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1.1  Errors and Their Computations:  

                   Let us first understand the following fundamentals of numbers- 

 

(a) Numbers: There are two kinds of numbers: 

 

(i) Exact Number: The exact numbers are written in the following manner- 

           ⁄      √  √        ⁄ etc. 

(ii) Approximate Number: The approximate numbers are those that represent the numbers to a 

certain degree of accuracy. 

Example: An approximate value of   is       , or if we desire a better approximation, it is  

          . But we cannot write the exact value of  . 

 

(b) Significant Digits: The digits that are used to express a number are called significant digits or 

significant figures. Significant digits are written as the beginning with the leftmost nonzero digit and 

ending with the rightmost correct digit, including final zeros that are exact. 

Number Number of Significant Digits 

3.1416 5 

0.66667 5 

4.0687 5 

0.00023 2 

0.00145 3 

0.000145 3 

0.0000145 3 

25600 Uncertain 

         3 

          4 

           5 

 

(c) Round-off: To round-off a number to   significant digits, discard all digits to the right of the nth  digits, 

and if this discarded number is: 

 

(i) Less than half a unit in the nth place, leave the nth digit unaltered 

(ii) Greater than half a unit in the nth place, increase the nth digit by unity 

(iii) Exactly half a unit in the nth place, increase the     digits by unity if it is odd, otherwise, 

leave it unchanged. 

The number, thus rounded-off is said to be correct to   significant figures.  
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(d) Accuracy and Precision: Accuracy to   decimal places means that you can trust   digits to the right of 

the decimal place.  

                         Accurate to   significant digits means that you can trust a total of   digits as being 

meaningful beginning with the leftmost nonzero digit.  

 

(e) Source of Errors: 

 

(i) Round-off Error: The round-off error is caused by rounding-off a number as discussed 

above. The round-off error can be reduced by carrying out the computations to more 

significant figures at each step of the computation. 

(ii) Truncation Error: The truncation error can be caused by using approximate formula in 

computations such as the one that arises when a truncated infinite series is used. The study of 

truncation error is naturally associated with the problem of convergence.  

 

(f) Classification of Errors:  

 

(i) True Error: True Error (  ) is the numerical difference between the Exact (True) Value ( ) 

of a quantity and its Approximate Value (  ).  

 

                 True Error:     |    |                                                                                                    

 

(ii) Relative True Error: The Relative Error (  ) is defined by- 

                                         Relative True Error:     
|    |

| |
 

  

| |
                                                            

 

(iii) Percentage True Error: The Percentage Error (  ) is defined by- 

                                         Percentage True Error (    
|    |

| |
                                             

 

(iv) Approximate Error: Approximate Error (  ) is the numerical difference between the New 

Approximate Value (    ) of a quantity and its Old Approximate Value (    ).  

 

               Approximate Error      |         |                                                                             

 

(v) Relative Approximate Error: The Relative Approximate Error (  ) is defined by- 

                                       Relative Approximate Error       
|         |

|    |
 

  

|    |
                                 

 

(vi) Percentage Approximate Error: The Percentage Approximate Error (  ) is defined by- 

                                       Percentage Approximate Error       
|         |

|    |
                       

 

Note: All types of Errors defined above are calculated in the absolute form. 
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1.2  Systems of Linear Algebraic Equations: 

 

 
 

 
 

[A] Direct Methods (Exact Methods): 
 

 Gauss-Elimination Method 

 Gauss-Jordan Method 

 LU-Factorization Method 

Note: These numerical methods provide with Exact Solutions for a system of linear 

algebraic equations. 

 

[B] Iterative Methods:  
 

 Gauss-Jacobi Iterative Method 

 Gauss-Seidel Iterative Method 

Note: These numerical methods provide with Approximate Solutions for a system of linear 

algebraic equations. 

 

1.3  Test for Convergence for Iterative Methods:   
 

  Let us define for                    iterations-      

 

                     ‖      ‖
 

            |      | 

 

         ‖           ‖
 

            |           | 
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       The following criteria can be used for the convergence- 
               

                                                        
‖           ‖

 

‖      ‖
 

      

 Note: We stop the computations as soon as we get the desired accuracy. 

 

1.4  Gauss Elimination Method:  

This method is one of the most widely used simplest step by step elimination method 

given by C.F. Gauss            . This is direct method with a fixed number of 

arithmetic operations. It is quiet efficient and straight forward but the round off errors 

becomes significant for a large set of equations. 
 

         Consider a system of   equations in   unknowns- 

                                 

                         
                       

                                                               
                            

}                                      … (1) 

 

               The given linear system of equations can be expressed in matrix form- 
 

                                                                                                                                … (2)                                   
 

                                    [

        

        
 

    

    

   
             

] [

  

  

 
  

]  [

  

  

 
  

]                                        … (3) 

 Where, 

                            [

        

        
 

    

    

   
             

]    is called coefficient matrix 

                   

             [

  

  

 
  

]    is unknown matrix,                           [

  

  

 
  

]   is known matrix 

 

and           [   ]  [

        

        
 

    

    

   
             

   
 
 
 

  

  

 
  

]      is called augmented matrix. 
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Working Procedure: 

 

Step-1:   We have augmented matrix – 
 

                 [   ]  [

        

        
 

    

    

   
             

   
 
 
 

  

  

 
  

]                                                … (4) 

               We divide the first row of augmented matrix       by     (pivot element) and 

then subtract this row multiplied              from 2
nd

 , 3
rd

 , … , n
th

 rows. 

 

      In symbolic form, we can write as follows: 

 

                    ,                and             ] 

 

        The augmented matrix reduces to the form- 
 

                  [   ]  [

      
      

 
     
     

   
            

   
 
 
 

   
   
 

   

]                                                 … (5) 

 

Note:    has eliminated from the last       equations. 
 

                   This process is repeated with the second row of equivalent augmented matrix  

            We now divide the 2
nd

 row of equivalent augmented matrix      by      (new 

pivot element) and then subtract this row multiplied                  from 3
rd

 , 4
th

 , … , 

n
th

 rows. 

In symbolic form, we can write as follows: 
 

                         ,                   and                
 

The same process is repeated again and again till the given system assumes the upper 

triangular form: 

                          

                         
                                 

                                                                
                                                      

}                                                  … (6) 

 

   Step-2: Now the values of unknowns are determined by back substitution procedure. 
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Example 1.2.1: Use Gauss-Elimination Method to solve the following linear system of 

equations:       

                                         

                               
                    
               

} 

 

Solution:  Re-writing given linear system of equations as follows:        

 

                                          

                              
                    
                

} 

 

The linear system of equations can be expressed in matrix form- 

 

                                                                                                                                 … (1) 

 

                                          [
     
     
   

] [
 
 
 
]  [

   
 

   
]                                                  … (2) 

 

Step-1:  Writing augmented matrix as follows- 

 

                                 [   ]  [
     
     
   

    
    
  
    

]                                                 … (3) 

 

Perform the following operations: 

                                                                         [                   ] 

                                                                         [                   ] 

We get the equivalent augmented matrix- 

                                                   [   ]  [ 
     
    
     

   
    
   
   

] 

Perform the following operation: 

                                                              
 

 
   

We get the equivalent augmented matrix- 

 

                                                   [   ]  [

     

  
  

 

     

   

    

 
  

 

   

] 
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Perform the following operation    

                                                                                    *           
   

 
    

   

 
+ 

 

We get the equivalent augmented matrix- 

                                                   [   ]  [

     

  
  

 

   
   

 

   

    

 
  

 

  
   

 

] 

Perform the following operation: 

                                                              (
  

   
)   

We get the equivalent augmented matrix- 

 

                                                   [   ]  [

     

  
  

 

   

   

    

 
  

 

  

] 

 

Step-2:   Applying back substitution method: Writing first in matrix form as follows: 

 

                                                              

 

                                [

     

  
  

 

   

] [
 
 
 
]  [

   
  

 

 

] 

                 

                                       

            

      
  

 
  

  

 

          

} 

   

                                          

 

                                          
  

 
  

  

 
                         

  

 
 

  

 
      

 

And                                                      

 

                                                  

 

                                                     

 

                                      ,           ,             
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Example 1.2.2: Use Gauss Elimination Method to solve the following linear system of 

equations- 

                                    

                  
                   
                   

                    

}                                             … (1) 

 

Solution:    The given linear system of equations can be expressed in matrix form- 

 

                                                                                                                                 … (2) 

 

                                    [

    
     
      
       

] [

  

  

  

  

]  [

  
  
  
  

]                                                … (3) 

 

Step-1:   Writing augmented matrix- 

 

                               [   ]  [

    
      
      
       

 

   
 
 
 

   
   
   
   

]                                                 … (4) 

 

Performing the following operations: 

 

                                                   

 

                                                    

 

                       And                      

  We get the equivalent augmented matrix- 

 

                    [   ]  [

    
          
          
         

 

   
 
 
 

   
   
   
   

] 

Performing the following operations: 
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   We get the equivalent augmented matrix- 

 

                              [   ]  

[
 
 
 
    

    
  

 

          
         

 

   
 
 
 

   
  

 

   
   ]

 
 
 
 

 

Performing the following operations: 

 

                                                 

 

                    And                     

  We get the equivalent augmented matrix- 

 

                                  [   ]  

[
 
 
 
    

    
  

 

      
    

 

   
 
 
 

   
  

 

  
  ]

 
 
 
 

 

Performing the following operation: 

 

                                         
 

  
   

   We get the equivalent augmented matrix- 

 

                                  [   ]  

[
 
 
 
 
    

    
  

 

   
  

  

    

 

   
 
 
 

   
  

 
  

  

  ]
 
 
 
 

 

 

Performing the following operations: 

 

                                              

   We get the equivalent augmented matrix- 
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                               [   ]  

[
 
 
 
 
 
    

    
  

 

   
  

  

   
    

  

 

   
 
 
 

   
  

 
  

  
   

  ]
 
 
 
 
 

                                                    … (5) 

 

Writing Equivalent linear system of equations: 

 

                    

                                 

                                 
  

 
   

  

 

                                            
  

  
   

  

  
  

                                                 
    

  
   

   

  
  }
 
 

 
 

                                                 … (6) 

    

Step-2:   Solving the above linear system of equations using back substitution method- 
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1.5  Pivoting, Partial Pivoting:  

 

                 The Gauss Elimination method fails if one of the pivot elements       becomes 

zero. In such situation, we rewrite the system of equations in a different order to avoid 

zero pivots. Thus, changing the order of equations is called pivoting.  

 

               In partial pivoting technique, if the pivot element     happens to be zero then 

the     column element is searched for the numerically largest. Let the     row       

contains this element then we interchange the     equation with the     equation and 

proceed for elimination. 

 

               This process is continued whenever pivots become zero during elimination. 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 



Dr Hashim Khan_Chapter-1_MATH-316_Numerical Analysis-1_Academic Year: 2023-3  

 

 

 
 D r  H a s h i m  K h a n ,  J a z a n  U n i v e r s i t y 

 
           Page-14 

1.6   Gauss-Jordan Method: 

                                         This method is a modified form of Gauss Elimination 

method. In Gauss-Jordon method, the coefficient matrix is reduced to a diagonal 

matrix. The partial pivoting is also used whenever the pivot element becomes zero. 

 

Example 1.4.1: Use Gauss-Jordan Method to solve the following linear system of 

equations- 

                                              

          
           

        
}                                                           … (1) 

 

Solution:    The given linear system of equations can be expressed in matrix form- 

 

                                                                                                                                  … (2) 

            

                                   [
    
    
   

] [
 
 
 
]  [

  
  
 

]                                                              … (3) 

 

Step-1:   Writing augmented matrix- 

 

                              [   ]  [
    
    
   

    
   
   
  

]                                                        … (4) 

 

Performing the following operations: 

                                               

                                            
 

  
                                                   

 We get the equivalent augmented matrix- 

 

                             [   ]  [
 

 

  

 

  

    
   

    
 

  

  

   
  

] 

 

Performing the following operations: 

                                                                                 *    
 

 
    

 

 
   

  

 
+                                                  
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We get the equivalent augmented matrix- 

 

                                [   ]  

[
 
 
 
  

 

  

 

  

 
  

 

 

 

 
 

  

  

  

    

 
  

  

 
  

 

 
  

  ]
 
 
 
 

 

 

Performing the following operations: 

 

                                          
 

  
   

 

  We get the equivalent augmented matrix- 

 

                               [   ]  

[
 
 
 
  

 

  

 

  

  
 

  

 
 

  

  

  

    

 
  

  

 
  

  

 
  

  ]
 
 
 
 

 

 

Performing the following operations: 

 

                                          
 

  
                              

 

  
   *    

 

  
    

 

   
   

  

   
+ 

                                      

                                                 
 

  
                              

 

  
   *    

 

  
    

  

   
   

   

   
+ 

   

We get the equivalent augmented matrix- 

 

                               [   ]  

[
 
 
 
   

 

  

  
 

  

  
   

  

    

 
   

  

 
  

  

 
   

  ]
 
 
 
 

 

 

Performing the following operations: 
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We get the equivalent augmented matrix- 

                              [   ]  [

  
 

  

  
 

  

   

    

 
   

  

 
  

  

  

]                                                           … (5) 

 

Performing the following operations: 

 

                                          
 

  
                                

 

  
   *          

 

  
    

 

  
+ 

                                                    

                                          
 

  
                                

 

  
   *          

 

  
   

 

  
+ 

 We get the equivalent augmented matrix- 

                                              

                              [   ]  [
   
   
   

    
  
  
  

]                                                               … (6) 

 

 Writing Equivalent linear system of equations: 

 

                                      [
   
   
   

] [
 
 
 
]  [

 
 
 
]                                                                  … (7) 
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Example 1.4.2: Use Gauss-Jordan Method to solve the following linear system of 

equations:                                   

                                    

                           
                         

                   
}                                                     … (1) 

 

Solution:  The linear system of equations can be expressed in matrix form- 

 

                                                                                                                                  … (2) 

                                          

                                    [
   
   
   

] [

  

  

  

]  [
  
  
  

]                                                                … (3) 

 

Step-1:  Writing augmented matrix as follows- 

 

                                [   ]  [
   
   
   

    
   
   
   

]                                                          … (4) 

 

Performing the following operations: 

                                                        

                                                                                 [                 ]     

                                                    

                                                                                 [                   ] 

We get the equivalent augmented matrix- 

 

                                [   ]  [ 
   
       
      

   
   
    
    

] 

 

Performing the following operations: 

                                                  

                                          
 

   
   

We get the equivalent augmented matrix- 

 

                               [   ]  [ 

   

  
  

 

      

   
   
  
    

] 
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Performing the following operations:                                                        

                                                                                    *         
  

 
     + 

                                                    

                                                                                    *        
  

 
     + 

We get the equivalent augmented matrix-                                      

                               [   ]  

[
 
 
 
    

 

 

  
  

 

   
 

 

    
     
     
   

]
 
 
 
 

 

 

Performing the following operations:                                            

                                               

We get the equivalent augmented matrix- 

                                    

                                 [   ]  [

   
 

 

  
  

 

   

    
  
  
  

] 

 

Performing the following operations:                                            

                                                  
 

 
                                

 

 
   *        

 

 
    + 

                                             

                                                  
  

 
                             

  

 
   *        

  

 
     + 

We get the equivalent augmented matrix- 

 

                               [   ]  [
   
   
   

    
     
   
     

] 

 

Step-2:  This can be expressed in matrix form as:       

 

                                         [
   
   
   

] [

  

  

  

]  [
   
  
   

] 

 

                                    ,             ,              
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1.7  LU-Factorization Method: Before the start of LU-Factorization Method, let us 

understand the following terminology: 

 

(a)  Upper Triangular Matrix: A square matrix   is said to be upper triangular matrix if 

the element below of the main diagonal are zero.   

e.g. The matrix   [

            

         

      

] is called upper triangular matrix. 

 

(b)  Lower Triangular Matrix: A square matrix   is said to be lower triangular matrix if 

the element above of the main diagonal are zero.   

e.g. The matrix   [

      
         
            

] is called lower triangular matrix. 

 

e.g. The matrix   [

   
      
         

] is called unit-lower triangular matrix. 

 

(c)  LU-Factorization of a Matrix: We outline below the procedure for finding   and   

for a given square matrix   of order  . 

 

                   We write as                   

                                                         

            [

            

            

            

]  [

   
      
         

]  [

            

         

      

]                    … (1) 

 

Multiplying the matrices on the right hand sides of equation… (1) and equating the 

corresponding elements of both sides, we get- 

                                                                                                                    
                                                                                        

                                                                          

}  … (2) 

 

From the above equations, we can obtain:     ,     ,     ,    ,    ,    ,    ,     &     

And thus we can find   and  . 
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 Example 1.5.1: Factorize/Decompose the given matrix   into the    form. 

  

                                                             [
   
   
   

] 

 

 Solution: We can write as-                   

                                                         

            [
   
   
   

]  [

   
      
         

]  [

            

         

      

]                                     … (1) 

 

Multiplying the matrices on the right hand sides of equation… (1) and equating the 

corresponding elements of both sides, we get- 

                                                                                                          
                                                                               
                                                                    

}           … (2) 

 

             

                                                     

                ⁄                  ⁄                      ⁄

                ⁄                                            
}                                 … (3) 

 

It follows that:  

                        [
   

  ⁄   
  ⁄    

]      and       [
   
   ⁄   ⁄
    

]                                 

 

Verification:                       

 

                                           [
   

  ⁄   
  ⁄    

]  [
   
   ⁄   ⁄
    

] 

                                                [
   
   
   

] 
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Example 1.5.2: Decompose the given matrix   into the form of    where   is unit lower 

triangular and   an upper triangular matrix.  

                                                             [
   
   
   

] 

 

 Solution: We can write as-                   

                                                         

            [
   
   
   

]  [

   
      
         

]  [

            

         

      

]                                 … (1) 

Step-1: Reduce given matrix   into Upper-Triangular matrix   using Gauss-Elimination:   

  [
   
   
   

] 

Perform:           
 

 
                                                              

 

 
   * 

 

 

 

 
+ 

                           
 

 
                                                              

 

 
   * 

 

 

 

 
+ 

 

 [

   
       
        

] 

Perform:                                                                              * 
 

 

  

 
+ 

                                                      [
   
   ⁄   ⁄
    

] 

 

Step-2: Obtain Unit-Lower Triangular Matrix   

                                       
  

            [
   
   
   

]  [

   
      
         

]  [
   
   ⁄   ⁄
    

]                                     … (2) 

                

We get                     ⁄  

                                 ⁄  

                     
 

 
              (

 

 
)  

 

 
                       

Thus,       [
   
   
   

]  [
   

  ⁄   
  ⁄    

]  [
   
   ⁄   ⁄
    

]                                    … (3) 
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Example 1.5.3: Decompose the given matrix   into the form of    where   is unit lower 

triangular and   an upper triangular matrix.  

                                                              [
    
    
   

] 

 

Solution: We can write as-                   

                                                         

            [
    
    
   

]  [

   
      
         

]  [

            

         

      

]                            … (1) 

Step-1: Reduce given matrix   into Upper-Triangular matrix   using Gauss-Elimination:   

  [
    
    
   

] 

Perform:           
 

 
                                                              

 

 
   * 

   

 

 

 
+ 

 

                           
 

 
                                                              

 

 
   * 

  

 

 

 
+ 

 [
    
          
         

] 

Perform:           
  

  
                                                           

  

  
   * 

  

 
 

    

  
+ 

                                                      [
    
          
         

] 

 

Step-2: Obtain Unit-Lower Triangular Matrix   

                                       
  

         [
    
    
   

]  [

   
      
         

]  [
    
          
         

]                        … (2) 

                

We get                     ⁄  

                                 ⁄  

                    
  

 
               (

 

 
)  

  

 
                    

  

  
 

Thus,    [
    
    
   

]  [
   

  ⁄   
  ⁄     ⁄  

]  [
    
          
         

]                 … (3) 
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(d)  LU-Factorization Method: Let us consider a linear system of equations:                          

                                  

                     

                    

                    

}                                                  … (1) 

 

      This can be written in the matrix form as follows: 

                                                                                                                               … (2) 

       Substitute in this equation 

                                                                                                                               … (3) 

       Equation … (2) becomes: 

                                                                                                                             … (4) 

       If we set:  

                                                                                                                               … (5) 

      Equation … (4) takes the form: 

                                                                                                                               … (6) 

 

Step-1: We first solve Equation …(6) :                                 

                                                                       

 

                                        [

   
      
         

]  [

  

  

  

]  [

  

  

  

]                                             … (7) 

 

This is equivalent to the system: 

                                     

                                         
                              

                   

}                                              … (8) 

 

The system …(8) can be solved for   ,    and    by forward substitution. 

 

Step-2: We now solve Equation … (5) :  

                                                                                 

 

                                  [

            

         

      

]  [

  

  

  

]  [

  

  

  

]                                             … (9) 

 

                                  

                         
                                  

                                             

}                                           … (10) 

The system …(10) can be solved for   ,    and    by backward substitution. 
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Example 1.5.2: Solve the given linear system of equations using LU-Factorization Method  

  

                                                      

         
         
          

}                                                    

 

 Solution: We have-               [
   
   
   

]        and          [
 
 
 
] 

 

 Step-1:  To find the LU-Factorization of matrix    

 

            We can write as-                                                                                   … (1) 

   

             [
   
   
   

]  [

   
      
         

]  [

            

         

      

]                                 … (2) 

 

Multiplying the matrices on the right hand sides of equation… (2) and equating the 

corresponding elements of both sides, we get- 

                                                                                                          
                                                                               
                                                                    

}           … (3) 

 

             

                                                     

                ⁄                  ⁄                      ⁄

                ⁄                                            
}                                 … (4) 

 

It follows that:  

                        [
   

  ⁄   
  ⁄    

]      and       [
   
   ⁄   ⁄
    

]                         … (5)        

Step-2:  To find the solution of given linear system of equations by using LU-Factorization 

Method                                                    

 

                                         [

   
      
         

]  [

  

  

  

]  [

  

  

  

]                                             … (6) 
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                                        [
   

  ⁄   
  ⁄    

]   [

  

  

  

]  [
 
 
 
]                                             … (7) 

 

This is equivalent to the system: 

                                     

                                          

                       
 

 
       

          
 

 
           

}                                              … (8) 

 

The system …(8) can be solved for   ,    and    by forward substitution. 

 

                                                        
 

 
                    

Finally, we solve Equation:  

                                                                        

 

                                  [

            

         

      

]  [

  

  

  

]  [

  

  

  

]                                             … (9) 

 

                                   [
   
   ⁄   ⁄
    

]  [

  

  

  

]  [

 
 

 

 

]                                                  … (10) 

 

 

                                  

                              

                          
 

 
   

 

 
   

 

 

                                           

}                                             … (11) 

 

The system …(11) can be solved for   ,    and    by backward substitution. 
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Example 1.5.3: Solve the given linear system of equations using LU-Factorization Method. 
 

   

         
         

           
},  Given:    [

   
  ⁄   
  ⁄     ⁄  

]   &    [
    
          
         

] 

 

Solution: LU-Factorization Method:  We start with        
 

                                        [

   
      
         

]  [

  

  

  

]  [

  

  

  

]                                            … (6)    

 

                                [
   

  ⁄   
  ⁄     ⁄  

]  [

  

  

  

]  [
 
 
  

]                                            … (7) 

This is equivalent to the system: 

                             

                                          

                       
 

 
       

          
 

 
   

  

  
        

}                                                  … (8) 

 

The system …(8) can be solved for   ,    and    by forward substitution. 

 

                                                        
  

 
                  

  

  
 

Finally, we solve Equation:                        

                                                             

                           [

            

         

      

]  [

  

  

  

]  [

  

  

  

]                                                   … (9) 

 

                           [
    
          
         

]  [

  

  

  

]  [

 
  

 
  

  

]                                            … (10) 

 

                              

                                

                         
  

 
   

  

 
   

  

 

                                        
    

  
   

  

  }
 

 
                                               … (11) 

 

The system …(11) can be solved for   ,    and    by backward substitution. 
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1.8  Gauss-Jacobi Iterative Method: 

          Let us consider a linear system of equations- 

                        

                               
                             

                                                                                 
                                  

}                                … (1) 

 

 Where,     is the largest coefficient in the i
th

 equation so that the coefficient matrix 

becomes Diagonally Dominant.  The given linear system of equations can be written as-              

 

                  

   
 

   
[                      ]

   
 

   
[                      ]

                                                                               

             
 

   
[                            ]}

 
 

 
 

                      … (2) 

 

      In Jacobi method the first approximations to the given linear system of equations are 

given by-        

           

  
   

 
 

   
[        

         
           

   ]

  
   

 
 

   
[        

         
           

   ]

                                                                               

             
   

 
 

   
[        

         
                 

   ]}
 
 

 
 

              … (3) 

       

           In order to get the first approximations, generally, we choose the initial 

approximations as follows:          
              

             
                

      

 

The second approximations to the given linear system of equations are given by- 

 

        

  
   

 
 

   
[        

         
           

   ]

  
   

 
 

   
[        

         
           

   ]

                                                                               

             
   

 
 

   
[        

         
                 

   ]}
 
 

 
 

            … (4) 

 

The second approximations are substituted into the R.H.S. of equation (4) to obtain the 

third approximations and so on. The entire process is repeated until the values of 

              are obtained to desire accuracy. 



Dr Hashim Khan_Chapter-1_MATH-316_Numerical Analysis-1_Academic Year: 2023-3  

 

 

 
 D r  H a s h i m  K h a n ,  J a z a n  U n i v e r s i t y 

 
           Page-28 

Example 1.6.1: Use Gauss-Jacobi’s iterative technique to find approximate solution for 

the following linear system of equations (3 iterations only). 

 

                                           

             
             
            

} 

 

Answer:  Re-writing the given linear system of equations to make the coefficient matrix as 
Diagonally-Dominant:                 

                                             

           
           
            

}                                                      … (1)                                                                                                                            

 

Thus, the linear system of equations can be written in the form-              

 

                                  

      
 

 
[           ]

  
 

  
[       ]

      
 

  
[        ]

  

}
 
 

 
 

                                                   … (2) 

 

Gauss-Jacobi’s First Approximation:    

  

                          

         
 

 
[                 ]

     
 

  
[             ]

         
 

  
[              ]

  

}
 
 

 
 

                                           … (3) 

 Starting with the initial approximation:                                   

 

          

          
 

 
[                ]     

     
 

  
[           ]     

                        
 

  
[            ]           }

 
 

 
 

                               … (4) 

 

Gauss-Jacobi’s Second Approximation:     

 

                              

         
 

 
[                 ]           

     
 

  
[             ]           

         
 

  
[              ]           

  

}
 
 

 
 

                    … (5) 
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Gauss-Jacobi’s Third Approximation:     

 

                     

         
 

 
[                 ]           

     
 

  
[             ]           

         
 

  
[              ]           

  

}
 
 

 
 

                           … (6) 

                             

Proceeding in this way, after 12
th

 approximation, we find that the two successive 

approximations are same up to four decimal places. 

 

       Hence at this stage, we get: 
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Example 1.6.2: Use Gauss-Jacobi Iterative Technique to find approximate solution to 

the following linear system of equations. (Perform 3 iterations only):                                                             

       

                          
                             

                     
}                     

          
                            
                          
                       

} 

 

Solution:  We observe that the coefficient matrix has become as Diagonally-Dominant.                                                                                                                                         

 

Jacobi First Iteration:  Starting with                  ,         , we get- 

 

 

     
 

  
[             ]             

     
 

  
[              ]                        

     
 

  
[             ]             }

 
 

 
 

 

 

Jacobi Second Iteration:   

 

     
 

  
[             ]             

     
 

  
[              ]             

     
 

  
[             ]             }

 
 

 
 

 

 

Jacobi Third Iteration:   

 

     
 

  
[             ]             

     
 

  
[              ]              

     
 

  
[             ]             }

 
 

 
 

 

 

We can write all the values in the table as: 

 

Jacobi Iteration Technique 

                        

0                                             

1                                                    

2                                                  
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Example 1.6.3: Solve the given linear system of equations using Gauss-Jacobi Method                          

up to 3 iterations. (Starting with:                            )                                   
             

                 
           

} 

 

Solution:  The coefficient matrix of the given linear system of equations is already in 
Diagonally Dominant:                                                                                                                                            

            
                
           

} 

   

Gauss-Jacobi First Iteration:  Starting with                           , we get- 
 

      
 

 
[             ]             

      
 

 
[             ]              

       
 

 
[             ]             }

 
 

 
 

 

Gauss- Jacobi Second Iteration:   

      
 

 
[             ]             

      
 

 
[             ]              

       
 

 
[             ]             }

 
 

 
 

 

Gauss- Jacobi Third Iteration:   

      
 

 
[             ]             

      
 

 
[             ]              

       
 

 
[             ]             }

 
 

 
 

 

We can write all the values in the table as: 

Gauss-Jacobi Iteration Technique 

                        
0                                                     

1                                                     

2                                                     
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1.9  The Gauss-Seidel Method:  

                  This method is a modified form of Gauss-Jacobi Iterative Method. In 

Jacobi Iterative method, no element of   
      replaces   

    entirely for the next 

cycle of computation. However, in the Gauss-Seidel method, the corresponding 

element of   
      replaces those of   

    as soon as they become available. 

 Let us consider a linear system of equations- 

 

                                        

                               
                             

                                                                                 
                                  

}             … (1) 

 

Where,     is the largest coefficient in the i
th

 equation so that the coefficient matrix 

becomes Diagonally Dominant.  The given linear system of equations can be written as-  

            

                         

   
 

   
[                      ]

   
 

   
[                      ]

                                                                               

             
 

   
[                            ]}

 
 

 
 

            … (2) 

 

In Gauss-Seidel method the first approximations to the given linear system of equations 

are given by-        

          

  
   

 
 

   
[        

         
           

   ]

  
   

 
 

   
[        

         
           

   ]

                                                                               

             
   

 
 

   
[        

         
                 

   ]}
 
 

 
 

          … (3) 

       

In order to get the first approximations, generally, we choose the initial approximations 

as follows:          
              

             
                

         (If not given) 

 

The second approximations to the given linear system of equations are given by-        

          

  
   

 
 

   
[        

         
           

   ]

  
   

 
 

   
[        

         
           

   ]

                                                                               

             
   

 
 

   
[        

         
                 

   ]}
 
 

 
 

         … (4) 
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In general, the        approximation is computed as follows-     

 

  

  
     

 
 

   
*        

   
      

   
        

   
+

      
     

 
 

   
*        

     
      

   
        

   
+

                                                                               

                      
     

 
 

   
*        

     
      

     
              

     
+}
 
 

 
 

      … (5)         

                                                                                                                                                                           

Note: The rate of convergence of Gauss-Seidel method is approximately twice that of 

Gauss-Jacobi Iterative method. 
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Example 1.7.1: Use Gauss-Seidel iterative technique to find approximate solution for the 

following linear system of equations- 

                                 

                          
                    

                           
                                

}                                    … (1) 

 

 Starting with the initial approximation:    
         

           
           

     ,  

and iterating until   
‖           ‖

 

‖      ‖
 

      

 

Solution:  We observe that the coefficient matrix of the given linear system of equations 

is already of Diagonally-Dominant.  

 

Thus, the given linear system of equations can be written in the form-              

 

                          

       
 

  
[                    ]

       
 

  
[                   ]

      
 

  
[                ]

    
 

 
 [              ] }

  
 

  
 

                                          … (2) 

 

Gauss-Seidel First Approximation:  Starting with the initial approximation:    

                                       
             

            
      

 

             

     
    

 

  
[       

          
        

   ]        

     
    

 

  
[        

         
        

   ]        

        
    

 

  
[        

        
      

   ]         

  
     

 

 
 [       

       
      

   ]        }
  
 

  
 

                … (3) 

 

Gauss-Seidel Second Approximation:    

 

             

     
    

 

  
[       

          
        

   ]        

     
    

 

  
[        

         
        

   ]        

        
    

 

  
[        

        
      

   ]         

  
     

 

 
 [       

       
      

   ]        }
  
 

  
 

                  … (4)          
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Gauss-Seidel Third Approximation:     

           

       
    

 

  
[      

           
        

   ]        

     
    

 

  
[       

        
        

   ]        

        
    

 

  
[        

       
      

   ]         

   
    

 

 
 [      

       
        

   ]        }
  
 

  
 

                … (5) 

 

Gauss-Seidel Fourth Approximation:     

 

           

      
    

 

  
[      

           
        

   ]        

     
    

 

  
[       

        
        

   ]        

        
    

 

  
[        

       
      

   ]         

   
    

 

 
 [      

       
        

   ]        }
  
 

  
 

               … (6) 

 

Gauss-Seidel Fifth Approximation:     

 

           

     
    

 

  
[       

           
        

   ]        

    
    

 

  
[        

         
        

   ]        

       
    

 

  
[        

        
      

   ]         

  
    

 

 
 [        

       
        

   ]        }
  
 

  
 

                … (7) 

 

Test for convergence:   We know that for                    iterations- 

 

       ‖      ‖
 

        |      |    and   ‖           ‖
 

        |           | 

 

Thus for     

                                    ‖    ‖
 

        |    |             

        

‖         ‖
 

        |         |                  

      

‖         ‖
 

‖    ‖ 

 
        

      
             

We stop after 5
th

 iteration because of the desired accuracy.  
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Example 1.7.2: Use Gauss-Seidel iterative technique to find approximate solutions to the 

following linear system of equations. (Perform 3 iterations only)                                                       
                

                  
               

} 

Answer:  Re-writing the given linear system of equations to make coefficient matrix as 
Diagonally-Dominant:                                                                                                                                            

                
                  
               

} 

 
Gauss-Seidel First Iteration:  Starting with                  , we get- 
 

     
 

  
[               ]             

     
 

  
[                ]            

     
 

  
[              ]                  }

 
 

 
 

 

 
Gauss-Seidel Second Iteration:   

     
 

  
[               ]              

     
 

  
[                ]             

     
 

  
[              ]                     }

 
 

 
 

 

Gauss-Seidel Third Iteration:   

     
 

  
[               ]               

     
 

  
[                ]             

     
 

  
[              ]                      }

 
 

 
 

 

 
We can write all the values in the table as: 

Gauss-Seidel Iteration Technique 

                        
0                                                   

1                                                     

2                                                   
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Exercise 1.1: Numerical Solution of Linear System of Equations 

 

1. Choose the correct answer (Questions 1.1 -1.4) 

 

1.1  When Gauss-Jordan method is used to solve the matrix equation      , then the 

coefficient matrix A is transformed to the:     

 

(a) Upper triangular matrix 

(b) Diagonal matrix     

(c) Zero matrix 

(d) None of these                                                                                                             

                   

1.2  Which of the following numerical methods provide with the exact solutions for a given 

linear system of equations:    
                                                                                            

(a)  Gauss-Jacobi method  

(b)  Gauss-Seidel method  

(c)  Gauss-Elimination method and Gauss-Jordan method 

(d)  None of these     

 

1.3  Using back substitution method find the solution of given linear system of equations: 

 

[
   
    
   

] [
 
 
 
]  [

  
 
 

] 

(a)     ,     ,          

(b)      ,    ,          

(c)      ,    ,      

(d)  None of these 

 

1.4 The solution of a linear system of equations:                            

            by Gauss Jacobi Method for first iteration (Starting with          

         &        ) is 
(a)  x=4.25, y=2.8 , z=1.5      

(b)  x=4 , y=2.0, z = 1.0        

(c)  x= 4.25 , y=1.66, z=1.1       

(d)  x=      , y=     , z =                         

 

2. Use Gauss Elimination with backward substitution to solve the following linear system 

of equations:  
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3. Use Gauss Elimination with backward substitution to solve the following linear system 

of equations:  

                                         

                
             

                   
           

      
4. Use Gauss-Jordan Method to solve the following linear system of equations:  

 

                                            

           
           
           

                

 

5. Use Gauss-Jordan Method to solve the following linear system of equations:  

 

                                         

               
                   
                     

              

 

6. Decompose the given matrix   into the form of    where   is unit lower triangular and   

an upper triangular matrix.  

                                                              [
    
    
   

] 

 

7. Decompose the given matrix   into the form of    where   is unit lower triangular and   

an upper triangular matrix.  

                                                              [
   
   
   

] 

 

8. Find the first three iterations of the Gauss-Jacobi Method for the following linear 

system of equations using    
            

            
      

 

(a)     

                
             
             

} 

 

(b)     

                
                  
             

} 
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9. Use Gauss-Jacobi Method to find approximate solutions to the following linear system 

of equations- 

                     

                
                  
                   
                  

} 

 

10. Find the first three iterations of the Gauss-Seidel Method for the following linear system 

of equations using    
            

            
      

 

(a)     

                
             
             

} 

 

(b)     

                
                  
             

} 

 

11. Use Gauss-Seidel iterative technique to find approximate solutions to the following 

linear system of equations- 

 

                     

                
                  
                   
                  

} 
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2.1  Nonlinear Equations: 

                                    The general form of a nonlinear equation is  ( )    where   a nonlinear 

function of the variable is  .  

e.g.:                                                            

                                                                       

                                                                       

                                       (   )             

 

2.2  Roots of an Equations  ( )   :  

                                    In order to find the solution of an equation  ( )   , we find those values of 

  for which  ( )    is  satisfied, such values of   are called the roots of  ( )    

Thus,               is a root of an equation:   ( )             ( )    

A root of the equation  ( )     is also called the zero of the function  ( ) 

                                  In this chapter, we shall describe some numerical methods to approximate the 

solutions of equations of the type   ( )    to an arbitrarily high accuracy. 

 

2.3  The Bisection Method:  

                                  This method is due to Bolzano and based on the repeated application of 

intermediate value property. 

Suppose  ( ) is a continuous function defined on the interval [   ] and we wish to locate the root 

of an equation: 

                                                   ( )           in the interval      [   ]. 

 

Let-                            ( )  ( )                        ( ) and  ( ) are of opposite sign. 

Then, the intermediate value theorem implies that there exist at least one root   in (   ) such that  

 ( )    
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         Let-    ( )      and    ( )     then approximate value of root (  ) is given by:     
   

 
 

 If   (  )      then      is correct root and we are done. 

 If   (  )      then the root either lies in (  
   

 
) or (

   

 
  ) depending on whether 

 (  ) is negative or positive. 

 We again bisect the interval and repeat the process until the root is obtained of desired 

accuracy.  

Working Rule:    Suppose  ( ) is a continuous function defined on the interval [   ] 

 

1. To begin, set      and      then 1
st
 approximation,      

     

 
  

2. If   (  )      and  

(a) If  (  ) and  (  ) have the same sign then   (     ). Set       and       

(b) If  (  ) and  (  ) have the opposite sign then   (     ). Set       and       

3. Repeat the process to the interval [     ] and so on. 

Example 2.4.1: Show that  ( )            has a root in (   ) and use Bisection Method to 

determine an approximation to the root correct to 3 decimal places. 

 

Solution:  We have     ( )                                and           

 

                        Since,     ( )  ( )   ( )             (        )     
 

                          and       ( )  ( )   ( )             (        )     
 

Therefore, by intermediate theorem, the function  ( ) has a root in [   ]  
 

Iteration Table: 

 

Bisection Method 

No of 

Approximation 

  

   

( ) 
   

( )    
     

 
  (  )  (  )

   (  )
     

          
 

 

        We observe that     and     are same up to three decimal places. Thus,          is correct 

root of the function  ( ) to three decimal places. 
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Example 2.4.2: Use the Bisection Method to approximate a solution of the equation:                        

                  on the interval [          ] with an accuracy of                                                                 

 

Solution:        Let        ( )      (   )     (  ) 
           

Since,           (    )      (  (    ))     ( (    ))                       (        )     
 

     and        (     )      (  (     ))     ( (     ))                   (        ) 
 

Therefore, by intermediate theorem, the function  ( ) has a root in (          )  

 
Bisection Method 

 

 ( )    

( ) 
   

( ) 
Approximation 

   
     

 
 

 (  )      (    )               
                    (   ) 

   
|         |

|    |
 

1                            

2                                
|     |

|  |
  

3                                    
|     |

|  |
  

4                                      
|     |

|  |
  

5                                        
|     |

|  |
  

6                                          
|     |

|  |
  

 

   Since        and    are identical up to 3 decimal places, therefore         is correct with an 

accuracy of     . 
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Example 2.4.3: Apply Bisection Method to approximate √   
 

 in the interval [         ], 
accurate to within     .                         

 
Solution:  We wish to find: 

                                                √   
 

                                    From Calculator: 

                                                                                               √   
 

             
                                                
 
                                                  
 

                   Let                ( )                          Choose Interval: [         ] 
           

            Since,       (    )  (    )                        (        ) 
   

               and        (    )  (    )                        (        ) 
 
       Therefore, by intermediate value theorem, the function  ( ) must have one root 
between:               . 
                 

Bisection Method 
 

 ( ) 
   
( ) 

   
( ) 

Approximation 

   
     

 
 

 (  ) 
  

(  )
      

   
|         |

|    |
 

1                          

2                              
|     |

|  |
  

3                                
|     |

|  |
  

4                                    
|     |

|  |
  

5                                       
|     |

|  |
  

 
   Since        and    are identical up to 3 decimal places, therefore         is correct 

with an accuracy of     . 
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2.4  Newton- Raphson Method:   

                                                 Newton–Raphson Method is one of the most powerful and well 

known numerical methods for solving a root of the nonlinear equation  ( )   .  

Suppose   denote the exact root of the equation  ( )     provided   ( )   ,  i.e. 

                                                                     ( )                                                                    … (1) 

 
Let    [   ] be the initial approximation and   be the correction required in     i.e. 

                                                                                                                                      … (2) 

                                                             (    )   ( )    

     Expending:   (    ) by Taylor’s theorem- 

 

                       (    )   (  )    
(  ) 

  

  
   

(  )                                                … (3) 

 

Since,   is very small, neglecting second and higher order terms- 

                                                                    (  )    
(  ) 

                                                                        
 (  )

  (  )
                 [           (  )   ] 

Substitute the value of   in equation  …(2), we get a better approximation to the root- 

      
 ( 

 
)

  ( 
 
)
   

Similarly, the improved root over the previous one can be obtained by iteration- 

                                                                                
 (  )

  (  )
        [           (  )   ] 

                                                                                
 (  )

  (  )
        [           (  )   ] 

                                                                                                      

                                         
 (    )

  (    )
             for all           [           (    )   ] 

 

 



Dr Hashim Khan_Chapter-2_MATH-316_Numerical Analysis-1_Academic Year: 2023-3  

 

 

 
 D r  H a s h i m  K h a n ,  J a z a n  U n i v e r s i t y 

 
           Page-8 

Example 2.5.1:  Find the root of   ( )          using Newton-Raphson Method that 
lies near     .                                                                                           
 
Solution:    We have           ( )                                      
 
                                           ( )                        
 

                                           ( )             
 

                                           ( )   (  )                       
 
Applying Newton – Raphson Method:              For         
 

                                         
 (  )

  (  )
                

 

                                   
 ( )

  ( )
                       

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 



Dr Hashim Khan_Chapter-2_MATH-316_Numerical Analysis-1_Academic Year: 2023-3  

 

 

 
 D r  H a s h i m  K h a n ,  J a z a n  U n i v e r s i t y 

 
           Page-9 

Example 2.5.2:  Use Newton-Raphson Method to find the solution of   ( )           ,  with an 

accuracy of     , starting  with     
 

 
   

Solution:     We have    

                                   ( )                              (    )                                      … (1) 

 

                               ( )                           (    )                                        … (2) 

 

Applying Newton – Raphson Method- 

                                                                               
 (    )

  (    )
                         for all       

        

From Equations (1) and (2), we can write as follows- 

 

                                                                           
             

           
               for all       

============================================================================= 

 For              

                                                                
         

         
           

 

                                           
                               

                    
               

 For              

                                                                
         

         
           

 

                                         
                             

                   
               

 

Similarly, we can find the following 

                                                         and                             

============================================================================= 

Writing all in a Table:    Starting with,        
 

 
               

 

Newton- Raphson Method 

Number of Iteration 

 

( ) 

Approximation: 

 

          
             

           
  

     

Percentage Error: 

 

   
|         |

|    |
     

1                    
|     |

|  |
      

2                     
|     |

|  |
      

3                    
|     |

|  |
      

4                     
|     |

|  |
      

 

We observe that    and    are same up to Ten decimal places. Thus,                 is correct 

root of the function  ( ) up to Ten places of decimals.  
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Example 2.5.3:  Use Newton-Raphson Method to find solutions accurate to within      to  the given 

problem:   

                                       ,       for                                                                                               

Solution:  We have                             ( )                    

     

                  Since,     ( )                               (        )     
 

                   and       ( )                               (        )     
 

Therefore, by intermediate theorem, the function  ( ) has at least one real root between 6 and 7  
Now, 

                      ( )                                (    )      (    )    (    )                         … (1)   

 

                  ( )                                (    )      (    )    (    )                         … (2) 

 

Applying Newton–Raphson Method- 

                                                                            
 (    )

  (    )
                         for all         

From Equations (1) and (2), we can write - 

                                                                       [
    (    )   (    )

    (    )   (    )
]               for all       

Starting with,       , (Because  ( )          is near to Zero in comparison of  ( )       ). 

============================================================================= 

     For                                           [
    (  )   (  )

    (  )   (  )
]           

                                                            *
    ( )   ( )

    ( )   ( )+             

     For              

                                                             [
    (  )   (  )

    (  )   (  )
]           

                                                             [
    (  )   (  )

    (  )   (  )
]              

============================================================================= 

Continuing in this process, we can find a table-  

Newton- Raphson Method  

Number of Iteration 

( ) 
Approximation 

   
 

   
|         |

|    |
 

          

1                  
|     |

|  |
   

2                   
|     |

|  |
   

3                    
|     |

|  |
   

4                   
|     |

|  |
   

 

We observe that    and    are same up to Six decimal places. Thus,             is correct root of 

the equation  ( )    up to Six places of decimals.  
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Example 2.5.4:  Apply Newton-Raphson Method to find the solution accurate to within 

     to the given problem:                  ,       for                                                                  

 

Answer:    We have           ( )                   
      

                                  Since,     ( )      ( ) ( )                         (        )     
 

                                   and       ( )      ( )  ( )                (        )  
 

Therefore, by intermediate theorem, the function  ( ) has at least one real root between 0 and 1  
 

Now,      ( )      ( )  ( ) ( )                (    )      (    ) (    ) 
(    )              … (1) 

 

      ( )       ( )   ( )  ( ) ( )            (    )       (    )   (    )  (    ) 
(    )    … (2) 

 

Applying Newton – Raphson Method- 

                                                                            
 (    )

  (    )
                         for all         

 

From Equations …(1) and …(2), we can write - 

                                                                [
    (    ) (    ) (    )

     (    )  (    ) (    ) 
(    )

]       for all       

 

Choose,       , (Because  ( )      is near to Zero in comparison of  ( )         ). 

============================================================================= 

For                                                  [
    (  ) (  ) (  )

    (  )  (  ) (  ) 
(  )

]              

                     

For                                                  [
    (  ) (  ) (  )

    (  )  (  ) (  ) 
(  )

]                         

=============================================================================                                       

Continuing in this process, we can find a table-  

Newton- Raphson Method 

Number of  

Iteration 

( ) 

Approximation 

        [
    (    ) (    ) 

(    )

     (    )   (    )  (    ) 
(    )

] 

 

   
|         |

|    |
     

1         
|     |

|  |
      

2                    
|     |

|  |
      

3                    
|     |

|  |
      

4                    
|     |

|  |
      

5                    
|     |

|  |
      

6                                                              
|     |

|  |
      

We observe that    and    are same up to Seven decimal places. Thus,              is correct root 

of the equation  ( )    up to Seven places of decimals.  
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Example 2.5.5:  Apply Newton- Raphson Method to approximate a root of the following 

nonlinear equation:  (Do Three Iterations):                 with        .   

Solution:  We have    ( )                       

     

                     Since,     ( )  ( )   ( )    ( )              (        )     
 

                       and      ( )  ( )   ( )    ( )            (        )     
 

Therefore, by intermediate theorem, the function  ( ) has at least one real root between 0 

and 1  
 

   ( )                    (    )  (    )
   (    )

    (    )     … (1) 

          

    ( )                        (    )   (    )
    (    )                     … (2) 

 

Applying Newton–Raphson Method- 

                                                   
 (    )

  (    )
                    for all       

        

From Equations (1) and (2), we can write as follows- 

 

                                             *
(    )

   (    )
    (    )  

 (    )
    (    )   

+               for all       

==================================================================           

   For,                               *
(  )

   (  )
    (  )  

 (  )
    (  )   

+                            

 

                                     *
(   )   (   )    (   )  

 (   )    (   )   
+  

  

  
             

================================================================== 

Newton- Raphson Method 

No of 

Iteration 

  

Approximation: 

        *
(    )

   (    )
    (    )  

 (    )
    (    )   

+  

 

Percentage Error: 

   
|         |

|    |
     

1                 

2                 

3                 
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2.5   Secant Method: 

                          We have seen that Newton- Raphson method is an extremely powerful technique to 

solve a nonlinear equation, but it has a major weakness that it requires the evaluation of derivative of the 

function at each approximation and this is not always possible, particularly in the case of functions 

arising in the practical problems.  

                          To circumvent the problem of the derivative evaluation in Newton- Raphson method, 

we introduce a new technique known as Secant Method.                                      

                         In the Secant Method, the derivative of  ( )  at    is approximated by: 

 

                                                (  )  
 (  )  (    )

       
                                                                     ( ) 

 

Substitute   (  ) from equation ( ) in the Newton-Raphson Formula, we get-                                             

                                                        
 (  )

  (  )
                                                                         ( ) 

     

                                                         
 (  )

[
 (  )  (    )

       
]
 

 

                                                         *
(       )

 (  )  (    )
+  (  ) ,      [          ]             ( ) 

                   

                         Or                            
     (  )    (    )

 (  )  (    )
 ,                   [          ]             ( ) 

Starting with the two initial approximations    and   , the approximation    is the x-intercept of the 

line joining (    (  ))       (   (  )). The approximation    is the x-intercept of the line joining 

(    (  ))       (   (  )), and so on. Note that only one function evaluation is needed per step for 

the Secant Method after    has been determined.  

 
In contrast, each step of Newton-Raphson method requires an evaluation of both the function and its 

derivative 



Dr Hashim Khan_Chapter-2_MATH-316_Numerical Analysis-1_Academic Year: 2023-3  

 

 

 
 D r  H a s h i m  K h a n ,  J a z a n  U n i v e r s i t y 

 
           Page-14 

Example 2.6.1: Use the Secant Method to find a solution to          with        and     
 

 
  with 

an accuracy of      . Find Relative Approximate Error Also.                                                                                                                

Solution:    Writing:      ( )                

 

                                     (   )      (   )                          (        )        
 

                      and           (
 

 
)      (

 

 
)  

 

 
                            (        )     

 

           Therefore, the root lies between   0.5   and   
 

 
              

 

Now, Using Secant Method, starting with           and      
 

 
 

                                                     *
       

 (  )  (    )
+  (  )                  for all     

 

                                 Taking,                  ( )            

 

                                  (  )                and     (    )                

 

Thus,                                   *
       

[         ] [             ]
+ [         ]                for all     

          

                                          *
     

[         ] [         ]
+ [         ] 

                [
(                )

[                             ]  [           ]
] [                             ] 

 

                                                       
 

              Next,                          *
     

[         ] [         ]
+ [         ] 

 

Similarly, we can find                  etc. We list all in the following Table – 

 

Number of Iteration 

( ) 
Secant Method 

   
   

|         |

|    |
 

          

0          

1                   

2                    
|     |

|  |
   

3                     
|     |

|  |
   

4                     
|     |

|  |
           % 

5                    
|     |

|  |
          % 

6 STOP   

 

We observe that    and    are same up to       decimal places. Thus,              is correct root of 

the function  ( ) up to seven decimal places. 
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Example 2.6.2: Use the Secant Method to find a solution of           ( )     on the 

interval [   ] with an accuracy of     .             
                                                                                      
Solution:    We have           ( )           ( )                             Interval: [   ] 
 
      Since,         ( )   ( )        ( )                   (        )       
 
         and          ( )   ( )        ( )                   (        )     
 
         ( ) must have one root between:    and    
 
                 Choose,         and        
 
                               (  )                  &         (  )             
 

Applying Secant Method – 

                                            
     (  )    (    )

 (  )  (    )
            for all                          ( )         

 

Iteration-1: Taking     in equation-(1), we get- 
 

                                      
   (  )    (  )

 (  )  (  )
                                                                ( )    

                                    

                                                                    (  )               

Iteration-2: Taking     in equation-(1),  we get- 
 

                                      
   (  )    (  )

 (  )  (  )
                                                                ( )     

                                 

                                                                          (  )               

Iteration-3: Taking     in equation-(1),  we get- 
 

                                      
   (  )    (  )

 (  )  (  )
                                                                ( )    

                                   

                                                                      

 We observe that:     and    are same up to five decimal places. Thus,            is 
correct root of the given equation  ( )    up to five places of decimals.  
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2.6  Numerical Solution of a System of Nonlinear Equations: 

Consider a system of two nonlinear algebraic equations - 

 

                                  
 (   )   

 (   )   
}                                                                              … (1) 

 

(a) Newton’s Iterative Technique OR Newton-Raphson Extension Method:  

       

     Let (     ) be an initial approximation to the root of Equation (1). If (         ) 
    is the exact root of the system , then we must have-  

 

                                  
 (         )   

 (         )   
}                                                           … (2) 

 

      Assume that   and   are sufficiently differentiable functions, we can expand both the 

functions by Taylor’s series to obtain-      

           

                                 
    

  

   
  

  

   
    

    
  

   
  

  

   
    

}                                                   … (3) 

Where,  

    (     ) 
 

  

   
 

  

  
|
(     )

 

 
  

   
 

  

  
|
(     )

 

    (     ) 
 

  

   
 

  

  
|
(     )

 

 
  

   
 

  

  
|
(     )

 

                                                                                                                 

     Neglecting the second and higher order derivatives, we obtain the following- 

 

                                           
 

  

   
  

  

   
    

 
  

   
  

  

   
    

}                                                 … (3) 

    Equation (3) possesses a unique solution if  

 

                                            |

  

   

  

   

  

   

  

   

|                                                        … (4) 
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     By Crammer’s Rule, the solution of equation (3) is given by- 

 

                        
 

 
|
   

  

   

   
  

   

|        and          
 

 
|

  

   
   

  

   
   

|                            … (5) 

 

     Hence the new approximations are therefore,  

                                                

                                             and                                                    … (6) 

 

    The process is to be repeated till we obtain the roots to the desired accuracy. 

     

Note:  (1) Choose initial approximation if not given in the question: (     )  (   )  or  

(     )  (       ) or (     )  (   ) 
 

           (2) The convergence of the Newton’s Iteration method for solving a system of 

nonlinear equations is of second order, same as in case of single nonlinear equation. 
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Example 2.7.1: Use Newton’s Iterative Techniques to find approximate solutions up to 2nd 
iteration to the following nonlinear system of equations:     [Choose: (     )  (       )]  

                                                          
            

             
}                                                 

Solution:  We have       (   )             

 

                                      
  

  
             &        

  

  
     

 

                                      (   )              

 

                                      
  

  
                      &        

  

  
       

 

First Approximation: Taking, (     )  (       ), we obtain- 

 

                                  (     )       ,                   (     )       

  

                               
  

   
 

  

  
|
(     )

     ,                  
  

   
 

  

  
|
(     )

      

                        

                               
  

   
 

  

  
|
(     )

  ,                        
  

   
 

  

  
|
(     )

    

 

                       
 

  

   
  

  

   
    

 
  

   
  

  

   
    

}           
                  
                       

}               … (3) 

 

Crammer’s Rule: 

     Hence,                   |

  

   

  

   

  

   

  

   

|  |
        

   
|       

 

     By Crammer’s Rule, the solution of equation (3) is given by- 

 

                              
 

 
|
   

  

   

   
  

   

|  
 

  
|
          
       

|                  

 

              and          
 

 
|

  

   
   

  

   
   

|  
 

  
|
          

      
|                                     

================================================================================================================== 
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 Hence the new approximations are therefore,  

                                                

                                                                   

     

                                                                  

 

Second Approximation: Taking, (     )  (             ), we obtain- 

 

                (     )            

 

            
  

   
 

  

  
|
(     )

         

             
  

   
 

  

  
|
(     )

   

              (     )         

 

            
  

   
 

  

  
|
(     )

        

                        

            
  

   
 

  

  
|
(     )

        

 

                            

                       
 

  

   
  

  

   
    

 
  

   
  

  

   
    

}           
                        
                                   

}                

 

     Hence,                   |

  

   

  

   

  

   

  

   

|  |
             

       
|            

 

     By Crammer’s Rule, the solution of equation (3) is given by- 

 

                              
 

 
|
   

  

   

   
  

   

|  
 

       
|
             
             

|               

 

              and          
 

 
|

  

   
   

  

   
   

|  
 

       
|
              

        
|                                     

     It follows that, 
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Example 2.7.2: Use Newton’s Iterative Techniques to find approximate solutions up to 2nd 
iteration to the given nonlinear system of equations: [Starting with (     )  (       )]  

                                                          
               
               

}                                                 

 

Solution:  We have       (   )                 

 

                                      
  

  
            &        

  

  
    

 

                                      (   )                 

 

                                      
  

  
                       &        

  

  
        

 

First Approximation: Taking, (     )  (       ), we obtain- 

 

                              (     )         ,                   (     )         

  

                          
  

   
 

  

  
|
(     )

       ,                        
  

   
 

  

  
|
(     )

    

                        

                          
  

   
 

  

  
|
(     )

   ,                               
  

   
 

  

  
|
(     )

         

 

                   
 

  

   
  

  

   
    

 
  

   
  

  

   
    

}           
                 

                   
}               … (3) 

 

Crammer’s Rule: 

     Hence,                   |

  

   

  

   

  

   

  

   

|  |
        

         
|            

 

     By Crammer’s Rule, the solution of equation (3) is given by- 

 

                              
 

 
|
   

  

   

   
  

   

|  
 

       
|
         
             

|                   

 

              and          
 

 
|

  

   
   

  

   
   

|  
 

       
|
             

        
|                                      
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 Hence the new approximations are therefore,  

                                                

                                                                   

     

                                                                  

 

Second Approximation: Taking, (     )  (             ), we obtain- 

 

                (     )              

 

            
  

   
 

  

  
|
(     )

        

             
  

   
 

  

  
|
(     )

    

              (     )           

 

            
  

   
 

  

  
|
(     )

    

                        

            
  

   
 

  

  
|
(     )

         

 

                            

                       
 

  

   
  

  

   
    

 
  

   
  

  

   
    

}                        
                   
                  

}                

 

     Hence,                   |

  

   

  

   

  

   

  

   

|  |
        

         
|            

 

     By Crammer’s Rule, the solution of equation (3) is given by- 

 

                              
 

 
|
   

  

   

   
  

   

|  
 

       
|
         
              

|                 

 

              and          
 

 
|

  

   
   

  

   
   

|  
 

       
|
             

         
|                                       

     It follows that, 
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Example 2.7.3: Solve the following system of nonlinear algebraic equations with intial 

approximation, (     )  (   )  (Do One iteration):     

             

           
} 

Solution:  We have       

             (   )                         
  

  
                     &       

  

  
           … (1) 

             (   )                       
  

  
           &       

  

  
                 … (2) 

 

First Approximation: Taking, (     )  (   ), From Equations … (1) & (2): 

 

                                  (     )   ,                            (     )    

  

                              
  

   
 

  

  
|
(     )

  ,                           
  

   
 

  

  
|
(     )

   

                        

                              
  

   
 

  

  
|
(     )

  ,                           
  

   
 

  

  
|
(     )

    

 

                       
 

  

   
  

  

   
    

 
  

   
  

  

   
    

}                         
           

                
}                  … (3) 

 

Using Calculator:                                                

 ================================================================= 

Using Crammer’s Rule: 

     Hence,                   |

  

   

  

   

  

   

  

   

|  |
  
   

|       

     By Crammer’s Rule, the solution of equation (3) is given by- 

                              
 

 
|
   

  

   

   
  

   

|  
 

  
|
  
    

|             

              and          
 

 
|

  

   
   

  

   
   

|  
 

  
|
  
   

|    

=================================================================================================================== 

 Hence the new approximations are therefore,          
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Exercise 2.1: Numerical Solution of Nonlinear Equations 

 

1. Choose the correct answer (Questions 1.1 -1.5) 

 

1.1  Which of the following is a system of linear equations: 

 

(a)                   

                                      

(b)   
               
               

}        

 

(c)  
        
        

}             

                                 

(d)  None of these    
 

1.2  Which of the following formula is regarded as the Relative Approximate Error (  ):     

                                                                                                            

(a)  |         |                

                                    

(b)   
|         |

|    |
 

 

(c)  
|         |

|    |
                                                    

 

(d)  None of these    
 

1.3  A real root of the equation:           ( )     accurate to within      is 

 

(a)                 

                                                    

(b)          

 

(c)                                                                    

 

(d)  None of these    
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1.4  Distinguish between intervals [     ] and [    ] for the given nonlinear equation          

            to have at least one real root:       

                                                     

(a)   [     ]        
                                                   

(b)  [    ]              
 

(c)  Both  (a) and (b)                                              

 

(d)  None of these  

 

1.5  The Newton-Raphson Method fails to find a root of a given nonlinear equation 

 ( )   , if:          

                                                                                                         

(a)    (  )           
                                                

(b)    (  )         

 

(c)    (  )                                                         

 

(d)     (  )    

 

2. Find the interval [   ] in which, the given equation  ( )    has at least one real root. 

 

(i)              

 

(ii)              

 
(iii)            

 

(iv)           ( )     

 

3. Find an approximation to √   correct to within      using the Bisection Method. [Hint: 

Consider  ( )      ] 

 

4. Use the Bisection Method to find an approximation to  √    that is accurate to within 

    . 

 

5. Use the Bisection Method to determine a solution of the equation             
    on the interval [   ] with an accuracy of     .      
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6. Use the Bisection Method to find a solution of the equation           on the interval 

[   ] with an accuracy of     .      

 

7.  Use the Newton- Raphson Method to find a solution accurate to within      for the 

following equation: 

          ,           [   ] 
         

8.  Use the Newton- Raphson Method to find a solution accurate to within      for the 

following equation: 

           ,        for            

                                                                                                        

9.  Use the Newton- Raphson Method to find a solution accurate to within      for the 

following equation: 

         ,        *  
 

 
+ 

 

10.  Use the Secant Method to find a solution accurate to within      for the following 

equation: 

          ,           [   ] 

11.  Use the Secant Method to find a solution accurate to within      for the following 

equation: 

           ,        for            

                                                                                                     

12.  Use the Secant Method to find a solution accurate to within      for the following 

equation: 

         ,        *  
 

 
+ 

 

13.  Use Newton’s Iterative Techniques to find approximate solutions to the following 
nonlinear system of equations:  

(a)  
         

                    }        Taking, (     )  (   )       

 

(b)   
       

          
}        Taking, (     )  (       ) 

 

(c)   
           

       
}        Taking, (     )  (         ) 
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3.1 Interpolation: 

                      Interpolation is the technique of obtaining the value of a function for any intermediate value of 

the intermediate variable. 

 

3.2   Finite Difference Operators: 

(a) Forward Difference Operators:  

                      Let         ,           be a function then we can write:  

 

                     

                                         

                  

First Forward Difference Operator:    

 

The first forward difference   of the function        is defined as:   
                                  

                  
 

                                           ,           Or                                                  

                                         ,             Or                   

                                         ,             Or                   

                                         ,             Or                   

                                                                                                        

                                             ,     Or                       

                             

Second Forward Difference Operator:     
 

The Second forward difference    of the function        is defined as: 

                                                               
                                                                           

                                                                                             
                                                                                  
 

Similarly, we can define third and higher order forward difference for the function        as 

                                                              
                                                                            

 

                                                               
                                                                                 and so on 

Forward Difference Table:  

                                         

                                                

                                         

                                  

                           

                    

              

 



Dr Hashim Khan_Chapter-3_MATH-316_Numerical Analysis-1_Academic Year: 2023-3  

 

 

 
 D r  H a s h i m  K h a n ,  J a z a n  U n i v e r s i t y 

 
           Page-4 

Example 3.2.1: Construct Forward Difference Table for the following data. 

  

Years:   1941 1951 1961 1971 1981 1991 

Population(in million):      20 24 29 36 46 51 

 

Find also the following values from Forward Difference Table:  

 

(a)                 (b)                   (c)                    (d)                      (e)           

Solution: Let us construct forward difference table: 

 

Forward Difference Table 

                                          

              1941    

             1951    

            1961    

            1971    

         1981    

        1991    

 

 

From the Table, we can find- 

 

(a)              

(b)              

(c)              

(d)              

(e)              

Example 3.2.2: If       ,       ,        ,         and        , then        is - 

 

(a)                       (b)                     (c)                          (d) None of these 

Solution:   Do yourself 
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(b) Backward Difference Operators:  

                      Let         ,           be a function then we can write:  

 

                     

                                         

                  

 

First Backward Difference Operator:    

            The first backward difference   of the function        is defined as: 

 

                  
 

                                   ,           Or                    ,                               

 

                                             Or                     

                     …           …            …                                …      …       … 

                                                Or                   

 

                                                Or                   

 

                                                Or                   

 

Second Backward Difference Operator:    

 

The Second backward difference     of the function        is defined as:  

                                                               

                                                                           

                                                                                             
                                                                                  
 

Similarly, we can define third and higher order backward difference of the function        as 

                                                             
                                                                             
 

                                                               
                                                                                         and so on 

Backward Difference Table:  
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Example 3.2.3: Construct Backward Difference Table for the following data. 

  

Years:   1941 1951 1961 1971 1981 1991 

Population(in million):      20 24 29 36 46 51 

 

Solution: Let us construct backward difference table: 

 

Backward Difference Table 

                                          

        1941    

         1951    

          1961    

           1971    

             1981    

                 1991    

 

Find also the following values:  

 

(a)                 (b)                   (c)                    (d)                      (e)           

Answer: Do Yourself! 

 

 

Example 3.2.4: If       ,       ,        ,         and        , then        is - 

 

(a)                       (b)                     (c)                          (d) None of these 

 

Amswer: We have 

   1 2 3 4 5 

     4 8 12 18 36 

 

Thus,                                            

 

Let us construct backward difference table: 

Backward Difference Table 

                                   

      1    

       2    

         3    

          4    

              5    

 

From the table:             
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(c) Central Difference Operators: 

                      Let         ,           be a function given by the following table:  

 

                     

                                         

                                                    

 

The first order central difference operator   is defined by the relations: 

 

                                                  

 

      

                                 (   
 

 
)                

                                 (   
  

 
)                   

                                                                                             

                                 (   
       

 
)                        

Similarly, the higher order central difference operators are defined as: 

             Since,                         (   
  

 
)   (   

 

 
) 

                                              (   
  

 
)    (   

 

 
) 

                                            (   
  

 
)    (   

  

 
)      and so on…. 

                                  (   
  

 
)                            and so on…. 

                                             (   
  

 
)     (   

  

 
)      and so on…. 

                                  (   
  

 
)                        

Central Difference Table:  

 

                                         

              

    
  (   

 

 
) 

  

                       

  
   (   

  

 
) 

 
  (   

  

 
) 

  

                                  

   (   
  

 
) 

 
   (   

  

 
) 

 
  (   

  

 
) 

  

                                  

  
   (   

  

 
) 

 
  (   

  

 
) 

  

                        

    
  (   

  

 
) 

  

              

 

𝜹𝒇 𝒙  𝒇 (𝒙  
𝒉

𝟐
)  𝒇 (𝒙  

𝒉

𝟐
) 
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Example 3.2.5: Construct Central Difference Table for the following data. 

  

Years:   1941 1951 1961 1971 1981 1991 

Population(in million):      20 24 29 36 46 51 

 

Find also the following values:  

 

(a)                 (b)                   (c)                    (d)                      (e)           

Solution: Let us construct central difference table: 

 

Central Difference Table 

                                          

                

   
 

 
  

        

                 

   
 

 
  

         

                  

   
 

 
  

           

                   

   
 

 
  

           

                  

   
 

 
  

        

                

 

From the Table, we can find- 

 

(a)            

(b)            

(c)            

(d)            

(e)            
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(d) Shift Operator: E 

                    Let          be a function given by:  

 

                                

                                                    

 

The shift operator E is defined as:    

 

                                                                                  and                                                                     

 

Similarly, the higher order shift operators are defined as: 

 

                                                           and                           

 

                                                           and                           

                                                                                                                                  
                                                                                                                                  
                            
 

   

                            
 

          
 

 
                    and             

 

          
 

 
   

 

(e) Average or Mean Operators 

 The average or mean operator   is defined by the following relation:    

 

                                                                                                                                                   

 

 

3.3  Important Relations between Operators: 

(a) Relationship between        : 

    We know that                                  

                              

                                                              

    

                                                                                                                        

                                                     

(b) Relationship between        : 

  We know that                                  

 

                                                
 

                                                                                                   
 

                                                                                                             

   ≡  𝑬  𝟏 𝑬 ≡ 𝟏    

𝛁  ≡  𝟏  𝑬 𝟏 𝑬 𝟏  ≡ 𝟏  𝛁 

𝑬𝒇 𝒙  𝒇 𝒙  𝒉  
𝑬 𝟏𝒇 𝒙  𝒇 𝒙  𝒉  

 𝑬𝒏𝒇 𝒙  𝒇 𝒙  𝒏𝒉  

𝛍𝒇 𝒙  
𝟏

𝟐
 𝒇 (𝒙  

𝒉

𝟐
)  𝒇 (𝒙  

𝒉

𝟐
)  

 𝑬 𝒏𝒇 𝒙  𝒇 𝒙  𝒏𝒉  
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(c) Relationship between        : 

                We know that             (  
 

 
)   (  

 

 
) 

 

                                                    
 

        
 

                

            

                                                   ( 
 

    
 

 )      

 

                                                                                

 

                                   ≡ ( 
 

 )
 

 (  
 

 )
 

    
 

    
 

               [                  ] 

 

                                  

 

(d) Relationship between        : 

                We know that            
 

 
* (  

 

 
)   (  

 

 
)+ 

 

                                                  
 

 
* 

 

        
 

     +            

           

                                                  
 

 
* 

 

    
 

 +      

 

                                                                                                

 

 

                                  ≡
 

 
[( 

 

 )
 

 (  
 

 )
 

    
 

    
 

 ]           [                  ] 

                     

                               

 

(e) Relationship between        : 

                We know that                 ≡  
 

 
          

 

                                         ≡  
 

 
            

 

                                         ≡  
 

 
                                       

                                                      ≡  
 

 
             

                                   

                                                 

𝜹  ≡  𝑬
𝟏

𝟐  𝑬 
𝟏

𝟐 

𝝁  ≡  
𝟏

𝟐
*𝑬

𝟏

𝟐  𝑬 
𝟏

𝟐+ 

𝝁𝟐   ≡ 𝟏   
𝟏

𝟒
𝛿 

 

𝜹𝟐   ≡  𝑬  𝑬 𝟏  𝟐 

𝝁𝟐   ≡  
𝟏

𝟒
 𝑬  𝑬 𝟏  𝟐  
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Example 3.3.1: Prove the given relation between difference operators:                                              

(i)   ≡                                                     (ii)         ≡
 

 
       

Solution:  We Know that:     

     ≡                                                   ≡      

    ≡                                               ≡       

    ≡   
 

    
 

                                         ≡          

    ≡  
 

 
  

 

    
 

                                       ≡  
 

 
[       ] 

Proof-(i)   We know that: 

                                            ≡  
 

    
 

  

                                       ≡ ( 
 

    
 

 )
 

                                 

                                       ≡ ( 
 

 )
 

    
 

    
 

  (  
 

 )
 

           

                        

                                       ≡         

 

Proof-(ii)  We start as follows: 

                          ≡    ≡
 

 
( 

 

    
 

 )  ( 
 

    
 

 )                                    

                 

                                        ≡
 

 
[( 

 

 )
 

 (  
 

 )
 

]     

 

                                        ≡
 

 
                 

 

                                        ≡
 

 
                                             ≡      

 

                                        ≡
 

 
                                              ≡         

 

                                        ≡
 

 
     ≡       

 

Example 3.3.2: Prove that:   ≡    , where   is differentiation operator. 

Solution: We Know that: 

                                                                                                               [Using Taylors Series] 

 

                                                        
  

  
       

  

  
                   

 

                                                        
  

  
       

  

  
           

 

                                            *       
     

  
 

     

  
    +      

 

                                                                ≡               
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3.4  Newton’s Forward Difference Interpolation Formula 

              When step-size h has same value for all intervals as follows: 

       Let         ,           be a function then we can write:  

 

                                

                                                    

 

       Suppose we wish to evaluate      for                
    

 
,     we know that:         

 

                                                                & (Binomial Theorem) 
                                               

                                            
      

  
   

           

  
       

                   ̅̅ ̅̅ ̅̅  

  
             

   

                                
      

  
        

           

  
            

 

                                                    
                   ̅̅ ̅̅ ̅̅  

  
        

           

                          ∑ ( 
 
) 

           

 

            This is Newton’s Forward Difference Interpolation Polynomial of degree n 

 

Note:  
 

(a) Newton’s Forward Difference Interpolation Polynomial of Degree 1: (Taking    ) 

                             
 

(b) Newton’s Forward Difference Interpolation Polynomial of Degree 2: (Taking    ) 

                                         
      

  
        

 

(c) Newton’s Forward Difference Interpolation Polynomial of Degree 3: (Taking    ) 
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Example 3.4.1: Use Newton’s Forward Difference Interpolation Formula to construct interpolating 

polynomials of degree 1, 2 and 3 for the following data. Approximate the specified value using each of the 

polynomials:                    ,        ,       ,          

 

Solution: Let us construct forward difference table 

                           

            

           

        

        

 

Here:         ,         and so                            

 

Newton’s Forward Difference Interpolation Polynomial of Degree 1 

Taking,     ,         and so      in       we get: 

 

                                                                          

                                                                            

                                                                                                       (This is Polynomial of Degree 1) 

                                                             
 

Newton’s Forward Difference Interpolation Polynomial of Degree 2 

Taking,     ,         and      in       we get: 

                             
      

  
        

                                                               
      

  
        

                                                
      

  
      

                                                     

                                                   

                                                                                               (This is Polynomial of Degree 2) 

                                                            

                                               
 

Newton’s Forward Difference Interpolation Polynomial of Degree 3 

Taking,     ,         and      in       we get: 

                                                         
      

  
        

           

  
        

                                                              
      

  
       

           

  
       

                                               
      

  
     

           

  
     

                                                                 

                                                              

                                                             

                                                                                      (This is Polynomial of Degree 3) 
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3.5  Newton’s Backward Difference Interpolation Formula 

              When step-size h has same value for all intervals as follows: 

       Let         ,           be a function then we can write:  

 

                                

                                                    

 

  Suppose, we wish to evaluate      for                
    

 
   we know that:         

 

                                                                                  
 

 

                                             
      

  
   

           

  
       

                   ̅̅ ̅̅ ̅̅  

  
             

 

 

                                       
      

  
        

           

  
            

 

 

                                                              
                   ̅̅ ̅̅ ̅̅  

  
        

 

 

                               ∑      (  
 
) 

           

 

 

This is Newton’s Backward Difference Interpolation Formula. 

 

 

 

 

============================================================================= 

Binomial Theorem: 

                                  
      

  
   

           

  
       

                   ̅̅ ̅̅ ̅̅  

  
         

 

                                 
      

  
   

           

  
       

                   ̅̅ ̅̅ ̅̅  

  
         

============================================================================= 
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Example 3.5.1: The population of a town is given. Estimate the population for the year 1975. 

  

Years:   1941 1951 1961 1971 1981 1991 

Population(in million):      20 24 29 36 46 51 

 

Solution: Since the value to be interpolated is at the end of the table therefore we use Newton’s Backward 

Difference Interpolation Formula. Let us construct backward difference table: 

 

                                         

        1941 

         1951 

          1961 

           1971 

             1981 

                 1991 

 

 Here,                     then               
    

 
 

         

  
      

 

Applying Newton’s Backward Difference Interpolation Formula of degree 5: 

 

                                        
      

  
        

           

  
        

 

 

                                                               
                

  
        

                     

  
        

 

 

                              
            

 
     

                    

 
     

 

 

                                        
                            

  
     

 

 

                                        
                                    

   
     

 

 

                           Millions 

 

 

 

 

 

 

 

 

 

 



Dr Hashim Khan_Chapter-3_MATH-316_Numerical Analysis-1_Academic Year: 2023-3  

 

 

 
 D r  H a s h i m  K h a n ,  J a z a n  U n i v e r s i t y 

 
           Page-16 

3.6  Lagrange Interpolating Polynomial of Degree n: 

                  When step-size h may not necessarily having same value for all intervals: 

       Let        ,           be a function given by the following table:  

 

                     

                                         

                  

    

We can represent      by a polynomial of degree   as follows: 

         

                 
     

                                                                                                      

 

Also, more conveniently, in the following form: 

 
                                                               

 

                                                                                  

                                                                                                                                                                       

  

Here,                are chosen such that the function      satisfies the data (given in the above table). 

 

From equation      we have- 

 

                                                             
     

                             
 

 

                                                             
     

                             
 

                                                                                                                                          

                                                           
     

                               
 

 

Now substitute the value of               into equation      , we get:    

   

                  
                         

                             
       

                         

                             
       

                           

                        +
                         

                             
         

                           

                               
            

 

   

                                                                                  

 

   

               ∑            
 
                                                                                                                          

 

   This is Lagrange Interpolating Polynomial of Degree n 
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(a) Lagrange Interpolating Polynomial of Degree 1: 

         Since,  
        

                   

        

Taking      in equation-(3), we get: 

 

                                      ∑            
 
    

 

                                                           

 

                                   
      

       
       

      

       
       

  

Example 3.6.1: If         and        , then the Lagrange’s interpolating polynomial of degree 

one is given by:    

           

(a)                         (b)                        (c)                             (d)      

Solution:  Given that  

       

        

           

             

 

The Lagrange’s interpolating polynomial of degree one is given by:    

 

                                                             

 

                                   
      

       
       

      

       
       

 

                                   
        

         
     

        

         
     

 

                                   
     

    
     

     

   
     

 

                                             

 

                                        

 

Example 3.6.2: Determine the linear Lagrange Interpolating polynomial that passes through the points                   

                 
Solution: Given that  
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The Lagrange’s interpolating polynomial of degree one is given by:    

 

                                                             

 

                                   
      

       
       

      

       
       

 

                                   
     

     
     

     

     
     

 

                                   
     

    
     

     

   
     

 

                                    
  

 
 

  

 
 

 

 
 

 

 
      

 

Example 3.6.3: 

 
Solution: Given that  

          

           

                        

                   

 

(a) The Lagrange’s interpolating polynomial of degree two is given by:    

                                                                         

 

                                   
            

              
       

            

              
       

            

              
       

 

                                   
             

             
 (

 

 
)  

          

                
 (

 

  
)  

             

             
 (

 

 
) 

 

                                   
 

 
              

  

   
           

 

  
              

 

                                   
 

  
   

  

  
  

  

  
              

             

(b) Taking     in Lagrange’s interpolating polynomial of degree two obtained in (a), we get 
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Example 3.6.4: Explain and illustrate Lagrange’s Interpolation Method to approximate      for the 

given table:                                                                                                                            

        

             

Solution: We have 

          

        

             

                   

 

Using Lagrange Interpolating Polynomial- 

 

                                                 

                  
            

              
       

            

              
       

            

              
       

                           

                 
            

            
     

           

           
      

           

           
      

                        

                 
 

 
     

  

  
      

  

 
      

 

                    

 

Example 3.6.5: Use Lagrange Interpolating Polynomial to approximate          if      

                                

                                                                             

 

Solution: We have 

             

                  

                                 

                         

 

Using Lagrange Interpolating Polynomial- 
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Example 3.6.6: Use Lagrange Interpolating Formula to find Polynomial      and hence approximate 

       if,                                          

 

Solution: We have 

             

          

                

                         

 

We know that the Lagrange Interpolating Polynomial of degree 3 is given by: 

                                                               

 

 

              
                  

                     
       

                  

                     
       

                           

                        
                  

                     
       

                  

                     
         

    
                                    

            
                 

                 
     

                 

                 
     

                 

                 
      

 

                        
                 

                 
       

 

 

            
(             )

   
     

(          )

 
     

(         )

  
      

(         )

  
       

 

                       

              (
 

   
 

 

 
 

  

  
 

   

  
)    (

   

   
 

   

 
 

   

  
 

    

  
)   (

  

   
 

  

 
 

  

  
 

   

  
)   (

   

   
) 
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3.7  Newton’s Divided Difference Interpolation Formula:   

                  When step-size h may not necessarily having same value for all intervals. 

  Let         ,           be a function then we can write:  

                     

                                         

 

We first need to introduce the divided-difference notation, which are as follows: 

 

(a) Zeroth Divided Difference of the Function     : 

 

                                       

           ,                ,              ,…,             

 

(b) First Divided Difference of the Function     : 

          [        ]  
             

       
 ,                         

 [      ]  
           

     
,       [      ]  

           

     
,        …     ,  [        ]  

             

       
 

 

(c) Second Divided Difference of the Function     : 

         [              ]  
 [          ]  [        ]

       
 ,                         

               [          ]  
 [      ]  [      ]

     
,   [          ]  

 [      ]  [      ]

     
, …, 

       [              ]  
 [        ]  [          ]

       
 

 

(d)  nth
  Divided Difference of the Function     : 

  [               ]  
                [             ]

     
                 (Single value) 

(e) Divided Difference Table: 
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(f) Newton’s Divided Difference Interpolation Formula:   

We know that-             
          

    
                                                                        

 

From second divided difference, we can write: 

 

              
                   

    
                                                               

From     and    , we have- 

 

 

                                                                                           

From third divided difference, we can write: 

 

                       
                           

    
   

                                                                                                                     
 

From            , we have- 

 

                                                  
 

                                                                                            
 

Similarly, we can write: 

 

                                                  
 

                                                                                          
 

                                                                                                  
 

Continuing in this manner, we can get Newton’s Divided Difference Interpolation Formula of degree   as 

follows: 

 

                                                                                   
                                                                                                
                                                                                                  
                                                      +                                             
 

 

 

OR 

  

 

 

 

 

𝒇 𝒙  𝑷𝒏 𝒙  𝒇 𝒙𝟎    𝒙  𝒙𝟎  𝒙  𝒙𝟏   𝒙  𝒙𝒌 𝟏 

𝒏

𝒌 𝟏

 𝒇 𝒙𝟎 𝒙𝟏   𝒙𝒌  
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Example 3.7.1: Construct the Newton’s Divided Differences Table for the following data:   

                           

           

                       

 

Solution: Let us Construct Newton’s Divided Difference (DD) Table:  

                       

        1
st
    2

nd
    3

rd
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Example 3.7.2: Use Newton’s Divided Difference Interpolation Formula to approximate        if                                     

                                                             and                                    

Solution: Construct Newton’s Divided Difference (DD) Table:  

 

        Newton’s 1
st
    Newton’s 2

nd
    Newton’s 3

rd
    Newton’s 4

th
    

 

             

          

   
     

   

                 

    
    

  

           

    
     

      

    
   

 

                   

    
    

    

    
   

            

     
     

      

    
   

 

                   

     
    

  

            

     
     

   

               

 

 

From Newton’s divided difference (DD) table, we have: 

 

         ,               ,                 ,                    and                     

 

Substitute these in the Newton’s divided difference interpolation formula, we get- 
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Example 3.7.3: Use Newton Divided Difference Interpolating Formula to find Polynomial      and 

hence approximate        if                                                             
                           

 

 

Solution: Le us Construct Newton’s divided difference (DD) table:  

 

        Newton’s 1
st
  

   

Newton’s 2
nd

  

   

Newton’s 3
rd

 

   

Newton’s 4
th

 

   

 

Newton’s 5
th

 

   

 

             

         

   
    

    

               

   
    

   

          

   
    

      

    
   

  

                

    
    

    

    
   

 

          

    
     

      

    
   

    

    
   

                  

    
    

    

    
   

 

           

     
     

      

    
   

  

                   

     
    

   

            

     
     

    

                

From Newton’s divided difference (DD) table, we have: 

 

        ,               ,                  ,                     and                     

 

Substitute in Newton’s divided difference interpolation formula: 
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Example 3.7.4: Use Newton Divided Difference Interpolating Formula to show that the polynomial 

interpolating the following data has degree 3.                                                                        

                           

 

 

Solution: Construct Newton’s Divided Difference (DD) Table:  

 

        Newton’s 1
st
    Newton’s 2

nd
    Newton’s 3

rd
    Newton’s 4

th
    

 

            

         

   
    

   

               

   
    

  

          

   
    

      

    
   

 

                

    
    

    

    
   

          

    
     

      

    
   

 

                  

    
    

    

    
   

           

     
     

      

    
   

 

                   

     
    

  

            

     
     

   

               

 

From Newton’s divided difference (DD) table, we have: 

 

        ,               ,                  ,                     and                     

 

 

Substitute in Newton’s divided difference interpolation formula: 
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3.8  Inverse Interpolation:  

 

           Let         ,           be a function then we can write:  

                     

                                         

                  

 

Definition: The process of estimating the value of   for the value of y not in the table is called Inverse 

Interpolation. 

 

For the sake of simplicity,   Let         ,           be a function then we can write:  

 

                                         

                     

                                         

                  

 

Working Rule: When the values of   are unevenly spaced then we can use the following Inverse 

Interpolation Formula: 

(a)  Lagrange Inverse Interpolating Formula: 

 

                    ∑            
 
    

 

                                                                  

                      
                         

                             
       

                         

                             
       

                           

                                    +
                         

                             
         

                           

                               
                             

 

        This is Lagrange Interpolating Polynomial of Degree n for Inverse Interpolation 

 

(b) Newton’s Divided Difference Inverse Interpolating Formula: 

                                                                                               
                                                                                                         
                                                                                                          
                                                              + …              …             …            …            …            … 

                                                              +                                             

 

This is Newton’s Divided Difference Interpolating Polynomial of Degree n for Inverse Interpolation 

 

 



Dr Hashim Khan_Chapter-3_MATH-316_Numerical Analysis-1_Academic Year: 2023-3  

 

 

 
 D r  H a s h i m  K h a n ,  J a z a n  U n i v e r s i t y 

 
           Page-28 

Example 3.8.1: Using Lagrange Inverse Interpolating Formula, find the value of    for           , If  

           ,            ,           and            

Solution: Rewriting in tabular form- 

   

                               

              

                            

              

 

Using Lagrange Inverse Interpolating Formula 

 

                        (  )         (  )         (  )         (  ) 

 

                      
                  

                     
       

                  

                     
       

 

                           

                            +
                  

                     
       

                  

                     
       

 

 

                      
                                 

                                    
      

                                 

                                    
      

 

                           

                            +
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Example 3.8.2 Use Newton’s Divided Difference Inverse Interpolation Formula to find the 

value of   for          from the given data:                ,          & 

        .               

Solution: Construct Newton’s Divided Difference (DD) Table:  

 

        Newton’s 1
st
    Newton’s 2

nd
    Newton’s 3

rd
    

     0    

   
   

     
 

 

  
   

       3  

 

   
 

 

  

     
  

 

      
  

   
   

       
 

 

   
  

 
 

       
 ( 

 

      
)

     
   

 

 
       5  

 

   
 

 

   

       
  

 

       
  

   
   

       
 

 

   
   

       7    

 

Newton’s Inverse Divided Difference Interpolation Formula:             

 

 

                                                                
                                                                                                         
 

 

                          (
 

  
)                ( 

 

      
)            
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Example 3.8.3: Use appropriate Lagrange’s Interpolating Method to find the time   when                   

distance            kms from the following data. 

 

 

 

Solution:   We have 
 
                   

                     

 

          

 

Given               and        

          

Using Lagrange Inverse Interpolating Formula 

 

                                                           

 

                      
                  

                     
       

                  

                     
          

      

                            +
                  

                     
       

                  

                     
       

 

                      
                         

                   
     

                        

                     
        

               

                            +
                        

                     
     

                       

                       
     

 

                          
  

 
 

 

 
 

 

                      
  

 
            Second 

 

 

 

 

 

 

 

   (in second)         

         (in kms)             
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Example 3.8.4: Use appropriate Newton’s Divided Difference Interpolating Formula to find the time 

  when distance            kms from the following data. 

 

 

Solution:   We have 
 
                   

                     

 

          

 

Given               and        

 

Construct Newton’s Divided Difference (DD) Table:  

 

        Newton’s 1
st
    Newton’s 2

nd
    Newton’s 3

rd
    

          

      

    
 

 

  
 

  

          

  
 

 

  

    
 

  

    
 

 

      

     
 

 

  
 

   

     
 

  

    

     
 

 

      
 

          

  
 

 

  

      
 

  

     
 

 

      

      
 

 

  
 

  

            

 

From Newton’s divided difference (DD) table, we have: 

 

                   ,            
 

  
,               

  

    
,                  

 

      
  

 

Substitute these in the Newton’s divided difference interpolation formula, we get- 

 

                                                                                  
                                                                                        
 

                                    (
 

  
)                 (

  

    
) 

                        (
 

      
) 

    

                            
 

 
             Second 

 

 

   (in second)         

         (in kms)             
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Exercise 1:  Interpolation 

 

Type-I: Choose the correct answer: (Questions 1-6) 
 

1. The relation between operators:  ( 
 

    
 

 ) ≡ 

(a)                                               

(b)                                             

(c)     

(d)  None of these 
 

2.  The expression:            is equal to:                                                                                                                       

(a)                                                                            

(b)           
(c)                                                                           

(d)  None of these 
 

3. The relation between operators:     ≡: 

(a)                           

(b)                          

(c)                       

(d)  All of these 
 

4.  If         and         , then the Lagrange’s interpolating polynomials of 

degree one is given by :                   

(b)                                        

(c)                                       

(d)        

(e)        
 

5.  If               ,        and         then  Newton’s Divided Difference 

Interpolation Formula will approximate       by: 

(a)  4                                   

(b)                                                 

(c)    

(d)  7 

 

6.  If         ,       ,        and          then from  Forward Difference 

Table,         is equal to: 

(a)                                         

(b)                                                  

(c)      

(d)  31 
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Type-II: Solve the following:  (Questions 7 -16) 

7. Prove the following relations between operators with usual notations: 

(a)    ≡         

(b)     ≡   ≡    

(c)      ≡                                          

(d)     ≡
 

 
      

(e)   ( 
 

    
 

 )      
 

 ≡            

(f)      ≡
 

 
 

 

 
           

(g)            ≡   

 

8. For  the following data:  

(a) Approximate         using Newton forward-difference formula 

(b) Approximate         using Newton backward-difference formula

 
9. Use appropriate Lagrange interpolating polynomials of degree one, two and three to 

approximate each of the following: 

 
 

10.  Use appropriate Lagrange interpolating polynomials of degree one, two and three to 

approximate each of the following: 

 
 

11.  Show that the polynomial interpolating the following data has degree 3. 
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12.  For a function  , the Newton divided-difference formula gives the interpolating 

polynomial 

 
 

13.  For a function  , the divided differences are given by  

 
Determine the missing entries in the table. 

 

14.  A census of the population of the United States is taken in every    years. The following 

table lists the population, in thousands of people, from              

 
Use Newton divided-difference formula to approximate the population in the year 

    . 

 

15. Using Newton’s Divided Difference Interpolating Formula, find the value of    for 

          , If             ,            ,           and            

 

16.  Use Newton’s Divided Difference Interpolating Formula to find a polynomial function 

satisfying the following data:                           ,         and 

         . Hence find      . 
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4.1  Direct Formulae for Numerical Differentiation:   

(a) Formulae for Derivatives using Forward Difference Operator: 

We know that the Newton’s Forward Difference Interpolation formula is given by- 

 

      ( )   (  )     (  )  
 (   )

  
   (  )  

 (   )(   )

  
   (  )                    ( ) 

 

Where,                                      
    

 
                                                                       ( ) 

Differentiating     ( ) with respect to   ,  we get- 

 

          
 

  
 ( )    (  )  

(    )

 
   (  )  

(        )

 
   (  )                            ( ) 

 

Differentiating      ( ) with respect to   ,  we get- 

 

                                              
  

  
 

 

 
                                                                             ( ) 

Now we can write              

   

                   ( )  
 

  
 ( )  

 

  
, ( )-  

  

  
 

 

 

                   ( )  
 

 
0  (  )  .

    

 
/    (  )  .

        

 
/   (  )       1                ( ) 

 

Expression ( ) provides the value of   ( ) at any   (which is not tabulated) 

 

    

For tabulated values of  :   

                                                    In particular when       and       Expression ( ) 

provides the value of   ( ) for any tabulated value of   such that- 

 

 

 

                                                                                                                                           ( ) 

 

  

Differentiating      ( ) with respect to  ,  we get- 

 

 𝒇 (𝒙𝟎)  
𝟏

𝒉
0 𝒇(𝒙𝟎) −

𝟏

𝟐
 𝟐𝒇(𝒙𝟎)  

𝟏

𝟑
 𝟑𝒇(𝒙𝟎) −

𝟏

𝟒
 𝟒𝒇(𝒙𝟎)  

𝟏

𝟓
 𝟓𝒇(𝒙𝟎) −     1 
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           ( )  
 

  
  ( )  

 

  
,  ( )-  

  

  
 

 

             
 

 
0   (  )  ( −  )   (  )  .

          

  
/   (  )       1

 

 
 

   

           ( )  
 

  
0   (  )  ( −  )   (  )  .

          

  
/   (  )       1                ( ) 

 

                

  Putting              in     ( ), we get- 

 

  

 

                    ( ) 

 

 

    

Similarly, we can get- 

 

 

                    ( ) 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 𝒇  (𝒙𝟎)  
𝟏

𝒉𝟐
0 𝟐𝒇(𝒙𝟎) −  𝟑𝒇(𝒙𝟎)  

𝟏𝟏

𝟏𝟐
 𝟒𝒇(𝒙𝟎) −

𝟓

𝟔
 𝟓𝒇(𝒙𝟎)  

𝟏𝟑

𝟑𝟔
 𝟔𝒇(𝒙𝟎)       1 

 

 

 𝒇   (𝒙𝟎)  
𝟏

𝒉𝟑
0 𝟑𝒇(𝒙𝟎) −

𝟑

𝟐
 𝟒𝒇(𝒙𝟎)       1 
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Example 4.1.1:  Given:        then show that :      

                                                                                       

             (  )  
 

 
0  (  ) −

 

 
   (  )  

 

 
   (  ) −

 

 
   (  )  

 

 
   (  ) −    1 

 Solution:        Given                                                                                               ( ) 

   

                We know that                                                                                       ( )                   

 

From equations  ( ) and  ( )  we can write: 

  

                                                                                                                             ( ) 

 

Taking     on both side of equation  ( ), we get- 

                                                     

                                                 ( 
  )      (   )             [    ( 

  )    (   )] 
                                         

                                              ( )      (   ) 

 

                                (   )                     ,     ( )   - 
  

                            
 

 
,    (   )- 

                   

 We know that,                    (   )   −
  

 
 

  

 
−

  

 
 

  

 
−   

 

  Thus,                   
 

 
0 −

  

 
 

  

 
−

  

 
 

  

 
−   1 

                                           

    

                 (  )  
 

 
0 −

  

 
 

  

 
−

  

 
 

  

 
−  1  (  ) 

 

    

                 (  )  
 

 
0  (  ) −

 

 
   (  )  

 

 
   (  ) −

 

 
   (  )  

 

 
   (  ) −    1 

 

   This is required answer. 

 

Note:  We know that         
 

 
0 −

  

 
 

  

 
−

  

 
 

  

 
−  1 

 

                                       
 

  0 
 −    

  

  
  −

 

 
   

  

  
        1 
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                        (  )  
 

  0   (  ) −    (  )  
  

  
   (  ) −

 

 
   (  )  

  

  
   (  )       1 

 

Moreover,          
 

  0 
 −

 

 
        1 

 

                        (  )  
 

  0   (  ) −
 

 
   (  )       1 

 

 

 

Example 4.1.2:  Use the forward difference formulas to determine approximations for 

  (   ) and   (   ) from the following data: 

 

                  

 ( )                             

 

Solution:  Construct Forward Difference Table: 

 

    ( )   ( )    ( )    ( ) 

              −       −              

              −       −        

              −         

                 

 

Case-1:              Here-                     

 

 Writing the forward difference formula for First derivative-  

 

                                        (  )  
 

 
0  (  ) −

 

 
   (  )  

 

 
   (  ) 1 

 

 

                                      (   )  
 

   
0  (   ) −

 

 
   (   )  

 

 
   (   ) 1 

 

 

From Table      (   )  −      ,         (   )  −                 (   )         

         

 Thus,  

                                      (   )  
 

   
0−      −

 

 
(−      )  

 

 
(      ) 1 

 

 

                                      (   )  −         
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Case-2:              Here,            and       

 

 Writing the formula for First derivative-  

 

                                      (  )  
 

 
0  (  ) −

 

 
   (  ) 1 

 

 

                                      (   )  
 

   
0  (   ) −

 

 
   (   ) 1 

 

 

From Table,          (   )  −      ,         (   )  −               

         

 Thus,  

                                      (   )  
 

   
0−      −

 

 
(−      ) 1 

 

                                      (   )  −    

 

 

 

 

Example 4.1.3:  Use the forward difference formulas to approximate    (   ) and 

    (   ) from the following data: 

 

                  

 ( )                             

 

Solution:  Construct Forward Difference Table: 

 

    ( )   ( )    ( )    ( ) 

              −       −              

              −       −        

              −         

                 

 

Case-1:              Here-                     

 

 Writing the forward difference formula for second derivative-  

 

                                     (  )  
 

  
,   (  ) −    (  ) - 
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                                   (   )  
 

(   ) 
,   (   ) −    (   ) - 

 

 

From Table,            (   )  −                 (   )         

 

         

 Thus,  

                                       (   )  
 

(   ) 
,−      −        - 

 

                                       (   )  −    

 

 

Case-2:              Here-                     

 

 Writing the forward difference formula for third derivative-  

 

                                          (  )  
 

  
,   (  ) - 

 

         

                                       (   )  
 

  
,   (   )- 

 

 

     From Table-               (   )         

         

         Thus,  

                                        (   )  
 

(   ) 
,      - 

 

    

                                        (   )      
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Example 4.1.4: Use Forward Difference Formulae to approximate   ( ) and     ( )  from 

the following table.                                          

            
 ( )                          

 

Solution:  Construct Forward Difference Table: 

 

 

 

To Find   ( ):              Here-          and       

 

 Writing the forward difference formula for first derivative-  

 

  ( )  
 

 
[  ( ) −

 

 
   ( )  

 

 
   ( )] 

 

                                  ( )  
 

 
0−   −

 

 
(   )  

 

 
(−   )1 

 

                                  ( )  −            

 

To Find    ( ):              Here-          and       

 

 Writing the forward difference formula for second derivative-  

 

   ( )  
 

  
[   ( ) −    ( )  

  

  
   ( )  ] 

                          

                                 ( )  
 

  
0   − (−   )  

  

  
(   )  1 

                                                    
                                 ( )              

 

 

 

 

Forward Difference Table 

    ( )   ( )    ( )    ( )    ( ) 

          −         −        

          −        −     

          −          

          −       
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(b) Formulae for Derivatives using Backward Difference Operator:   

We know that the Newton’s Backward Difference Interpolation formula is given by- 

 

       ( )   (  )     (  )  
 (   )

  
   (  )  

 (   )(   )

  
   (  )                        ( ) 

 

                                      
    

 
                                                                            ( ) 

Differentiating     ( ) with respect to   ,  we get- 

 

          
 

  
 ( )    (  )  

(    )

 
   (  )  

(        )

 
   (  )                          ( ) 

Differentiating     ( ) with respect to   ,  we get- 

 

                                        
  

  
 

 

 
                                                                                  ( ) 

Now we can write-                          

                                  ( )  
 

  
 ( )  

 

  
, ( )-  

  

  
 

 

      

                  ( )  
 

 
0  (  )  .

    

 
/   (  )  .

        

 
/   (  )       1               ( ) 

 

 Expression ( ) provides the value of   ( ) at any   (which is not tabulated) 

 

    

For tabulated values of  :   

                                                In particular when       and     .  Expression ( ) 

provides the value of   ( ) for any tabulated value of   such that- 

 

 

 

                                                                                                                                            ( ) 

 

             

Differentiating     ( ) with respect to  ,  we get- 

                  

                           ( )  
 

  
  ( )  

 

  
,  ( )-  

  

  
 

 

 

 𝒇 (𝒙𝒏)  
𝟏

𝒉
0𝛁𝒇(𝒙𝒏)  

𝟏

𝟐
𝛁𝟐𝒇(𝒙𝒏)  

𝟏

𝟑
𝛁𝟑𝒇(𝒙𝒏)  

𝟏

𝟒
𝛁𝟒𝒇(𝒙𝒏)  

𝟏

𝟓
𝛁𝟓𝒇(𝒙𝒏)       1 
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          ( )  
 

 
0   (  )  (   )   (  )  .

          

  
/   (  )       1

 

 
 

 

                 ( )  
 

  
0   (  )  (   )   (  )  .

          

  
/   (  )       1         ( ) 

 

            

  Putting              in     ( ), we get- 

  

 

 

                     ( ) 

 

 

  Similarly, we can get- 

 

 

 

                      ( ) 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 𝒇  (𝒙𝒏)  
𝟏

𝒉𝟐
0𝛁𝟐𝒇(𝒙𝒏)  𝛁𝟑𝒇(𝒙𝒏)  

𝟏𝟏

𝟏𝟐
𝛁𝟒𝒇(𝒙𝒏)  

𝟓

𝟔
𝛁𝟓𝒇(𝒙𝒏)  

𝟏𝟑

𝟑𝟔
𝛁𝟔𝒇(𝒙𝒏)       1 

 

 

 𝒇   (𝒙𝒏)  
𝟏

𝒉𝟑
0𝛁𝟑𝒇(𝒙𝒏)  

𝟑

𝟐
𝛁𝟒𝒇(𝒙𝒏)       1 
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Example 4.1.5:  Use the Backward difference formulas to determine approximations for 

  (   ) and   (   ) from the following data: 

                  

 ( )                             

 

Solution:  Construct Backward Difference Table: 

    ( )   ( )    ( )    ( ) 

                 

              −         

              −       −        

              −       −              

 

Case-1:              Here-                        

 

Writing the backward difference formula for first derivative-  

 

                                  (  )  
 

 
0  (  )  

 

 
   (  )  

 

 
   (  )1 

                                      

                                (   )  
 

 
0  (   )  

 

 
   (   )  

 

 
   (   )1 

 

From Table-     (   )  −      ,         (   )  −                 (   )         

         

 Thus,                      (   )  
 

   
0−       

 

 
(−      )  

 

 
(      ) 1 

 

                                 (   )  −           

 

Case-2:             Here-                        

 

 Writing the formula for first derivative-  

 

                                  (  )  
 

 
0  (  )  

 

 
   (  )1 

 

                                (   )  
 

   
0  (   )  

 

 
   (   ) 1 

 

From Table-          (   )  −      ,         (   )  −               

         

 Thus,                      (   )  
 

   
0−       

 

 
(−      ) 1  −       
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4.2  Numerical Differentiation:   

(a) Using Lagrange Interpolating Polynomial 

Example 4.2.1: Obtain the cubic Lagrange’s interpolating polynomial from the following 

data: 

 

 

Hence approximate:   ( ),     ( ) and      ( ) 

 

Solution: Do Yourself 

 

 

(b)  Using Newton Divided Difference Interpolating Formula 

Example 4.2.2: Use Newton Divided Difference Interpolating Polynomial to 

approximate:    ( ) and     ( ) from the table:                                                                      

                           

 

 

Solution: Construct Newton’s Divided Difference (DD) Table:  

 
    , - Newton’s 1

st
    Newton’s 2

nd
    Newton’s 3

rd
    Newton’s 4

th
    

 

            

      −   

 −  
    

   

            −   

 −  
    

  

      −    

 −  
    

   −   

  −  
   

 

             −   

  −  
    

  −  

  −  
   

      −    

  −  
     

   −   

  −  
   

 

              −    

  −  
    

  −  

  −  
   

       −    

  −   
     

   −   

  −  
   

 

               −    

  −   
    

  

       −     

  −   
     

   

               

 

 

          

 ( )            

                 

 ( )                          
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From Newton’s divided difference (DD) table, we have: 

 

          ,  -    ,     ,     -    ,     ,        -    ,     ,           -    and       

    

          ,              -    

 

Substitute in Newton’s divided difference interpolation formula: 

 

   ( )   ,  -  ( −   ) ,     -  ( −   )( −   ) ,        - 
             

                          ( −   )( −   ) ( −   )  ,           - 
           

                         ( −   )( −   )( −   )( −   ) ,              - 
              

 

             ( )     ( −  )   ( −  )( −  )   ( −  )( −  )( −  )      

 

             ( )     ( −  )   (  −      )   (  −         −    )         

  

             ( )    −    

 

              ( )     −    

 

              ( )      −     

 

              ( )     

 

Next, 

 

               ( )    −   

 

               ( )     −   

  

               ( )     
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4.3  Exercise 4.1: Numerical Differentiation 

Type-I: Choose the correct answer:  (Questions 1 -3) 

 

1. Using Newton’s forward difference formula for derivative to find    (   ),  if  

  (   )       ,     (   )     ,     (   )        ,    (   )   , and       

 

(a)  4.00 

(b)  4.75 

(c)  3.75 

(d)  None of these 

            

2. Given:   (   )     ,     (   )  −   ,     (   )     ,      (   )      and 

step-size      , then the value of    (   ) is equal to: 

 

(a)   0.470833333 

(b)   4.708333333                 

(c)   47.08333333                   

(d)   470.83333333 

 

3. Using Newton’s forward difference formula for derivative to find     (   ),  if  

  (   )       ,     (   )     ,     (   )        ,    (   )   , and       

(a)  8.00 

(b)  6.00 

(c)  9.00 

(d)  None of these 

 

Type-II: Solve the following:  (Questions 4 -8) 

 

4. Use the forward difference formulas to approximate-  

(a)    (   ) 

(b)    (   ) 

(c)     (   ) 

(d)      (   ) 

From the given data: 

                              

 ( )                                                  
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5. Use the backward difference formulas to approximate-  

(a)    (   ) 

(b)    (   ) 

(c)     (   ) 

(d)      (   ) 

From the given data: 

                              

 ( )                                                  

 

6. Use appropriate interpolation formula to approximate- 

(a)    (   ) 

(b)     ( ) 

From the following table: 

                        

 ( )                             

 

7. Use appropriate interpolation formula to approximate- 

(a)   (   ) 

(b)    (   ) 

 From the following table 

                      

 ( )                                   

 

8. Use Newton’s Divided Difference Interpolating Formula to find a polynomial function 

satisfying the following data:  (− )        (− )      ( )   ,  ( )     and 

 ( )      . Hence approximate the following- 

(a)   (− ) 

(b)    (− ) 

(c)     ( ) 
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4.4  Numerical Integration: 

                      Consider a function of single variable,    ( ). If the function is known and 

simple, we can easily obtain its derivatives or can evaluate its definite integral. However, if 

we do not know the function as such or the function is complicated and is given in a tabular 

form      (  )               then we use only numerical methods for differentiation 

and integration.  

 

4.5  Newton-Cotes Integration Formula (General Quadrature Formula):  

             Let us consider a function    ( ) in the interval ,   -  

We divide the interval ,   - into   equal parts such that:   

 

                        
   

 
 ,                          ,               0   

   

 
      

   

 
 1 

We can write the function    ( ) as follows: 

 

                         

 (  )      (  )  (  )  (  )  (  )    ( ) 

                           

    ,     - ,     - ,     -     ,       -  are   subintervals.  

 

Suppose we wish to evaluate the definite integral- 

       

                    ∫  ( )   
 

 
 ∫  ( )   

     

  
 

 

                   Let           
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      When                                     

 

      When                              

Thus,  

                  ∫  ( )   
 

 
 ∫  ( )     ∫  (     )   

 

 

     

  
 

 

Now, substitute   (     ) from Newton’s Forward Difference Interpolation Formula, 

we have- 

          ∫  ( )   
 

 
 ∫  ( )   

     

  
 

 

             ∫ 0 (  )     (  )  
 (   )

  
   (  )  

 (   )(   )

  
   (  )  

 

 

                                            
  (   )(   )(   )

  
   (  )   1   

 

             ∫ 0 (  )     (  )  
(    )

 
   (  )  

(         )

 
   (  )  

 

 

                                            
(              )

  
   (  )   1    

Integrating with respect to   we get- 

           

             ∫  ( )   
 

 
 ∫  ( )   

     

  
 

 

       0  (  )  
  

 
  (  )  .

  

 
−

  

 
/   (  )  .

  

 
−      /

 

 
    (  )  

              .
  

 
−

   

 
−

  

 
  −     /

 

  
   (  )   1

 

 

 

Hence, 

 

 

 

 

 

 

 

 

This is Newton-Cotes General Quadrature Formula. 

 

 

      𝒉 6𝒏𝒇(𝒙𝟎)  
𝒏𝟐

𝟐
 𝒇(𝒙𝟎)  4

𝒏𝟑

𝟔
−
𝒏𝟐

𝟒
5 𝟐𝒇(𝒙𝟎)  4

𝒏𝟒

𝟒
− 𝒏𝟑  𝒏𝟐5

𝟏

𝟔
  𝟑𝒇(𝒙𝟎)    

 4
𝒏𝟓

𝟓
−
𝟑𝒏𝟒

𝟐
−
𝟏𝟏

𝟑
𝒏𝟑 − 𝟑𝒏𝟐5

𝟏

𝟐𝟒
 𝟒𝒇(𝒙𝟎)   7 

  𝑰  ∫ 𝒇(𝒙) 𝒅𝒙
𝒃

𝒂
 ∫ 𝒇(𝒙) 𝒅𝒙

𝒙𝒏

𝒙𝟎
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4.6  Trapezoidal Rule:  

        Taking     in Newton-Cotes General Quadrature Formula  

 
    The curve becomes straight line and thus we get- 

 

              ∫  ( )   
  

  
  0 (  )  

 

 
  (  )1 

 

                                     0 (  )  
 

 
 (  ) −

 

 
 (  )1        ,    (  )    (  ) −  (  )- 

 

              ∫  ( )   
  

  
 

 

 
, (  )   (  )- 

 

    Similarly, 

 

             ∫  ( )   
  

  
 

 

 
, (  )   (  )- 

 

             ∫  ( )   
  

  
 

 

 
, (  )   (  )-                     

                …         …           …              … 

           ∫  ( )   
  

    
 

 

 
, (    )   (  )- 

 

Adding up all above integrals-          

                                                                     

 ∫  ( )   
  

  
 

 

 
, (  )   (  )   (  )   (  )   (  )   (  )     (    )  

 (  )- 
 

 

 

  

 

This is Trapezoidal Rule. 

 

 

 𝒇(𝒙) 𝒅𝒙
𝒃

𝒂

 
𝒉

𝟐
*𝒇(𝒙𝟎)  𝒇(𝒙𝒏)  𝟐,𝒇(𝒙𝟏)  𝒇(𝒙𝟐)  𝒇(𝒙𝟑)    𝒇(𝒙𝒏 𝟏)-+ 
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Example 4.6.1:  Approximate ∫
  

    

 

 
 using Trapezoidal rule with   

 

 
    

 

Solution:      We can write the function   ( )  
 

    
 in tabulated form with   

 

 
             

                

                                         
   

 
                           

   

 
 

   
 

 

    

 

                

     

 
 

 

 
 

 

 
 

 

 
 

 ( )  
 

    
 

    

  
 

 

 
 

  

  
 

 

 
 

  (  )  (  )  (  )  (  )  (  ) 

 

 Using Trapezoidal Rule:       

 

                ∫  ( )   
 

 
 

 

 
[ (  )   (  )   , (  )   (  )   (  )-] 

 

                              ∫
  

    

 

 
 

 

 

 
[  

 

 
  0

  

  
 

 

 
 

  

  
1] 

 

               

                              ∫
  

    

 

 
 

 

 
[  

 

 
  0

    

   
1] 

 

 

                              ∫
  

    

 

 
 

 

 
0
    

   
1  
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Example 4.6.2:  Approximate the following integral using Trapezoidal rule with           

  ∫      (  )
 

 
    

 

Solution:   We have:                                             
   

 
 

   

 
 

 

 
 

 

Thus, we can write the function   ( )         (  ) in tabulated form with   
 

 
 

 
                   

     

 
 

  

 
 

  

 
 

  

 
 

  

 ( )        (  )               −          −                      −          

  (  )  (  )  (  )  (  )  (  )  (  ) 

 

Using Trapezoidal Rule:        

 

               ∫  ( )   
 

 
 

 

 
[ (  )   (  )   , (  )   (  )   (  )   (  )-] 

 

 

     ∫      (  )
 

 
     

 

  
[ −             ,          −           −

                                                                                -] 
 

 

     ∫      (  )
 

 
     

 

  
, −                      - 

 

      

     ∫      (  )
 

 
     −              
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4.7   Simpson’s One-Third Rule: 

 

    Taking     in Newton-Cotes General Quadrature Formula  

 

        The curve becomes quadratic polynomial and thus we get- 

 

          ∫  ( )   
  

  
  0  (  )  

  

 
  (  )  .

  

 
−

  

 
/    (  )1 

 

                                       [  (  )   , (  ) −  (  )-  
 

 
, (  ) −   (  )   (  )-] 

 

          ∫  ( )   
  

  
 

 

 
, (  )    (  )   (  )- 

 

      Similarly, 

                           

         ∫  ( )   
  

  
 

 

 
, (  )    (  )   (  )- 

 

 

         ∫  ( )   
  

  
 

 

 
, (  )    (  )   (  )- 

                           

                                       …      …                   …              … 

 

          ∫  ( )   
  

    
 

 

 
, (    )    (    )   (  )- 

 

      Adding up all above integrals- 

 

  ( )   
  

  

 
 

 
, (  )    (  )    (  )    (  )    (  )      (    )

   (    )   (  )- 
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This is Simpson’s 
 

 
 (One-Third) Rule. 

 

Example 4.7.1: Approximate ∫
  

    

 

 
 using Simpson’s 

 

 
 rule with    . Hence 

approximate the value of   

Solution:   We have          so      
   

 
 

   

 
 

 

 
 

 

                  Thus, We can write the function   ( )  
 

    
 in tabulated form with   

 

 
 

 

                

     

 
 

 

 
 

 

 
 

 

 
 

 ( )  
 

    
 

    

  
 

 

 
 

  

  
 

 

 
 

  (  )  (  )  (  )  (  )  (  ) 

Using Simpson’s 
 

 
 Rule:       

 

                       ∫  ( )   
 

 
 

 

 
[ (  )   (  )   , (  )-   , (  )   (  )-] 

 

                              ∫
  

    

 

 
 

 

 

 
[  

 

 
  0

 

 
1   0

  

  
 

  

  
1] 

 

                              ∫
  

    

 

 
 

 

  
[  

 

 
  0

 

 
1   0

   

   
1] 

 

                              ∫
  

    

 

 
                                                                         ( ) 

 

Deduction: We know that    ∫
  

    

 

 
 ,      -   

       ( ) −      ( ) 

          

                           ∫
  

    

 

 
 

 

 
                                                                                   ( ) 

 

From Equations ( ) & ( ), we get    
 

 
                                   

 

 

 ∫ 𝒇(𝒙) 𝒅𝒙
𝒃

𝒂
 

𝒉

𝟑
*𝒇(𝒙𝟎)  𝒇(𝒙𝒏)  𝟐,𝒇(𝒙𝟐)  𝒇(𝒙𝟒)  𝒇(𝒙𝟔)    𝒇(𝒙𝒏 𝟐)-  𝟒,𝒇(𝒙𝟏)  

                               𝒇(𝒙𝟑)  𝒇(𝒙𝟓)    𝒇(𝒙𝒏 𝟏)-+ 
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Example 4.7.2:  Approximate the following integral using Simpson’s 
 

 
 Rule with                     

                                         ∫ (        −       )
   

   
   

 

Solution:     We have:                                      

        

                                              
   

 
 

       

 
     

 

Thus, we can write the function   ( )          −         in tabulated form with 

       as follows: 

 

    ( )          −         

  

 

                   

 

 (  ) 

                   

 

 (  ) 

                   

 

 (  ) 

                   

 

 (  ) 

                  

 

 (  ) 

                   

 

 (  ) 

                   

 

 (  ) 

 

Using Simpson’s 
 

 
 Rule:       

 

           ∫  ( )   
 

 
 

 

 
* (  )   (  )   , (  )   (  )-   , (  )   (  )   (  )-+ 

 

         ∫ (        −       )
   

   
   

(   )

 
*                        

                         ,                      -   ,                        
                                       -+ 
 

         ∫ (        −       )
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4.8  Simpson’s Three-Eighth Rule: 

 

 Taking     in Newton-Cotes General Quadrature Formula  

       Here, the curve becomes a polynomial of degree 3. We divide the interval ,   - into 

  sub-intervals, where   is divisible by 3. 

 

 
 We consider three strips at a time. 

       

∫  ( )   
  

  
  0  (  )  

  

 
  (  )  .

  

 
−

  

 
/    (  )  .

  

 
−      /

 

 
    (  )1 

 

    

                       [  (  )  
 

 
, (  ) −  (  )-  

 

 
, (  ) −   (  )   (  )-  

                                                     
 

 
, (  ) −   (  )    (  ) −  (  )-] 

    

 

         ∫  ( )   
  

  
  0

 

 
 (  )  

 

 
 (  )  

 

 
 (  )  

 

 
 (  )1 

 

 

                               
  

 
* (  )   , (  )   (  )-   (  )+ 

Similarly,   

   

         ∫  ( )   
  

  
 

  

 
* (  )   , (  )   (  )-   (  )+ 

 

 

         ∫  ( )   
  

  
 

  

 
* (  )   , (  )   (  )-   (  )+ 
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            ∫  ( )   
  

    
 

  

 
* (    )   , (    )   (    )-   (  )+ 

 

Adding up all above integrals, we get- 

 

 

 

 

 

 

           

This is Simpson’s 
 

 
 (Three-Eighth) Rule. 

 

Example 4.8.1:  Approximate ∫
  

    

 

 
 using Simpson’s 

 

 
 rule with   

 

 
    

 

Solution:   We have           
 

 
   

                                                 
   

 
                           

   

 
 

   
 

 

   

Thus, we can write the function   ( )  
 

    
 in tabulated form with   

 

 
 

 

                      

     

 
 

 

 
 

 

 
 

 

 
 

 

 
 

 

 
   

 ( )  
 

    
 

    

  
 

  

  
 

  

  
 

  

  
 

  

  
 

 

 
 

  (  )  (  )  (  )  (  )  (  )  (  )  (  ) 

 

  Using Simpson’s 
 

 
 Rule:       

 

  ( )   
 

 

 
  

 
* (  )   (  )   , (  )-   , (  )   (  )   (  )   (  )-+ 

              

             ∫
  

    

 

 
 

 
 

 

 
2  

 

 
  0

  

  
1   0

  

  
 

  

  
 

  

  
 

  

  
13 

 

      

             ∫
  

    

 

 
 

 

  
2  

 

 
  0

  

  
1   ,         -3              

 

              

              

 

 𝒇(𝒙) 𝒅𝒙
𝒃

𝒂

 
𝟑𝒉

𝟖
*𝒇(𝒙𝟎)  𝒇(𝒙𝒏)  𝟐,𝒇(𝒙𝟑)  𝒇(𝒙𝟔)  𝒇(𝒙𝟗)    𝒇(𝒙𝒏 𝟑)-      

 𝟑,𝒇(𝒙𝟏)  𝒇(𝒙𝟐)  𝒇(𝒙𝟒)  𝒇(𝒙𝟓)    𝒇(𝒙𝒏 𝟏)-+ 
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Example 4.8.2:  Approximate the integral  ∫ (          )
 

 
    using Simpson’s 

 

 
 Rule 

with                                       

 

Solution:   We have:                                   

 

                                                      
   

 
 

   

 
 

 

 
 

 

Thus, we can write the function   ( )              in tabulated form with   
 

 
 

 

    ( )             

  

 

       

 

 (  ) 

    

 
 

           (  ) 

    

 
 

           (  ) 

    

 
 

           (  ) 

    

 
 

−            (  ) 

    

 
 

−           (  ) 

    

 
 

−            (  ) 

 

Using Simpson’s 
 

 
 Rule:       

 

   ∫  ( )   
 

 
 

  

 
* (  )   , (  )-   , (  )   (  )   (  )   (  )-   (  )+ 

 

 

  ∫ (          )
 

 
    

 (
 

 
)

 
 *,   (         )   (                   −

                                                                       −          ) −           -+ 
              

       

 ∫ (          )
 

 
     −            
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4.9  Exercise 4.2: Numerical Integration 

Type-I: Choose the correct answer: (Questions 1 -7) 

 

1. Trapezoidal rule is a special case of Newton-Cotes Integration Formula for    

(a)  1 

(b)  3 

(c)  2 

(d)  6               
   

2. Approximate the integral ∫    

  
    , using Trapezoidal rule with                                          

(a)  98 

(b)  115 

(c)  97 

(d)  None of these    

 

3. Simpson’s 
 

 
 rule is a special case of Newton-Cotes Integration Formula for    

(a)  1 

(b)  3 

(c)  2 

(d)  6      
            

4. Using Simpson’s 
 

 
 rule and the given table- 

      

 
 

 

 
 

 

 
 

 

 
 

 ( )  
 

    
 

    

  
 

 

 
 

  

  
 

 

 
 

  

The approximate value of the integral ∫
  

    

 

 
 is:                            

(a)                                

(b)                               

(c)              

(d)  None of these 

 

5. The value of the integral ∫  ( )
 

 
  , by Simpson’s 1/3 rule, using  ( ) ,  ( ) and  ( ) 

where,  ( )  −  ,  − ( −  ) -
 

 ⁄                 

(a)  1 

(b)  4 

(c)  6 

(d)  None of these          
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6. Identify the given Rule:  

                         ∫  ( )   
     

  
 

  

 
{
 (  )   , (  )   (  )   (  )   (  )     (    )-    

  , (  )   (  )   (  )     (    )-   (  )
} 

 

(a)  Trapezoidal Rule        

(b)  Simpson’s 
 

 
 Rule       

(c)  Newton-Raphson Rule 
(d)  None of these 

 

7. Simpson’s 
 

 
 rule is a special case of Newton-Cotes Integration Formula for    

(a)  1 

(b)  3 

(c)  2 

(d)  6 

Type-II: Solve the following:  (Questions 8 -15) 

 

8. Approximate the integral  ∫
 

   
  

 

 
  using Trapezoidal rule with        

 

9.  Approximate the integral  ∫         
 

  
  using Simpson’s 

 

 
 rule with        

 

10.  Approximate the integral  ∫
 

    
  

 

 
  using Simpson’s 

 

 
 rule with        

 

11.  Approximate the integral  ∫
 

    

 

 
    using Trapezoidal rule with        

 

12.  Approximate the integral  ∫
 

√    
  

 

 
  using Simpson’s 

 

 
 rule with        

 

13.  Approximate the integral  ∫
 

    

 

 
    using Simpson’s 

 

 
 rule with        

 

14.  Approximate the integral  ∫          
 

 
  using Trapezoidal rule with       

 

15.  Approximate the integral  ∫            
 

 
  using Simpson’s 

 

 
 rule with        
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5.1  Introduction: 

                              

Many problems in science and engineering when formulated in mathematical terms lead to 

ordinary differential equations with appropriate initial and/or boundary conditions. 

For example:  

 

 The trajectory of a ballistic missile 

 The motion of an artificial satellite in its orbit  

 Theories concerning electrical networks 

 Bending of beams 

 Stability of aircrafts etc.  

                                              are modeled by differential equations. 

In general, a linear or nonlinear ordinary differential equation can be written as- 

 

   

   
  (    

  

  
 
   

   
   

     

     
) 

 

(a) Initial Value Problem:  

 

    The first order ordinary differential equation of the form- 

 
  

  
  (   )                 ,               ( )    

             is called an Initial value problem.  

 

(b)  Reduction of a Higher Order ODE to a System of First Order ODE                

            Any higher order ordinary differential equation can be reduced to a system of first order 

ordinary differential equations by substitution. i.e. 

            Consider second order ordinary differential equations-  

 

                              
   

   
  (    

  

  
),           ,        ( )    ,         ( )                                   ( ) 

 

          Let,                        
  

  
                    

  

  
 

   

   
                                                                         ( ) 

 

          Thus, from equations ( )   ( ), we get first order ordinary differential equation- 

  

                                         

                                                                                                                                                             

                                                                                                                                                                    ( ) 

  

                                                                                                              

     

𝒅𝒑

𝒅𝒕
 𝒇(𝒕 𝒚 𝒑),         𝒑(𝒂)  𝜷 

 
𝒅𝒚

𝒅𝒕
 𝒑,                      𝒚(𝒂)  𝜶 
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5.2   Euler’s Method:         

                               Euler’s Method is the most elementary approximation technique for solving 

initial value problem (IVP). Although this method is not in practice, the simplicity of its derivation 

can be used to illustrate the techniques involved in the construction of some of the more advanced 

techniques, without the cumbersome algebra that accompanies these techniques.  

                   

Let us consider the well-posed initial value problem (IVP) 

                           ( )  
  

  
  (   ( ))                       ,               (  )                         ( ) 

 

Define, the common distance   between the points that is call step size- 

 

                                       
   

 
                                 (             ) 

 

Expand the function  (    ) using Taylor’s series, we get – 

 

              (    )   (  )     (  )  
  

  
   (  )  

  

  
    (  )    

  

  
 ( )(  )                       ( ) 

         Since   is small, therefore     and higher terms, being a very small can be deleted.  

        Thus, we get- 

  

                                           (    )   (  )     (  )         

 

                                        (    )   (  )    (    (  ))                        ( )   (   ( ))  

 

                                                                                                                                       

 

 

                                                  
       (     )           

 

 This is called Euler’s Method for solving initial value problem (IVP) 

 

 

 

 

 

 

 

 

 

 

 

 

𝒚𝒊 𝟏  𝒚𝒊  𝒉𝒇(𝒕𝒊 𝒚𝒊) 
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Example 5.2.1: Use Euler’s Method to approximate the solution of given initial value problem at     

with        

                                                  
  

  
       ,          ,       ( )        

 

Solution:                We have,                     (   )                 

 

Euler’s First Approximation:        Here,          ,              (  )               and              

 

                                   (     ) 

 

                                 [     
   ]            (     )       

     
 

                                      ( )     
 

                    (  )   (   )        

Euler’s Second Approximation:        Here,            ,              (  )             and              

 

                                 (     ) 

 

                                [     
   ]         (     )       

     

 

                         [     (   )   ] 

 

                  (  )   (   )       

Euler’s Third Approximation:        Here,            ,              (  )             and              

 

                                   (     ) 

 

                            [     
   ]          (     

)   
 

   
     

 

                            [     (   )   ] 

 

                     (  )   (   )        

Euler’s Fourth Approximation:        Here,            ,              (  )              and              

 

                                   (     ) 

 

                             [     
   ]         (     

)   
 

   
     

 

                             [      (   )   ] 

 

                     (  )   (   )         
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Example 5.2.2: Apply Euler’s Method to approximate  (   ) to the given initial value problem with  

       

                                                   (   )  
   

   
,            ,       ( )      

Solution:  We have,    (   )  
   

   
         

 

Euler’s First Approximation:     Here,          ,              (  )     and               

 

                                   (     ) 

 

                              *
     

     
+            (     )  

     

     
  

 
                    (  )   (    )        

Euler’s Second Approximation:   Here,           ,          (  )            and            

 

                               (     ) 

 

                          *
     

     
+              (     )  *

     

     
+  

 

                (  )   (    )         

Euler’s Third Approximation:   Here,           ,          (  )            and            

 

                                   (     ) 

 

                        *
     

     
+            (     

)  [
     

     
]  

 

                     (  )   (    )         

Euler’s Fourth Approximation:  Here,           ,         (  )            and            

 

                                   (     ) 

 

                        *
     

     
+           (     

)  [
     

     
]  

                            (  )   (    )         

 

Euler’s Fifth Approximation:  Here,           ,         (  )            and            

 

                                   (     ) 

 

                        *
     

     
+           (     

)  [
     

     
]  

                            (  )   (   )         
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5.3  Modified Euler’s Method: 

                                              The modified Euler’s method gives the greater improvement in 

accuracy over the original Euler’s method. 

Consider the initial value problem (IVP)- 

                           ( )   (   )                        ,                      (  )                                      ( ) 

 

Define, the common distance   between the points that is call step size- 

 

                                       
   

 
                                 (             ) 

 

We know that the Euler’s Method is - 

          

                                           (    )   (  )    (     )         For,                    

 

Then, the Modified Euler’s Method is given by- 

 

                        

 

                                                                                                            

                                                                                                                   For,                  

 

The Modified Euler’s Method can also be expressed as follows- 

 

 

 

                                                                                                                   

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

𝒚𝒊 𝟏
𝑴𝑬  𝒚(𝒕𝒊 𝟏)  𝒚(𝒕𝒊)  

𝒉

𝟐
[𝒇(𝒕𝒊 𝒚𝒊)  𝒇(𝒕𝒊 𝟏 𝒚(𝒕𝒊)  𝒉𝒇(𝒕𝒊 𝒚𝒊))] 

𝒚𝒊 𝟏
𝑴𝑬  𝒚(𝒕𝒊 𝟏)  𝒚(𝒕𝒊)  

𝒉

𝟐
[𝒇(𝒕𝒊 𝒚𝒊)  𝒇(𝒕𝒊 𝟏 𝒚𝒊 𝟏

𝑬 )] 

 

Where,            𝒚𝒊 𝟏
𝑬  𝒚(𝒕𝒊)  𝒉𝒇(𝒕𝒊 𝒚𝒊),             For,    𝒊  𝟎 𝟏 𝟐 𝟑 𝒏  𝟏 
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Example 5.3.1: Use Modified Euler’s Method to find   (   ) and  (   ) to the given initial value 

problem, taking       

 

                                           
  

  
       ,          ,       ( )        

 

Solution:       We have,                     (   )        ,        

 

Step-1:               Here,                    ,                   (  )            and             
   

 
 

   

  
            

 

                        The Modified Euler’s Method for      
 

                  First,                      
   (  )    (     ) 

                                             
         [     

   ]               [  (     )       
   ] 

                                             
         [    ( )   ] 

                                             
      

                  Now, 

                                  
    (  )   (    )   (  )  

 

 
[ (     )   (     

 )] 

                                (  )   (    )   (  )  
 

 
[(     

   )  (  
    

   )] 

                                (   )   (     )      
   

 
 (    ( )   )  (    (   )   )  

                                (   )        

 

Step-2:               Here,                ,             (   )                 and                        

 

                        The Modified Euler’s Method for      
 

                  First,                      
   (  )    (     ) 

                                             
           [     

   ]                  [  (     )       
   ] 

                                             
           [      (   )   ] 

                                             
         

                  Now, 

                                  
    (  )   (    )   (  )  

 

 
[ (     )   (     

 )] 

                                (  )   (    )   (  )  
 

 
[(     

   )  (  
    

   )] 

                                (   )   (       )        
   

 
[

(      (   )   )

 (       (   )   )
] 

                                (   )          
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Example 5.3.2 Use Modified Euler’s Method to approximate  (   ) to the given initial value problem: 
  

  
     ,          ,       ( )   ,              

Solution:  We have,     (   )       ,      
 

STEP-1:   Here,          ,           ,         (  )        and                  
                   
First from Euler’s Formula:    

                                                 
       (     ) 

 

                                             
      [  

     ]                       [  (     )    
    ] 

                                 

                                             
      

                 
Now from Modified Euler’s Formula: 
 

                                    (  )     
 

 
[ (     )   (     

 )] 

 

                                (  )     
 

 
[(  

    )  (  
    

 )]      

                
                                (   )         

 

STEP-2:  Here,          ,           ,        (   )             and                 
                                     
First from Euler’s Formula:  

                                                 
       (     ) 

 

                                             
      [  

    ]                    [  (     )    
    ] 

                                 

                                             
          

 
Now from Modified Euler’s Formula: 
 

                                    (  )     
 

 
[ (     )   (     

 )] 

 

                                (  )     
 

 
[(  

    )  (  
    

 )] 

               
                                (   )            
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5.4  Taylor’s Series Method of Order n: 

 

Consider the first order ordinary differential equation of the form- 

                                      ( )  
  

  
  (   )                   ,             (  )                                    ( ) 

 
Define, the common distance   between the points that is call step size- 

 

                                       
   

 
                                 (             ) 

 

Expand the function  ( ) using Taylor’s Polynomial about     , we get – 

                     (    )   (  )     (  )  
  

  
   (  )  

  

  
    (  )    

  

  
 ( )(  )                             ( ) 

        

         

                                                                                                                                                                  ( ) 

        

                      

             

                   Substitute,  (  ),   (  ),    (  )     from equation   ( ) 

 

                   The equation  ( ) is called Taylor’s Series Method of Order n to solve Initial Value     

           Problem (IVP). 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

                 

𝒚(𝒕𝒊 𝟏)  𝒚(𝒕𝒊)  𝒉𝒚 (𝒕𝒊)  
𝒉𝟐

𝟐 
𝒚  (𝒕𝒊)  

𝒉𝟑

𝟑 
𝒚   (𝒕𝒊)    

𝒉𝒏

𝒏 
𝒚(𝒏)(𝒕𝒊) 
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Example 5.4.1: Use Taylor’s Series Method of Order 4 to find   (   ) to the given initial 

value problem (Taking     ).  

                                                                                                          

                                           
  

  
       ,          ,       ( )        

Solution:       We know that       
   

 
 

   

  
     

 

Step-1:             Here,           and      ( )        

 

                                                  
       

                              

 

                                                     
       

   (  )           ( )                   

 

                                                     
         

                                            

 

           ( )                                           
( )

     
                                        

 

Using Taylor’s Series Method for      

                          (   )   
 
   

 
  

  

  
 

 
   

  

  
 

 
    

  

  
 

 

( )
    

                      (   )      (   )(   )  
(   ) 

  
(   )  

(   ) 

  
(    )  

(   ) 

  
(    )    

 

                      (   )         

Step-2:            Here,             and        (   )         

 

                               
       

           (   )                 

 

                               
     

   (  )              (   )                    

 

                              
       

                                                      

 

                             
( )

   
                                        

 

 Using Taylor’s Series Method for      

 

                                    (   )        
  

  

  
  

   
  

  
  

    
  

  
  

( )
    

 

                                (   )         (   )(      )  
(   ) 

  
(      )  

(   ) 

  
(       )  

                                                                  
(   ) 

  
(       )    

 

                                (   )           
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Example 5.4.2: Use Taylor’s Series Method of order 4 to find   (   ) to the given initial 

value problem correct to four decimal places (Taking     ).  

                                                                                                          

                                           
  

  
     ,          ,       ( )      

Solution:       We know that       
   

 
 

   

  
     

 

Step-1:             Here,           and         ( )      

 

                                                      
       

                                                               

 

                                                   
          

                       ( )(  )                   

 

                         (  )               
          

    (  
 )        ( )   (  )            

 

           ( )                              
( )

       
       

   
         ( )(  )   (  )( )       

 

          Using Taylor’s Series Method for      

 

                          (   )   
 
   

 
  

  

  
 

 
   

  

  
 

 
    

  

  
 

 

( )
    

 

                      (   )    (   )(  )  
(   ) 

  
( )  

(   ) 

  
( )  

(   ) 

  
(  )    

 

                      (   )              
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5.5   Runge-Kutta Methods: 

                                  The Taylor’s Series Methods have the desirable property of high order local 

truncation error, but the disadvantage of requiring the computation and evaluation of the derivatives of 

 (   ). This is a complicated and time consuming procedure for most problems, so Taylor’s Series 

Methods are seldom used in practice. 

                                  Computationally, most efficient methods in terms of accuracy were developed by 

two German Mathematicians, Carl Runge (1856-1927) and Wilhelm Kutta (1867-1944). These 

methods are well known Runge-Kutta Methods. 

                                  Runge-Kutta Methods have the high order local truncation error of the Taylors 

Methods but eliminate the need to compute and evaluate the derivatives of  (   )  

 

5.6  Runge-Kutta Second Order Method: 

                                           Consider the initial value problem (IVP)- 

                           ( )   (   )                        ,                      (  )                                        ( ) 

 

Define, the common distance   between the points that is call step size- 

                                       
   

 
                                 (             )          

Second Order Runge-Kutta Method (General Form): 
 

Now,              let                          

 

                  and                   * (    
 
   (  )   

 
  (     

))+ 

 

                                                              

 

 Hence, 

 

 

Heun’s Method:  
                                            

         Taking          and          
 

 
 in Second Order Runge-Kutta Method 

 

We get- 

  

 

       Where,  

 

 

 

 

 

 

𝑲𝟏  𝒉𝒇(𝒕𝒊 𝒚𝒊) 

𝑲𝟐  𝒉 𝒇(𝒕𝒊  𝒑𝟏𝒉 𝒚𝒊  𝒒𝟏𝑲𝟏)  

𝒚𝒊 𝟏  𝒚𝒊  (𝒂𝟏𝑲𝟏  𝒂𝟐𝑲𝟐) 

𝒚𝒊 𝟏  𝒚𝒊   
𝑲𝟏  𝑲𝟐

𝟐
  

𝑲𝟏  𝒉𝒇(𝒕𝒊 𝒚𝒊) 

𝑲𝟐  𝒉 𝒇(𝒕𝒊  𝒉 𝒚𝒊  𝑲𝟏)  
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Example 5.6.1: Use Heun’s Method to find   (   ) and  (   ) to the given initial value problem, with  

      

 

                                           
  

  
       ,          ,       ( )        

 

Solution:       We have-           (   )        ,        

 

  To find   (   ) Using Heun’s Method:   (for    ) 

 

                  Here-            ,           (  )            and                 

 

            First,                                           (     )           
                                                            [     

   ]                                   (   )          

                                                                   ( )     
                                                               

 

            Next,                                             (          )           

                                                             (     )  (    )              (   )  ( )  ( )     

                                                               (       )  (     )     
                                                                 

 

            Now,                                        (    )     (
     

 
) 

 

                                                         (   )      (
         

 
)        

                                                                                                             

To find   (   ) Using Heun’s Method:   (for    ) 

 

                  Here-              ,           (  )              and                 

 

            First,                                           (     )           

                                                            [     
   ]                                  (   )          

                                                                     (   )     
                                                                  

 

            Next,                                            (          )           

                                                             (     )  (    )               (   )  ( )  ( )     

                                                               (            )  (       )     
                                                                   

 

            Now,                                        (    )     (
     

 
) 

 

                                                         (   )        (
              

 
)          
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5.7   Runge-Kutta Third Order Method:     

                

              Let us consider the initial value problem (IVP)- 

                           ( )   (   )                        ,                      (  )                                       ( ) 

 

              Define, the common distance   between the points that is call step size- 

 

                                       
   

 
                                 (             )          

 

The Third order Runge-Kutta Method is described in the following steps: 
 

 

 

 

 

 

 

 

 
 

Hence,     

               

 

 

 

 

 

 

 

 

 

 

 

 

 

𝑲𝟐  𝒉𝒇 𝒕𝒊  
𝒉

𝟐
 𝒚𝒊  

𝑲𝟏

𝟐
  

𝑲𝟑  𝒉𝒇(𝒕𝒊  𝒉 𝒚𝒊  𝑲𝟐
 ),      where       𝑲𝟐

  𝒉𝒇(𝒕𝒊  𝒉 𝒚𝒊  𝑲𝟏) 

𝒚𝒊 𝟏  𝒚𝒊  
𝟏

𝟔
 𝑲𝟏  𝟒𝑲𝟐  𝑲𝟑  

𝑲𝟏  𝒉𝒇(𝒕𝒊 𝒚𝒊) 
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Example 5.7.1: Use Runge-Kutta Third Order Method to approximate the solution  (   ) to the given 

initial value problem and compare the result to the actual values.   

                                                                                   

                       
   

   
  ,              ,       ( )   ,    with           

Note: Actual solution  ( )  √(       )    

Solution:  We have-           (   )  
   

   
          

 

Step-1:  Applying Runge-Kutta Third Order Method   (       ) 

 

                  Here-            ,           (  )   ( )          and                 

 

 

         (     )   *
    

    
+     *

   

   
+                     

 

 

        * (   
 

 
    

  

 
)+   *

  (   
 

 
)

  (   
  
 

)
+     *

  (  
   

 
)

  (  
            

 
)
+              

 

  
    (          )   *

  (    )

  (     )
+     *

  (     )

  (              )
+             

 

                           

         (          
 )   [

  (    )

  (     
 )
]     *

  (     )

  (            )
+               

  

   
   Thus,       

                         
 

 
     (  )         

                     

                           
 

 
                (           )                 

            

                       (    )   (   )              
  

Comparison with the actual values: 

 

Comparison 

Runge-Kutta Third Order Method    Actual values  

 (   )               (   )               
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5.8   Runge-Kutta Fourth Order Method:  

            Let us consider the initial value problem (IVP)- 

                           ( )   (   )                        ,                      (  )                                          ( ) 

 

              Define, the common distance   between the points that is call step size- 

                                       
   

 
                                 (             )          

The Fourth order Runge-Kutta Method is described in the following steps: 

 

 

 

 

 

 

 

 

 

 

 
 

Hence,     

               

 

Example 5.8.1: Use Runge-Kutta Fourth Order Method to find   (   ) and  (   ) to the given initial 

value problem with        

 

                                           
  

  
       ,          ,       ( )        

 

Solution:       We have-           (   )        ,        

 

  To find   (   ) Using Runge-Kutta Fourth Order Method :   (Put    ) 

 

                  Here-            ,           (  )            and                 

 

          (     )   [     
   ]          ( )           

 

                
 

         * (   
 

 
    

  

 
)+   [(   

  

 
)  (   

 

 
)
 

  ]     [(    
   

 
)  (  

   

 
)
 

  ]    

    

𝑲𝟏  𝒉𝒇(𝒕𝒊 𝒚𝒊) 

𝑲𝟐  𝒉𝒇 𝒕𝒊  
𝒉

𝟐
 𝒚𝒊  

𝑲𝟏

𝟐
  

𝑲𝟑  𝒉𝒇 𝒕𝒊  
𝒉

𝟐
 𝒚𝒊  

𝑲𝟐

𝟐
  

𝑲𝟒  𝒉𝒇(𝒕𝒊  𝒉 𝒚𝒊  𝑲𝟑) 

𝒚𝒊 𝟏  𝒚𝒊  
𝟏

𝟔
 𝑲𝟏  𝟐(𝑲𝟐  𝑲𝟑)  𝑲𝟒  
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      * (   
 

 
    

  

 
)+   [(   

  

 
)  (   

 

 
)
 

  ]     [(    
     

 
)  (  

   

 
)
 

  ]   

 

             

                            

        (          )    (     )  (    )         (          )  (     )     

 

              

 

   Thus,            
 

 
     (     )          

 

 
      (            )            

 

                     (    )   (   )            
  

 To find   (   ) Using Runge-Kutta Fourth Order Method :   (Put    ) 

 

                  Here-              ,           (  )                  and                 

 

          (     )   [     
   ]                (   )           

                           
 

         * (   
 

 
    

  

 
)+   [(   

  

 
)  (   

 

 
)
 

  ] 

               [(          
          

 
)  (    

   

 
)
 

  ]              

        

         * (   
 

 
    

  

 
)+   [(   

  

 
)  (   

 

 
)
 

  ]      

               [(          
           

 
)  (    

   

 
)
 

  ]               

                            

         (          )    (     )  (    )     

   

              (                      )  (       )                  

     Thus,   

  

         
 

 
     (     )      

    

       (    )   (   ) 

 

                
 

 
             (                        )                

 

       (   )             
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Example 5.8.2: Use Runge-Kutta Fourth Order Method to approximate the solution  (   ) to the 

given initial value problem and compare the result to the actual values.   

                                                                                   

                       
   

   
  ,              ,       ( )   ,    with           

Note: Actual solution  ( )  √(       )    

Solution:  We have-           (   )  
   

   
          

 

Step-1:  Applying Runge-Kutta Fourth Order Method   (       ) 

 

                  Here-            ,           (  )   ( )          and                 

 

         (     )   *
    

    
+     *

   

   
+                     

 

        * (   
 

 
    

  

 
)+   *

  (   
 

 
)

  (   
  
 

)
+     *

  (  
   

 
)

  (  
            

 
)
+                  

        

        * (   
 

 
    

  

 
)+   *

  (   
 

 
)

  (   
  
 

)
+     *

  (  
   

 
)

  (  
            

 
)
+                 

                       

         (          )   *
  (    )

  (     )
+     *

  (     )

  (              )
+                

  

     Thus,            
 

 
     (     )      

                     

                           
 

 
                (                         )                 

            

                    (    )   (   )              
  

Comparison with the actual values: 

 

Comparison 

Runge-Kutta Third Order Method    Runge-Kutta Fourth Order Method    Actual values  

 (   )               (   )               (   )               
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Exercise 1: Numerical Solution of Ordinary Differential Equations  

 
Type-I: Choose the correct answer: (Questions 1-5) 

 

1. For solving the Initial Value Problem 
  

  
  (   ),         ,   (  )    , The 

Euler’s Method gives first approximation      as  
(a)          (     )                          

(b)          (     )   

(c)          (     )                          

(d)  None of these     
                                                                                                                             

2. For solving the Initial Value Problem 
  

  
  (   ),         ,   (  )    , The 

Third Order Runge-Kutta Method gives first approximation      as  

(a)        
 

 
                                     

(b)        
 

 
              

(c)        
 

 
                                     

(d)  None of these                                                                                                                                 
  

3. For solving the Initial Value Problem 
  

  
  (   ),         ,   (  )    , The 

Fourth Order Runge-Kutta Method gives first approximation      as  

(a)        
 

 
                                     

(b)        
 

 
              

(c)        
 

 
     (     )                               

(d)  None of these                                                                                                                                 
 

4. In which of the following Numerical Methods, derivatives are required to be calculated 

for solving Initial value problem:                                                                                

(a)  Third order Runge-Kutta Method                             

(b)  Euler’s Method     

(c)  Taylor Series Method                                              

(d)  None of these    

 

5. Heun’s Method is a particular case of- 

(a)  Runge-Kutta 4th order method 

(b)  Runge-Kutta 3rd order method 

(c)  Runge-Kutta 2nd order method 

(d)  None of these 
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Type-I: Solve the following: (Questions 6-16) 

 

6. Use Euler’s Method to approximate the solution to the given initial value problem at     

and compare the result to the actual values. 

                                ,          ,       ( )   ,    with          

          Note: Actual solution  ( )  
 

 
     

 

  
    

 

  
     

 

7. Use Euler’s Method to approximate the solution to the given initial value problem     

and compare the result to the actual values. 

                          
   

   
  ,              ,       ( )   ,    with           

Note: Actual solution  ( )  √(       )    

 

8. Use Modified Euler’s Method to approximate the solution to the given initial value 

problem at     and compare the result to the actual values. 

                            
 

 
  ,          ,       ( )   ,    with            

Note: Actual solution  ( )          

 

9. Use Taylor’s Series Method to approximate the solution to the given initial value problem 

at     and compare the result to the actual values. 

                                ,          ,       ( )   ,    with          

          Note: Actual solution  ( )  
 

 
     

 

  
    

 

  
     

 

10.  Use Taylor’s Series Method to approximate the solution to the given initial value problem 

at     and compare the result to the actual values. 

                            
 

 
  ,          ,       ( )   ,    with            

Note: Actual solution  ( )          

 

11. Use Huen’s Method to approximate the solution to the given initial value problem at     

and compare the result to the actual values. 

                                ,          ,       ( )   ,    with          

          Note: Actual solution  ( )  
 

 
     

 

  
    

 

  
     

 

12.  Use Huen’s Method to approximate the solution to the given initial value problem at 

    and compare the result to the actual values. 

                            
 

 
  ,          ,       ( )   ,    with            

 

Note: Actual solution  ( )          
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13.  Use Runge-Kutta Third Order Method to approximate the solution to the given initial 

value problem at     and compare the result to the actual values. 

                                ,          ,       ( )   ,    with          

          Note: Actual solution  ( )  
 

 
     

 

  
    

 

  
     

 

14.  Use Runge-Kutta Third Order Method to approximate the solution to the given initial 

value problem at       and compare the result to the actual values. 

                            
 

 
  ,          ,       ( )   ,    with            

Note: Actual solution  ( )          

 

15.  Use Runge-Kutta Fourth Order Method to approximate the solution to the given initial 

value problem at     and compare the result to the actual values. 

                                ,          ,       ( )   ,    with          

          Note: Actual solution  ( )  
 

 
     

 

  
    

 

  
     

 

16.  Use Runge-Kutta Fourth Order Method to approximate the solution to the given initial 

value problem at       and compare the result to the actual values. 

                            
 

 
  ,          ,       ( )   ,    with            

Note: Actual solution  ( )          
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Numerical Analysis-1                           Homework-1                        Last date: Apr 08, 2023 

MATH-316 
[For All Campuses]                                                                                                                  Max Marks: 05 

 

1. Choose the correct answer (Questions 1.1-1.9) 
 

1.1  Which of the following is a system of linear equations: 

(a)                                                        

(b)   
               
               

}        

(c)   
        
        

}                                                

(d)   None of these    
 

1.2  When Gauss-Jordan method is used to solve the matrix equation      , then the 

coefficient matrix A is transformed into the:                                                                                                            

(a)  Upper triangular matrix                                   

(b)  Diagonal matrix     

(c)  Zero matrix                                                      

(d)  None of these    
 

1.3  Which of the following formula is regarded as the Percentage Approximate Error     :                                                                                                          
(a)  |         |                                                   

(b)  
|         |

|    |
 

(c)  
|         |

|    |
                                                    

(d)  None of these    
 

1.4  A real root of the equation:                  accurate to within      is 

(a)                                                                    

(b)          

(c)                                                                    

(d)  None of these    
 

1.5  The interval for equation        ,  in which at least one real root exists, given by: 

(a)   [   ]                      
(b)   [   ]                   
(c)   [     ] 
(d)   None of these  
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1.6  The solution of a linear system of equations:                            

            by Gauss Jacobi Method for first iteration (Starting with          

         &        ) is 
(a)  x=4.25, y=2.8 , z=1.5      

(b)  x=4 , y=2.0, z = 1.0        

(c)  x= 4.25 , y=1.66, z=1.1       

(d)  x=      , y=     , z =       

                   

1.7  Which of the following numerical methods provide with the Exact Solutions for a given 

linear system of algebraic equations:                                                                                               
(a)  Gauss-Elimination method 

(b)  Gauss-Jordan method 

(c)  LU-Factorization method 

(d)  All of these 
 

1.8  The Back Substitution Method provides solution for the given Matrix Equation-                                                                                                                                                 

                                             [
     
    
       ⁄

]  [
 
 
 
]  [

   
  

     ⁄
]    as follows: 

(a)     ,     ,                                                     (b)     ,    ,      
 

(c)     ,    ,                                                      (d) None of these 
 

1.9  A real root of the equation:      
(
 

 
)
,  accurate to within      is                                                                                   

(a)  1.99457 

(b)  4.56702 

(c)  5.42961 

(d)  None of these   
 

2. Find the interval [   ] in which, the given equation        has at least one real root. 

2.1                                         Interval: [     ,     ] 

2.2                                              Interval: [     ,     ] 

2.3                                           Interval: [     ,     ] 

2.4                                          Interval: [     ,     ] 
 

3. Solve the following linear system of equations: 

 

3.1        

             
                
                

}   by using Gauss- Jordan Method      
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3.2            
           
           
            

}   by using Gauss-Elimination Method     

                                  

3.3  

          
             
           

}  by using LU-Factorization Method.         

 

3.4  
            

              
          

}  by using Gauss-Seidel Method up to three iterations          

                                          (Starting with                  ,         )  

 

3.5      

            
          
          

}  by Gauss- Jacobi iterative technique up to three iterations 

                                         (Starting with                  ,         ) 

 

4. Answer the following Questions and Calculate Relative Error and Percentage Error in 

each case: 

 

4.1  Use Bisection Method to find a solution of the equation           on the interval 

[   ] with an accuracy of      .      

 

4.2  Use Newton-Raphson Method to find a solution accurate to within      for the 

following equation:            ,     for          

 

4.3  Use Secant Method to find an approximation to       ⁄ , accurate to within      

5. Use Newton-Iterative Techniques to find approximate solutions up to 2nd iterations to 
the given nonlinear system of equations. [initial approximation                    ] 

                                                          
           

       
}        
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Numerical Analysis-1                         Homework-2                     Last date: May 18, 2023 

MATH-316 
   [For All Campuses]                                                                                                             Max Marks: 05 

 
1. Choose the correct answer (Questions 1.1 -1.8) 

 

1.1  Identify the given Rule:∫  ( )   
  

  
 

  

 
* (  )   , (  )   (  )   (  )     (    )-  

                                                                         , (  )   (  )   (  )   (  )     (    )-   (  )+ 
(a)  Trapezoidal Rule        

(b)  Simpson’s 
 

 
 Rule       

(c)  Newton-Raphson Rule      

(d)  None of these 

 

1.2 If      ,       and       , then Find the Lagrange’s interpolating polynomial of degree two 

for  ( )  
 

 
 :         

(a)   
 

  
   

 

 
  

  

  
   

(b)   
 

  
   

  

  
  

  

  
    

(c)   
 

  
   

 

 
  

  

  
    

(d)   
 

  
   

  

  
  

  

  
 

 

1.3  The relation between operators:       

(a)  
 

 
(       )            

(b)  
 

 
                        

(c)  
 

 
                 

(d)  All of these  

 

1.4  Simpson’s 
 

 
 rule approximates ∫

  

                
 

 
, (        ), Hence find the value of  :                            

(a)  π=3.141583448     

(b)  π=3.141592654    

(c)  π=3.141568600  

(d)  None of these 

 

1.5  Given:   (   )     ,     (   )      ,     (   )     ,      (   )      and step-size 

     , then the value of     (   ) is equal to: 

(a)  47.08333333            

(b)  -20.8333333          

(c)  2.08333333        

(d)  None of these 
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1.6  If    (   )       ,  ( )    and  ( )      then Newton’s Divided Difference Interpolation 

Formula will approximate  ( ) by 

 

(a)  -6                

(b)   6                   

(c)  12                      

(d)  -12 

 

1.7  The relation between operators:         

(a)    
 

                    

(b)    
 

                     

(c)     
 

                 

(d)     
 

   
 

1.8  If   ( )   ,  ( )   ,  ( )    and  ( )      then Lagrange’s Interpolation Polynomial will 

approximate  (   ) by: 
 

(a)  2.5                

(b)  3.5                

(c)  -2                 

(d)  None of these 

 

2. Prove with the usual notations that:                                       

2.1      
 

         

2.2  . 
 

    
 

 / (   )
 

                

2.3      
 

 
 

 

 
         

 

3. Solve the following (Questions 3.1 -3.3) 

 

3.1  Use Lagrange Interpolating Polynomial Formula to approximate   (    )  if   

 ( )     (    )           (   )           (    )            

 

3.2  Use Newton Divided Difference Interpolating Polynomial Formula to find a polynomial function 

 ( ) from the given data- 

 

       

     

 Hence find:  (i)  ( )        (ii)   ( )         (iii)   ( )         (iv)    ( )         

 

3.3 Use Lagrange Inverse Interpolating Polynomial Formula to find the value of    when  ( )      

from the following data. 

 

 

 

 

 

              

 ( )                  

           

  ( )              
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4. Answer the following (Questions 4.1 -4.5) 

 

4.1  Approximate the integral ∫      (  )
 

 
    using Simpson’s 

 

 
 rule with     .  

4.2  Approximate the integral ∫ √     
 

 
 

    using Simpson’s 
 

 
 rule with   

 

  
 

 

4.3  Evaluate the integral  ∫
 

√    
  

 

 
  by using Trapezoidal rule with                

 

4.4  Use Direct Formulae for Derivatives to approximate   ( ) and     ( )  from the following table.                                          

            

 ( )                          

 

4.5  Use the Direct Formulae for Derivatives to approximate   (   ),     (   ) and    (   ) from the 

given data: 

                          

 ( )                                           
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