclude that f ∈ L0(a,∞).
(i) Suppose f ≥ 0 on [a,∞) and R∞a f(x)dx is convergent. Then, since

fχ[a,n] % f, Theorems 11.3 and 11.6 implyR∞
a f(x)dx = lim

n→∞
R n
a f(x)dx = lim

n→∞
R
[a,n]fdm =

R
[a,∞)fdm. (11.27)

(ii) Suppose a is fixed and f ∈ R(a, b) for all b > a. If f ∈ L1(a,∞),
then f has an improper Riemann integral over [a,∞) andR∞

a f(x)dx =
R
[a,∞)fdm.

To see this, let bn > a and bn →∞. Using the dominated convergence
theorem, with g = |f | and fn = fχ[a,bn], we obtainR

[a,∞)fdm = lim
n→∞

R
[a,bn)

f(x)dx.

But, from Theorem 11.6,
R
[a,bn)

fdm =
R bn
a f(x)dx. ThereforeR∞

a f(x)dx = lim
n→∞

R bn
a f(x)dx = lim

n→∞
R
[a,bn)

f(x)dx =
R
[a,∞)fdm.

(iii) Suppose f ∈ R(a, b) for all b > a. If
R∞
a |f(x)| dx is conver-

gent, then both the Lebesgue integral
R
[a,∞)fdm and the improper

integral
R∞
a f(x)dx exist and are equal. Indeed, from (i), we see that

|f | ∈ L1(a,∞). Since we have already observed that f ∈ L0(a,∞), it
follows that f ∈ L1(a,∞). From (ii) we therefore conclude the existence
of the improper integral

R∞
a f(x)dx and its equality with

R
[a,∞)fdm.

Thus if both
R∞
a f(x)dx and

R∞
a |f(x)| dx exist, then so does R[a,∞)fdm.

In fact, the existence of
R∞
a f(x)dx ensures that f ∈ R(a, b) for all b > a

and, by (iii), the existence of
R∞
a |f(x)| dx implies f ∈ L1(a,∞).
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An example where the improper integral of f exists and that of |f |
does not is provided by the function sinx/x over (0,∞), which is not
in L1(a,∞) (see Exercise 9.3.12). Therefore not every function which
is integrable in the improper sense is Lebesgue integrable.
(iv) Similar results can be obtained for other types of improper inte-

grals. In general, the existence of the improper integral of |f | ensures
that f is Lebesgue integrable. If, furthermore, the improper integral of
f exists, then it equals the Lebesgue integral.

Example 11.8 Evaluate

lim
n→∞

Z 1

0

nx

1 + n2x2
dx. (11.28)

Solution. For every n ∈ N, define the sequence of functions

fn(x) =
nx

1 + n2x2
, x ∈ [0, 1],

which clearly converges to 0. Since fn attains its maximum value at
x = 1/n, we have

sup
x∈[0,1]

|fn(x)| = 1

2
,

so the convergence fn → 0 is not uniform, and we cannot justify taking
the limit inside the integral (11.28) on the basis of the properties of
the Riemann integral. But we can also consider (11.28) as a Lebesgue
integral, in which case we can use the bounded convergence theorem
to write

lim
n→∞

R 1
0 fn(x)dx =

R 1
0 lim
n→∞ fn(x)dx = 0.

Example 11.9 Evaluate

lim
n→∞

Z n

0

³
1− x

n

´n
e−2xdx. (11.29)

Solution. To express (11.29) as a Lebesgue integral, we define

fn(x) = χ[0,n](x) ·
³
1− x

n

´n
e−2x,

so that Z n

0

³
1− x

n

´n
e−2xdx =

Z
[0,∞)

fndm.
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Noting that |fn(x)| ≤ e−2x for all n ∈ N, x ≥ 0, and that R[0,∞)e−2xdm
can be evaluated as an improper Riemann integral,Z

[0,∞)
e−2xdm = lim

n→∞

Z n

0
e−2xdx =

1

2
,

we can apply the dominated convergence theorem to obtain

lim
n→∞

Z n

0

³
1− x

n

´n
e−2xdx =

Z
[0,∞)

lim
n→∞ fndm

=

Z
[0,∞)

e−3xdx

=
1

3
.

Example 11.10 Prove thatZ 1

0

µ
log x

1− x

¶2
dx = 2

∞P
n=1

1

n2
.

Solution. For every x ∈ (−1, 1) we have the power series representa-
tion

1

1− x
=

∞P
n=0

xn.

Differentiating both sides, we obtain

1

(1− x)2
=

∞P
n=1

nxn−1.

Using Corollary 11.3.1, we can writeZ 1

0

µ
log x

1− x

¶2
dx =

∞P
n=1

n

Z 1

0
xn−1(log x)2dx. (11.30)

When n = 1 the integral
R 1
0 (log x)

2dx on the right-hand side is im-
proper, whereas the other integrals are Riemann integrals. In either
case we use integration by parts (and L’Hôpital’s rule) to obtainZ 1

0
xn−1(log x)2dx =

xn

n
(log x)2

¯̄̄̄1
0

−
Z 1

0

2xn−1 log x
n

dx

= − 2
n

Ã
xn log x

n

¯̄̄̄1
0

−
Z 1

0

xn−1

n
dx

!
=
2

n3
.
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Substituting into (11.30) yields the desired equality.

The final theorem of this chapter allows us to approximate the Lebesgue
integral of an L1 function over an interval by the integral of a continu-
ous function over a compact interval, which can therefore be treated as
a Riemann integral. A simple function ϕ =

Pn
i=1 ciχEi is called a step

function if Ei is a real interval for each i ∈ {1, · · · , n}.
Theorem 11.8
If f ∈ L1(Ω) then, for every ε > 0, there exists
(i) a step function ψ on Ω and a compact interval I such that ψ(x) = 0
for all x /∈ I, and R

Ω |f − ψ| dm < ε,

(ii) a continuous function g on Ω and a compact interval I such that
g(x) = 0 for all x /∈ I, andR

Ω |f − g| dm < ε.

Proof
(i) we shall prove this part in stages:
(a) To begin with, assume f = χE where E is a measurable subset of

Ω. Since f ∈ L1(Ω),m(E) <∞. By Theorem 10.15 there is a set F ∈ E
such that m(E∆F ) < ε. Let ψ = χF . Since F =

Sn
i=1[ai, bi), where the

intervals [ai, bi) are pairwise disjoint, ψ is a step function. Clearly, ψ =
0 outside [a, b], where a = min{a1, · · · , an} and b = max{b1, · · · , bn}.
Furthermore, R

Ω |f − ψ| dm =
R
Ω |χE − χF | dm

=
R
ΩχE∆Fdm

= m((E∆F ) ∩Ω) < ε.

(b) Suppose f =
Pn

i=1 ciχEi ∈ S+(Ω). Let c = max{c1, · · · , cn}, and,
for each 1 ≤ i ≤ n, choose a step function ψi as in (a) such thatR

Ω

¯̄
χEi − ψi

¯̄
dm <

ε

nc
.

Now ψ =
Pn

i=1 ciψi is a step function which vanishes (i.e., equals 0)
outside a compact interval and satisfiesR

Ω |f − ψ| dm ≤
nP
i=1

ci
R
Ω

¯̄
χEi − ψi

¯̄
dm < ε.
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(c) Suppose now that f ∈ L0+(Ω). By the definition of the integral, we
can choose ϕ ∈ S+(Ω) such that ϕ ≤ f and 0 ≤ RΩfdm−RΩϕdm < ε/2.
Since ϕ ∈ L1(Ω), by part (b) there is a step function ψ which vanishes
outside a compact interval and satisfiesR

Ω |ϕ− ψ| dm <
ε

2
,

and thereforeR
Ω |f − ψ| dm ≤ RΩ |f − ϕ| dm+

R
Ω |ϕ− ψ| dm < ε.

(d) Finally, let f ∈ L1(Ω). According to part (c), there are two step
functions ψ1 and ψ2, both of which vanish outside a compact interval,
such that R

Ω

¯̄
f+ − ψ1

¯̄
dm <

ε

2
,
R
Ω

¯̄
f− − ψ2

¯̄
dm <

ε

2
.

Consequently, ψ = ψ1 − ψ2 is a step function which vanishes outside a
compact interval and satisfiesR

Ω |f − ψ| dm ≤ RΩ ¯̄f+ − ψ1
¯̄
dm+

R
Ω

¯̄
f− − ψ2

¯̄
dm < ε.

(ii) To prove the second part of the theorem, choose a step function ψ
which vanishes outside a compact interval and satisfiesR

Ω |f − ψ| dm <
ε

2
.

Suppose ψ =
Pn

i=1 ciχ[ai,bi), where the intervals are pairwise disjoint.
Let 0 < ε0 < ε/nmax |ci| , and define gi : [ai, bi)→ R by

gi(x) =

⎧⎪⎪⎨⎪⎪⎩
2(x− ai)/ε

0, x ∈ [ai, ai + ε0/2)
1, x ∈ [ai + ε0/2, bi − ε0/2)
−2(x− bi)/ε

0, x ∈ [bi − ε0/2, bi)
0, x /∈ [ai, bi).

Figure 11.4
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Each gi, and hence g =
Pn

i=1 cigi, is a continuous function which
vanishes outside

Sn
i=1[ai, bi). Furthermore,R

Ω |ψ − g| dm ≤
nP
i=1
|ci|
R
Ω

¯̄̄
χ[ai,bi) − gi

¯̄̄
dm

=
nP
i=1
|ci| ε

0

2
<

ε

2
.

Hence
R
Ω |f − g| dm ≤ RΩ |f − ψ| dm+

R
Ω |ψ − g| dm < ε. ¤

Example 11.11 If f and |f | have improper integrals on R, prove that

lim
n→∞

R∞
−∞f(x) cosnxdx = 0.

Proof. The function f(x) cosnx is clearly Lebesgue integrable onR and
we use Theorem 11.8 to assert that, for any ε > 0, there is a step
function ψ =

Pk
i=1 ciχ[ai,bi), which vanishes outside a compact interval,

and which satisfies R
R |f − ψ| dm <

ε

2
.

Thus¯̄̄R∞
−∞f(x) cosnxdx

¯̄̄
≤
¯̄̄R∞
−∞[f(x)− ψ(x)] cosnxdx

¯̄̄
+
¯̄̄R∞
−∞ψ(x) cosnxdx

¯̄̄
<

ε

2
+

¯̄̄̄
kP
i=1

ci
R bi
ai
cosnxdx

¯̄̄̄

=
ε

2
+

¯̄̄̄
kP
i=1

ci
n
(sinnbi − sinnai)

¯̄̄̄
≤ ε

2
+
2

n

kP
i=1
|ci| < ε for all n ≥ 4

ε

kP
i=1
|ci| .

Hence limn→∞
R∞
−∞f(x) cosnxdx = 0. This result is sometimes referred

to as the Riemann-Lebesgue lemma. ¤
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Exercises 11.3

1. Evaluate lim
n→∞

Z n

0

³
1 +

x

n

´n
e−2xdx.

2. Prove that lim
n→∞

R 1
0 fn(x)dx = 0, where

(a) fn(x) =
n
√
x

1 + n2x2
,

(b) fn(x) =
nx log x

1 + n2x2
.

3. Evaluate lim
n→∞

Z ∞

0

³
1 +

x

n

´−n
sin

x

n
dx.

4. Prove that, for all r > 0,

lim
n→∞

Z n

0

³
1− x

n

´n
xr−1dx =

Z ∞

0
e−xxr−1dx.

5. Prove that
R 1
0 sinx log xdx =

∞P
n=1

(−1)n
2n(2n)!

.

6. Prove that

Z 1

0
(ex − 1)

µ
log x+

1

x

¶
dx =

∞P
n=1

n2 + n+ 1

(n− 1)!(n2 + n)2
.

7. If p, q > 0 prove that

Z 1

0

xp−1

1 + xq
dx =

∞P
n=0
(−1)n 1

p+ nq
, then con-

clude that log 2 =
∞P
n=0

(−1)n
1 + n

.

8. Prove that
∞R
0

e−x cos
√
xdx =

∞P
n=0

(−1)nn!
(2n)!

.

9. Prove that

Z 1

0

(x log x)2

1 + x2
dx = 2

∞P
n=1

(−1)n−1
(2n+ 1)3

.

10. Prove that lim
t→0

R b
a f(x) sin txdx = 0 for every f ∈ L1(a, b).

11. If f ∈ L1(R) prove that lim
h→0

R
R |f(x+ h)− f(x)| dm = 0. Hint:

A continuous function on R which vanishes outside a compact
interval is uniformly continuous.
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Notation

N = {1, 2, 3, · · · }
N0 = {0, 1, 2, 3, · · · }
Z = {· · · ,−2,−1, 0, 1, 2, · · · }
Q set of rational numbers
R set of real numbers
R̄ = R ∪ {−∞,∞} extended real numbers, 83
B\A complement of A in B, 2
Ac complement of A in R, 2
A◦ interior of A, 111
Ā closure of A, 111
Â cluster points of A, 89
A∆B = (A/B) ∪ (B/A) symmetric difference between A and B, 6
A×B cartesian product of A and B, 7
P(A) power set (set of subsets) of A, 6
|A| cardinal number of A, 60
ℵ0 cardinal number of N
ℵ1 cardinal number of P(N)
c cardinal number of R
∼ equivalence relation between sets, 55
f ◦ g composition of the functions f and g, 14
Df , Rf domain and range of f, 9-10
P(a, b) set of partitions of [a, b], 258
U(f, P ), L(f, P ) upper and lower Riemann sums of f on P , 258
S(f, P,α) Riemann sum of f on P with mark α, 273
U(f) = inf{U(f, P ) : P ∈ P(a, b)}, 262
L(f) = sup{U(f, P ) : P ∈ P(a, b)}, 262
kPk norm of the partition P , 268
R(a, b) Riemann integrable functions on [a, b], 262
I = {[a, b) : a, b ∈ R, a < b}, 351
I0 = {(a, b) : a, b ∈ R}, 355
I1 = {[a, b] : a, b ∈ R}, 355
I2 = {(a,∞) : a ∈ R}, 355
I3 = {[a,∞) : a ∈ R}, 355



432 Notation

E ring of finite, disjoint unions of intervals in I, 351
a ∨ b = max{a, b}, a ∧ b = min{a, b}, 352
(f ∨ g)(x) = f(x) ∨ g(x), (f ∧ g)(x) = f(x) ∧ g(x), 385
f+ = f ∨ 0, f− = −(f ∧ 0), 385
A(D) σ-algebra generated by the class D, 354
B = A(I) Borel sets, 354
m∗ Lebesgue outer measure, 361
m Lebesgue measure, 372
M Lebesgue measurable sets, 369
μ general measure function, page 365
χE characteristic function of E, 388
S(Ω) simple functions defined on Ω ⊆ R, 388
S+(Ω) non-negative simple functions on Ω, 394
L0(Ω) Lebesgue measurable functions on Ω, 394
L0+(Ω) non-negative Lebesgue measurable functions on Ω, 394
L1(Ω) Lebesgue integrable functions on Ω, 400
L2(Ω) Lebesgue square-integrable functions on Ω, 406
fn → f the sequence of functions fn converges pointwise to f , 303
fn

u→ f fn converges uniformly to f , 307
fn % f fn converges to f from below, 389.
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