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1.1 Errors and Their Computations:
Let us first understand the following fundamentals of numbers-

(a) Numbers: There are two kinds of numbers:

Q) Exact Number: The exact numbers are written in the following manner-

1,2,3,..,1/2,3/2,..,V2,4/3,.., 7 etc.

(i)  Approximate Number: The approximate numbers are those that represent the numbers to a
certain degree of accuracy.

Example: An approximate value of m is 3.1416, or if we desire a better approximation, it is

3.14159265. But we cannot write the exact value of 7.

(b) Significant Digits: The digits that are used to express a number are called significant digits or
significant figures. Significant digits are written as the beginning with the leftmost nonzero digit and
ending with the rightmost correct digit, including final zeros that are exact.

Number Number of Significant Digits
3.1416 3)
0.66667 3)
4.0687 5
0.00023 2
0.00145 3
0.000145 3
0.0000145 3

25600 Uncertain

2.56 x 10* 3
2.560 x 104 4
2.5600 x 10* 5

(c) Round-off: To round-off a number to n significant digits, discard all digits to the right of the nth digits,
and if this discarded number is:

0] Less than half a unit in the nth place, leave the nth digit unaltered

(i) Greater than half a unit in the nth place, increase the nth digit by unity

(ili)  Exactly half a unit in the nth place, increase the nth digits by unity if it is odd, otherwise,
leave it unchanged.

The number, thus rounded-off is said to be correct to n significant figures.
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(d) Accuracy and Precision: Accuracy to n decimal places means that you can trust n digits to the right of
the decimal place.
Accurate to n significant digits means that you can trust a total of n digits as being
meaningful beginning with the leftmost nonzero digit.

(e) Source of Errors:

Q) Round-off Error: The round-off error is caused by rounding-off a number as discussed
above. The round-off error can be reduced by carrying out the computations to more
significant figures at each step of the computation.

(i) Truncation Error: The truncation error can be caused by using approximate formula in
computations such as the one that arises when a truncated infinite series is used. The study of
truncation error is naturally associated with the problem of convergence.

(f) Classification of Errors:

Q) True Error: True Error (E7) is the numerical difference between the Exact (True) Value (p)
of a quantity and its Approximate Value (p,,).

True Error: Er = |p — p,| (1)

(i) Relative True Error: The Relative Error (Ey) is defined by-

Relative True Error: Ep = % = %Tl - (2)

(iii)  Percentage True Error: The Percentage Error (E ) is defined by-

Percentage True Error (Ep) = %- 100 = Ex- 100 - (3)

(iv)  Approximate Error: Approximate Error (E,) is the numerical difference between the New
Approximate Value (p,e,) Of a quantity and its Old Approximate Value (pyiq)-

Approximate Error (E4) = |Pnew — Potdl e (4)

(V) Relative Approximate Error: The Relative Approximate Error (Ey) is defined by-

Relative Approximate Error (Eg) = Zrew—Poul _ _Fa -+ (5)

[Prew! [Prewl

(vi)  Percentage Approximate Error: The Percentage Approximate Error (Ep) is defined by-

Percentage Approximate Error (Ep) = 2newPoldl . 100 = E,-100 - (6)

[Prewl

Note: All types of Errors defined above are calculated in the absolute form.
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1.2 Systems of Linear Algebraic Equations:

Linear systems of equations are associated with many problems in engineering and sci-
ence, as well as with applications of mathematics to the social sciences and the quantitative
study of business and economic problems.

In this chapter we consider direct methods for solving a linear system of n equations
in n variables. Such a system has the form

Ey: anxy+apxy+ -+ apx, = by,
Ez oanx)taxnxy+ -+ ayxp = /72,

E,: amxi+amxys+ -+ appxp = by.

In this system we are given the constants «a;j, for each i, j = 1,2,...,n, and b;, for each
i =1,2,...,n, and we need to determine the unknowns xj, ..., x,.

[A] Direct Methods (Exact Methods):

= Gauss-Elimination Method
+ Gauss-Jordan Method
+ LU-Factorization Method

Note: These numerical methods provide with Exact Solutions for a system of linear
algebraic equations.

[B] Iterative Methods:

= Gauss-Jacobi Iterative Method
%+ Gauss-Seidel Iterative Method

Note: These numerical methods provide with Approximate Solutions for a system of linear
algebraic equations.

1.3 Test for Convergence for Iterative Methods:

Let us definefork =0,1,2, 3,4, ....,n iterations-

|x®+D]| = Maximum of |x®+V]

||x(k+1) — x(k)”oo = Maximum of |x(k+1) _ x(k)l
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The following criteria can be used for the convergence-

s gl
ey < 10
o0

Note: We stop the computations as soon as we get the desired accuracy.

1.4 Gauss Elimination Method:
This method is one of the most widely used simplest step by step elimination method
given by C.F. Gauss (1777 — 1855). This is direct method with a fixed number of

arithmetic operations. It is quiet efficient and straight forward but the round off errors
becomes significant for a large set of equations.

Consider a system of n equations in n unknowns-

a11x1 + alzxz + -+ alnxn == bl
az1XxXq + as2X9 + -4 Arpn Xy = bz

(1)
A,1X1 + AQuaXxy + -+ Xy = by,
The given linear system of equations can be expressed in matrix form-
AX =B e 2)
a1 A1z Q% by
azy Qz; azi|| X2 b,
: u' E E = : LN ) (3)
An1  Ap1 - Qup] | Xp b,
Where,
a;; Q12 Qg
az; Qz; azy| . - )
A= . . : is called coefficient matrix
an1 Anpr - Ann
X1 bl
xz . . bz - -
X = .| isunknown matrix, B =|".%| is known matrix
Xn b,
aj; Qi A1n: by
) az1 Qaz; azi: b . :
and [A:B] = : . TR is called augmented matrix.
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Working Procedure:

Step-1: We have augmented matrix —

a;; Q12 Qp: b,
) az, Qzp azi:b
[A:B] = : 2 o (4)
Ap1 Ap1 - Quy: b,

We divide the first row of augmented matrix ... (4) by a4, (pivot element) and
then subtract this row multiplied a,q, azy ..., a,; from2™ 3, ..., n" rows.

In symbolic form, we can write as follows:

R; - R; —ay Ry, R; > R;—az R, and R, > R, —a,;R,]

The augmented matrix reduces to the form-

1 a'y, a'yn i b’y
: 0 a ay;: b
[A:B] = T .. (5)
0 a,nl a,nn E b,n

Note: x4 has eliminated from the last (n — 1) equations.

This process is repeated with the second row of equivalent augmented matrix
..(5) i.e.We now divide the 2" row of equivalent augmented matrix ... (5) by a’5, (new
pivot element) and then subtract this row multiplied a’s,, @43, ..., @', from 3™ 4™, ...,
n™ rows.
In symbolic form, we can write as follows:

R3 - R3 — a,32R2, R4_ - R4_ — a’42R2 and Rn - Rn — a,anz

The same process is repeated again and again till the given system assumes the upper
triangular form:

C11x1 + Clzxz + -+ Clnxn == dl
Cy2X> + -4 ConXn = dz

.. (6)

CanXn = dn

Step-2: Now the values of unknowns are determined by back substitution procedure.
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Example 1.2.1: Use Gauss-Elimination Method to solve the following linear system of
equations:

2x—-3y+10z=3

S5x+ 2y +z =-12 }
—x + 4y + 2z =20

Solution: Re-writing given linear system of equations as follows:

2x—3y+10z=3

x— 4y -2z =-20 }
5x+ 2y +z =-12

The linear system of equations can be expressed in matrix form-

AX =B .. (1)

—4 -2

—3 10 [ ] e (2)
Step-1: Writing augmented matrix as follows-

1 -4 -2 : -20

[A:B]=|(2 -3 10 : 3] ..(3)

5 2 1 : —-12

Perform the following operations:
R, > R, — 2R, 2R, =[2 —8 -4 —40]

We get the equivalent augmented matrix-

1 -4 -2 : =20
0 5 14 : 43
0 22 11 : 88

[A: B] =

Perform the following operation:
R; - 2R,

We get the equivalent augmented matrix-
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Perform the following operation

Step-2: Applying back substitution method: Writin

AX =B
1 -4 -2|.x —-20
14 43
0 0 112 2
1x —4y -2z =-20
= 0x+1y—1—:z:%
Ox+0y+1z =2
= z=2
14 43
y—?zz? =
And 1x —4y—2z=-20
= x—4(3)—2(2)=-20
= x=-20+43)+2(12)=—-4

R; > Ry — 22R, 22R, =[0 22 3 =2
We get the equivalent augmented matrix-
1 -4 -2 —-20
14 43
a:B]=(0 1 3 5
Perform the following operation:
-5
Rs = (753) Rs
We get the equivalent augmented matrix-
1 -4 -2 : -20
[A:B]=|0 1 1—54 %
o 0 1 2

g first in matrix form as follows:

=43_15_4(2)=3

5
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Example 1.2.2: Use Gauss Elimination Method to solve the following linear system of
equations-
1x1 + 2x2 + 3x3 + 4‘x4 = 10
7x1 + 10x2 + 5x3 + 2x4 =40

13x, + 6, + 223—3%, = 34 - (D)
11x1 + 14'x2 + 8x3 - 1x4 == 64‘
Solution: The given linear system of equations can be expressed in matrix form-
AX =B ... (2)
1 2 3 41][* 10
7 10 5 2 ||Xz2|_ (40 3)
13 6 2 -3||X3 34
11 14 8 -—-11[xs 64
Step-1: Writing augmented matrix-
1 2 3 4 :10
.| 7 10 5 2 :40
[4: Bl = 13 6 2 -3:34 - @
11 14 8 -1: 64
Performing the following operations:
RZ - RZ - 7R1

R3 - R3 — 13R1

And R, > R, — 11R;

We get the equivalent augmented matrix-

1 2 3 4 : 10
0 4 -16 -26:-30
0 —20 —-37 -55:-96
0 -8 -—-25 —45:-46

[A:B] =

Performing the following operations:
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We get the equivalent augmented matrix-

[1 2 3 4510]
o 1 a4 2.2

0 —-20 -37 -55°'-96
0 -8 -25 —45°'—46

Performing the following operations:
R3 - R3 + ZORZ

And R4_ - R4_ + 8R2

We get the equivalent augmented matrix-

12 3 4 .10
01 4 2.5
[ASB]§| 2 D2
0 0 43 75 ‘54
lo 0o 7 7 i1al

Performing the following operation:
1
R3 - ERg

We get the equivalent augmented matrix-

[1 2 3 4 10]
014 22
[AEB]E| 7253524|
{0 0 1 = E‘
0o 0 7 7 14
Performing the following operations:
R4_ - R4 - 7R3

We get the equivalent augmented matrix-
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Step-2:

1 2 3 4 10

13 . 15

0 1 4 5 >

[A:B] = 0 0 1 5 i
43 43

—-224 ' 224

00 0 - 45

Writing Equivalent linear system of equations:

x1+2x2+3x3+4x4=10 )

13 15
x2+4‘x3 +7x4=7
75 54
Xo +—X4 = —
3+43 47 43
-224 224

43 %7 43 /

Solving the above linear system of equations using back substitution method-

224
43

X4 = T3m
i3

X3+ (1) =2

= x3=:—:+§ X3:%
x, +4(3) + 2 (-1) =2

= x2=12—5+§—12
x1+2(2)+33)+4(-1) =10

= x1=10—-4—-9+4

> ... (6)

.. 5

= x3=-1
= x3=3
= Xy =2
= x1=1
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1.5 Pivoting, Partial Pivoting:

The Gauss Elimination method fails if one of the pivot elements (a;;) becomes
zero. In such situation, we rewrite the system of equations in a different order to avoid
zero pivots. Thus, changing the order of equations is called pivoting.

In partial pivoting technique, if the pivot element a;; happens to be zero then
the i" column element is searched for the numerically largest. Let the j'* row (j > i)
contains this element then we interchange the i** equation with the j* equation and
proceed for elimination.

This process is continued whenever pivots become zero during elimination.
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1.6 Gauss-Jordan Method:
This method is a modified form of Gauss Elimination

method. In Gauss-Jordon method, the coefficient matrix is reduced to a diagonal
matrix. The partial pivoting is also used whenever the pivot element becomes zero.

Example 1.4.1: Use Gauss-Jordan Method to solve the following linear system of

equations-

10x+y+z=12
2x+ 10y +z = 13} . (1)
x+y+5z=7
Solution: The given linear system of equations can be expressed in matrix form-
AX =B .2
10 1 1)x 12
lz 10 1||y|= 13] ...3)
1 1 5llz 7

Step-1:. Writing augmented matrix-

10 1 1 @ 12
2 10 1 : 13 .. (@

[A:B] =
1 1 5 : 7

Performing the following operations:
1
R1 - 1_0R1

We get the equivalent augmented matrix-

; L oL, o1
N 10 10 10
AiBl=|2 10 1 : 13
1 1 5 7
Performing the following operations:
R, —» R, — 2R, 2R1—[2 - %]

R; » R; — R,
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We get the equivalent augmented matrix-

1 1

1'% %

:Bl=lo ¥ *

[A . B] = |O 5 5

|_0 2 »

10 10

Performing the following operations:

5

RZ - ERZ

;L1

10 10

[A:B]=l0 1 =
49

[0 R

10 10

Performing the following operations:

1
R1 _)Rl _ERZ

9
R3 - R3 —1_0R2

We get the equivalent augmented matrix-

9

l[l 0 -

(A B]E|0 1 =

49

473

0 0 -

Performing the following operations:

R3 —)ER?,

We get the equivalent augmented matrix-

12

10
53

58
o)

12

10
53

49|

10

1 [0 1 4 53
10 490 490

9 36 477
10 490 490

107

98
53

49
473

98

e e e

]
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We get the equivalent augmented matrix-

9 107
10 5 ' o
[A:B] =y 1 % 53
49 49
0 0 1 1
Performing the following operations:
9 9 9 9
Rl_)Rl_%R3 %Rg = [0 0 % ﬁ]
4 4 4 4
RZ_)RZ_ERB ERB— [O 0 E E:I

We get the equivalent augmented matrix-

10 0 : 1
[AEB]EOlOEl‘
0 0 1 : 1

Writing Equivalent linear system of equations:

o)L

1 0 0
010

0 0 1

.. (5)

.. (6)

. (7
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Example 1.4.2: Use Gauss-Jordan Method to solve the following linear system of
equations:

X1+ 4x, + 9x3 =16
3x; + 2x5 + 3x3 =18 } . (D
le + xz +x3 =10
Solution: The linear system of equations can be expressed in matrix form-
AX =B ... (2)
1 4 9][*1 16
3 2 3||X2|=|18 .. (3
2 1 11ix3 10
Step-1: Writing augmented matrix as follows-
1 4 9 : 16
[A:B]=|3 2 3 : 18 . (4)
2 1 1 : 10
Performing the following operations:
R; - R; — 2R, 2R, =[2 8 18 32]
We get the equivalent augmented matrix-
1 4 9 : 16
[A:B]=|0 —-10 -24 : -30
o -7 -17 : =22
Performing the following operations:
1
RZ - _—10R2
We get the equivalent augmented matrix-
1 4 9 : 16
. 12
[A:B]=|0 1 — 3
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Performing the following operations:
R, - R, — 4R, 4R, =0 4 T 12

Rs > Rs + 7R, TRy =10 7 T 21

We get the equivalent augmented matrix-

3
|[10_§

[AEB]§|O 1 2

]

I

:

1 -1

0 o - |
Performing the following operations:

R3 - _5R3

We get the equivalent augmented matrix-

1 0 -
[AEB]E0 1 2
5

0 0 1

3
5
2

U1 W B»

Performing the following operations:
3 3 3
Rl_)R1+ER3 §R3—[0 0 E 3]

R; > Ry — =Ry ZRy=0 0 T 12]

We get the equivalent augmented matrix-

[A:B] =

1 0 0 : 7
0 1 0 : —9]
0 0 1 : 5

Step-2: This can be expressed in matrix formas: AX =B

E 3ol -[
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1.7 LU-Factorization Method: Before the start of LU-Factorization Method, let us
understand the following terminology:

(a) Upper Triangular Matrix: A square matrix U is said to be upper triangular matrix if
the element below of the main diagonal are zero.
Ugjp U1z Ug3
0 upy uzs] is called upper triangular matrix.
0 0 U33

e.qg. The matrix U =

(b) Lower Triangular Matrix: A square matrix L is said to be lower triangular matrix if
the element above of the main diagonal are zero.

'l O 0

e.g. Thematrix L=l 1l O ] is called lower triangular matrix.

- 131 lBZ 133

1 0O o
e.g. Thematrix L=|1l;; 1 0] is called unit-lower triangular matrix.

(c) LU-Factorization of a Matrix: We outline below the procedure for finding L and U
for a given square matrix A of order 3.

We write as A=LU
a;1 Qg2 A 1 0 O] uir Uz Ugs
[au azz azs] = [121 1 0] : [ 0 upy uzs] . ()
az; Aaszz 4ass l37, I3 1 0 0 uj;

Multiplying the matrices on the right hand sides of equation... (1) and equating the
corresponding elements of both sides, we get-

U1 = Aq1, U2 = Aq3, U3 = Aq3
l1uq1 = ayy, Ly1uz + Uy = ayy, l1uq3 + Uz = ays ¥)
l31u0 = azq,  lz1uqy + l3uy; = asy, l37uq43 + l3uy3 + U3z = az;

From the above equations, we can obtain: lyq, l3q, l32, W11, Uqz, U3, Uz, Uz & U3
And thus we can find L and U.
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Example 1.5.1: Factorize/Decompose the given matrix A4 into the LU form.

2 3 1
A=1|1 2 3]
3 1 2
Solution: We can write as- A=LU
2 3 1 u11 U2 Ug3
[1 2 3‘ llz1 ] [ uzz uzs] . (1)
3 1 2 l31 Uzs

Multiplying the matrices on the right hand sides of equation... (1) and equating the
corresponding elements of both sides, we get-

Uy =2, Uz =3, u;z3 =1
l1uq1 =1, l21u12 + Uz = 2, l1u13 + U3 =3 } - (2)
l31u11 =3,  Dzgugp + lzpup; =1, l31u13 + Il3zUz3 + U3z = 2
Uy =2, Uz =3, u;3 =1
N Ly=1/2, uy=1/2, Uys = 5/2 ... 3)
I, = 3/2, L, = —7, Usz = 18

It follows that:

1 0 O 2 3 1
L= 11/2 1 0] and U=|0 1/2 5/2]
3/2 -7 1 0 0 18

Verification: RHS=LU
1 0 07712 3 1
=11/2 1 0].[0 1/2 5/2]
3/2 =7 1110 O 18

=1 2 3
3 1 2

'231]

=A=LHS
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Example 1.5.2: Decompose the given matrix A into the form of LU where L is unit lower
triangular and U an upper triangular matrix.

2 3 1
A=|1 2 3
3 1 2
Solution: We can write as- A=LU
2 3 1 u11 Uiz Us3
1 2 3|= 121 uzz Uz3 . (1)
3 1 2 131 Uzs
Step-1: Reduce given matrix A into Upper-Triangular matrix U using Gauss-Elimination:
2 3 1
A=|1 2 3]
1 3 1 2 1 3 1
Perform: R, » R, —5R, SR1= 5 E]
3 3 9 3
Rs = Ry =3R4 Ri=[3 5 3
2 3 1
=10 1/2 5/2]
0 -7/2 1/2
Perform: R; - R; + 7R, 7R, = [0 % 375
2 3 1
= uU=|0 1/2 5/2
0 0 18
Step-2: Obtain Unit-Lower Triangular Matrix L
A=LU
2 3 1 1 0 0112 3 1
1 2 3|=|l;x 1 0|10 1/2 5/2 )
3 1 2 l3; I3 11 1o O 18
Weget 2L,,=1= 1[,;=1/2
2131 - 3: l31 - 3/2
1 3 1
3131"‘5[32:1 = 3(;)4‘5[32:1 = 132=_7
2 3 1 1 0 0] 12 3 1
Thus, 1 2 3|=(1/2 1 0|-|0 1/2 5/2 . (3)
3 1 2 3/2 =7 11 10 0 18
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Example 1.5.3: Decompose the given matrix A into the form of LU where L is unit lower
triangular and U an upper triangular matrix.

5 -2 1
A=|(7 1 -5
3 7 4
Solution: We can write as- A=LU
5 -2 1 1 0 0] [uix Uz Ugs
[7 1 —5] =(l;; 1 O0f- l 0  uy; uy . (D
3 7 4 l3p I3 1 0 0 us3
Step-1: Reduce given matrix A into Upper-Triangular matrix U using Gauss-Elimination:
5 -2 1
A=|7 1 -5
7 3 7 4 7 14 7
Perform: R, » R, _ERl ERl = [7 - E]
3 3 -6 3
Ry = Ry =5k, sRi=[3 T
5 -2 1
= [0 19/5 —32/5]
0 41/5 17/5
. 41 41 _ ﬂ _ﬂ
Perform: R; — R, —ERZ ERz = [0 . 5% ]
5 -2 1
= v=1|0 19/5 -32/5 ]
0 0 1635/95
Step-2: Obtain Unit-Lower Triangular Matrix L
A=LU
5 -2 1 1 0 01 5 -2 1
3 7 4 l3; I3 11 10 0 1635/95
Weget 51,,=7= 1,,=7/5
5131=3$ 131 =3/5
19 3 19 41
—2131+?l32=7 = —2(§)+?132=7 = 132:E
5 -2 1 1 0 01 5 -2 1
Thus, [7 1 -5|= [7/5 1 of - [0 19/5 -32/5 ] ... 3)
3 7 4 3/5 41/19 1] |0 0 1635/95
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(d) LU-Factorization Method: Let us consider a linear system of equations:

ay1X1 + a12X, + ay3x3 = by
alel + azzxz + a23x3 == bZ P (1)
az;1X; + asz;Xx, + azzxz = bg

This can be written in the matrix form as follows:

AX = .. (2)
A=LU ... (3)
Equation ... (2) becomes:
LUX = ... (4)
If we set:
UX=Y . (5)
Equation ... (4) takes the form:
LY = ... (6)
Step-1: We first solve Equation ...(6) :
LY =
1 0 0 Y1
, [121 1 o.yzzl ] )
I3 U3 11 1ys

This is equivalent to the system:

Y1 =
lLyyi+y, = ... (8)
l3191 + L3y, +ys3 =

The system ...(8) can be solved for y4, y, and y; by forward substitution.

Step-2: We now solve Equation ... (5) :

Ux =Y
Uyp Uz Ugs X1 Y1
= 0 Uzz U3 |- |[X2| = |Y2 ..9)
0 0 Uss X3 Y3
Uqq X1+ UppXy + U3X3 = Y4
Uz Xy + UzzX3 =3 ... (10)
U3z3X3 = Y3

The system ...(10) can be solved for x;, x, and x5 by backward substitution.
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Example 1.5.2: Solve the given linear system of equations using LU-Factorization Method

x+2y+3z=6
3x+1y+2z=8

|

Step-1: To find the LU-Factorization of matrix A

Zx+3y+z=9}

2 3 1
1 2 3
3 1 2

Solution: We have- A=

We can write as- A=LU ... (1)
2 3 1 1 0 O] [u1x Uz U
= [1 2 3] = [121 1 0] 1 0 upx uzs] . (2)
3 1 2 l37, I3 1 0 0 uj;
Multiplying the matrices on the right hand sides of equation... (2) and equating the
corresponding elements of both sides, we get-
Uy =2, Uz = 3, u;z =1
lyuyp =1, ly1ugp + Uy =2, lyug3 + Up3 =3 } .- (3)
l31u11 =3,  lzquqz + lzup =1, l31u13 + l3pUz3 + U3z = 2
Uy =2, Uz =3, u;3 =1
= 121:1/2, u22=1/2, u23=5/2 coe (4)
131 = 3/2, 132 = —7, U3z = 18
It follows that:
1 0 0 2 3 1
I = ll/z 1 O] and U=1]0 1/2 5/2] .. (5)
3/2 -7 1 0 0 18

Step-2: To find the solution of given linear system of equations by using LU-Factorization
Method LY =

1 0 0 V1
= [121 1 0f- Y2 | = [ ] coe (6)
l37 I3 11 1Yy3
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The system ...(11) can be solved for x;, x, and x5 by backward substitution.

_ 35

= =
17 18

29 a3
27 18 37 18

2023-3
1 0 0 Y1
= l1/2 1 0 -y2=H . (7)
3/2 -7 11 L3
This is equivalent to the system:
Y1 =
1 —
Y1 tY2 = .. (8)
3
Y1~ 7y, ty3 =
The system ...(8) can be solved for y4, y, and y; by forward substitution.
3
= y1=9 Y2 =35 Y3 =5
Finally, we solve Equation:
ux =Y
U1 U1z U13] [X1 Y1
= [ 0 Uz  Uz3|-|[X2| =|Y2 ..9)
0 0 uszl [x; Y3
2 3 1] ™) |3
= [0 1/2 5/2] . xz‘ =13 .. (10)
0O o 181 X3 5
le+3xZ+x3 =9
1 5 3
Exz +Ex3 =E .o (11)
18x3 == 5
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Example 1.5.3: Solve the given linear system of equations using LU-Factorization Method.

S5x-2y+z=4 1 0 0 5 -2 1
7x+y—5z2=8 } Given: L = [7/5 1 0‘ & U=|0 19/5 -32/5
3x+7y+4z=10 3/5 41/19 1 0 0 1635/95

Solution: LU-Factorization Method: We start with L.Y =

1 0 071 Y11 [P
= [121 1 O]- y2| = ... (6)
l37 I3 11 Ly3]
1 0 01 Y1 [ 4]
= [7/5 1 O] Y2 = ...(7)
3/5 41/19 11 Lysl
This is equivalent to the system:
Y1 =%
7
Y1 tY2=0 3 .. (8)
3 41
Y1t Y2 tys=10)

The system ...(8) can be solved for y4, y, and y; by forward substitution.

12 46
= y1=4 Y2 =+ Y3 =15
Finally, we solve Equation: Ux =Y
U1 Ug2 Ug3] [X1 Y1
= [ 0 U3z u23] X2 = | Y2 ..(9)
0 0 Uz3z| 1X3 Y3
5 -2 1 X1 142
= [0 19/5 -32/5 |- lle =|5 ... (10)
0 0 1635/95] |x3 46
19
5x1—2x2+X3 =4 \
19 32 12
X275 —?f ... (11)
1635 46
95 19

The system ...(11) can be solved for x;, x, and x5 by backward substitution.

13 123 _ 284

46
= Xy =1-— =

= X, = X3 =
109 109 327 327




Dr Hashim Khan Chapter-1 MATH-316 Numerical Analysis-1 Academic Year: 2023-3

1.8 Gauss-Jacobi Iterative Method:
Let us consider a linear system of equations-

a11x1 + alzxz + a13x3 + -+ alnxn == bl
a;1X1 + as2X9 + a;3X3 + -4 AornXn = bz

: : _ .. (1)
a,1X1 + QX + a,3x3 + -+ appx, = b,

Where, a;; is the largest coefficient in the i equation so that the coefficient matrix
becomes Diagonally Dominant. The given linear system of equations can be written as-

1
X1 = @ [by — a13x; — ay3x3 — - — A1, X,] )
X2 = — [by — az1x1 — Ap3X3 — -+ — Az Xy ]
azr ’ Xy (2)
1
Xn = . [bn — Ap1X1 — AuaXpy — ** — an(n—l)xn—l]J
nn

In Jacobi method the first approximations to the given linear system of equations are
given by-

1 1
xi )= . [bl —a;%, Y — a3 — -~ alnxn(o)] )
W _ 1y _ 0) _ 0 _.._ (0)
X2 = |b; — az1xq az3X3 Az Xy | \ .. 3)
. . X . . .
x;) = o [brn — U121 — @2, @ — o~ an(n—l)xn—l(o)L

In order to get the first approximations, generally, we choose the initial
approximations as follows:  x;® =0, x,@®@ =0, x;@®=0, .. x,@=0

The second approximations to the given linear system of equations are given by-

2 1
xg )= . [b1 — a2, — @335 — - — @y, x, ] )
@ _Lrp, — @ _ W _..._ €y
X2 = |b2 — az1x az3X3 Azn%n V] | . (d)
2 _ 1
xgl) = A [bn - anlxl(l) - anzxz(l) - an(n—l)xn—l(l)]J

The second approximations are substituted into the R.H.S. of equation (4) to obtain the
third approximations and so on. The entire process is repeated until the values of
X1, X2, X3, ..., X, are obtained to desire accuracy.
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Example 1.6.1: Use Gauss-Jacobi’s iterative technique to find approximate solution for
the following linear system of equations (3 iterations only).

8x -3y +2z=20

4x+11y+z=33}
6x +3y+ 12z =35

Answer: Re-writing the given linear system of equations to make the coefficient matrix as
Diagonally-Dominant:

= 4x + 11y + z = 33 . (D)

8x—3y+22=20}
6x+3y+ 12z =35

Thus, the linear system of equations can be written in the form-

%[20+ 3y — 2z] )
y==[33-4x 2] } . (2)
z=-[35-6x—3y] |

Gauss-Jacobi’s First Approximation:

1
x® =220 + 3y©® — 22]
y®» = 1_11 [33 — 4x© — z(O] ...d
z® = —[35 - 6x(@ — 3y©] |

Starting with the initial approximation: x® =0, y©@ =0, z® =0

x® —%[20+ 3(0)— 2(0)]=2.5
= = [33 - 4(0) - (0)] = 3.0 ... (4)
z® = —[35 - 6(0) — 3(0)] = 2.9166667

Gauss-Jacobi’s Second Approximation:

x® =2[20 + 3y® — 2zM] = 2.8958330
y® = 1—11 [33 — 4x — zD] = 2.3560606 L
z® = = [35 - 62V — 3y™] = 0.9166666
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Gauss-Jacobi’s Third Approximation:

x® =2[20 + 3y® — 22®] =3.1543561
y® = 1—11 [33 — 4x@ — 2] = 2.0303300 ... (6)
z® == [35 - 6x? — 3y?] = 0.8797348 |

12

Proceeding in this way, after 12" approximation, we find that the two successive
approximations are same up to four decimal places.

Hence at this stage, we get:

x=3.0167, y=1.9858, z=10.9118
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Example 1.6.2: Use Gauss-Jacobi Iterative Technique to find approximate solution to
the following linear system of equations. (Perform 3 iterations only):

x + y+54z =110 27x+ 6y —z =85

Di 1]
6x + 15y + 2z =72 pogie ) = 6x + 15y +2z =72 }
27x +6y—2z =85 x +y+54z =110

Solution: We observe that the coefficient matrix has become as Diagonally-Dominant.

Jacobi First Iteration: Starting with x©@ =0, y©@ =0, z(® =0, we get-

x® = (85 — 6y® + z(¥)] = 3.148148148)
y® == [72 - 6x© — 220 = 4.8 L
z® = —[110 - x©@ — y©@] = 2, 037037037J

Jacobi Second lteration:

1
x® = ——[85 - 6y + 2] = 2.156927298 |

1
y@ = s [72 — 6x — 22V] = 3.269135803 ¢

1
z» = =2 [110 — x™ — yV] = 1.889849108 |

Jacobi Third lteration:

1
x® = —[85 - 6y + 2] = 2.491667937

~"

1
y® = 5 [72 — 6x® — 22(?)]| = 3.6852492

1
B3 = — — 2 _ vy =
23 =2 [110 — x® — y®)] = 1.936554387 |

We can write all the values in the table as:

Jacobi Iteration Technique
K x(K+1) y(K+1) Z(K+1)
0 x™ =3.148148148 y =4.8 z® =2.037037037
1 x® =2.156927298 y? =3.269135803 z*» = 1.889849108
2 x® =2.491667937 y® =3.6852492 z®) =1.936554387
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Example 1.6.3: Solve the given linear system of equations using Gauss-Jacobi Method
up to 3 iterations. (Starting with: x@ = 0.5, y@ = 0.5, z® = 0.5)
6x—-3y+z=11
—x+7y—z= —10}
—2x—y+8z=15

Solution: The coefficient matrix of the given linear system of equations is already in
Diagonally Dominant:

—x+7y—z=-10

6x—3y+z=11 }
—2x—-y+8z=15

Gauss-Jacobi First Iteration: Starting with x@ = 0.5, y(® = 0.5, z(® = 0.5, we get-

1 )
x@ = c [11 + 3y©@ — z(¥] = 2.000000000

-~

y® =_[-10 + x© + 2] = —1.285714286

N =

1
zZW = 3 [15 +2x©@ + y©@] = 2.062500000 |
Gauss- Jacobi Second Iteration:

1
x® = —[11+3y® - 20] = 0.846726190 |

-~

1
y® = —[-10+x1 + 2] = —0.848214286

1
z? = s [15 +2x™ + yM] = 2.214285714 |
Gauss- Jacobi Third Iteration:

1 )
x® = c [11 + 3y® — 2] = 1.040178571

N =

y® =-[-10 + x@ + z®] = —0.991284014

1
z® = 3 [15 +2x® + y®] = 1.980654762 |

We can write all the values in the table as:

Gauss-Jacobi Iteration Technique
K x(K+1) y(K+1) Z(K+1)
0 xM =2,000000000 y® =—-1.285714286 z™ =2.062500000
1 x® =0.846726190 y® = —0.848214286 z® = 2.214285714
2 x® =1.040178571 y® = —0.991284014  z®) = 1.980654762




Dr Hashim Khan Chapter-1 MATH-316 Numerical Analysis-1 Academic Year: 2023-3

1.9 The Gauss-Seidel Method:
This method is a modified form of Gauss-Jacobi Iterative Method. In

Jacobi Iterative method, no element of x;**V replaces x;* entirely for the next
cycle of computation. However, in the Gauss-Seidel method, the corresponding
element of x; %+ replaces those of x;® as soon as they become available.

Let us consider a linear system of equations-

aq1Xq + aAq2X2 + aizXxs + -4 ApnXn = bl
az1Xq + as2X9 + az3X3 + 4 Arn Xy = bz (1)

an1X1 + Ap2X2 + a,3X3 + et ApnXn = bn

Where, a;; is the largest coefficient in the i equation so that the coefficient matrix
becomes Diagonally Dominant. The given linear system of equations can be written as-

1
X1 = @ [by — a13x; — ay3x3 — - — A1, X,] )
X2 = — [b; — az1x1 — A3X3 — -+ — Az Xy]
az» ’ X (2)
1
Xn = — [bn — Ap1Xq1 — Au2Xp — *° — an(n—l)xn—l]J
nn

In Gauss-Seidel method the first approximations to the given linear system of equations
are given by-

1 1
x& )= — [b1 — a2, % — a3, @ — o - alnxn(o)] )
aiq
D _ 1y @ _ 0 _ ... _ (0)
X, . [bz az1X1 Az3X3 A2 X7 ] | ... 3)
n o1
51) = a_nn [bn - anlxl(l) - anzxz(l) - an(n—l)xn—l(l)]J

In order to get the first approximations, generally, we choose the initial approximations
as follows: 2@ =0, 2@ =0 x3@=0 . x,=0 (Ifnotgiven)

The second approximations to the given linear system of equations are given by-

2 1
xi =~ [b1 — a2, — agsx3™M — - — @y, x, ] )
aia
@ _10p — @) _ ) _..._ (0)
X2 = |b2 — az1x A23X3 Azn%n "] , .. (d)
3 :
1(12) - [bn - anlxl(z) - aanZ(z) T an(n—l)xn—l(z)]J
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In general, the(k + 1)** approximation is computed as follows-

(k+1) _ 1 [ (k) (k (k A

X1 = an _b1 — Q12X " —A13X3 . A1nXy )]
(kt1) _ 1 [p (k+1) o _ (k)]

Xo . _bz az1X4 az3X3 ArnXn | ... 5)
k+1). 10 . (k+1) . (k+1) . (k+1)

x1(1 - a_nn _bn — An1Xq — Ap2 X,y -t an(n—l)xn_1 ]J

Note: The rate of convergence of Gauss-Seidel method is approximately twice that of
Gauss-Jacobi Iterative method.
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Example 1.7.1: Use Gauss-Seidel iterative technique to find approximate solution for the
following linear system of equations-

10x1 — X + 2x3 =6
—X1 + 11x2 — X3 + ?)X4_ =25 1
le — X2 + 10x3 — X3 = -11 e ( )

3x2 - X3+ 8x4 =15

Starting with the initial approximation: x;® =0, x,® =0, x3©® =0, x,©@ =0,

x| »
<10

and iterating until D]

Solution: We observe that the coefficient matrix of the given linear system of equations
Is already of Diagonally-Dominant.

Thus, the given linear system of equations can be written in the form-

[6 + X — Z.X'3 — 0x4]\
25 + x1 + x3 —3x4]

| ! )
[—11 — 2x1 + x5 + X4]
[

ooIH;|>-\:|H';|H

15 - 0x1 3x2 + x3] J

Gauss-Seidel First Approximation: Starting with the initial approximation:

x, W =—[6 x,©@ — 2x3® — 0x,9] = 0.6000 )
x, D =—[25 + ;D + 23 @ —3x,0]

2.3272

. - (3)
x; W = 1—0[—11 — 2%,V + x,® 4 x,] = -0.9873
2@ = 2 [15 — 0, @ - 3, + 2;] = 0.8789 |
Gauss-Seidel Second Approximation:
x,® =—[6 + 2, — 2x;W — 0x,M] =1.0300 )
x,? :H[Z5 + 2@ + 23 —3x,M]=2.0370 > @

x3(2) —_ 1_]6[_11 —_ le(Z) + xz(z) + x4(1)] = —10140

2@ = 2 [15 — 00, ® - 36, + x;®] = 0.9844 |
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Gauss-Seidel Third Approximation:
1@ ==[6 + 1@ — 223 @ — 0x,?] = 1.0065

x,® = 1_11[25 + 2@ + x3@ —3x,P] =2.0036

..(5
x3(3) —_ 1_]6 _11 — 2x1(3) + xz(s) + x4(2)] = —10025
x4(3) :% [15 _ 0x1(3) - 3x2(3) + x3(3)] =0.9983 |
Gauss-Seidel Fourth Approximation:
x1(4) — 1_10[6 + x2(3) — 2x3 3 — OX4,(3)] =1.0009 )
x,® = %[25 + @ + x3® —3x,3] =2.0003
.. (6)
x3(4) — %[_11 — 2x1(4) + x2(4) + x4(3)] =-1.0003
x,@ =% [15 —0x;® —3x,@® + x3(4)] =0.9999 )
Gauss-Seidel Fifth Approximation:
x1(5) — 1_10[6 + x2(4) — 2x3 4 _ Ox4(4)] =1.0001 )
® ==[25 + 1® + @ —3x,@] =2.0000 -

x3(5) — 1_]6[_11 — 2x1(5) + xz(s) + x4(4)] — _10000
x,® zé [15 — 0x;® —3x,® + x3(5)] =1.0000

Test for convergence: We know that for k = 0,1,2,3,4,....,n iterations-

|x®+ V|| = Maxof |x**V| and |x*D —x®)|| = Max of |x*+D) — x®

Thus for k = 4
|x®|| = Max of x| = 2.0000

and
[x® —x®)|| = Max of [x® — x*®|=0.0008 =8.0x 10™*
Thus
[x® - x®] 8.0 10-*
Ix®]l, 2.0000

=4x10"%*< 1073

We stop after 5" iteration because of the desired accuracy.
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Example 1.7.2: Use Gauss-Seidel iterative technique to find approximate solutions to the

following linear system of equations. (Perform 3 iterations only)
3u+ 8v +29w =71
7u + 52v+ 13w = 104}
83u +11v—4w =95
Answer: Re-writing the given linear system of equations to make coefficient matrix as

Diagonally-Dominant:

7u + 52v+ 13w =104

83u +11v — 4w =95}
3u+ 8v +29w =71

Gauss-Seidel First Iteration: Starting with v® =0, w©® =0, we get-

1
u® = —[95 - 119 + 4w(®] = 1.144578313 |

Y

1
v = = [104 — 7u® — 13w(®] = 1.84592215

1
w® = —[71 — 3u® — 8yMD]| = 1.820651306
29 J

Gauss-Seidel Second Iteration:
1
u® = 33 [95 — 11v™ + 4wD] = 0.9876802599

3

1
v® = = [104 — 7u® — 13wM] = 1.411880215

1
w? = 5 [71 - 3u® — 8v¥] = 1.956617845

Gauss-Seidel Third Iteration:
1 )
u® = 23 [95 — 11v® + 4w®] = 1.051756494

1
v® = 55 [104 - 7u® — 13w®] = 1.369262934 |

1
w® = 55 [71 - 3u® - 8v¥] = 1.96174576 |

We can write all the values in the table as:
Gauss-Seidel Iteration Technique

u®+D pE+1D) w &+
0 u® =1.144578313 v =1.84592215 w® =1.820651306
1 u® =0.9876802599 v@® =1.411880215 w® = 1.956617845
2 u® =1.051756494 v® =1.369262934 w® = 1.96174576

Dr Hashim Khan, Jazan University Page-36
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Exercise 1.1: Numerical Solution of Linear System of Equations
1. Choose the correct answer (Questions 1.1 -1.4)

1.1 When Gauss-Jordan method is used to solve the matrix equation AX = B, then the
coefficient matrix A is transformed to the:

(a) Upper triangular matrix
(b) Diagonal matrix

(c) Zero matrix

(d)None of these

1.2 Which of the following numerical methods provide with the exact solutions for a given
linear system of equations:

(a) Gauss-Jacobi method

(b) Gauss-Seidel method

(c) Gauss-Elimination method and Gauss-Jordan method
(d) None of these

1.3 Using back substitution method find the solution of given linear system of equations:

1 2 17x 10
[0 1 -1 [y]= 2]
0 0 11tz 5

@x=7,y=-9,z=5

(b)x=-7,y=9,z=5

c)x=-9,y=7,z=5

(d) None of these

1.4 The solution of a linear system of equations: 4x +y + 3z =17, x+ 5y +z = 14,
2x —y + 8z = 12 by Gauss Jacobi Method for first iteration (Starting with x©@ = 1,
y©® =1& z® =1)is
(a) x=4.25,y=2.8,z=15
(b) x=4,y=2.0,z=1.0
(c) x=4.25,y=1.66, z=1.1
(d) x=3.25,y=2.40,z=1.375

2. Use Gauss Elimination with backward substitution to solve the following linear system
of equations:

x+2y +z =8
2x+3y+4z =20
4x + 3y +2z =16
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3. Use Gauss Elimination with backward substitution to solve the following linear system
of equations:
4‘x1 - xz + x3 = 8
le + st + ZX3 =3
x1 + 2x2 + 4‘x3 == 11

4. Use Gauss-Jordan Method to solve the following linear system of equations:
x+2y +z =8
2x+3y+4z =20
4x + 3y +2z =16
5. Use Gauss-Jordan Method to solve the following linear system of equations:
4-x1+ X2 +2x3 =9

le+4'xZ - x3 == —5
X1 + Xo — 3x3 -9

6. Decompose the given matrix A into the form of LU where L is unit lower triangular and U
an upper triangular matrix.

5 -2 1
A=17 1 =5
3 7 4

7. Decompose the given matrix A into the form of LU where L is unit lower triangular and U
an upper triangular matrix.

4 3 2
A=|2 3 4
1 2 1

8. Find the first three iterations of the Gauss-Jacobi Method for the following linear
system of equations using x;® =0, x,@ =0, x;©® =0

(a) 3x1+6x;+2x3=0

3x; — X + X3 =1}
3x1+3x2+7x'3=4

(b) —X1 + 3x2 + X3 = —4

4x1+ x5 — x3 =5 }
le+2x2+5.X'3

Il
p—
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9. Use Gauss-Jacobi Method to find approximate solutions to the following linear system
of equations-
10x1—2x2 —X3 —x4_ == 3
—le + 10x2 — X3 — Xyg = 15
—X1 — X2 + 10x3 —Z.X'4 =27
—x1 - xZ - 2x3 + 10x4 == —9

10.Find the first three iterations of the Gauss-Seidel Method for the following linear system
of equations using x,® =0, x,® =0, x;© =

(a) 3x1 + 6x2 + ZX3 =0

3x1 —xz +x3 =1}
3x1+3x2+7X3=4

4‘x1 + xz - X3 = 5
(b) —Xxq + 3x2 + X3 = —4}
le + sz + 5x3 = 1
11.Use Gauss-Seidel iterative technique to find approximate solutions to the following
linear system of equations-

10x; —2x; —x3— x4, =3
—2x1 +10x3 —x3 — x4 = 15
—X1 — X3 + 10x3 —2x, = 27
—Xq1 — X3 —2x3 +10x, = -9
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2.1 Nonlinear Equations:

The general form of a nonlinear equation is f(x) = 0 where f a nonlinear
function of the variable is x.

e.g.: xt+x3+1=0
xe*—=7=0
logx—x=0

x2+In(x—-3)+ersinx=0

2.2 Roots of an Equations f(x) = 0:
In order to find the solution of an equation f(x) = 0, we find those values of
x for which f(x) = 0 is satisfied, such values of x are called the roots of f(x) = 0
Thus, x = a isaroot of an equation: f(x) =0 < f(a)=0
A root of the equation f(x) = 0 is also called the zero of the function f(x)
In this chapter, we shall describe some numerical methods to approximate the
solutions of equations of the type f(x) = 0 to an arbitrarily high accuracy.

2.3 The Bisection Method:

This method is due to Bolzano and based on the repeated application of
intermediate value property.
Suppose f(x) is a continuous function defined on the interval [a, b] and we wish to locate the root
of an equation:

fx)=0 in the interval  [a, b].

Let- fla).f(b) <0 S f(a) and f(b) are of opposite sign.
Then, the intermediate value theorem implies that there exist at least one root p in (a, b) such that
fe)=0
VA
S(b) +

Spy) +
x
f(P:) T
fla) +
(711 P bll
a, P2 b,
as py; b
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Let- f(a) <0 and f(b) > 0 then approximate value of root (p;) is given by: p; = %b

e If f(p,) =0 thenp = p, is correct root and we are done.
e If f(p1) # 0 then the root either lies in (a, %b) or (%b
f(p41) is negative or positive.

e We again bisect the interval and repeat the process until the root is obtained of desired
accuracy.

,b) depending on whether

Working Rule:  Suppose f(x) is a continuous function defined on the interval [a, b]

ai+bq

1. To begin, set a; = a and b; = b then 1% approximation, p; = >

2. If f(py) #0 and
(a) If f(p1) and f(a4) have the same sign then p € (p4, b1). Set a, = p; and b, = b,
(b) If f(p1) and f(a4) have the opposite sign then p € (a,,p1). Set a, = a4 and b, = p;
3. Repeat the process to the interval [a,, b,] and so on.

Example 2.4.1: Show that f(x) = x3 + 4x? — 10 has a root in (1,2) and use Bisection Method to
determine an approximation to the root correct to 3 decimal places.

Solution: We have f(x) = x3 + 4x* — 10 a;=1 and a,=2
Since, f(1)=(1)3+4(1)2-10=-5<0 (Negative)

and  f(2)=(2)3+4(2)2-10=14>0 (Positive)

Therefore, by intermediate theorem, the function f(x) has a root in [1, 2].

Iteration Table:

Bisection Method
" AL a, b, a, + b, . )
pproximation =) +) Pn=""7 f(@n) = (pn)° +4(p,)* — 10

n

| 1.0 2.0 1.5 2.375

2 1.0 1.5 1.25 —1.79687

3 1.25 1.5 1.375 0.16211

) 1.25 1.375 1.3125 —0.84839

5 1.3125 1.375 1.34375 0.35098

6 1.34375 1.375 1.359375 —0.09641

7 1.359375 1.375 1.3671875 0.03236

8 1.359375 1.3671875 1.36328125 —0.03215

9 1.36328125 1.367 1875 1.365234375 0.000072
10 1.36328125 1.365234375 1.364257813 —0.01605
11 1.364257813 1.365234375 1.3647460094 —0.00799

We observe that po and p,; are same up to three decimal places. Thus, p = 1.364 is correct
root of the function f(x) to three decimal places.
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Example 2.4.2: Use the Bisection Method to approximate a solution of the equation:
sin 10x + cos 3x = 0 on the interval [4.71,4.715] with an accuracy of 1073

Solution: Let f(x)=sin (10x) + cos (3x)

Since, f(4.71) = sin (10(4.71)) + cos (3(4.71)) = 0.0310544113 >0  (Positive)
and  f(4.715) = sin (10(4.715)) + cos (3(4.715)) = —0.03394020 < 0 (Negative)

Therefore, by intermediate theorem, the function f(x) has a rootin (4.71,4.715).

Bisection Method

(n) a, b, Approximation | f(p,) = sin (10p,) - |Prew — Potal
(+) (=) P, = an -ZI_ by, +cos (3p,) | ¢ |Pnewl

1 4.71 4.715 p; = 4.7125 —ive

2 4.71 4.7125 p, = 4.71125 +ive Eq :%:

3 4.71125 | 4.7125 p; = 4.711875 +ive E, = 'Psh;lpzl -

4 | 4.711875 | 4.7125 p,=4.7121875 +ive E, :%:

5 | 4.7121875 | 4.7125  ps = 4.71234375 +ive E, = 'Pj};lpﬂ -

6  4.71234375 4.7125 p, = 4.712421875 STOP E, - Ps—Psl_

[Pl

Since p,, ps and p, are identical up to 3 decimal places, therefore p = 4.712 is correct with an
accuracy of 1073,
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Example 2.4.3: Apply Bisection Method to approximate /786 in the interval [9.22,9.23],
accurate to within 1073,

Solution: We wish to find:
X = 3\/786 From Calculator:
V786 = 9.228706804

= x3 =786
= x3—-786=0
Let f(x) =x3-1786 Choose Interval: [9.22,9.23]

Since, f(9.22) =(9.22)3 — 786 = —2.222552< 0 (Negative)
and  f(9.23) =(9.23)% - 786 = +0.330467 >0 (Positive)

Therefore, by intermediate value theorem, the function f(x) must have one root
between: 9.22 and 9.23.

Bisection Method

" b Approximation f(zn)

™5 +) | p,=Tntbn . By = Petn Bl
" 2 (pn) — 786

1 9.22 9.23 p, = 9.225 —ive

2 9.225 | 9.23 | p,=9.2275 —ive |5, -PPl

3 | 9.2275 | 9.23 | p,=9.22875 tive | 5-PPl

4 | 9.2275 |9.22875 p,=9.228125 | —ive | g-" Pl

5 9.228125 9.22875 ps = 9.2284375  STOP | g7 Pl

Since p3, p, and ps are identical up to 3 decimal places, therefore p = 9.228 is correct
with an accuracy of 1073,
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2.4 Newton- Raphson Method:

0= f(po) + hf,(po)

_ _ fp1)
P2= P17
f(p2)

P3 = D2 — ' (p2)

f(Pn-1)
' (Pn-1)

Pn =DPn-1— forall n>1

Suppose p denote the exact root of the equation f(x) = 0 provided f'(p) # 0, i.e.

Newton—Raphson Method is one of the most powerful and well
known numerical methods for solving a root of the nonlinear equation f(x) = 0.

fe)=0 (@)
YA
Slope /"(py) / y=flx)
(2. S(p)
Po Slope ["(py)
T L
X
¥ (20, f( o))
Let poy € [a, b] be the initial approximation and h be the correction required in p, i.e.
Po +h= P .o (2)
= f(p0+h):f(p):0
Now, Expending: f(p, + h) by Taylor’s theorem-
! hz "
f(py +h) = f(p,) + hf (P0)+§f (Po) + 4 -3

Since, h is very small, neglecting second and higher order terms-

= = —% [provided, f'(po) # 0]
0
Substitute the value of h in equation ...(2), we get a better approximation to the root-
f(p,)
P1=Po— 7S ~P
f (po)

Similarly, the improved root over the previous one can be obtained by iteration-

[provided, f'(p,) # 0]
[provided, f'(p;) # 0]

[provided, f'(p,-1) # 0]




Dr Hashim Khan Chapter-2 MATH-316 Numerical Analysis-1 Academic Year: 2023-3

Example 2.5.1: Find the root of f(x) = x* — x — 10 using Newton-Raphson Method that
lies near py = 2.

Solution: We have f(x)=x*-—x—-10 Po =2
= fl(x) =4x3 -1
= f(2)=2*-2-10=4
= fl(2)=423%-1=31
Applying Newton — Raphson Method: Forn=1
f (o)

P1=Po~ 5y

=  p,=2-1% - 1870967742

@)
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Example 2.5.2: Use Newton-Raphson Method to find the solution of f(x) = cos x —x = 0, with an
T

accuracy of 1073, starting with p, = =

4
Solution:  We have
f(x) =cosx—x = f(Pn-1) = €OSPp-1 — Pn-1 e (D)
= ff(x)=—sinx—1 = f'(Ppp_1) =-—-Sinp,_1—1 .. (2)

Applying Newton — Raphson Method-

f(Pn-1)
n—-1/ >
Pn = Pn-1 F o) forall n>1

From Equations (1) and (2), we can write as follows-

d Pn = Pn-1— C(iiz:l;l—:ff;l forall n>1
Forn =
_ €os po—po
= P1=Po —sinpo—1
= p1 = 0.7853981635 — 2P0 ATEIEEE — ,7395361337
Forn=2
_ . cosp1—p1
= P2 =P1 —-sinp1—1
= p2 = 0.7395361337 — TR AT _ ¢ 7390851781

Similarly, we can find the following
p3 = 0.7390851332 and ps = 0.7390851332

Writing all in a Table: Starting with, pgo = % = 0.7853981635

Newton- Raphson Method

Number of lteration Approximation: Percentage Error:
_ _ €OSPn-1—Pn-1 _
(n) Pn = Pn-1 —00 P—n—1—1 EP _ |pnew poldl 100

|Pnewl

p. = 0.7395361337 |, - lpllp_lp"l_mo:

p2 = 0.7390851781 E,,:'lez:irl'.mo:

ps =0.7390851332 | g, _ 'Psl—lpz',m:
pP3

ps = 0.7390851332 Epzw_mz
|2

1
2
3
4

We observe that p; and p, are same up to Ten decimal places. Thus, p = 0.7390851332 is correct
root of the function f(x) up to Ten places of decimals.
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Example 2.5.3: Use Newton-Raphson Method to find solutions accurate to within 10~° to the given
problem:
sinx—e*=0, for 6<x<7
Solution: We have f(x) =sinx—e™™*
Since, f(6) =sin6—e ®=-0.2818942504 <0 (Negative)
and f(7)=sin7—e 7 =+0.6560747168 > 0 (Positive)

Therefore, by intermediate theorem, the function f(x) has at least one real root between 6 and 7.
Now,

f) =sinx—e™ = f(Pppy) = sin (py-y) — e PrV e (1)
= f'(x)=cosx+e™™* = ' (Pn-1) = c0s (Pp_1) + e Pn-D .. (2)

Applying Newton—-Raphson Method-

f(Pn-1)
- — >
Pn=Pn-1" 70, forall n>1
From Equations (1) and (2), we can write -
sin (pn_l)—e_(pn—l)
- — >
= Pn = Pn-1 [cos pn_p)re Fn1) forall n>1
Starting with, po = 6, (Because f(6) == —0.28 is near to Zero in comparison of f(7) = +0.65).
. . _ sin (po)—e_(pﬂ)
FOF n-= - pl - pO [COS (p )+e_(p0)

sin (6)—e™
cos (6)+e~(6)

= - —[ ] 6.2928318

Forn=2
sin (pl)—e_(pl)
cos (p1)+e_(p1)

= P2=P1—[

sin (pl)—e_(”l)

= Py, =Dy — [ = 6.285049004

cos (p1)+e_(”1)

Continuing in this process, we can find a table-
Newton- Raphson Method

Number of Iteration Approximation _ |Pnew — Potal | Ep = Eg-100
(n) Pn R |pnew|

p1 = 6.2928318 ER:w:
P1

P; = 6.285049004 | 5, I pil_
P2

1
2
3 p3 = 6.285049273 |y _ P Pl _
4

Ipsl

Ps = 6.285049273 | 5, Pomil
P4

We observe that p, and p; are same up to Six decimal places. Thus, p = 6.285049 is correct root of
the equation f(x) = 0 up to Six places of decimals.
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Example 2.5.4: Apply Newton-Raphson Method to find the solution accurate to within
107° to the given problem:  cosx—xe*=0, for 0<x<1

Answer: We have f(x) = cos x — xe*

Since, f(0)=cos (0)—(0)e® =1>0 (Positive)

and f(1)=cos (1) —(1)el =-2.1779 <0 (Negative)
Therefore, by intermediate theorem, the function f(x) has at least one real root between 0 and 1.
Now, f(x)=cos(x)—(x)e® = f(p,_1)=c0S Pu1)— (Ppr)ePr- e (D)

f'(x) = —sin(x) —e® — (x)e® = f'(Pn_q) = —sin (Pu_1) — ePr-V — (py_y)ePr-1V .. (2)

Applying Newton — Raphson Method-
f(Pn-1)

forall n>1
f’(pn—l) -

Pn = Pn-1—

From Equations ...(1) and ...(2), we can write -
cos (pn—l)_(pn—l)e(l’n—l)

forall n>1
—-sin (pn_l)—e(pn—l)—(pn_l)e(l’n—l)

= pn=pn—1_[

[ cos (po)—(po)e®o) | _
sin (po)+e(P0) +(pg)e(Po) -

[ cos (p1)—(pyeP)
sin (p1)+e(1’1) +(p1)e(1’1)

=0.6530794035

Continuing in this process, we can find a table-
Newton- Raphson Method

Number of Approximation |Prew — Poual
Iteration _ c0S (Pp-1) — (Pp_q)€Pn-V Ep = " Prewl 100
(n) Pn = Pn17 | T (Pp_y) — e@n-1 — (pn_l)e(pn—ﬂl
1 p1=1 EP=%.100:
2 p2 = 0.6530794035 E,— 'sz—zlpll,mo -
3 ps; = 0.5313433676 Ep:%.wO:
4 ps = 0.5179099131 Ep - ""*h;l“'.loo -
5 ps = 0.5177573832 Ep - 'Psh;f"*'.wo:
6 pe = 0.5177573637 STOP | g, _1Ps=Psl 150

12
We observe that p; and p are same up to Seven decimal places. Thus, p = 0.5177573 is correct root

of the equation f(x) = 0 up to Seven places of decimals.
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Example 2.5.5: Apply Newton- Raphson Method to approximate a root of the following
nonlinear equation: (Do Three Iterations): x3 — 6x? + 14x — 6 = 0 with p, = 0.5.

Solution: We have f(x) =x3—6x*+14x—6
Since, f(0)=(0)3-6(0)2+14(0)—6 =—-6 <0 (Negative)
and  f(1)=(1)3-6(1)2+14(1)—6=+3 >0 (Positive)

Therefore, by intermediate theorem, the function f(x) has at least one real root between 0
and 1.

f)=x>—6x*+14x—6 = f(py_1) = Pn-1)*> —6(Pu-1)* +14(P,-1) — 6 ... (1)
fl(x)=3x*—12x+14 = [f'(Pp-1) = 3(Pn-1)* — 12(pp-1) + 14 - (2)

Applying Newton—Raphson Method-
_ f(pn—l)
Pn = Pn-1—

forall n>1
7 Prey) oralt m=

From Equations (1) and (2), we can write as follows-

_ (pn_1)3—6(pn_1)2+14(pn_1)—6]

= Pn = Pn-1 3 ()’ —12(p_p)+14 forall n>1
— — o [®0)3-6(p0)*+14(po)-6 B
For, n=1 P1 = DPo 3(po)2—12(pg)+14 ] Po=0.5
_ _ [(0.5)3-6(0.5)2+14(0.5)-6] _ 19 _
= p1=0.5 [ 3(0.5)2-12(0.5)+14 ] 35 0.542857143

Newton- Raphson Method

No of Approximation: Percentage Error:
Iteration _ _ [®n-1)3-6(Pn-1)*+14(pn-1)-6 |Prew — Potal
I L 3(pn-1)2-12(py_1)+14 || 20 = g1 100
1 p; = 0.542857143
2 p, = 0.543835254

3 ps = 0.543835754
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2.5 Secant Method:

We have seen that Newton- Raphson method is an extremely powerful technique to
solve a nonlinear equation, but it has a major weakness that it requires the evaluation of derivative of the
function at each approximation and this is not always possible, particularly in the case of functions
arising in the practical problems.

To circumvent the problem of the derivative evaluation in Newton- Raphson method,
we introduce a new technique known as Secant Method.

In the Secant Method, the derivative of f(x) at p; is approximated by:

/ @)-fi-1)
f'(py) = e LPeL - (D)
i i—-1

Substitute f'(p;) from equation--- (1) in the Newton-Raphson Formula, we get-

(pi)
Pi+1 =DPi — ff,_(z;i) -+ (2)
N 4 ¢ 1))
= Pi+1 = Pi [f(m—f(pi_l)
Pi—Pi-1
_ _ (pi—pi-1) i=1234
= Piv1 =Pi~ |70 fP), [i=1234..] - (3)
_ pi-tf@d)-pif pi-1) .
or Pirt = )ty [=1234.] @

Starting with the two initial approximations p, and p4, the approximation p, is the x-intercept of the
line joining (po,f(po)) and (p.f(p1)). The approximation p5 is the x-intercept of the line joining
(p1, f(p1)) and (p,f(p,)), and so on. Note that only one function evaluation is needed per step for
the Secant Method after p, has been determined.

VoA

|

1
Po

In contrast, each step of Newton-Raphson method requires an evaluation of both the function and its
derivative
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Example 2.6.1: Use the Secant Method to find a solution to x = cos x with p, = 0.5 and p; = % with

an accuracy of 10~7 . Find Relative Approximate Error Also.
Solution: Writing:  f(x) =cosx—x

f(0.5) = cos (0.5) — 0.5 =0.3775825 >0 (Positive)
and  f(5)=cos(3)-5 = -0.0782913<0 (Negative)
Therefore, the root lies between 0.5 and E: 0.7853981635

Now, Using Secant Method, starting with pp = 0.5 and p, =%

Pn+1 = Pn — [%} f(pw) foralln>1
Taking, f(x) =cosx—x
= f(pn) =COSPyp — Pn and f(pn—l) =CO0SPp-1— Pn-1

Pn—Pn-1
€0S pp—Pnl—[c0S Pr_1-Pn-1

Thus, Pn+1 = Pn — [[ ]] [cos pn — Pl foralln>1

pP1—Po
cos p1—p1l-[cos po—po

= P2 =DP1— [[ ]] [cos p1 — P4l
(0.7853981635 — 0.5)

7 1635 — 0.7 1
[cos 0.7853981635 — 0, 7853981635] — [cos 0.5 — 0,5 (05 0- 7853981635 — 0.7853981635]

p, = 0.7853981635 —

= p2 = 0.7363841388
_ _ P2—P1 _
Next, P3 =Pz [cos p2—p2]-[cos P1—P1]] [cos p2 — pe]

Similarly, we can find p3, ps, ps etc. We list all in the following Table —

Number of Iteration Secant Method _ |Pnew = Potal | Ep = Eg.100
(n) Pn R |pnew|
1 p; = 0.7853981635
2 p, = 0.7363841388 ER:@:
P2
3 p; = 0.7390581392 ER="’~"|‘|”2' -
P3
4 py=0.7390851493 | g, :%: 3.6 x 1073 %
P
5 ps = 0.7390851332 | g, _ 'Psl—rﬂ - 2.2x107%%
Ps
6 STOP

We observe that p, and ps are same up to SEVEN decimal places. Thus, p = 0.7390851 is correct root of
the function f(x) up to seven decimal places.
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Example 2.6.2: Use the Secant Method to find a solution of 2x — logy¢ (x) = 7 on the
interval [3, 4] with an accuracy of 1075,

Solution: We have f(x) =2x—1ogq4y (x) —7 Interval: [3, 4]
Since, f(3)=2(3)—-1log19(3)—7 =-1.47712125 < 0 (Negative)
and f(4)=2(4) —logio (4) —7 = +0.39794000 > 0 (Positive)
= f(x) must have one root between: 3 and 4.
Choose, po =3 and p; =4

= f(po) = —1.47712125 & f(p1) = 0.39794000

Applying Secant Method -

pn—lf(pn) _pnf(pn—l)
= f I >1 e 1
Pott = T ) 1) orain = 1)

Iteration-1: Taking n = 1 in equation-(1), we get-

(p1)—-p1f (o)
_ pof(p1)—P1f(Po 2)

P2 =" onsr000

=> pp,=3.787772266 = f(p2) =-0.002839328

Iteration-2: Taking n = 2 in equation-(1), we get-

_ pf@2)-p2f)
P3 = = o —r oo (3)

= p3=3.789275797 = f(p3) = —0.000004622

Iteration-3: Taking n = 3 in equation-(1), we get-

_ p2f(P3)-p3f(p2) 4)

Ps="roo—rony

=> P4 =3.789278249 STOP

We observe that: p; and p4 are same up to five decimal places. Thus, p = 3.78927 is
correct root of the given equation f(x) = 0 up to five places of decimals.
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2.6 Numerical Solution of a System of Nonlinear Equations:

Consider a system of two nonlinear algebraic equations -

f(x,y) =0
g~ 0} -

(a) Newton’s Iterative Technique OR Newton-Raphson Extension Method:

Let (xq, yo) be an initial approximation to the root of Equation (1). If (xg + h,yo + k)
Is the exact root of the system , then we must have-

f(x0+h,y0+k) :0}

g(xg+hy,+k)=0 - @)

Assume that f and g are sufficiently differentiable functions, we can expand both the
functions by Taylor’s series to obtain-

fothL ikt =o0
6x0

9yo
g0+h:—i+k;—i+---=0 O
Where,
fo=f(x0,50) 9o = 9(Xo,¥0)
of _of dg _adg
a_xo " ox (x0,y0) a_xo ~ox (x0,y0)
of _of dg _adg
O_yO B @ (x0.¥0) a_y" B E (x0.¥0)

Neglecting the second and higher order derivatives, we obtain the following-

O LY
h6x0+k6y0_ fo

LN ] (3)
99 4 99 _ _
hax0+kay0_ 9o

Equation (3) possesses a unique solution if

%0 e (4)
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By Crammer’s Rule, the solution of equation (3) is given by-

of of
—fo - — —fo
h=21 9% and  k==|% . (5)
D|(_ 99 D[99 _
9o P 9% 9o

Hence the new approximations are therefore,
X1=x0+h and Y1 :y0+k oo (6)
The process is to be repeated till we obtain the roots to the desired accuracy.

Note: (1) Choose initial approximation if not given in the question: (x, yo) = (0,0) or
(x0,Y0) = (0.5,0.5) or (x9,¥9) = (1,1)

(2) The convergence of the Newton’s Iteration method for solving a system of
nonlinear equations is of second order, same as in case of single nonlinear equation.
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Example 2.7.1: Use Newton’s Iterative Techniques to find approximate solutions up to 2"
iteration to the following nonlinear system of equations:  [Choose: (x, ¥o) = (0.5,0.5)]
3x2y—10x+7 =0
y> -5y +4=0 }
Solution: We have  f(x,y) = 3x*y —10x + 7

oF _ _ f _ .2
= ax—6xy 10 & ay—3x

glx,y)=y* -5y +4
g _ 99 _ _
= E—O & ay—Zy 5

First Approximation: Taking, (xq, y¢) = (0.5,0.5), we obtain-

fO = f(xOJyO) = 2.375, 9o — g(xo,yo) =1.75
of _ of aof  of
Pyl = —8.5, — == =0.75
dxg ox (*0.Y0) dyo dy (X0.Y0)
dg _ adg dg ag
_— = 0’ _— = = —4.
dxg 0x1(x0,v0) dyo ay (Xo0,Y0)

Ry k2~ g,

ha_9_|_ka_9:_g Oh — 4k = —-1.75 h
dxo yo 0
Crammer’s Rule:
of  of
Hence, D= 2’;’ '?;’ = _% 5 0'_15 =34 +0
axo Yo

By Crammer’s Rule, the solution of equation (3) is given by-

—f, L
_ 1| 70 ay| _ 1-2.375 0.75| _
ol o _34|—1.75 g | 703180
9o 3,

o _
o 0| _1,-85 -2.375

1
D|o - —
D|dg —do 341 0 1.75

=0.4375
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Hence the new approximations are therefore,
Xy =%xp+h=0.5+0.3180 = 0.8180
y1=Yo+k=05+0.4375=0.9375

Second Approximation: Taking, (x4,y1) = (0.8180,0.9375), we obtain-

f1=7F(x1,y1) =0.7019 g1 =9(xy,y1) =0.1914
a9 = —5.3988 o I =2.0074
d0xq dax (x1,y1) ay1 ay (x1,91)
99 _9g _ o 99 _ % = -3.125
0x;  0xl(x,y)) 1 Wlxyyy)
Ry k2= _f)
dxq ay1 1 [ —5.3988h + 2.0074k = —O0. 7019}
ag _ Oh —3.125k = —-0.1914
hax1 + ka)’1 N 'glJ
of of
_ |6xy dy.| |—5.3988 2.0074| _
Hence, D = ag og|~ 0 “3 128 = 16.8712 + 0
Ox1 0yy

By Crammer’s Rule, the solution of equation (3) is given by-

—f of
1|t Gy, —0.7019 2.0074| _
h=3 . g 168712| 0.1914 -3.125 =0.1528
g1 9y,
o f
_1ox 1 —5. 3988 —0.7019| _
and k=515,  |=1 8712| _0.1914/ = 0-0612
o, 91

It follows that,

x; = x4 +h=0.8180 + 0.1528 = 0.9708

Y2 =y1+k=0.9375+0.0612 = 0.9987
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Example 2.7.2: Use Newton’s Iterative Techniques to find approximate solutions up to 2"

iteration to the given nonlinear system of equations: [Starting with (xq, y9) = (0.5,1.5)]
sinx—y=-0. 9793}
cosy—x=-0.6703

Solution: We have f(x,y) =sinx—y+ 0.9793

of _ of _ _
= 5, = COS X & 3y 1

gx,y)=cosy—x+0.6703

ag ag .
= = =-1 & — = —sin
dx ay y

First Approximation: Taking, (xq,y¢) = (0.5,1.5), we obtain-

fo = f(x0,¥0) = —0.0413, 9o = 9(x0,Y0) = 0.2410

af _ of of of

— = — = (0.8776, —_— == = -1

axg dax (x0,Y0) ayy ay (X0,70)

dg _ dg dg __ adg

dxg ax (%0.Y0) dyg ady (X0.Y0)
haxo + kayo ~Jo N 0.8776h — k = 0.0413 } 3)
hl% 4 k29— _g, —h —0.9975k = —0.2410

dxo 3}’0

Crammer’s Rule:

oF oF
Hence, D= ol = 08776 e = —1.8754 % 0
dxg Ay
By Crammer’s Rule, the solution of equation (3) is given by-
hzl_f" :_yiz 1 |—0.0413 | = —0.1505
—do ;_;L -1.87541 0.2410 -0. 9975
L —f,
and k=75 Ll —1_|° ﬁ7176 _0(_’2(;41103 ~0.0908
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Hence the new approximations are therefore,
y1=Yo+k=1.5+0.0908 = 1.5908

Second Approximation: Taking, (x4,y1) = (0.6505,1.5908), we obtain-

f1=7F(x1,y1) =—0.00592 g1 =9(x1,y1) = —0.00020
aof _ of af _ of
— == = 0.7958 g9 =1
d0xq dox (x1,y1) ay1 ay (x1,91)
99 _9g _ 4 99 _ %9 = —0.9998
0x;  0xl(x,y)) 1 Wlxyyy)
oF O _ _ £
Maxy W5y, = 7T . 0.79581  1ic = 0.00592)
h2% k29 - g4 —h —0.9998k = 0.00020
ax; oy ey
or  9f
_ [ox1 9y:| _0.7958 -1 |_
rence. D=lag a0|=|" -1 _o.9998/ = 1792670
ax1 6y1
By Crammer’s Rule, the solution of equation (3) is given by-
—f1 of
1 ayi[ _ 1 10.00592 -1 | _
=5 _g, 29| -1795610.00020 —0.9998| 0.003181
L oy,
o
_ 1 |ox 1 0.7958 0.00592| _
and k = b |og L = T17os6| -1 0 00020 ~ 0.003384
6x1 1

It follows that,

x, =x; + h = 0.6505 + 0.0032 = 0.6537

y2, =y1+k=1.5908 -0.0034 = 1.5874
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Example 2.7.3: Solve the following system of nonlinear algebraic equations with intial
approximation, (xq,yo) = (1,1) (Do One iteration):
xy3 —3y=-2
—x%y + 6x = —3}
Solution: We have

a a
fay)=xy*-3y+2 = L=y & ZL-3xy?-3 ..q
glx,y) = —xzy +6x+3 = ‘;—*z =-2xy+6 & ‘;_i = —x2 . )

First Approximation: Taking, (xq,ye) = (1,1), From Equations ... (1) & (2):

fo=f(x0,¥0) =0, go =9(x9,y0) =8
axo  9xl(xyyp) ’ 3o ¥l (x,y0)
dxg ax (XO»YO) , ayo ay (xo:yo)

Ry k2~ g,

axo ayo 1 h + Ok - 0
ha_9_|_ka_9:_g - 4-h—1k=—8} - )
dx¢ dyo 0
Using Calculator: h=0 k=8
Using Crammer’s Rule:
of of
_ |9xo 9dyo| 1 0 -
Hence, D—a_g ag| =g 117 1+0
dxo dyo
By Crammer’s Rule, the solution of equation (3) is given by-
_ of
h_l fO ay() _i|0 O|_0
“p|_ 9| -1l-8 -1l
9o 30
Lo —f,
_ l axo _ i 1 O _
and k_Da_g ~ —_1|4 _8|—8
9% 9o

Hence the new approximations are therefore,
x1=x0+h=1+0=1
y1=y0+k=1+8=9
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Exercise 2.1: Numerical Solution of Nonlinear Equations
1. Choose the correct answer (Questions 1.1 -1.5)
1.1 Which of the following is a system of linear equations:

(@) x3—2x2-5=0

sinx—y = —0.9793}
(b) cosy—x =-—0.6703

3x—10y =7
(©) 7x+5y=4}

(d) None of these

1.2 Which of the following formula is regarded as the Relative Approximate Error (Eg):

(a) IPNew - POldl

IPNew_POldl
b _vew _0lal
( ) |PNeW|

(C) |PNeW_POId| ] 100

|PNeW|

(d) None of these

1.3 A real root of the equation: 2x — log,o (x) = 7 accurate to within 10~ is

(a) 1.78927
(b) 2.78927

(c) 3.78927

(d) None of these
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1.4 Distinguish between intervals [-2, —1] and [—1, 1] for the given nonlinear equation
x* + 4sin x = 0 to have at least one real root:

(@) [-2,-1]

(b) [-1,1]

(c) Both (a) and (b)
(d) None of these

1.5 The Newton-Raphson Method fails to find a root of a given nonlinear equation

f(x) =0, if:
(@) f'(R) >1
(b) f'(P) =0
(€) f/(R) <0
(d) f"(P) =0
2. Find the interval [a, b] in which, the given equation f(x) = 0 has at least one real root.
(i) x3+4x*-10=0
(i) sinx—e™*=0
(iii) x3—-2x2-5=0
(iv) 2x—1logqp(x) =12

3. Find an approximation to v/3 correct to within 10~ using the Bisection Method. [Hint:
Consider f(x) = x* — 3]

4. Use the Bisection Method to find an approximation to v/30 that is accurate to within
107,

5. Use the Bisection Method to determine a solution of the equation x3 — 7x2 + 14x —
6 = 0 on the interval [0, 1] with an accuracy of 1072,
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6. Use the Bisection Method to find a solution of the equation 3x —e* = 0 on the interval
[1, 2] with an accuracy of 1074,

7. Use the Newton- Raphson Method to find a solution accurate to within 10~* for the
following equation:
x3 —2x*-5=0, [1, 4]

8. Use the Newton- Raphson Method to find a solution accurate to within 10~* for the
following equation:
sinx —e™* =0, for 0<x<1

9. Use the Newton- Raphson Method to find a solution accurate to within 10~* for the
following equation:

x —cosx =0, [0%]

10. Use the Secant Method to find a solution accurate to within 10~* for the following

equation:
x3—2x2-5=0, [1,4]
11. Use the Secant Method to find a solution accurate to within 10~* for the following
equation:
sinx —e™* =0, for 0<x<1

12. Use the Secant Method to find a solution accurate to within 10~* for the following

equation:
x —cosx =0, [0,%]

13. Use Newton’s Iterative Techniques to find approximate solutions to the following
nonlinear system of equations:

x*+y*=1 .
(a) Y _ 3} Taklng’ (xOr yO) = (1; 1)
y=x
x*—y*=4 .
(b) 24 y? = 16} Taking, (xq,¥0) = (3.0,2.5)
x> +y=11 .
(©) Xty =7 } Taking, (xq,y0) = (0.75,0.75)
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3.1Interpolation:

Interpolation is the technique of obtaining the value of a function for any intermediate value of
the intermediate variable.

3.2 Finite Difference Operators:
(a) Forward Difference Operators:

Let y = f(x), xo < x < x,, beafunction then we can write:

X X0 X1 X2 X3 Xn
y=fx) f(xo) f(x1) f(x2) f(x3) - f(xn)
y Yo Y1 Y2 Y3 Yn

First Forward Difference Operator: A

The first forward difference A of the function y = f(x) is defined as:

Af(x) = f(x+h) — f(x)

= [AfC) = f(er) — f () or  [Ay; =yt — ¥ i=0123,.(n-1
= Af (x0) = f(x1) — f(x0), Or Ayo =y1— Yo

= Af(x1) = f(xz) — f(x1), Or Ay, =y, —

=

Af(x2) = f(x3) = f(x2), Or Ay, =y3 =¥
= Af (p—1) = f(xn) — f(xp-1),  Or Ayn-1=Yn = Yn-1

Second Forward Difference Operator: A2

The Second forward difference A? of the function y = f(x) is defined as:
A?f(x;) = A[Af(x))]
= Af (Xi1) — Af (%)
= [f (Kiv2) = fxip)] = [f (Kign) = f(x3)]
= f(Xiv2) = 2f (Xix1) + f (1)

Similarly, we can define third and higher order forward difference for the function y = f(x) as
A3 f (x;) = A2[Af (xy)]
= A f (xi41) — A%f (x;)

A (x) = D3[Af (x)]
= A3f(x;41) — A3f(x;) andsoon
Forward Difference Table:
x | fx) | Af(x) | A’f(x) | Af(x) | AMf(x) | A3f(x)
xo f(xo) Af(x0) B%f(x0) BD3f(xo) A*f(xe) A®f(xo)
x1 flx1) Af(xq) A%f(x1) D3f(x1) A*f(xq)
Xy f(xz) Af(xz) A%f(x2) A3f(xp)
x3  f(x3) Af(xs) A*f(x3)
X2 f(x4) Af(xy)
x5 | f(xs5)
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Example 3.2.1: Construct Forward Difference Table for the following data.

Years: x 1941 | 1951 | 1961 | 1971 | 1981 1991
Population(in million): f(x) 20 24 29 36 46 51

Find also the following values from Forward Difference Table:
(@) Af(1961) (b) A2f(1971) (c) A3f(1961) (d) A*£(1951) (e) A>£(1941)
Solution: Let us construct forward difference table:

Forward Difference Table

x| fO) [AfCo) | A%f(x) | A%f(x) | Af(x) | A (%)

x, | 1941 | 20 | 4 1 1 0 -9
x, | 1951 | 24 5 2 1 -9

x, | 1961 | 29 7 3 -8

x5 | 1971 | 36 10 -5

x, | 1981 | 46 5

xs | 1991 | 51

From the Table, we can find-

(@) Af(1961) =7

(b) A2f(1971) = -5
(c) A3f(1961) = -8
(d) A*£(1951) = -9
(e) ASf(1941) = -9

Example 3.2.2: If f(1) = 4, f(2) =8, f(3) = 12, f(4) = 18 and f(5) = 36, then A3f(1) is -

(a) 10 (b) 8 (c)2 (d) None of these

Solution: Do yourself
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(b)Backward Difference Operators:

Let y = f(x), xo < x < x,, be a function then we can write:

X X0 X1 X2 X3 Xn
y=f(x) f(xo) f(x1) f(x2) f(x3z) - f(xa)
y Yo 841 Y2 Y3 Yn

First Backward Difference Operator: V
The first backward difference V of the function y = f(x) is defined as:

Vi) =f(x) —f(x—h)

> W) =f)—fGy))  Or  |Wyi=yi—yi,4] i=nm-1),@m-2),.,321

= Vf(x) = f(xn) — f(xn-1) Or Vyn =Yn = Yn-1

= Vf(xs) = f(x3) — f(x2) Or  Vy;=y;-y,

= Vf(xz) = f(x) — f(x1) Or Vy, =y, —»n
= Vf(xy) = f(x1) — f(x0) Or Vy, =y1— Yo

Second Backward Difference Operator: V2

The Second backward difference V? of the function y = f(x) is defined as:
V2f(x) = VIVf(x)]
= Vf(x) =V (xi-1)
= [f(x) = f(xim)] = [f (xim1) — f(xi-2)]
= fx) = 2f (xi-1) + f(xi-2)

Similarly, we can define third and higher order backward difference of the function y = f(x) as
V3f(x)) = V2[Vf (x)]
= V2f(x;) = V2f (xi-1)]

VA (x) = V3V (x)]
= V3f(x;) — V3f(x;_1) and so on
Backward Difference Table:

x | f(x) | Vf(x) | Vf(x) | V3f(x) | Vf(x) | V>f(x)
X0 | f(x0)

x1 | f(x1) | VF(xq)

Xy f(x2) Vf(xz) VAf(xy)

x3 | f(x3) | Vf(x3) | V2f(x3)  V3f(x3)

X4 f(xa) VF(xs) VEf(x4) V3f(xs) V*f(xy)

x5 | f(xs) | Vf(xs) | VAf(xs)  V3f(xs) | V*f(xs) | Vf(xs)
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Example 3.2.3: Construct Backward Difference Table for the following data.

Years: x 1941 | 1951 | 1961 | 1971 | 1981 1991
Population(in million): f(x) 20 24 29 36 46 51

Solution: Let us construct backward difference table:

Backward Difference Table
x | fO) V) | V) | VPf () | VA () | VP (%)

xo | 1941 | 20

x; | 1951 | 24 4

x, | 1961 | 29 5 1

x; | 1971 | 36 7 2 1

x, | 1981 | 46 | 10 3 1 0

xs | 1991 | 51 5 -5 -8 -9 -9
Find also the following values:
(a) Vf(1961) (b) V2£(1971) (c) V3£(1991) (d) v*£(1981) (e) V5 £(1991)

Answer: Do Yourself!

Example 3.2.4: If f(1) = 4, f(2) =8, f(3) = 12, f(4) = 18 and f(5) = 36, then V3f(5) is -
(a) 10 (b) 8 (c)2 (d) None of these
Amswer: We have
x 112|3 |4 |5
f(x) 4 8 12 18 36
Thus, h=1 n=4

Let us construct backward difference table:

Backward Difference Table
x| f) | VF) | VPf () | VP f(x) | V()
X | 1| 4
X, [2| 8 4
x, | 3| 12 4 0
xs | 4| 18 6 2 2
X4 | 95| 36 18 12 10 0
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(c) Central Difference Operators:

Let y = f(x), xo < x < x,, be afunction given by the following table:

X X0 X1 X2 X3 Xn
y=f(x) f(xo) f(x1) f(x2) fxz) = f(xn)
y=f(x) | f(x0) | f(xo+h) | f(xo+2h) | f(xo+3h) | | f(xo+nh)

The first order central difference operator & is defined by the relations:

o= (c+5) (-3

> 8f(xo+3)=Flxo+h) — flxo)
> 5f(x+3)= f(x0+2h) f(x0+h)

(2n-1)h

S ) = f(x0 +nh) — f(xO +(n—1)h)
Similarly, the higher order central difference operators are defined as:

Since, 8f(xo +h) =f( +%)—f(xo+g)

> 82f (xo + h) = 8f (x0 +21) = 8f (0 +3)

= 8%f(xo + 2h) = &f (xo ) 8f (xo h) and so on....
= 8f (xo+3) = 82f (xo + 2h) — 82 (xo + h)  andsoon....
= 8*f(xg + 2h) = 83f (xo ) 63f( Zh) and so on....
> 85f (x0 +3) = 8% (xo + 3h) — 8*f (xo + 2h)

Central Difference Table:

x| f(x) Sf(x) 8%f (x) 8 f(x) 8*f(x) 8> f(x)
xo  f(xo) .

5f (xo + E)
x1 f(x1) . 8%f (xo + h) .

3 3

5f (xo + 7) 53f (xo + 7)
X, f(x2) - 8%f (xo + 2h) - 8*f(xo + 2h) .

o (xo * 7) &°f (xo + 7) & f (xo + 7)
x3  f(x3) 8%f (xo + 3h) 8*f (xo + 3h)

6f<x +&) 63f(x +E>

%" 2 °% 2

Xs  [(x4) 8%f (xo + 4h)
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Example 3.2.5: Construct Central Difference Table for the following data.

Years: x 1941 | 1951 | 1961 | 1971 | 1981 1991
Population(in million): f(x) 20 24 29 36 46 51

Find also the following values:
(a) 6f(1966)  (b) 62£(1971) (c) 83£(1976) (d) 6*F(1961) (e) 6°£(1966)

Solution: Let us construct central difference table:

Central Difference Table
x | f(x) [ 6f(x) | 8%f(x) | 83f(x) | 8*f(x) | 8°F(x)
X 1941 | 20
1 4
X0 + Eh
Xq 1951 | 24 1
3
Xo 1961 | 29 2 0
5 _
X3 1971 | 36 3 -9
7 _
X4 1981 | 46 -5
9 5
xo + Eh
X5 1991 | 51

From the Table, we can find-

() 6f(1966) = 7
(b) 62£(1971) =
() 63£(1976) =
(d) 8*f(1961) =
(e) 6°£(1966) =
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(d)Shift Operator: E
Let y = f(x) be a function given by:

X X0 xXg+ h xXo + 2h xg+3h - xo+mnh
y=f(x) f(xo) f(xo+h) f(xo+2h) f(xq+3h) - f(xo+mnh)

The shift operator E is defined as:

Ef(x) = f(x + h) and

E~'f(x) = f(x—h)

Similarly, the higher order shift operators are defined as:

= E2f(x) = f(x + 2h) and E72f(x) = f(x — 2h)
= E3f(x) = f(x + 3h) and E73f(x) = f(x — 3h)
~ | Ef(%) = f(x + nh) E~"f(x) = f(x — nh)
= |Eif() = flx + ~h) and E3F(x) = f(x — ~h)

(e) Average or Mean Operators

The average or mean operator p is defined by the following relation:

wf ) =3 |f (x+5)+ £ (x—3)|

3.3 Important Relations between Operators:
(a) Relationship between A and E:

We know that  Af(x) = f(x + h) — f(x)

= Af(x) =Ef(x) - f(x)

= Af()=E-Dfx) = A=E-1 = E=1+A

(b)Relationship between V and E:
We know that  Vf(x) = f(x) — f(x —h)

= V) =f0)—Ef(x)

= V() =0-EDHfx) = V =1-E1 = El=1-V
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(c) Relationship between 8 and E:
We know that  8f(x) = f (x +3) - f (x - 3)
S 6f(0) = EFf(x) - E2f (%)

= 80 = (Fi-E7) f0)

- o EE%—E_%

1\ 2 1\ 2 1 1
N SZE(EE) +(E‘E) —2-FEz-E2 [+ (A - B)? = A + B? — 2A.B|
= 62 = E+E1-2

(d)Relationship between p and E:

We know that  pf(x) = % :f (x + 2) +f (x - g)]
= uf(x) = % E%f(x) + E_%f(x)]

> W =1+ EE)fe

= 171 1
o =ELEE+E2]
5 1 112 _1\2 ER— 2 2 2
> u EZ[(EZ) +(E 2) +2-Ez-E 2] [ (A+B)? = A% + B2 + 24.B|
2 — 1 -1

We know that ur = i[E+E‘1+2]
> Wl E%[E+E‘1—2+4]
> w2 = [E+E1-2)+4]
= u? 5%[62+4] = p? El+%52




Dr Hashim Khan Chapter-3 MATH-316 Numerical Analysis-1 Academic Year: 2023-3

Example 3.3.1: Prove the given relation between difference operators:
() &*=E-2+E! (ii) uSE%(A+|7)
Solution: We Know that:

e AN=E-1 = E =1+A
e V =1-E1 . F1 =1_v
1 1
e 6 =E2—E: — 82 = E+E1-2
1[,.1 _1 1 ~
* M —E[E2+E2] = P = [E+E+2]
Proof-(i) We know that:
1 1
6 =Ez2—E2
1 14 2
= 6ZE(EE—E‘E)
12 1 1 12
= 6% = (E2) —2-E2 E2+(E72)
= 8?=E-2+E"

Proof-(ii) We start as follows:
1/, 1 1 1 1
LHS= ud= E(Ez +E z) (E2-E z) [- (A+ B)(A— B) = A% — B?]

2

- =3\ - ()]

- =[E—E7]

- =-[1+A-E1] [« E=1+A4]
= = [A+1-E7] [V =1-E"]
- =2[A+V]=RH.S

Example 3.3.2: Prove that: E = e, where D is differentiation operator.
Solution: We Know that:

Ef(x) = f(x +h) [Using Taylors Series]
= EF () = FOO + hf' () + 7 (o) + 2 7 () + -
= Ef(x) = f(x) + hDF(x) + - D2f (x) + = D3f () + -+ + o0
- Ef (o) = 1+ (hD) + 825+ P27 4 4 o] f(x)

= Ef(x) =e"f(x) = E=e"l
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3.4 Newton’s Forward Difference Interpolation Formula
When step-size h has same value for all intervals as follows:

Let y = f(x), xo < x < x,, beafunction then we can write:

Xo xo+ h xXo + 2h xg+3h - xo+mnh
y= f(X) f(xo) f(xo+h) f(xo+2h) f(xq+3h) - f(xo+mnh)

X—X0
h 1

Suppose we wish to evaluate f(x) for x = xo + sh, = s = we know that:

f(x) = f(xg+sh) =ESf(xg) = (1 +A)°f(x0) [+ E’f(x) = f(x + sh)| & (Binomial Theorem)

s(s 1) s(s—1)(s-2)

A2 +—A3+ +S(s—1)(s—2) ...... (s-n— 1)

3! n!

=[1+sA+—== +--1f (x0)

s(s 1) s(s— 1)(5 2)

P(x) = f(xo + sh) = f(xg) + sAf(xo) + A?f(xg) + ———=103f (x,) +

s(s—=1)(s=-2).....(s—n—-1)

+ A™ f (xo)

n!

= Py(x) = f(xo + sh) = £ (x0) + X1 (3) A*F (%)
This is Newton’s Forward Difference Interpolation Polynomial of degree n
Note:
(a) Newton’s Forward Difference Interpolation Polynomial of Degree 1: (Taking n = 1)
Py (x) = f(xq + sh) = f(xo) + sAf (xo)

(b) Newton’s Forward Difference Interpolation Polynomial of Degree 2: (Taking n = 2)

s(s 1)

P,(x) = f(xo + sh) = f(xo) +sAf (xo) + —— Azf( 0)

(c) Newton’s Forward Difference Interpolation Polynomial of Degree 3: (Taking n = 3)

( -1) s(s—=1D(s—2)

P3(x) = f(xg + sh) = f(xo) + sAf(xo) + Azf( o) + A3f(x0)

3!
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Example 3.4.1: Use Newton’s Forward Difference Interpolation Formula to construct interpolating
polynomials of degree 1, 2 and 3 for the following data. Approximate the specified value using each of the

polynomials: £(0.5) if f(0)=1, f(1)=2,f(2)=1, f(3) =10

Solution: Let us construct forward difference table

x| fo0) [ Af(0) | A2 (x) | 2%F (%)
0 1 1 -2 12
1 2 -1 10

2 1 9

3 10

Here: h=1,x,=0 andso x=xy+sh = x=0+s.1=s

Newton’s Forward Difference Interpolation Polynomial of Degree 1
Taking, h =1, x, =0 andso x = s in P;(x) we get:

Pi(x) = f(xo + sh) = f(xo) + sAf (xo)
P(x)=f(0+x.1)=f(0)+xAf(0) =1+=x.1

Pi(x)=1+x (This is Polynomial of Degree 1)
P,(05)=1+405=15

L4l

Newton’s Forward Difference Interpolation Polynomial of Degree 2
Taking, h =1, x, =0 and x = s in P,(x) we get:

P,(x) = f(xo + sh) = f(x¢) +sAf (xo) + 56— )Azf( 0)
= P =f(0+x.1) = £(0) +xAf(0) + T2 3} X2 %£(0)
> Pz(x)—1+x1+x(x 1)( 2)
= Pz(x)—1+x—x(x—1)
= P(x)=14+x—x*+x
= Py(x) =1+ 2x — x? (This is Polynomial of Degree 2)
= P,(0.5) =1+ 2(0.5) — (0.5)2
= P,(x) = 1.75

Newton’s Forward Difference Interpolation Polynomial of Degree 3
Taking, h =1, x, =0 and x = s in P,(x) we get:

s(s 1) s(s— 1)(s 2)

P3(X) = f(xo + sh) = f(xo) + SAf(xo) +— Azf( o) +— A3f( )
Ps(x) = £(0 +x.1) = £(0) + xAf(0) + 22 x(’“ XD Az () 4 XxmDE=2) e 1)(" D A3F(0)
Py(x) =1+x.1 +"(" 1)( 2) 4 XE-D&=2) 1)(" 2 (12)

P;(x)=1+x —x(x - 1)+ 2x(x — 1)(x— 2)
P(x)=1+x—x?+x+2x(x?-3x+2)

Py(x) =1+x—x%+x+2x3—6x? + 4x

Py(x) =1+ 6x — 7x% + 2x3 (This is Polynomial of Degree 3)
P;(0.5) = 1 + 6(0.5) — 7(0.5)2 + 2(0.5)3

P;(0.5) =1+ 6(0.5) — 7(0.5)% + 2(0.5)3 = 2.5

L | A N
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3.5 Newton’s Backward Difference Interpolation Formula
When step-size h has same value for all intervals as follows:

Let y = f(x), xo < x < x,, beafunction then we can write:

Xo Xo+ h Xo + 2h xg+3h - xo+mnh
y= f(X) f(x0) f(xot+h) f(xo+2h) f(xo+3h) - f(xo+nh)

Suppose, we wish to evaluate f(x) forx = x, + sh = s =21,

f) =fCn+sh) =Ef(xn) = (ETDf () = A = V)*f(xp) [ EZf(x) = f(x = sh)]

s(s+1) s(s+1)(5+2) o3 s(s+1)(s+2)...... (s+n+1)
=[1+sV+——V +——=V3 + + — +1f (xn)
(s+1) ( +1)( +2)
= Py(x) = f(tn +sh) = f(xn) + sVf () + 5= V2f () + == V3 f () +

n s(s+1)(s+21)l.' ..... (s+n+1)

Vi (xn)

= B(x) = f(xn +5h) = f () + XRo1 (D7) V¥ f (xn)

This is Newton’s Backward Difference Interpolation Formula.

Binomial Theorem:

(1+a) = [1+sa+s(s 1) a? _l_s(s 13)'(s—2) a3 + _+s(s 1)(s 21)1| ..... (s-n—-1) ny ]
(1—a)*=[1+s a+s(s+1) 2+wa +___+s(s+1)(s+2) ...... (s+ﬁ)an o]

3! n!
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Years: x

x
1941
1951
1961
1971
1981
1991

+

20
24
29
36
46
51

Here, h = 10, x,, = 1991, x =1975thenx = x, + sh = s =

= Ps(x) = f (x5 + sh) = f(xs) + sVf(xs) +

= P5(1975) = 51+ (-1.6)5 + —2 D (5) +

—1.6(—1.6+1)(—1.6+2)(—1.6+3)(

Example 3.5.1: The population of a town is given. Estimate the population for the year 1975.

1941 1951 | 1961 1971 1981 1991

Population(in million): f(x) 20 24 29 36 46 51

Solution: Since the value to be interpolated is at the end of the table therefore we use Newton’s Backward
Difference Interpolation Formula. Let us construct backward difference table:

fOO) | V) | VAf(x) | V() | VA () | Vo F ()

4

5 1

7 2 1

10 3 1 0

5 -5 -8 -9 -9

x—xn _ 1975-1991

Applying Newton’s Backward Difference Interpolation Formula of degree 5:

o DT 16
s(s+1)v2f( 5)+s(s+1)(5+2)v3f( 5)
1 LD g () 4 LDV g5 p

4! 5!

-1.6(-1.6+1)(-1.6+2)
- (

—8)

—9)

-1.6(-1.6+1)(-1.6+2)(-1.6+3)(—1.6+4)

+

= P5(1975) = 39.789632 Millions

120 (=9)
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3.6 Lagrange Interpolating Polynomial of Degree n:
When step-size h may not necessarily having same value for all intervals:

Let y = f(x), xo < x < x,, be afunction given by the following table:

X X0 X1 X2 X3 Xn
y=f(x) f(xo) f(x1) f(x2) f(x3) - f(xn)
y Yo Y1 Y2 Y3 Yn

We can represent f(x) by a polynomial of degree n as follows:
f(x) =Ag + Ayx + Apx? + Azx3 + -+ 4,x™ .. (1)

Also, more conveniently, in the following form:

f(x) =ag(x —x)(x — x3)(x — x3) ... (x — xp) + a3 (x — x9) (x — x2) (x — x3) .. (x — x3,)

+a,(x —xg)(x —x1)(x—x3) . (x —xp) + -+ a,(x —x0)(x —x1)(x — x3) ... (X — Xpp_q) .. (2)

Here, ay, ay,a,, ..., a, are chosen such that the function f(x) satisfies the data (given in the above table).

From equation ... (2) we have-

= — _ _ _ _ f(xo)
f(x0) = ag(xp — x1)(xp — x2)(Xp — Xx3) ... (Xo — X5) = Q0 = o "xy) (ro—x2) (Xo—%3) (Xo—x)
= - — _ _ _ f(xq1)
f(x1) = ay(x1 — x0)(x1 — x2) (X1 — x3) ... (X1 — Xp,) = A1 = G —xg) (X1 —x2) (X1 —x3) (X1 —2)
(xn)
@) = an(Xn = %) = XD = X2) o (K = X 1) = @y = =

" (Xn—%0) (tn—%1) (tn—%2) . (Xn—Xn—1)
Now substitute the value of ay, a4, a,, ..., a, into equation ... (2) , we get:

f(X) _ (x—x1) (x—x2) (x—x3)...(x—x5) f(x()) + (x—x0) (x—x2) (x—x3)...(x—xp) . f(xl)

"~ (x0—x1) (x0—%x2) (x9—x3)...(x0—%n) (x1—x0)(x1—x2)(x1—x3)...(x1—xp)

. (x—x0) (x—x1) (x—x3)..(Xx—x7)
(x2—x0)(x2—x1)(x2—x3)...(x2—xp)

(x—x0) (x—x1) (x—X2)...(X—Xp_1)  F ()
n

(xn—x0)(xn—x1) (xp—x2)...(xn—2xpn_1)

f) +

= fO) =Lo(x) - fxo) + L1(x) - f(x1) + Lo (x) - f(22) + -+ + Ly (2) - f(x5)

= f(x) = Ykeo Li(x) - fxy) .. (3)

This is Lagrange Interpolating Polynomial of Degree n
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(a) Lagrange Interpolating Polynomial of Degree 1:

Since,
X X0 X1
y=f(x) f(xo) f(x1)
Yy Yo Y1
Takingm = 1 in equation-(3), we get:
f(x) = le(zo Li(x) - f(xy)
= f(x) = Lo(x) - f(xg) + Ly(x) - f(xq)
= FOO =2 flxg) + 0 ()

(x1—x0) .

(x0—x1)

Example 3.6.1: If f(—2) = 1 and f(—1) = 4, then the Lagrange’s interpolating polynomial of degree

one is given by:

(a) 7x—3 (c)3x—7

Solution: Given that
Xo X1
X —2 —1
y=fx) | 1 4
f(xo) f(xq1)

The Lagrange’s interpolating polynomial of degree one is given by:

F(x) =Lo(x) - f(xo) + L1(x) - f(xq)

_ (x—xq) (x—xg) |

= FO) = 20 flxg) + o fx)
_ G-(=1) | (x—(=2)) .

- &) =5y Wy @
_ (x+1) . (x+2) .

> f =20 (1) + &2 (4

= f(xX)=—x—-1+4+4x+8

= f(x)=3x+7

(d)7x + 3

Example 3.6.2: Determine the linear Lagrange Interpolating polynomial that passes through the points

(2,4) and (5,1).
Solution: Given that
Xo X1
X 2 5
y=[fx) 4 1
f(xo) f(xq1)




Dr Hashim Khan Chapter-3 MATH-316 Numerical Analysis-1 Academic Year: 2023-3

The Lagrange’s interpolating polynomial of degree one is given by:

f(x) =Lo(x) - f(xo) + L1(x) - f(x1)

_ (x—xq) . (x—x0) )
= f(x) = (ro—r1) f(xo) + (t1—x0) f(x1)
_ (x-5) (x-2)
= f@) =22 @+ (1)
_ (x-5) (x-2)
= f@) =22 @+ 52 (1)
4x 20 x 2
> f(x)——?+?+§—§——x+6
Example 3.6.3:
(a) Use the numbers (called nodes) xo = 2. x; = 2.75, and x; = 4 (o find the second

Lagrange interpolating polynomial for f(x) = 1/x.
(b) Use this polynomial to approximate f(3) = 1/3.
Solution: Given that
X0 X1 X2
X 2 2.75 4
y=fx)=1/x 1/2 4/11 1/4
f(xo) f(x1) f(x2)

(a) The Lagrange’s interpolating polynomial of degree two is given by:

f(x) =Lo(x) - f(xg) + Li(x) - f(x1) + Ly(x) - f(x2)

(x—x1)(x—x2) (x—x0)(x—x2) (x—x0)(x—x1)
f(x) (x0—x1)(xp—x2) f(xo) + (x1—x0)(x1—x2) fle) + (x2=x0)(x2—x1) f(x2)
_ (x=2.75)(x—4) ] 1 (x—2)(x—4) . i (x—2)(x—2.75) . 1

= fG) = (2-2.75)(2—4) (2) + (2.75-2)(2.75—4) (11) + (4-2)(4-2.75) (4)

1 64 1
= f(x) = E(x —275)(x—4) - E(x - 2)(x—4)+ 1—0(x —2)(x—2.75)

1 35 49
= fO) =52 —x+

(b) Taking x = 3 in Lagrange’s interpolating polynomial of degree two obtained in (a), we get

1
fx) = 5% ~Bx42

88 44
— L (3)2_35 49
= =237 -23)+2
N f(3) = = = 0.329545455
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Example 3.6.4: Explain and illustrate Lagrange’s Interpolation Method to approximate f(2) for the
given table:

X 1/ 3 | 4
f(x)|7137]76
Solution: We have
Xo X1 X5
X 1 3 4
f(x) 7 37 76
[(xo) | f(x9) | fx3)

Using Lagrange Interpolating Polynomial-

f(x) =Lo(x) f(xo) + L1(x) - f(x1) + Ly(x) - f(x2)

(x—x1)(x—x2) (x—x0) (x—x2) (x—x0)(x—x1)

= f(x) = (xo—x1)(xp—x2) “f(xo) + (x1—x0)(x1—x2) ) + (x2=x0)(x2—x1) fx2)
_ @309 @-1)@-4) | (2-1)2-3) |
= F2) = (1-3)-(1-4)- (7) + (3-1):(3-4) 37) + (4-1)-(4-3) (76)
1 -2 -1
= f(2)=§'(7)+_—2'(37)+?'(76)
= f(2)=14

Example 3.6.5: Use Lagrange Interpolating Polynomial to approximate f(155) if

f(150) = 12.247, f(152) = 12.329, f(154) = 12.410, f(156) = 12.490

Solution: We have

Xg X1 X, X3
x 150 152 154 156
f(x)]12.247 | 12.329 | 12.410 | 12.490
f(xg) f(x1) f(x3) f(x3)

Using Lagrange Interpolating Polynomial-

f(x) = P(x) = Lo(x) - f(xo) + Ly(x) - f(x1) + Ly(x) - f(x2) + L3(x) - f(x3)

(155-152)-(155-154)-(155-156) (155-150)-(155-154)-(155-156)

= f(155) =

- (12.247) +

(150-152)-(150-154)-(150-156) (152-150)-(152-154)-(152-156)

(155-150)-(155-152)-(155-156) (155-150)-(155-152)-(155—-154)

+

- (12.410) +

(154-150)-(154-152)-(154-156) (156-150)-(156—152)-(156—-154)

= f(155) = 0.7654375 — 3.8528125 + 11.634375 + 3.903125

= f(155) ~ 12.450125

- (12.329)

- (12.490)
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Example 3.6.6: Use Lagrange Interpolating Formula to find Polynomial f(x) and hence approximate

f'(3) if, f(0)=2, f(1) =3, f(2) =12, f(5) =147

Solution: We have

Xo Xq Xy X3

X 0 1 2 5
f(x) 2 3 12 147
[(xo) | f(xq) | f(x2) | fx3)

We know that the Lagrange Interpolating Polynomial of degree 3 is given by:

f(x) =Lo(x) " fxo) + Li(x) - f(x1) + Ly(x) - f(x2) + L3(x) - f(x3)

(x—x1)(x—x2)(x—x3)

(x—x0) (x—x2)(x—x3)

= f(x) - (x0—x1)(xo—x2)(x0—x3) . f(xO) + (x1—x0) (x1—x2)(x1—x3) . f(xl)
(x—x0)(x—x1)(x—x3) (x—x0)(x—x1)(x—xz)
(x2—x0) (x2—x1)(x2—x3) f(xz) + (x3—x0) (x3—x1)(x3—x2) f(xS)
_ (e=1)-(x=2)-(x-5) (x=0)-(x—2)-(x-5) (x-0)-(x-1)-(x-5)
= f(X) ~ (0-1):(0-2)-(0-5) (2) + (1-0):(1-2)-(1-5) (3) + (2-0)-(2-1)-(2-5) (12)
(x—0)-(x—1)(x—2)
* 520 6-1)(6-2) (147)
x3-8x24+17x-10 x3-7x2+10x 6x2+5x 3x2+2x
5 flo) = 0 gy f T () R (49) 4 B (147)

-16
-10

-21
4

=72

+ +_6+%:7)+ (—+ +2 +147)+1(10)

> f@) =2 (S+i+ o+ + %

=  f)=x*+x*—x+2
=  fl(x)=3x"+2x-1
= f3)=27+6-1=32
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3.7 Newton’s Divided Difference Interpolation Formula:
When step-size h may not necessarily having same value for all intervals.

Let y = f(x), xo < x < x, be a function then we can write:
X Xo Xq X5 X3 || xy

y=f) | f(xo) | f(x1) | f(x2) | f(x3) | | fxn)

We first need to introduce the divided-difference notation, which are as follows:

(a) Zeroth Divided Difference of the Function f(x):

flxil = f(x;) foreachi=0,1,..,n
flxol = f(x0),  flxal = f(x1), flx2l = f(x2)s..., flxn]l = f(x0)

(b) First Divided Difference of the Function f(x):

flxi, xi41] = M, foreachi=0,1,..,n—1

Xi+1—X{
_ flxq]=fIx0] _ flxa]=flx4] _ flxnl=flxn-1]
f[xo, xl] = x| f[x1, Xz] =T e 1f[xn—1, xn] T

(c) Second Divided Difference of the Function f(x):

Flxiva, xiv2]=fFlxi xi44]

flxi xiv1, Xit2] = , foreachi=0,1,..,n—2
’ s o]0 ] s 5] fles ]
_ flx1, x2]—f|%0, %1 _ J|X2,X3]—J|X1, X2
f[xo, X1, xz] = Xp—%o ; f[x1, X2, x3] = po— s e
f[xn—z, Xn—1, xn] = flens, x;]:ﬁ[xn—z. na]
n n—-2

(d) n™ Divided Difference of the Function f(x):

f[xo, xl, x2: . xn] — f[x1, X2,...,xn]—f[xo, X1,...,xn—1] (Slngle Value)

Xn—Xo
(e) Divided Difference Table:

Firs Second Third
X fix) divided differences divided differences divided differences
L f1x] I
flxd = s
i = L1150
B Flx, 31~ (1.5
. Xy, X5 o,
X flx) L9 o9 2y —;‘Tu—
X) — fix - ' X;, Xy, Xs] — S %o Xy, Xy
fxxl Ll—'l X0, Xy, %3, 03] fin 1=/ !
= oo xsl ~ f181.53] e
Fles x LI 3
1 flx:] SIx ot 8) e :
] 1
X X K3, Xy, & ), 45,4
6, 5] = Ll t f16, %5, 8.5 = [, 5, &l = S0 23 00]
Xy~ X3 fl | Xy ~ Xy
Xy, X X3, %)
X flnl 11Xy, 5, X ) —f-l—'——:l——l————
A4 T A2
\ 1o lay Xy K2, X3,
%51 !|'4| Lli) [0 35 XX ) S x5 = fle X, )
i (e ds] = f16.5] o
X4 X vl
o fixl (LT AN S e
I il Ty L9
X ’
flXe, 1) = ”"—'

Xy — Xy

I )




Dr Hashim Khan Chapter-3 MATH-316 Numerical Analysis-1 Academic Year: 2023-3

() Newton’s Divided Difference Interpolation Formula:

We know that-  f[x, xo] = L2200 o £(x) = Flao] + (x — x) 6, %0] e (1)

X—Xg
From second divided difference, we can write:

flx,xg, x;] = DXl al o erye v ] = flxg,xa] + G = x)f [0 %0, 1] e @)

X—X1

From (1) and (2), we have-

fO) = flxol + (x = xo)flx0, x1] + (x — x0) (x — x1) f, %0, x1] e (3)
From third divided difference, we can write:

flx, %0, Xx1]1=f %0, X1, %]
f[xr X0, X1, xZ] = x—2,

= flxxo x1] = flxo, X1, x2] + (x — x)f [, %0, X1, %] e (4)
From (3) and (4), we have-
f ) = flxol + Cc = x0) flx0, %] + (x — x0) (x — x1) f[x0, X1, x2]
+ (x — x0) (x — x1) (x — %) f [, %o, X1, %]
Similarly, we can write:
f(x) = flxol + (x — x0) fx0, x1] + (x — x0) (x — 2x1) fx0, X1, X2]
+ (x — x0) (x — x1) (x — 3) f[X0, X1, X2, X3]
+ (x — x0) (x — x1) (x — x2) (x — x3)f[x, Xg, X1, X3, X3]

Continuing in this manner, we can get Newton’s Divided Difference Interpolation Formula of degree n as
follows:

f(x) = flxo]l + (x — x9). flx0, x1] + (x — x0) (x — x1). fx0, X1, X7]
+(x — x0) (x — x1) (x — x2). f[x0, X1, X2, X3]
+(x — x0) (x — x1) (x — x2) (x — x3). fx0, X1, X2, X3, X4]
+(x - xO)(x - xl)(x - xZ) (x - xn—l)'f[x()' X1, X2, ”'lxn]

OR

f(x) = Py(x) = flxo] + z(x —x0)(x —x9) - (x — xp_1) * flx0, X1, x]
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Example 3.7.1: Construct the Newton’s Divided Differences Table for the following data:

X 0 2 3 6
y=1f(x)| 648|704 | 729|792

Solution: Let us Construct Newton’s Divided Difference (DD) Table:

x| flx] 1 DD 2"DD 3"DD
xo 0 648
704 — 648
2—-0
Xy 2 704 25-28
3—0
729—704_25 —1+1_0
3—2 6—0
x, 3 729 21-25
6-—2
792 -729 _
6—3

x3 6 792
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Example 3.7.2: Use Newton’s Divided Difference Interpolation Formula to approximate f(9) if
f(5) =150, f(7) =392, f(11) = 1452, f(13) =2366 and f(17) = 5202

Solution: Construct Newton’s Divided Difference (DD) Table:

x  flx] Newton’s 1 DD | Newton’s 2" DD  Newton’s 3" DD Newton’s 4" DD

xo 5 150
392 —150 _ 121
7—-5
xy 7 392 265 —121
11-5
1452 —392 268 32— 24 _ X
1-7 13—5
x, 11 1452 457 — 265 _ 2 1-1
13—7 17 -5
2366 — 1452 457 42 —32
13—11 17 -7
x3 13 2366 709 — 457
17 —11
5202 — 2366 _ 209
17 —13
x, 17 5202

From Newton’s divided difference (DD) table, we have:
flxo]l =150, flxg,x1] =121, flxg, x1,%2] =24, f[x0, %1, X2, x3] = 1 and f[xo, xq, X2, x3,2x4,] = 0
Substitute these in the Newton’s divided difference interpolation formula, we get-

f(x) = flxol + (x — x) fx0, x1] + (x — x0) (x — x1) fx0, X1, X2]
+ (x — x9) (x — x1) (x — x2) f[x0, X1, X2, x3]
+(x — x0) (x — x1) (x — x2) (x — x3) f[x0, X1, X2, X3, X4]

> f(x) =150+ (x—-5)121+ (x—-5)(x—7)24+ (x—-5)(x - 7)(x—11)1
+(x—=5)(x—-7)(x—11)(x—13)0

= f(9) =150+ (9-5)121+ (9 —5)(9 — 7)24 + (9 —5)(9 — 7)(9 — 11)1
+(9-5)(9-7)(9-11)(9 — 13)0

=  f(9) =810

Dr Hashim Khan, Jazan University Page-24




Example 3.7.3: Use Newton Divided Difference Interpolating Formula to find Polynomial f(x) and

Dr Hashim Khan Chapter-3 MATH-316 Numerical Analysis-1 Academic Year: 2023-3

hence approximate f'(5) if

4

5 7

10

11

13

48

X
f(x)

100 | 294

900

1210

2028

Solution: Le us Construct Newton’s divided difference (DD) table:

x | flx] Newton’s 1% Newton’s 2™ Newton’s 3" | Newton’s 4" | Newton’s 5™
DD DD DD DD DD
Xo 4 48
100-48_
5-4
x;| 5 | 100 97 — 52
=15
7—4
294 -100 _ 21-15 _
7-5 10—4
x, | 7 | 294 202-97 _ 1-1
f0—s 2! 11-2_°
900 -294 _ 27-21_ 0-0 _,
10—-7 11-5 13 —4
x3 | 10 | 900 310 — 202 _ -1 _,
11-7 13—-5
1210-900 _ 33-27 _
11—-10 13—-7
x, | 111210 gt (LN
13 -10
2028 — 1210
13— 11
= 409
xs | 13 | 2028

From Newton’s divided difference (DD) table, we have:

flxol = 48, flxg,x1] =52, flxo,x1,x2] =15, flxg,x1,%x2,x3] = 1 and f[xg, xq,x2,x3,x4] = 0

Substitute in Newton’s divided difference interpolation formula:

f(x) = flxo]l + (x — xo) fx0, x1] + (x — x0) (x — x1) fx0, X1, X7]

f(x) =48+ (x—4)52+ (x—4)(x—5)15+ (x—-4)(x—5)(x—7)1+0+0

+(x — x9) (x — x1) (x — x2) flx0, X1, X2, X3]

+(x — x9) (x — x1) (x — x2) (x — x3) fx0, X1, X2, X3, X4]

f(x) =48+ (x —4)52 + (x> — 9x + 20)15 + (x3 — 16x% + 83x — 140)

f(x) = x3 — x?

=

f'(x) =3x*—2x

=

f(5)=175-10 =65
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4

5

7

10

11

13

x
f(x) | 48

100 | 294

900

1210

2028

= f(x) = x3 — x?

x | flx] Newton’s 1° DD

xo 4 48
100 — 48
5—4
x; 5 100
294-—100__97
7-5
X, 7 294
900-—294__202
10—7
x3 10 900
1210-—900__310
11-—-10
x, 11 1210
2028--1210__409
13—11
xs 13 2028

Solution: Construct Newton’s Divided Difference (DD) Table:

Example 3.7.4: Use Newton Divided Difference Interpolating Formula to show that the polynomial
interpolating the following data has degree 3.

Newton’s 2" DD Newton’s 3" DD ' Newton’s 4" DD

97 —52
7—4

202-97
105

=15

310 — 202

11-7

409 —310 _

13 -10

From Newton’s divided difference (DD) table, we have:

=21

21-15

10—4

27—-21

11-5

33-27

13—7

Substitute in Newton’s divided difference interpolation formula:

+ (x — x9) (x — x1) (x — x3) fx0, X1, X2, x3]

f(x) = flxol + (x — x0) fx0, x1] + (x — x0) (x — x1) f[x0, X1, X2]

+ (x — x) (x — x1) (x — x2) (x — x3) f[x0, X1, X2, X3, X4]

= f(x) =48+ (x —4)52 + (x> — 9x + 20)15 + (x3 — 16x% + 83x — 140)

1—1_0
11—-4
1—1_0
13—5

flxol =48, flxo,x1] =52, flxg,x1,x2]1 =15, f[x0,%1,%x2,x3] =1 and fxg, X1, Xx2,Xx3,%4] =0

= f(xX) =48+ (x—4)52+ (x—4)(x—-5)15+ (x —4)(x—=5)(x—7)1+0+0
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3.8 Inverse Interpolation:

Let y = f(x), xo < x < x,, beafunction then we can write:

X Xg X1 X3 X3 "t Xn
y=fx) f(x0) f(x1) f(x2) f(x3) - f(xn)
Yy Yo Y1 Y2 Y3 Yn

Definition: The process of estimating the value of x for the value of y not in the table is called Inverse
Interpolation.

For the sake of simplicity, Let x = F(y), yo <y <y, beafunction then we can write:

x=Fy) F(yo) F(y1) F(2) F(y3) - Fy.)

X X9 X1 X3 X3 "t Xn
y=fx) f(xo) f(x1)  f(x2) f(x3) - f(xp)
Yy Yo Y1 Y2 Y3 Yn

Working Rule: When the values of x are unevenly spaced then we can use the following Inverse
Interpolation Formula:
(a) Lagrange Inverse Interpolating Formula:

x=Fy)=Yr-oL(y) F(yy)

= x=FQ)=Ly(y) F(yo) +L1(y) F(y1) + L,(y) - F(y2) + -+ L,(y) - F(yy)

x=F(y) = O-y)0-y2)—y3)..O—yn) F(y,) + 0=y 0-y2)—y3)..O—yn) | F(y,)

= o=y @0—y2)Y0-¥3)..(yo—Yn) 01-y0)1-y2) @1-¥3)--(y1—yn)

+ =y0) y-y1) =y3)--(y=yn)
@2-y0) 02—y ¥2-y3)...(y2—yn)

@=y0) -y -y2)..(y=yn-1) F(y,)

F(y2) + -+ n=¥0) On=y1) Yn=¥2)--(Yn—Yn-1)

This is Lagrange Interpolating Polynomial of Degree n for Inverse Interpolation
(b) Newton’s Divided Difference Inverse Interpolating Formula:

x=Fy)=F[yol + v —y0)-F[yo.,¥1]l + = y0) ¥ — ¥1)-F[y0,¥1. ¥2]
+O =¥ =y —¥2)-F[¥0,¥1, Y2, ¥3]
+O =y =y —y2) = ¥3)-F[y0, Y1, ¥2, Y3, Y4l
+

+=y) =YD —=Yy2) (V= Yn-1)-F[Y0, Y1, Y2, :» Yl

This is Newton’s Divided Difference Interpolating Polynomial of Degree n for Inverse Interpolation
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Example 3.8.1: Using Lagrange Inverse Interpolating Formula, find the value of x for f(x) = 0.390, If
f(20) = 0.342, f(25) = 0.435, f(30) = 0.5 and f(35) = 0.65

Solution: Rewriting in tabular form-

x=F) | F(yo) | F(yy) | F(y,) | F(y3)
X 20 25 30 35

y=f(x)]0.342]|0.423 | 0.5 0.65
y Yo Y1 Y2 Y3

Using Lagrange Inverse Interpolating Formula

F(y)=Lo() F(y,) +Li(y) F(y,) + L(y) - F(y,) + Ls(y) - F(y;)

y-y1) y-y2)(y—y3)

y=y0) y-y2) (y—y3)

F(yo) +

- ¥o—y1)o—y2)Yo—y3) .

L -y0)(y-y1)(y-y3)

¥1-y0)r1-y2)(y1-¥3)

F(y1)

(y=y0)y-y1)(y-y2)

" (2-¥0) ¥2-y1) 72-¥3) F(y2) +

_ (0.39-0.423)(0.39-0.5)(0.39-0.65)
= (0.342-0.423)(0.342-0.5)(0.342—0.65)

, (0.39-0.342)(0.39-0.423)(0.39-0.65) _
" (0.5-0.342)(0.5-0.423)(0.5—0.65)

x =22.84057797

r3-y0)(y3-y1)(¥3—-y2)

F(y3)

(0.39-0.342)(0.39-0.5)(0.39-0.65)
(0.423-0.342)(0.423—0.5)(0.423-0.65)

- (20) + - (25)

(0.39-0.342)(0.39-0.423)(0.39-0.5)

(3 0) + (0.65-0.342)(0.65—-0.423)(0.65-0.5)

(35)
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Example 3.8.2 Use Newton’s Divided Difference Inverse Interpolation Formula to find the
value of x for f(x) = 10 from the given data: f(0) =6, f(3) = 120, f(5) =336 &
f(7) = 720.

Solution: Construct Newton’s Divided Difference (DD) Table:

y | Fly] | Newton’s 1° DD Newton’s 2" DD Newton’s 3™ DD
Yo| 6 0
3-0 1
120—-6 38
BN
vy, |120| 3 108 38 _ _ 7
336 -6 135432
- 5~ i)
5-3 _ 1 1036800 135432) ~ )
336 —120 108 720 -6 -
SESN
y2|336| 5 192 108 _ _ 7
720 — 120 1036800
7-5 1
720 — 336 192
y3 | 720 7

Newton’s Inverse Divided Difference Interpolation Formula: y = f(x) = 10

F(y) = Flyol + 0 = y0)-F[y0, 1l + 0 = ¥0) v — ¥1)- F[y0, Y1, y2]
+& = ¥0) =y —¥2)-F[¥0,¥1, Y2, Y3l

N x=0+ (10— 6) (§)+(10—6)(10—120) (—
120)(10 — 136)(0)

) + (10 — 6)(10 —

7
135432

197
= X=——=0.128
1539
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Example 3.8.3: Use appropriate Lagrange’s Interpolating Method to find the time ¢ when
distance x = f(t) = 100 kms from the following data.

t (in second) o1 2 3
x=f() (inkms) 0 20 60 120

Solution: We have
F(xy) F(x1) F(xp) F(x3)

F(x)=t 0 1 2 3
x=f(t) 0 20 60 120
Xo X1 X2 X3

Given x = f(t) =100 and t =?
Using Lagrange Inverse Interpolating Formula

t=F(x)=Lo(x) F(xg) +Ly(x) - F(xq) + Ly(x) - F(x2) + L3(x) - F(x3)

(x—x1)(x—x2)(x—x3) (x—x9)(x—x2)(x—x3)
= t = -F F
(x0—x1) (x9—x2)(x0—x3) (xo) + (x1—x9) (x1—x2)(x1—x3) (1)
(x—x9)(x—x1)(x—x3) (x—x0)(x—x1)(x—x2)
+ -F -F
(x2—x9) (x2—x1)(x2—x3) (o) + (x3—x0) (x3—x1)(x3—x2) (x3)
_ (100-20)(100-60)(100-120) _ (100-0)(100-60)(100-120) _
= t= (0—20)(0—60)(0—120) (0) + (20—0)(20—60)(20—120) (1)
, (100-0)(100-20)(100-120) _ @) + (100-0)(100-20)(100-60) 3)
" (60—0)(60—20)(60—120) (120-0)(120—-20)(120—60)
20 4
= t=0-—-1+ o + S

2

= t = ;3 — 2.55555555 Second




Dr Hashim Khan Chapter-3 MATH-316 Numerical Analysis-1 Academic Year: 2023-3

Example 3.8.4: Use appropriate Newton’s Divided Difference Interpolating Formula to find the time
t when distance x = f(t) = 100 kms from the following data.

t (in second) 0 1 2 3

x=f() (inkms) 0 20 60 120
Solution: We have

F(xo) F(x1) | F(x3) F(x3)

F(x)=t 0 1 2 3
x=f®) 0 20 60 120
X0 X1 X2 X3

Given x = f(t) =100 and t =?

Construct Newton’s Divided Difference (DD) Table:

x | F[x] | Newton’s 1°° DD | Newton’s 2" DD Newton’s 3" DD
xo 0 0
1-0 1
20—0 20
x; 20 1 - 4
40 20::
60—0 2400
2—1 1 -1 -1 .
e = T 12000 2400 __
N 120—0 360000
x; 60 2 L1 1
60 40 —
120 — 20 ~ 12000
3-2 1
120 — 60 60

x3 120 3

From Newton’s divided difference (DD) table, we have:

1
360000

1
Flxo] =0, F[xo,x1] =, Flx¢,x1,%x3] = Flxg,xq,%x2,x3] =

20 2400’

Substitute these in the Newton’s divided difference interpolation formula, we get-

t = F(x) = F[xo] + (x — xo)F[x¢, x1] + (x — x¢) (x — x1)F[x¢, X1, X2] + (x — x¢) (x —
x1)(x — x3)F[x¢, X1, X2, X3]

=  t=F(100) = 0 + (100 — 0) (%) + (100 - 0)(100 - 20) (ﬁ)

+(100 — 0)(100 —20)(100 — 60) (360000)

=  t=F(100) = zg = 2.555555556 Second
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Exercise 1: Interpolation
Type-I: Choose the correct answer: (Questions 1-6)

1 1
1. The relation between operators: (EE + E‘E) =

(@) u
(b) 2u
(c) &
(d) None of these

2. The expression: (1 + A)(1 — V) is equal to:
(@1
(b) —1
(c) AV
(d) None of these

3. The relation between operators: AV =:
(a) VA
(b) 8*

() 4(p*—-1)
(d) All of these

4. If f(=2) =1 and f(—1) = 4, then the Lagrange’s interpolating polynomials of
degree one is given by :
(b) 7x—3
(c) 3x+7
(d) 3x—-7
(e) 7x+3

5 If f(1.5) =-0.25, f(3) =2 and f(6) = 20 then Newton’s Divided Difference
Interpolation Formula will approximate f(4) by:
(a) 4
(b) 5
(c) 6
(d) 7

6. If f(0)=1,f(1)=2,f(2)=1and f(3) =10 then from Forward Difference
Table, A3f£(0) is equal to:
(a) —21
(b) 12
(c) —13
(d) 31
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Type-I1: Solve the following: (Questions 7 -16)
7. Prove the following relations between operators with usual notations:

(a) E=1+A
(b) AV = VA= §2
(c) 8% =4@W*-1)
(d) ué = %(A+ )

@) (B+E7)A+A7=2+A
\Y)

A
(M a+v=s-12

@ @A+AA-V)=1

. For the following data:
(a) Approximate f(0.05) using Newton forward-difference formula
(b) Approximate f(0.65) using Newton backward-difference formula

X ‘ 0.0 ‘ 0.2 | 0.4 ’ 0.6 0.8

|

£(x) | 100000 | 122140 | 1.49182 | 1.82212 | 2.22554

. Use appropriate Lagrange interpolating polynomials of degree one, two and three to
approximate each of the following:
a. f(84)if f(8.1) = 1694410, f(8.3) = 17.56492, f(8.6) = 18.50515, f(8.7) = 18.82001
b. f(=3)if f(—=0.75) = —0.07181250, f(—0.5) = —0.02475000, f(—0.25) = 0.33493750,
F(0) = 1.10100000
c.  f(0.25)if f(0.1) = 0.62049958, f(0.2) = —0.28398668, f(0.3) = 0.00660095, f(0.4) =
0.24842440
d. f£(0.9)if F(0.6) = —0.17694460, f(0.7) = 0.01375227, f(0.8) = 0.22363362, f(1.0) =
0.65809197

10. Use appropriate Lagrange interpolating polynomials of degree one, two and three to

approximate each of the following:
a.  f(0.43)if f£(0) = 1, f(0.25) = 1.64872, f(0.5) = 2.71828, f(0.75) = 4.48169

b.  f(0)if £(—0.5) = 193750, f(—0.25) = 1.33203, £(0.25) = 0.800781, £(0.5) = 0.687500

e fO.18)if £(0.1) = —0.29004986, f(0.2) = —0.56079734, f£(0.3) = —0.81401972, f(0.4) =
—1.0526302

d.  £(0.25)if f(—1) = 0.86199480, f(—0.5) = 0.95802009, f(0) = 1.0986123, £(0.5) =
1.2943767

11. Show that the polynomial interpolating the following data has degree 3.

x ‘—2‘—1‘ O’ l‘ 2’ 3

f@ | 1] 4|11|16]13] -4
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12. For a function f, the Newton divided-difference formula gives the interpolating
polynomial

16
Pi(x) = 1 +4x 4 4x(x — 0.25) + T.m —0.25)(x — 0.5),

on the nodes xy = 0, x; = 0.25, x, = 0.5 and x3 = 0.75. Find f(0.75).

13. For a function f, the divided differences are given by

xy = 0.0 S lxs)
[lxa,x] :
Y =04 Tix Slx.x5.5]=F
flxa,xal=10
x; =07 [Ix:] =6

Determine the missing entries in the table.

14. A census of the population of the United States is taken in every 10 years. The following
table lists the population, in thousands of people, from 1950 to 2000
Year | 1950 | 1960 1970 1980 1990 2000

Population ? 151,326 ' 179,323 203,302 . 226.542 249,633 | 28I.4227
(in thousands)

Use Newton divided-difference formula to approximate the population in the year

1975.

15.Using Newton’s Divided Difference Interpolating Formula, find the value of x for
f(x) =0.390, If f(20) =0.342, f(25) = 0.435, f(30) =0.5and f(35) = 0.65

16. Use Newton’s Divided Difference Interpolating Formula to find a polynomial function
satisfying the following data: f(—4) = 1245, f(—1) = 33,f(0) = 5, f(2) =9 and
f(5) = 1335. Hence find f(—3).
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4.1 Direct Formulae for Numerical Differentiation:
(a) Formulae for Derivatives using Forward Difference Operator:

We know that the Newton’s Forward Difference Interpolation formula is given by-

s(s 1) s(s— 1)(s 2)

f(x) = f(xo) + sAf (x0) + =A% f(x0) +=———

——— Z A3f(xp) +- .. (1)

Where, s=2% (2)

Differentiating eqn ... (1) with respect to s, we get-

L f(x) = Af (o) + E2A2f (xg) + B8 A3 £ (xg) 4 -(3)

Differentiating egn. ... (2) with respect to x, we get-

ds 1
ity ..(4)

Now we can write

f(x0)=+f) == [f@]-=

2s—-1 —6s+2

£ =2 [af o) + (B52) 42 Gro) + (222) a3 (o) + | - (8)

Expression (5) provides the value of f'(x) at any x (which is not tabulated)

For tabulated values of x:

In particular when x = x, and s = 0 Expression (5)
provides the value of f'(x) for any tabulated value of x such that-

f/(x0) = 7 |Af(x0) =5 A% (o) +3 A3 (x0) — 3 A*F (x0) + 5 A5 F(xg) — | ..(6)

Differentiating egn. ... (5) with respect to x, we get-
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fr) =—f@ =22

= 2[a%f () + (s — DA f (o) + (S22 ptf(ag) 4+ |2
F(x) = 5 [82 (o) + (s = DA f (o) + (B p*f (xg) +- | - (7)
Puttingx = xpand s = 0 ineqn...(7), we get-
f" (x0) = 77 [B2f (o) — A3 (xq) + 15 A*f (x0) — T A5F (xo) + 3 AF (x0) +- | ..(8)

Similarly, we can get-

. (9)

f" (x0) = % [A3f(x0) - §A4f(xo) 4o ]
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Example 4.1.1: Given: E = e"P then show that :

Df (xg) = 7 |Af (o) — 5 A2 (x0) + 3 A3f (xg) — 1 A*f (o) + 5 A5 (xg) — |
Solution: Given E=e"? .. (1)

We know that E=1+A .. (2)
From equations ... (1) and ... (2), we can write:

e’ =1+A ..(3)
Taking log on both side of equation ... (3), we get-
log.(e"?) =log.(1 + A) [log.(e"?) = In(e"?)]
=  hD.log.(e) =log.(1+A)
=  hD.1=log.(1+4) [~ log.(e) = 1]

= D=ylog.(1+2)]

AZ A3 At AS
We know that, log.1+A)=A—-+o—-T+-—
2 3 4 5
Thus, DE%[A—%+%—%+%— oo]
1 AZ A3 At AS
= Dfx) =y[A-GHT-T T [

= Df(x0) = [Af(x0) —58%f(xo) + 3 A3 (x0) — 3 A*f (x0) + £ A%F (x0) —- |

This is required answer.

Note: We know that DE%[A——+———+——---]
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= D?f(x,) = h_lz [Azf(xo) — A3 f(xy) + ﬁA"f(xo) - §A5f(x0) + §A6f(x0) o ]
Moreover, D3 == [A3 _3a% g ]
h 2

= DYf(x) = 55 [8F(xe) — 2441 (xg) +- |

Example 4.1.2: Use the forward difference formulas to determine approximations for
f'(0.1) and £'(0.2) from the following data:

x | 0.1 0.2 0.3 0.4
f(x) 0.9975 0.9900 0.9776 0.9604

Solution: Construct Forward Difference Table:

x | f(x) | Af(x) | A*f(x) [ A3f(x)
xo | 0.1 0.9975 | —0.0075 | —0.0049 | 0.0001
x| 0.2 ]0.9900 | —0.0124 | —0.0048
x, | 0.3]0.9776 | —0.0172
x3 | 0.4 | 0.9604

Case-1: Here- xo=0.1and h=0.1

Writing the forward difference formula for First derivative-

f'(x0) = 2 |Af (x0) — 5 82f (x0) + 383 f (x0) |

f£(0.1) = — [Af(o. 1) = 2A2£(0.1) +343£(0.1) ]

From Table Af(0.1) = —0.0075, AZ2f(0.1) = —0.0049  A3£(0.1) = 0.0001

Thus,
£(0.1) =— [—o. 0075 — > (~0.0049) + 3 (0.0001) ]

f'(0.1) = -0.050167
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Case-2: Here, x0=0.2andh=0.1

Writing the formula for First derivative-

f/(xo) =3 [AF (xo) — 382 f (x0) |

£(0.2) =— [Af(o. 2) — > A2f(0.2) ]

From Table,  Af(0.2) = —0.0124, A2f(0.2) = —0.0048

Ihus,
! — 1 _l —_—
£(0.2) =~ [—0.0124 > ( 0.0048)]

£(0.2) = —0.1

Example 4.1.3: Use the forward difference formulas to approximate f'(0.1) and
f""(0.1) from the following data:

x | 0.1 0.2 0.3 0.4
f(x) 0.9975 0.9900 0.9776 0.9604

Solution: Construct Forward Difference Table:

x | f(x) | Af(x) | A*f(x) | Af(x)
xp | 0.1 0.9975 | —0.0075 | —0.0049 | 0.0001
x1 | 0.2 0.9900 | —0.0124 | —0.0048
x, 0309776 | —0.0172
x3 | 0.4 0.9604

Case-1: Here- xo=0.1and h=0.1

Writing the forward difference formula for second derivative-

f(x0) = = [A2f (at9) — A3 (x0) ]
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f(0.1) = 55 [4%(0.1) — 4°£(0.1) |

From Table,  A%2f(0.1) = —0.0049  A3f(0.1) = 0.0001

Thus,
r J— 1 — J—
f'0.1) = o1 [—0.0049 — 0.0001 ]
f'(0.1) =-0.5
Case-2: Here- x9g=0.1and h=0.1

Writing the forward difference formula for third derivative-

£ (x0) = == [8%f (x0) ]

f(0.1) =5 [4%£(0.1)]

From Table- A3f£(0.1) = 0.0001

Thus,

" _ 1
f"(0.1) = 575[0.0001]

£(0.2)=0.1
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Example 4.1.4: Use Forward Difference Formulae to approximate f'(3) and f''(1) from
the following table.

1 3 | 5| 7 |9
f(x) 85.3 74.5 67.0 60.5 54.3

Solution: Construct Forward Difference Table:

Forward Difference Table

x f(x) Af(x) A%f(x) A%f(x) A*f(x)
Xo/ 1 85.3 —-10.8 3.3 -2.3 1.6
X3 3 74.5 -7.5 1.0 —-0.7
X 5 67.0 —6.5 0.3
x3 7 605 —6.2
Xy, 9 543
To Find f'(3): Here- x; =3 and h =2

Writing the forward difference formula for first derivative-

, 1 1, 1,
13 =1 |AF(3) - 5820(3) +5837(3)|

reay = 1[_ _1 1._
= f/(3)=3|-7.5-3(1.0) +3(=0.7)]
= f'(3) =—-4.116666667
To Find f""(1): Here- xo=1 and h =2

Writing the forward difference formula for second derivative-
£ = 5 [a20) = 231 + A% ) |

N fr) = [33—( 23)+—(16)]

= (1) = 1.766666667
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(b) Formulae for Derivatives using Backward Difference Operator:

We know that the Newton’s Backward Difference Interpolation formula is given by-

s(s+1) s(s+1)(s+2)

f(X) = f(xn) + Svf(xn) +—— sz( n) + V3f( n) T+ - (1)

X—Xp

= - (2)

Differentiating eqn ... (1) with respect to s, we get-

where, s =

(Zs+1) V2f(x,) + (352 +6s+2) V3f(x,) +- ..(3)

S f(0) = Vf () + 252

Differentiating eqn ... (2) with respect to x, we get-

ds 1
= (4

Now we can write-

f)=2f)=2[f@]-=

£ =2V + (B2) v2r ) + (B222) w3 g (x,) + | - (8)

Expression (5) provides the value of f'(x) at any x (which is not tabulated)

For tabulated values of x:

In particular when x = x,, and s = 0. Expression (5)
provides the value of f'(x) for any tabulated value of x such that-

f/0n) = 3 [VF () +3 V2 () + 5 V3 () + 3 VAF () + V3 () + | ... (6)

Differentiating eqgn ... (5) with respect to x, we get-

fr) =—f@==f@®-2
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(65 +18$+11)

@) = 2| V2F () + (s + DV3f () + V) + |+

(65 +18$+11)

@) = = V2 () + (s + DV3f(x,) + Vi) + | (D)

Puttingx = x, and s = 0 ineqn ... (7), we get-

£/ (i) = 2 [V2F () + V3 (o) + 35 VA () + 2V F () + 52 VO () + | ..(8)

Similarly, we can get-

f”’(xn) — % [V3f(xn) + %V"f(xn) +-- ] (9)
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Example 4.1.5: Use the Backward difference formulas to determine approximations for
f'(0.4) and f'(0.3) from the following data:

X 0.1 0.2 0.3 0.4
f(x)]0.9975|0.9900| 0.9776 | 0.9604

Solution: Construct Backward Difference Table:
x  f(x)  Vf(@) Vif(x) Vf(x)
xo 0.1 0.9975
x; 0.2 09900 —-0.0075
x, 03 09776 —-0.0124 —-0.0049
x3 0.4 09604 —-0.0172 —-0.0048 0.0001

Case-1: Here- x, =x3=0.4andh=0.1
Writing the backward difference formula for first derivative-
/ 1 12 1.3
f/Gn) = 7 |VF () + 3 V2 (xa) + 5 V3 ()|
’ _1 192 123
f(0.4) =1 [Vf(o.4) +2V2f(0.4) +3V f(o.4)]

From Table- Af(0.4) = —0.0172, A%f(0.4) = —0.0048  A3£(0.4) = 0.0001
Thus, £1(0.4) = — [—0. 0172+ (~0.0048) + 3 (0.0001) ]

f'(0.1) = -0.19566666
Case-2: Here- x,=x,=0.3and h=0.1

Writing the formula for first derivative-
f(xa) = 3 [V () +5 V2 ()|

£(0.3) = — [Vf(o. 3) +2V2£(0.3) ]

From Table-  Vf(0.3) = —0.0124, VZ2£(0.3) = —0.0049

Thus, £(0.3) = [—0. 0124 + > (—0.0049) ] = —0.1485
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4.2 Numerical Differentiation:
(a) Using Lagrange Interpolating Polynomial

Example 4.2.1: Obtain the cubic Lagrange’s interpolating polynomial from the following
data:

x 01 2 5
f(x) 2 3 12 147

Hence approximate: f'(1), f"(1)and f'"(1)

Solution: Do Yourself

(b) Using Newton Divided Difference Interpolating Formula

Example 4.2.2: Use Newton Divided Difference Interpolating Polynomial to
approximate: f'(4)and f''(4) from the table:

X 4 5 7 10 11 13
f(x) | 48 100 294 900 1210 2028

Solution: Construct Newton’s Divided Difference (DD) Table:

x | flx] Newton’s 1 DD Newton’s 2"° DD | Newton’s 3" DD | Newton’s 4" DD
xo 4 48
100 - 48 _ .
5—-4
x,| 5 | 100 97 — 52
=15
7—4
294—100_97 21—15_1
7-5 10 —4
x| 7 | 294 202 — 97 1-1
- =21 =0
10 -5 11— 4
900—294_202 27—21_1
10—-7 11 -5
x3 |10 | 900 310 — 202 1-1
- =27 =
11-7 13-5 0
1210 — 900 _ 310 33 -27 X
11—-10 13 -7
x, |11 ] 1210 409 — 310 _
13—-10
2028 — 1210 _
13—-11
xs | 13| 2028
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From Newton’s divided difference (DD) table, we have:
flxo]l =48, flx¢,x1] =52, flxo,x1,x2] =15, [f[xg,%1,%x2,%3] =1and
flxo, %1, %2, %3,2,] = 0
Substitute in Newton’s divided difference interpolation formula:
fx) = flxo] + (x — x0) f[x0, %1] + (x — x0) (x — x1) fx0, X1, X2]
+(x — x0) (x — x1) (x — x2) fx0, X1, X2, X3]

+(x — x9) (x — x1) (x — x2) (x — x3) f[X0, X1, X2, X3, X4]

= f(x) =48+ (x—4)52+(x—4)(x—-5)15+(x—4)(x—-5)(x—7)1+0+0
= f(x) =48+ (x —4)52 + (x* — 9x + 20)15 + (x3 — 16x2 + 83x — 140)

= f(x) =2 —x?

= f'(x) =3x% — 2x

= f'(4)=3.4*-2.4

= f'(4) =40

= f'(x) =6x—2

> f'f4)=6.4-2

= f'(4) =22
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4.3 Exercise 4.1: Numerical Differentiation

Type-I: Choose the correct answer: (Questions 1 -3)

1. Using Newton’s forward difference formula for derivative to find f'(1.5), if
Af(1.5) = 3.625, A%’f(1.5) = 3.0, A3f(1.5) =0.75 ,A*f(1.5) =0,and h = 0.5

(a) 4.00
(b) 4.75
(c) 3.75
(d) None of these

2. Given: Af(1.0) = 4.6, A?f(1.0) = —0.2, A3f(1.0) = 0.1, A*f(1.0) = 0.1 and
step-size h = 0.1, then the value of f'(1.0) is equal to:

(a) 0.470833333
(b) 4.708333333
(c) 47.08333333
(d) 470.83333333

3. Using Newton’s forward difference formula for derivative to find f''(1.5), if
Af(1.5) = 3.625, A2f(1.5) = 3.0, A3f(1.5) = 0.75 , A*f(1.5) = 0,and h = 0.5
(a) 8.00
(b) 6.00
(c) 9.00
(d) None of these

Type-11: Solve the following: (Questions 4 -8)

4. Use the forward difference formulas to approximate-
(a) f'(1.0)
(b) £'(1.2)
(c) f'(1.0)
(d) £'(1.0)

From the given data:

X 1.0 1.2 1.4 1.6 1.8 2.0 2.2
f(x) 2.7183 3.3201 4.0552 4.9530 6.0496 7.3891 9.0250
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5. Use the backward difference formulas to approximate-
(a) f(2.2)
(b) f'(2.0)
(c) f'(2.2)
(d) f(2.2)

From the given data:

X 1.0 1.2 1.4 1.6 1.8 2.0 2.2
f(x)|2.7183 | 3.3201 | 4.0552 | 4.9530 | 6.0496 | 7.3891 | 9.0250

6. Use appropriate interpolation formula to approximate-
(a) £'(0.2)
(b) £(0)

From the following table:

x |[00[/02]04[ 06 08] 1
f(x)| 1 [1.16/3.56]13.96|41.96 | 101

7. Use appropriate interpolation formula to approximate-
(@) f'(2.0)
(b)f"(2.2)

From the following table

X 1.4 1.6 1.8 2.0 2.2
y(x) 4.0552 4.953  6.0496 7.3891 9.0250

8. Use Newton’s Divided Difference Interpolating Formula to find a polynomial function
satisfying the following data: f(—4) = 1245, f(—1) = 33,f(0) = 5, f(2) =9 and
f(5) = 1335. Hence approximate the following-

@) f(=3)
(b)f"(=2)
©f" (1)
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4.4 Numerical Integration:

Consider a function of single variable, y = f(x). If the function is known and
simple, we can easily obtain its derivatives or can evaluate its definite integral. However, if
we do not know the function as such or the function is complicated and is given in a tabular
form x;, f(x;), i =0,1,2,...,nthen we use only numerical methods for differentiation
and integration.

4.5 Newton-Cotes Integration Formula (General Quadrature Formula):
Let us consider a function y = f(x) in the interval [a, b]

We divide the interval [a, b] into n equal parts such that:

h=—, X = Q, x,=Db, ['.'h=—=>n=—]

We can write the function y = f(x) as follows:

X a= xo x1 xz x3 xn ==

y=f) | flxo) | f(x1) | f(x2) | f(x3) || fxn)

8

Suppose we wish to evaluate the definite integral-

1= [} f)dx = [ f(x) dx

Let

= = x=x9+sh = dx=hds
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When X =Xy = s=0

When x=x9p+mh = s=n

Thus,
= J, fx) dx = [ f(x) dx = h J f(xo + sh) ds

Now, substitute f(xo + sh) from Newton’s Forward Difference Interpolation Formula,
we have-

I=[; f(x)dx = [ f(x) dx
= [}’ [F(xo) + sBf(xe) + T2 A2 (xg) + 22 A3 (xg) +

s(s— 1)(: 2)(s— 3) A4f( o) + - ]

= h [ £ o) + sAF (o) + 225 (xg) + 22 () +
(s*-6s3+11s2 6s) A4f(x0) n ] ds

24

Integrating with respect to s we get-

I=[;f@)dx= """ f(x) dx

= h[sf(xo) + %Af(xo) + (% — é) A%f(xq) + (% —s3+ sz)% A3f(xq) +
I

Hence,

1=} f(x)dx = [ f(x) dx

n? nd n? nt
= h[nf(x0)+ Af@o)"‘(?—Z)Azf(xo)"‘(Z—n tn > A3 f(x)
n® 3n* 11 1
+<?—T—?n3—3n )—4A4f(x0)+---l

This is Newton-Cotes General Quadrature Formula.
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4.6 Trapezoidal Rule:

Taking n = 1 in Newton-Cotes General Quadrature Formula
VA

v = Px)

“«Y

!
a = xg Xy, = b

The curve becomes straight line and thus we get-
[21f () dx = h|f(xo) +3 0f (x0) |
= h[f(xo) +5F(x) =3 f(x0)] [+ Af(xo) = f(x1) = f(x0)]

2 () dx =5 [f (xo) + f(x1)]

Similarly,
2 f(x) dx =S [f (x1) + f(x2)]
[ () dx = S [ (x2) + f(x3)]
fxfl":f(x) dx = . [F(nt) + )
Adding up all above integrals-

20 f) dx = SIf (o) + F(x0) + Fx0) + Fx2) + F(x2) + F(x3) + -+ f(xny) +
f )]

b h
f f(x)dx = E{f(xo) + f(xn) + 2[f(x1) + f(x2) + f(x3) + -+ f(xp_1)]}

This is Trapezoidal Rule.
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Solution:  We can write the function f(x) = 1+1x2

h="2 = n=be_10_4
n h =
4
Xo X4 X, X3 X4
X 0 1 2 3 4
4 4 4 4
B 1 | 16 | 4 | 16 | 1
J) =17 17 | 5 | 25 | 2
f(xo) | f(x1) | f(x2) | f(x3) | f(x4)

Using Trapezoidal Rule:

[P F @) dx = 2[F(x) + £ o) + 2[f () + foz) + F(x3)]]

[t [1+ +2|m+i+ ”

0 1+x2

1dx 1 1012
Jo 1+x2 5[1 tot2 [425”

= 0.78279411

fl dx 1[5323] 5323
gl 850] 6800

0 1+x2
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Example 4.6.2: Approximate the following integral using Trapezoidal rule withn =5
f:x cos(x?) dx

Solution: Wehave: a=0, b=m, n=5 = hzb__a:nT_o 5

T

Thus, we can write the function f(x) = x cos (x?) in tabulated form with h = -

X0 X1 X2 X3 X4 X5
x 0 i 21 3n 4m T
5 5 5 5

f(x) = x cos(x?) 0 0.57998801 | —0.0104807 | —1.72762947 | 2.51187562 | —2.8358697

f (xo) f(x1) f(x32) f(x3) f(x4) f(xs)

Using Trapezoidal Rule:

J2 £ (x) dx = Z[F(xo) + Fxs) + 2[F(xy) + F(x2) + F(x3) + f(x0)]]

Jy x cos(x*)dx = 110 [0 — 2.83586970 + 2[0.57998801 — 0.01048070 —
1.72762947 + 2.51187562]]

[y x cos(x?) dx = -[0 - 2.83586970 + 2.70750692]

J, xcos(x?)dx =—0.04032635666
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4.7 Simpson’s One-Third Rule:

Taking n = 2 in Newton-Cotes General Quadrature Formula

v

"4

The curve becomes quadratic polynomial and thus we get-
[22 fx) dx = h[2f (xo) + 28 Gro) + (5 = 2) 421 (o)
=h [Zf(xo) + 2[f(x1) — f(x0)] + % [f(x2) —2f(x1) + f(xo)]]

[72 F () dx = S [f (o) + 4f (x1) + f(x2)]

Similarly,

[ () dx = S[f () + 4f (x3) + f(x4)]

[76 £ (x) dx = S [F(xa) + 4 (x5) + £ (x6)]

[ FQ0) dx = S[f(Xnoz) + 4f (noy) + £ ()]

Adding up all above integrals-

Xn h
[ rG dx = 17 G0) + 47 Gea) + 27 () + 47 (x9) + 20 () + 4 2 ()
+ 4 Caeg) + 0]
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f:f(x) dx = g{f(xo) + ) + 2[f(x2) + f(x4) + f(x6) + -+ f(xp_2)] + 4[f (x1) +
f(x3) + fxs) + -+ f -0}

This is Simpson’s % (One-Third) Rule.

Example 4.7.1: Approximate | .
approximate the value of
Solution: Wehavea =0, b=1 so h=b:1 ==

Thus, We can write the function f(x) = 1+1x2

Xo X1 X2 X3 X4

X 0 1 2 3 4

4 4 4 4

B 1 1 16 4 16 1
J) =1 17 | 5 | 25 | 2

f(xo) f(x1) f(x2) f(x3) f(xa)

Using Simpson’s % Rule:

J2 £ () dx = 2[£(x) + £ o) + 2[f ()] + 4[F (%) + f ()]

R P R |

1+x2

it =m[rei+ 2]+ o[

f, == = 0.78539215 e (1)

1+x2

Deduction: We know that fl 4 — [tan~! x]i_, =tan"1(1) — tan~1(0)

0 142
1 dx T
= hi=e=1 (2)

From Equations:-- (1) & (2), we get % =0.78539215 = mw =3.1415686
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Example 4.7.2: Approximate the following integral using Simpson’s% Rulewithn =6
fol_f(ex + cos x — log, x) dx
Solution: Wehave: a=0.4, b=16, n=6

b-a 16-04
n 6 -

= h = 0.2

Thus, we can write the function f(x) = e* + cos x — log, x in tabulated form with
h = 0.2 as follows:

x f(x)=e*+cosx—log,x

xo 0.4 3.329176424 f(x0)
x; 0.6 3.158280039 f(x1)
x, 0.8 3.145391189 f(x2)
x; 1.0 3.258584134 f(x3)
x, 1.2 3.50015312 f(xs)
xs 1.4 3.888694873 f(xs)
xs 1.6 4.453829273 f(x6)

Using Simpson’s % Rule:

[7 £ Q0 dx =2 {f(xo) + f(xs) + 2[f (x2) + fx)] + 4Lf (1) + () + f(x5)]}

= [y, +cosx —log, x) dx = ©2{3.329176424 + 4.453829273 +

2[3.145391189 + 3.50015312] + 4[3.158280039 + 3.258584134 +
3.888694873]}

= fol_f(ex + cos x — log, x)dx = 4.153088793
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4.8 Simpson’s Three-Eighth Rule:

Taking n = 3 in Newton-Cotes General Quadrature Formula

Here, the curve becomes a polynomial of degree 3. We divide the interval [a, b] into
n sub-intervals, where n is divisible by 3.

VA

y = Px) /

"

a=x, x X4 \‘._‘ y X, =b
We consider three strips at a time.

[ f ) dx = h[3f(xo) + S Af (xo) + (5 =) 02 (a) + (5 - 33+ 32) 2 3f ()]

= h[3£0x) + 21F(x) — FOx)] + 3 [F(x2) = 2 Cx) + F(x0)] +
2 (xs) = 3£(x2) + 3£ () — £ (o))

2 () dx = h[2f(xo) + 2 f (1) + 3 £ (x2) + 5 £ (x3)]
=2 (x0) + 3[f (x0) + F(2)] + f(x3)}

Similarly,

[70 F () dx = 2 {f (x3) + 3 (xa) + f(x5)] + f(x6))

[ F(x) dx = 2 {f (x6) + 3[f (x7) + f(x)] + f(x5)}
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[ F) dx = 2 {f (xnmg) + 3[f (nz) + f(Eaen)] + F )

Adding up all above integrals, we get-

b h
f f(x)dx = 3?{f(xo) + f(xn) + 2[f (x3) + f(x6) + f(x9) + -+ f(x,-3)]
+3[f(x1) + f(x2) + f(xg) + f(xs) + -+ f(xn-1)]}

This is Simpson’s > (Three-Eighth) Rule.

3 . 1
’s =rule with h = -
8 6

Solution: Wehavea=0, b=1, h =%
b—a b—a 1-0
g h,—-—;— = n= o % 6
Thus, we can write the function f(x) = 1+1x2 =
X0 X1 xZ X3 X4 Xg Xe
X 0 1 2 3 4 5 6 _4
6 6 6 6 6 |6
_ 1 36 36 36 36 36 1
O =13 37 | 40 | 45 | 52 | 61 | 2
f(xo) | f(x1) [ f(x2) | f(x3) | f(x4) | f(x5) | f(x6)

Using Simpson’s % Rule:

b 3h
f f(x) dx = ?{f(xo) + f(x) + 2[f(x3)] + 3[f(x1) + F(x2) + fxy) + f(x5)]}

hive=witerrzlg w3 [F+ 5+ 5+ 3

NS

fy i = {1+ +2|%| + 3(3.1554446]} = 0.785395862

1+x2
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Example 4.8.2: Approximate the integral foz(ezx. sin 3x) dx using Simpson’s % Rule
withn =6

Solution: Wehave: a=0, b=2 n=6

Thus, we can write the function f(x) = e**.sin 3x in tabulated form with h = %

x f(x) = e*sin3x

xXo 0 0 f(x0)
x; 1 1.6389616 | f(x;)
Xy 2 3.4495724  f(xp)
X3 g 1.0427436  f(x3)
X4 % ~10.8918380  f(x,)
Xs g —26.880205 | f(xs)
o % ~15.2555692  f(x)
3

Using Simpson’s % Rule:

[2 £ Q0 dx =22 {f (x0) + 2[f (x2)] + 3[F (1) + F(x) + £(xa) + F(x5)] + f(x6)}

-

3 )
[} (€**.sin3x) dx = % {[0 + 2(1.0427436) + 3(1.6389616 + 3.4495724 —

10.8918380 — 26.880205) — 15.2555692]}

[(e?*.sin3x)dx = —13.90257613
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4.9 Exercise 4.2: Numerical Integration

Type-I: Choose the correct answer: (Questions 1 -7)

1. Trapezoidal rule is a special case of Newton-Cotes Integration Formula for n =
(@) 1
(b) 3
(c) 2
(d) 6

2. Approximate the integral f_33 x*dx , using Trapezoidal rule withn = 6
(a) 98
(b) 115
(c) 97
(d) None of these

3. Simpson’s % rule is a special case of Newton-Cotes Integration Formula forn =
(@) 1
(b) 3
(c) 2
(d) 6

4. Using Simpson’s% rule and the given table-

X 0] 1)2)3 4
4 4| 4 |4
B 1/16 (4161
W=7+ 1171512512
The approximate value of the integral fol 1‘32 is:

(a) 6.002647059
(b) 3.001323539
(c) 9.003970588
(d) None of these

5. The value of the integral [ £(x) dx, by Simpson’s 1/3 rule, using £(0) , £(3) and £(6)

where, f(x) = —4 + [25 — (x — 3)2]1/2
(@) 1

(b) 4

(c) 6

(d) None of these
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6. ldentify the given Rule:
__3h

fx?mhf(x) dx = ?{f(xo) +3[f(x1) + fx2) + f(xg) + flxg) + -+ f(xp-1)] }

+2[f(x3) + f(xe) + fxg) + -+ f(xp_3)] + f(x,)
(a) Trapezoidal Rule

(b) Simpson’s % Rule

(c) Newton-Raphson Rule

(d) None of these

7. Simpson’s % rule is a special case of Newton-Cotes Integration Formula forn =
(@) 1
(b) 3
(c) 2
(d) 6

Type-I1: Solve the following: (Questions 8 -15)
8. Approximate the integral fogﬁdx using Trapezoidal rule withn = 8

9. Approximate the integral f_zz x* e* dx using Simpson’s% rule withn = 4

1
1+x2

10. Approximate the integral f06 dx using Simpson’s% rulewithn =6

x
x2+4

11. Approximate the integral ff dx using Trapezoidal rule withn = 8

1

VxZ-4

12. Approximate the integral f;’ dx using withn = 8

2
x2+4

13. Approximate the integral foz dx using Simpson’s Z rulewithn =6

14. Approximate the integral using Trapezoidal rule withn = 4

15. Approximate the integral f: x% cos x dx using Simpson’s % rule withn =6
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5.1 Introduction:

Many problems in science and engineering when formulated in mathematical terms lead to
ordinary differential equations with appropriate initial and/or boundary conditions.

For example:

e The trajectory of a ballistic missile
e The motion of an artificial satellite in its orbit
e Theories concerning electrical networks
e Bending of beams
e Stability of aircrafts etc.
are modeled by differential equations.

In general, a linear or nonlinear ordinary differential equation can be written as-

der

dny 3 . dy dZy dn—ly
Y ae T dp 1

(a) Initial Value Problem:
The first order ordinary differential equation of the form-

%zf(t,y), a<t<bh, y(a) =a
is called an Initial value problem.
(b) Reduction of a Higher Order ODE to a System of First Order ODE
Any higher order ordinary differential equation can be reduced to a system of first order

ordinary differential equations by substitution. i.e.
Consider second order ordinary differential equations-

d? d I}
D=f(ty3) a<t<b y@=a, y@=8 - (1)
_ dy dp _ d%y
Let, P=73 dt  dt? - (2)

Thus, from equations... (1) & (2), we get first order ordinary differential equation-

T-ftyp). p@=p

(3)

il 2 y(@) =«a
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5.2 Euler’s Method:

Euler’s Method is the most elementary approximation technique for solving
initial value problem (IVP). Although this method is not in practice, the simplicity of its derivation
can be used to illustrate the techniques involved in the construction of some of the more advanced
techniques, without the cumbersome algebra that accompanies these techniques.

Let us consider the well-posed initial value problem (1VP)
dy

y'(®) =4 =fty®), a=tysts<t,=b, y(to) = yo - (D)

Define, the common distance h between the points that is call step size-
h=— = h:ti+1_ti (i:0,1,2,,n—1)
Expand the function y(t; + h) using Taylor’s series, we get —

! hz Il h3 nr hn
Yt +h) =y(t) + hy' (t) + 3y () + 3" () + -+ Sy () + - - (2)

Since h is small, therefore h? and higher terms, being a very small can be deleted.
Thus, we get-

y(t; + h) = y(t) + hy'(t;)

= y(t; + h) = y(t;)) + hf(t; y(t;)) [~ y'@®) =fty®)]
= Yis1 = Yi + hf(ts, y;) for i=0123.,n—-1
= Yir1 =yi +hf(t,y)

This is called Euler’s Method for solving initial value problem (IVP)
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Example 5.2.1: Use Euler’s Method to approximate the solution of given initial value problem at t = 2
with h =0.5

%:y—t2+1, 0<t<2, y(0)=0.5

Solution: We have, fy)=y—-t*+1

Euler’s First Approximation: Here, to =0, yo = y(ty) = 0.5 and h=0.5

Y1 =Yo + hf(to,yo)
= y1=0.5+0.5[yg—te2+1] [+ f(to,¥o) = Yo — to? + 1]
= y1=0.5+0.5[0.5 — (0)2 + 1]

= y1 =y(ty) =y(0.5) =1.25

Euler’s Second Approximation: Here, t;=0.5, y1 =y(t;) =125 and h=0.5

Y2 =y1thf(ty,y1)

== Y2 = 125+05[y1—t12+1] [ f(t1;3’1) :3’1_t12+1]
= y2=1.25+0.5[1.25 - (0.5)% + 1]

= y2 =y(t) =y(1.0) = 2.25

Euler’s Third Approximation: Here, t, =1.0, y, =y(t;) =2.25 and h=0.5

Y3 =¥z + hf(ty,y,)

= y3=2.25+0.5[y, —t;2+1] [« f(tzy,) =y, — t,* +1]
= y3 =2.25+0.5[2.25 - (1.0)2 + 1]
- ¥3 = y(t3) = y(1.5) = 3.375
Euler’s Fourth Approximation: Here, t3 =1.5, y3 =y(t3) =3.375 and h=0.5

Y4 =ys3 + hf(ts,y3)

= ¥4 =3.375+0.5[y; - t32 +1] [+ f(t3,5,) =y, — t3° + 1]

= ¥4 =3.375+0.5[3.375 — (1.5)% + 1]

= Ya=Yy(ty) =y(2.0) =4.4375
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Example 5.2.2: Apply Euler’s Method to approximate y(0. 1) to the given initial value problem with
h=0.02
fty) = i—;i 0<t<0.1, y0)=1

Solution: We have, f(t,y) = i_:

Euler’s First Approximation: Here, ¢, =0, yo = y(ty) =1 and h=0.02

Y1 = Yo t+ hf(to,y0)

= Y1 :}’0+h[m] [ f(to,y0) = 222

Yotto Yo+to
= y1 =y(ty) =y(0.02) =1.02

Euler’s Second Approximation: Here, t; =0.02, y;=y(t;)=1.02 and h=0.02

Y2 =y1 + hf(ty,y1)

= Y2=¥1t h[yl—_tl] [+ f(ty,y1) = [yl—tl]]

y1tty y1+t1
=  y,=Yy(t;) =y(0.04) =1.0392

Euler’s Third Approximation: Here, t, =0.04, 1y, =y(t;)=1.0392 and h =0.02

Y3 =¥z + hf(tz,y2)

= v=verfE ) =[5
= y3 = y(t3) =y(0.06) =1.0577

Euler’s Fourth Approximation: Here, t3 =0.06, y;=y(t3)=1.0577 and h =0.02

Y4 =Yy3 + hf(ts,y3)

= Ys=y3+h [z—:;::] [ f(ts, y3) [y +t3]
= ys = y(t,) = y(0.08) = 1.0756

Euler’s Fifth Approximation: Here, t, =0.08, y,=y(t,)=1.0756 and h =0.02

Vs = Ya+ hf(ts, ys)

= Ys=yst+h B:—_'__Z] (t4, y4) [y +t4]

= ys = y(ts) = y(0.1) = 1.0928
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5.3 Modified Euler’s Method:
The modified Euler’s method gives the greater improvement in
accuracy over the original Euler’s method.
Consider the initial value problem (1VP)-

y'@® =fy), as<t<bh, y(to) =y - (D)

Define, the common distance h between the points that is call step size-
h=— = h=ti+1_ti (l=0,1,2,,n—1)
We know that the Euler’s Method is -

Vi1 = Y1) = y(&) + hf(t;,y;) For, i=0,1,23..n—-1

Then, the Modified Euler’s Method is given by-

h
virh = Y(tirn) = Y& + 5 [fEy0) + f(Eir1, Y (&) + R (£, 30)]

For, i=0,1,2,3..n—-1

The Modified Euler’s Method can also be expressed as follows-

h
yivi = ¥(ti) = y(&) + 5 [f o y) + f(tivr, yiia)]

Where, via =yt + hf(t,yy), For, i=0,1,23..n—1
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Example 5.3.1: Use Modified Euler’s Method to find y(0.2) and y(0.4) to the given initial value
problem, taking n = 10

%zy—t2+1, 0<t<2, y(0)=0.5

Solution:  We have, fit,y) =y—t*+1,
b—a 2-0
Step-1: Here, ty =0, yo = y(ty) = 0.5 and h= — == 0.2
The Modified Euler’s Method for i = 0,
First, Vi =y(te) + hf(to,y,)
= y5205+02[y0—t02+1] [ f(t(),yo) =y0—t02+1]
= y’15=0.5+0.2[0.5—(0)2+1]
= y¥=0.8
Now,

YAE = y(ts) = y(to + h) = y(to) +3 [f(to, yo) + F(t1, ¥%)]
y1=y(t) = y(to + h) = y(to) + 5 [(yo — to? + 1) + (5 — t,% + 1)]

=
= y, =v(0.2) =y(0+0.2) =0.5 +°2;2[(0.5 —(0)2+1)+ (0.8 —(0.2)2 + 1)]
= y1 = y(0.2) = 0.826
Step-2: Here, t; =0.2, y1 =y(0.2) = 0.826 and h=0.2
The Modified Euler’s Method fori = 1,
First, y; =y(t) + hf(ty,y,)
=  y£=0.826+0.2[]y, —t;* +1] [« f(ty,y1) =y1 — 812 + 1]
= y£=0.826+0.2[0.826 — (0.2)% + 1]
=  yf=1.1832
Now,

YHE = y(t2) = y(ty + h) = y(t;) + 3 [f(t0, 1) + F(t2,75)]
= y2 = y(t;) = y(t, + h) = y(t1) +§[()’1 — % + 1) + ()’g — % + 1)]
oz (0.826 —(0.2)* +1)

= (0.4) = (0.2 + 0.2) = 0.826 +
y2 = y(0.4) = y( ) 2 [4+(1.1832 — (0.4)? + 1)

U

U

y, = y(0.4) = 1.20692




Dr Hashim Khan Chapter-5 MATH-316 Numerical Analysis-1 Academic Year: 2023-3

Example 5.3.2 Use Modified Euler’s Method to approximate y (0. 2) to the given initial value problem:
L=t?+y 0<t<1 yO0)=1, h=01

Solution: We have, f(t,y)=t*+y,

STEP-1: Here, t, =0, t;=0.1, yo=y({ts) =1 and h=0.1

First from Euler’s Formula:
¥i = yo + hf(to, o)
= Y=Y+ h[toz + }’0] [ f(to,yo) = to* + 3’0]
E

= y1:1.1

Now from Modified Euler’s Formula:
h
y1=y(t) =y + > [f(to:)’o) + f(tpyli:)]

=y =y(t) =yo +5[(te® +¥0) + (t:2 + ¥¥)]

= y1 =y(0.1) =1.1055

STEP-2: Here, t; =0.1, t,=0.2, y; =y(0.1) =1.1055 and h=0.1

First from Euler’s Formula:
y5 = y1+ hf(ty,y1)

= y5=y1+h[t:®>+y4] [ F(t1,y1) = t1% + y4]
=  y£=1.21705
Now from Modified Euler’s Formula:

Y2 =y(t) =y, + g [f(t1, 1) + f(t2,¥5)]

= y2=y(t2) =y1 +§[(t12 + }’1) + (tzz + yg)]

= y, = y(0.4) = 1.2241275
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5.4 Taylor’s Series Method of Order n:
Consider the first order ordinary differential equation of the form-

YO =2=f(ty), tost<t,  y(to) =y - (1)

Define, the common distance h between the points that is call step size-
h=— = h=ti+1_ti (l=0,1,2,,n—1)

Expand the function y(t) using Taylor’s Polynomial about t = t;, we get —

! hz n h3 nr hn
y(ti+ ) =y(t) +hy' () + 5y ) + 5y ) + -+ —y™(t) . (2)
! hz " h3 " th (n) 3
= V(i) = y(&) + hy' (8) + 57" (8) + 27y () + -+ —y™ (&) - (3)

Substitute, y(t;), y'(t;), y''(t;) ... etc from equation ... (1)

The equation ... (3) is called Taylor’s Series Method of Order n to solve Initial Value
Problem (I1\VVP).
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Example 5.4.1: Use Taylor’s Series Method of Order 4 to find y(0.4) to the given initial
value problem (Taking n = 10).

%=y—tz+1, 0<t<2 y(0)=0.5
Solution:  Weknowthat h= b;—a = % =0.2
Step-1: Here, to =0 and vy(0)=0.5
y=y—-t*+1 = Yo=Yo—t;+1 =05-0+1 =1.5
y' =y —2t = Yo =Yo—2(ty) =1.5-2(0) =1.5
y'"=y"-2 = Yo =yo—2 =1.5-2 =-0.5
y® =y = ¥ =W = -0.5
Using Taylor’s Series Method for i = 0
y1=y(0.2) =y, + hylo +’;—?y3 3—Ty0 +o y(()4)
= y1 = 5(0.2) = 0.5+ (0.2)(1.5) + 222 (1.5) + 2 (~0.5) + &2 (—0.5)
= y1 = y(0.2) = 0.8293
Step-2: Here, t; =0.2 and y; =1y(0.2) =0.8293

Y1=y,—t;+1=0.8293-(0.2)2+1 =1.7896

y! =y, —2(t;) =1.7896 —2(0.2) =1.3896
yi =y'1- =1.3896 — 2 = —0.6104
y M =y = —0.6104

Using Taylor’s Series Method for i =1

y2 = ¥(0.4) = y; + hy} +—y1 +L y’l” +— y(‘”

- y, = y(0.4) = 0.8293 + (0.2)(1.7896) +M(1 3896) +ﬂ( 0.6104) +

“’2) OB 0.6104)

= y, = y(0.4) = 1.214157
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Example 5.4.2: Use Taylor’s Series Method of order 4 to find y(0.1) to the given initial
value problem correct to four decimal places (Taking n = 10).

%—t—y, 0o<t<1, y0)=1
Solution: We know that h = b;—a = % =0.1
Step-1: Here, to =0 and y,=y(0)=1
y =t—y = Yo =1to— ¥ =0-1 =-1
y'=1-2yy = Yo =1-2y0¥ =1-2(1)(-1) =3
y"'==2yy"-209)* =y’ =-2yoy0 —2(yp)> =-2(1)3-2(-1)* =-8

nr ! n 4 nr ! 14
y® = 2yy" —6y'y’ = y¥ =2y —6ysyy =

Using Taylor’s Series Method for i = 0

h3

= y(0.1) =y, + hy, + Ly + Ly 4 By
Y1 y(u. yo yo z!yo 3|y0 4.ly0

= y1=y(0.1)=1+(0.1)(-1) + ——

= y1 =y(0.1) = 0.913808333

(0 1) (0. 1)

B+~

—2(1)(-8) — 6(-1)(3) = 34

(0 1)

(8) +——(B4)
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5.5 Runge-Kutta Methods:
The Taylor’s Series Methods have the desirable property of high order local
truncation error, but the disadvantage of requiring the computation and evaluation of the derivatives of

f(t,y). This is a complicated and time consuming procedure for most problems, so Taylor’s Series
Methods are seldom used in practice.

Computationally, most efficient methods in terms of accuracy were developed by
two German Mathematicians, Carl Runge (1856-1927) and Wilhelm Kutta (1867-1944). These
methods are well known Runge-Kutta Methods.

Runge-Kutta Methods have the high order local truncation error of the Taylors
Methods but eliminate the need to compute and evaluate the derivatives of f(t, y).

5.6 Runge-Kutta Second Order Method:
Consider the initial value problem (1VP)-
Define, the common distance h between the points that is call step size-

h=2% = h=t,,—t (i=012,...n—1)

n

Second Order Runge-Kutta Method (General Form):

Now, let Ky = hf(t;,y;)
and Kz = h[f (t;+p,hy(t) + a,hf(t,,))]
= K, = h[f(t; + p1hy; + q1K,)]
Hence,

Yit1 = ¥i + (a1K; + a;K,)

Heun’s Method:

Taking py=q;=1and a, =a, = % in Second Order Runge-Kutta Method

We get- K.+ K,
g }’i+1=}’i+< 12 2)
Where, K, = hf(t;y:)

K, = h[f(t; + h,y; + K;)]
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Example 5.6.1: Use Heun’s Method to find y(0.2) and y(0.4) to the given initial value problem, with
h=0.2

Doy_t24+1, 0<t<2 y(0)=0.5

dt
Solution:  We have- fit,y) =y—t*+1,

To find y(0.2) Using Heun’s Method: (fori = 0)

Here- to=0, yo=y(,) =05 and h=0.2

First, K1 = hf (o, y0)
= K1:h[}’0—t02+1] [~ ft,y) =y -t +1]
= K;=10.2[0.5—(0)% + 1]

Next, K, = h[f(ty + h,yo + K1)]
= K, =h[(yo +K) - (te+R)?+1] [~ f(ty) =) — >+ 1]
= K, =0.2[(0.54+0.3)— (0+0.2)% +1]

Now, y1=y{o+h) =y + (@)
- y; =(0.2) = 0.5 + ("'3“"352) = 0.826

Tofind y(0.4) Using Heun’s Method: (fori=1)
Here- t;=0.2, y,=y(t)=0.826 and h=0.2

First, Ky = hf(ty,y1)
= K1:h[)’1—t12+1] [« f(ty) =y—t*+1]
= K, =0.2[0.826 — (0.2)? + 1]
= K, = 0.3572

Next, K, =h[f(t; + h,y, + Ky)]
= K, =h[(y; +K) - (t; +h)?*+1] [« f(t,y) = () — (©)* +1]
= K, =0.2[(0.826 + 0.3572) — (0.2 + 0.2)2 + 1]
= K, = 0.40464

Now, y. =y(t; +h) =J’1+(¥)
- y2 = y(0.4) = 0.826 + (“ 221 = 1.20692
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5.7 Runge-Kutta Third Order Method:

Let us consider the initial value problem (IVP)-
y’(t)=f(t,y), aStSbv J’(to)=}’o

Define, the common distance h between the points that is call step size-

h=— = h=ti+1—ti (l=0,1,2,,n—1)

The Third order Runge-Kutta Method is described in the following steps:

Ky = hf(t;y:)

h K,
K, = hf(ti +E,yi +7)

K3 =hf(ti+h,yi+K2,), where KZI = hf(tl+h,yl+K1)

1
Hence, Vi = Vi + g [K1+ 4Ky + K3

i=012..

. (D
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Example 5.7.1: Use Runge-Kutta Third Order Method to approximate the solution y(1.5) to the given
initial value problem and compare the result to the actual values.

1+t
- 1+y

Note: Actual solution y(t) =/ (t? + 2t +6) — 1

. 1<t<2, y(1)=2, with h=0.5

Solution: We have- fty = ﬂ

Step-1: Applying Runge-Kutta Third Order Method (For i = 0)

Here- to=1, yo=y({y) =y1)=2 and h=0.5

K, = hf(ty,yo) = h [“‘“] = 0.5 || = 0.3333333333

1+( t0+ 1+(14%7)
Ky =h|f(to+3 50 +2)| = h| 2= o =0.5 o | = 0.355263158
1+@+h) | l 1+(1+4+0.5)

= = 0.37500000
1+ (yo + Ky) 1+ (2 + 0.3333333333)

KZI = hf(to +h,y0 +K1) = hl

1+(to+h) —0 [ 1+(1+0.5)

1+(yo+K2")| 1+(2+0.37500000) = 0.370370370

K3 = hf(to + h,yo +K2’) = h[
Thus,
1
Y1=Yo+ g[K1 +4(K,) + K;]
=2+ % [0.3333333333 +4(0.355263158) + 0.370370370 |

y1 =Yy(to+ h) =y(1.5) = 2.354126055

Comparison with the actual values:

Comparison
Runge-Kutta Third Order Method Actual values
y(1.5) = 2.354126055 y(1.5) = 2.354101966
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5.8 Runge-Kutta Fourth Order Method:
Let us consider the initial value problem (IVP)-

y'(®) = f(ty), a<t<h, y(to) = ¥o . (1)
Define, the common distance h between the points that is call step size-

h=2% = h=t,,—t (i=012, ... n—1)

n

The Fourth order Runge-Kutta Method is described in the following steps:

Ky = hf(t;y:)

h K,
K, = hf(ti +E,yi+7)

h K,
K3 = hf(ti +E,yi+7)

K4 = hf(tl + h,yi + Kg)

1
Hence, Yi+1 =}’i+g[K1+2(K2+K3)+K4]

i=012..,n-1

Example 5.8.1: Use Runge-Kutta Fourth Order Method to find y(0.2) and y(0.4) to the given initial
value problem with h = 0.2

%:y—tz-l-l, 0<t<2, y(0)=0.5

Solution:  We have- fit,y) =y—t*+1,

To find y(0.2) Using Runge-Kutta Fourth Order Method : (Puti = 0)

Here- ty=0, yo=y(,) =05 and h=0.2

Kl :03

Ky =h|f(to+3y0+3)| =h[(y0+%)—(t0+§)2+1] =0.2[(0.5+$)—(0+7)2+1]
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K, =0.328

K3 = h[f(t0+g,y0+%)] = h[(y0+%)—(t0+§)2 +1] = 0.2[(0.5+%)—(0+%)2+1]
K = 0.3308
Ky =hf(tg+ h,yy+ K3) = h[(yo + K3) — (tg + )2 + 1] = 0.2[(0.5 + 0.3308) — (0 + 0.2)% + 1]
K, = 0.35816
Thus, y; =y, + % [Ky+2(Ky + K3) + Kg] = 0.5 + % [0.3 + 2(0.328 + 0.3308) + 0.35816]

y1 = y(to + h) = y(0.2) = 0.8292933

Tofind y(0.4) Using Runge-Kutta Fourth Order Method : (Puti = 1)

Here- t;=0.2, y,=y(t;)=0.8292933 and h=0.2

K1 =hf(ty,¥1) = hly; — t;> + 1] = 0.2[0.8292933 — (0.2) + 1]
= 0.35785866

s e+ o+ )] = +5) - (63 1]

0.35785866) (

2
=0.2 (0. 8292933 + 0.2+ 02—2) + 1] = 0.383644526

=7 (e 5+ 28]+ 5) - (0421

0.38364—4526) _ (

2
=0.2 [ 0.8292933 + 0.2 + 02—2> + 1] =0.3862231126

Ky =hf(t; + hy; + K3) = h[(y1 + K3) — (¢, + b)? + 1]

= 0.2[(0.8292933 + 0.3862231126) — (0.2 + 0.2)2 4+ 1] = 0.4111032825
Thus,

Y2 =1 +%[K1 + 2(K; + K3) + K4]
y2 =y(t; + h) =y(0.4)

y, = 0.8292933 + % [0.35785866 + 2(0.383644526 + 0.3862231126) + 0.4111032825]

y, =y(0.4) =1.21407617
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Example 5.8.2: Use Runge-Kutta Fourth Order Method to approximate the solution y(1.5) to the
given initial value problem and compare the result to the actual values.

1+t
- 1+y

Note: Actual solution y(t) =/ (t? + 2t +6) — 1

. 1<t<2, y(1)=2, with h=0.5

Solution: We have- [ty = :T+;

Step-1: Applying Runge-Kutta Fourth Order Method (For i = 0)

Here- to=1, yo=y({y) =y1)=2 and h=0.5
K, = hf(ty,y,) = h [i:—;‘;] =0.5[15| = 0.3333333333
K, =h(f(to+2y0+5)| = h % = 0.5 :1+(21++0,(3ﬁ::?53)3333): = 0.3552631579
Ks=h(f(to+2,y0+2)| = % - 0.5 :1+ (Zif,_(;:zi)m): — 0.3540372671
K4 - hf(t() + h, yO + KS) =h [% = [1+(2+1(:.-:§;I;)£357)2671) = 0.3726851852

ThUS, Y1 :y0+%[K1+2(K2+K3)+K4]
=2+ % [0.3333333333 + 2(0.3552631579 + 0.3540372671) + 0.3726851852]

y1 =y(to+h) =y(1.5) = 2.354103228

Comparison with the actual values:

Comparison
Runge-Kutta Third Order Method | Runge-Kutta Fourth Order Method Actual values
y(1.5) = 2.354126055 y(1.5) = 2.354103228 y(1.5) = 2.354101966
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Exercise 1: Numerical Solution of Ordinary Differential Equations
Type-I: Choose the correct answer: (Questions 1-5)

1. For solving the Initial Value Problem% =f(ty), to <t<t,, y(ty) =y The

Euler’s Method gives first approximation y; as

(@) y1 = yo + hf(to, y0)
(b) y2 = y1 + hf (t1, y1)
(€) y3 =y, + hf(t3,¥2)
(d) None of these

2. For solving the Initial Value Problem% =f(ty), to<t<t,, y(ts) = yo The
Third Order Runge-Kutta Method gives first approximation y; as
(8) y1 = Yo+ [Ky + 3K, + K;]
(b) ¥1 = o +%[K1 + 4K; + K]
(€) y1 = Yo+ [Ky + 2K, + K;]
(d) None of these

3. For solving the Initial Value Problem% =f(t,y), to <t <t, y(ty) =yo The
Fourth Order Runge-Kutta Method gives first approximation y; as
(8) y1 = yo + 5 [K1 + 3K, + K3
(b) y1 = o +%[K1 + 4K, + Ks]
() y1 =0 +%[K1 + 2(K; + K3) + K]
(d) None of these

4. In which of the following Numerical Methods, derivatives are required to be calculated
for solving Initial value problem:
(a) Third order Runge-Kutta Method
(b) Euler’s Method
(c) Taylor Series Method
(d) None of these

5. Heun’s Method is a particular case of-
(a) Runge-Kutta 4t order method
(b) Runge-Kutta 3rd order method
(c) Runge-Kutta 2nd order method
(d) None of these
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Type-I: Solve the following: (Questions 6-16)

6. Use Euler’s Method to approximate the solution to the given initial value problematt = 1
and compare the result to the actual values.
y =te3t-2t, 0<t<1, y(0)=0, with h=0.5

. 1 1 1
Note: Actual solution y(t) = Ete“ — Ee“ + Ee_Zt

7. Use Euler’s Method to approximate the solution to the given initial value problem t = 2
and compare the result to the actual values.

) 14t _ - _
=1y 1<t<2, y(1)=2, with h=0.5

Note: Actual solution y(t) = /(t? + 2t + 6) — 1

8. Use Modified Euler’s Method to approximate the solution to the given initial value
problem at t = 2 and compare the result to the actual values.
y’=1+§ ., 1<t<2, y1)=2, with h=0.25
Note: Actual solution y(t) = tint + 2t

9. Use Taylor’s Series Method to approximate the solution to the given initial value problem
at t = 1 and compare the result to the actual values.
y =te3t-2t, 0<t<1, y(0)=0, with h=0.5

. - _1.3c 1 3¢, 1 -2¢
Note: Actual solution y(t) = cte =e tce
10. Use Taylor’s Series Method to approximate the solution to the given initial value problem
at t = 2 and compare the result to the actual values.
y =1+, 1<t<2 y(1)=2, with h=0.25

Note: Actual solution y(t) = tInt + 2t

11.Use Huen’s Method to approximate the solution to the given initial value problemat t = 1
and compare the result to the actual values.
y =te3t—-2t, 0<t<1, y(0)=0, with h=0.5
Note: Actual solution y(t) = %te“ — %e“ + %e‘“

12. Use Huen’s Method to approximate the solution to the given initial value problem at
t = 2 and compare the result to the actual values.

y’=1+%, 1<t<2, y(@)=2, with h=0.25

Note: Actual solution y(t) = tInt + 2t
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13. Use Runge-Kutta Third Order Method to approximate the solution to the given initial
value problem at ¢ = 1 and compare the result to the actual values.
y =te3*—-2t, 0<t<1, y(0)=0, with h=0.5

. 1 1 1
Note: Actual solution y(t) = Ete3t — Ee“ + Ee‘“

14. Use Runge-Kutta Third Order Method to approximate the solution to the given initial
value problem at ¢t = 1.5 and compare the result to the actual values.
y’=1+§ ., 1<t<2, y(1)=2, with h=0.25
Note: Actual solution y(t) = tint + 2t

15. Use Runge-Kutta Fourth Order Method to approximate the solution to the given initial
value problem at t = 1 and compare the result to the actual values.
y =te3t-2t, 0<t<1, y(0)=0, with h=0.5

. 1 1 1
Note: Actual solution y(t) = Ete?’t — Ee?’t + Ee‘z’f

16. Use Runge-Kutta Fourth Order Method to approximate the solution to the given initial
value problem at t = 1.5 and compare the result to the actual values.

y’=1+§ ., 1<t<2, y(1)=2, with h=0.25
Note: Actual solution y(t) = tInt + 2t
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1. Choose the correct answer (Questions 1.1-1.9)

1.1 Which of the following is a system of linear equations:

(@) x3—-2x2-5=0

b sinx—y = —0.9793}

(b) cosy—x =-—0.6703
3x—10y =7

(©) 7x + 5y = 4}

(d) None of these

1.2 When Gauss-Jordan method is used to solve the matrix equation AX = B, then the

coefficient matrix A is transformed into the:
(a) Upper triangular matrix

(b) Diagonal matrix

(c) Zero matrix

(d) None of these

1.3 Which of the following formula is regarded as the Percentage Approximate Error (Ep):

(a) ||PNew - P|0[d|
Pnew—Pold
(0) |PNewl

(C) |PNeW_POId| ] 100

|PNew|

(d) None of these

1.4 A real root of the equation: 2x — logqo (x) = 7 accurate to within 10~* is

(a) 1.78927
(b) 2.78927
(c) 3.78927
(d) None of these

1.5 The interval for equation x?% = 69, in which at least one real root exists, given by:

(@) [6,7]

(b) [0,1]

(c) [=7,-6]
(d) None of these

Dr Hashim Khan, Jazan University
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1.6 The solution of a linear system of equations: 4x +y + 3z =17, x+ 5y + z = 14,
2x —y + 8z = 12 by Gauss Jacobi Method for first iteration (Starting with x©@ = 1,
y® =1& z©® = 1)is
(a) x=4.25,y=2.8,z=1.5
(b) x=4,y=2.0,z=1.0
(c) x=4.25,y=1.66, z=1.1
(d) x=3.25, y=2.40, z= 1.375

1.7 Which of the following numerical methods provide with the Exact Solutions for a given
linear system of algebraic equations:
(a) Gauss-Elimination method
(b) Gauss-Jordan method
(c) LU-Factorization method
(d) All of these

1.8 The Back Substitution Method provides solution for the given Matrix Equation-

1 -4 -2 u —-20

0 5 14 |-|v|= [ 43 ] as follows:

o o -253/5] lwl [-506/5
(@QQu=4,v=-3,w=2 b)u=—-4v=3,w=2
(c)u=4,v=3,w=-2 (d) None of these

X

1.9 A real root of the equation: x? = e(i), accurate to within 107 is
(a) 1.99457
(b) 4.56702
(c) 5.42961
(d) None of these

2. Find the interval [a, b] in which, the given equation f(x) = 0 has at least one real root.

21 x3+4x*-10=0 Interval: [, ]
22 sinx—e* =0 Interval: [ , ]
23 x3-2x2-5=0 Interval: [ , ]
24 2x —logqo (x) =12 Interval: [ , ]

3. Solve the following linear system of equations:

2x+4y + z=3
3.1 3x+2y—2z= -2} byusing Gauss- Jordan Method
X—y+z=6
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2u—3v+4w =13
3.2 3u+4v+ 5w = 40} by using Gauss-Elimination Method
u+rtv+w=9

5x—-2y+z=4
33 7x+y—5z=8 } by using LU-Factorization Method.
3x+7y+4z =10

Xx+5y+z=14
34 2x—y+8z=12 } by using Gauss-Seidel Method up to three iterations
4x+y+3z=17
(Starting with x© =1, y©@® =1, 2z =1)

4a — p +y =8
35 2a+5B8+2y= 3} by Gauss- Jacobi iterative technique up to three iterations
a+2B+4y =11
(Starting with x© =1, y©@ =1, 2z = 1)

4. Answer the following Questions and Calculate Relative Error and Percentage Error in
each case:

4.1 Use Bisection Method to find a solution of the equation 3x — e* = 0 on the interval
[1, 2] with an accuracy of 1073,

4.2 Use Newton-Raphson Method to find a solution accurate to within 10~ for the
following equation: sinx=e™*, for 0<x<1

4.3 Use Secant Method to find an approximation to (29)1/4, accurate to within 10™*

5. Use Newton-Iterative Techniques to find approximate solutions up to 2" iterations to
the given nonlinear system of equations. [initial approximation (xq, yo) = (0.75,0.75)]

x> +y=11
x+y*=17
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1. Choose the correct answer (Questions 1.1 -1.8)

1.1 ldentify the given Rule:f;:'f(x) dx = %{f(xo) + 2[f(x3) + f(xg) + f(xg) + -+ f(xp_3)] +

B[f(x1) + f(x2) + f(xa) + f(x5) + - + fxp-1)] + f(x)}
(a) Trapezoidal Rule

(b) Simpson’s% Rule
(c) Newton-Raphson Rule
(d) None of these

1.21fxg=2,x; =3 and x, = 5, then Find the Lagrange’s interpolating polynomial of degree two

for f(x) =%:

@
O et
(C) ﬁx —§x+§
() 2% +=x—1

1.3 The relation between operators: u? — 1 =
() ;(E+E1-2)

(b) ;8
(c) ;AV
(d) All of these
1.4 Simpson’s% rule approximates fol 12’;2 = 0.785395862, (with n = 6), Hence find the value of r:

(a) m=3.141583448
(b) m=3.141592654
(c) m=3.141568600
(d) None of these

1.5 Given: Af(1.0) = 4.6, A’f(1.0) = —0.2, A3f(1.0) = 0.1, A*f(1.0) = 0.1 and step-size
h = 0.1, then the value of f”(1.0) is equal to:
(a) 47.08333333
(b) -20.8333333
(c) 2.08333333
(d) None of these

Dr Hashim Khan, Mathematics Department
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16 If f(1.5) =—-0.25, f(3) =2 and f(6) = 20 then Newton’s Divided Difference Interpolation
Formula will approximate f(4) by

(a) -6
(b) 6
(c) 12
(d) -12
1.7 The relation between operators: § — 2u =
1
(a) 2E2
1
(b) —2E2
1
(c) 2E2
1
(d) —2E2

18 If f(0)=1,f(1) =2, f(2)=1and f(3) = 10 then Lagrange’s Interpolation Polynomial will
approximate f(2.5) by:

(a) 2.5
(b) 3.5
(c) -2
(d) None of these

2. Prove with the usual notations that;
1
2.1 A= 6E2
1 _1 1
22 (E2+E z)(1+A)z =2+A
\%

_A

3. Solve the following (Questions 3.1 -3.3)

3.1 Use Lagrange Interpolating Polynomial Formula to approximate f(0.43) if
f(0) =1, £(0.25) = 1.64872, f(0.5) = 2.71828, f(0.75) = 4.48169

3.2 Use Newton Divided Difference Interpolating Polynomial Formula to find a polynomial function
f(x) from the given data-

X -4 | -1,0 2 5
f(x) 1245 33 5 9 1335

Hence find: (i) f(1) (i) f/(1) (i) £2)  (iv) F'(3)

3.3 Use Lagrange Inverse Interpolating Polynomial Formula to find the value of x when f(x) = 100
from the following data.

f(x) 1020 60120

Dr Hashim Khan, Mathematics Department
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4. Answer the following (Questions 4.1 -4.5)

4.1 Approximate the integral f:x cos(x?) dx using Simpson’s % rule with n = 6.
4.2 Approximate the integral fof Vvcos x dx using Simpson’s§ rule with h = %

4.3 Evaluate the integral f35+4dx by using Trapezoidal rule withn = 5
2

4.4 Use Direct Formulae for Derivatives to approximate f'(3) and f''(1) from the following table.

x | 1 3 5 7 | 9
f(x) 85.3 74.5 67.0 60.5 54.3

4.5 Use the Direct Formulae for Derivatives to approximate f'(2.0), f"(2.0) and f'(1.8) from the
given data:
X 1.0 1.2 1.4 1.6 1.8 2.0
f(x) 2.7183 3.3201 4.0552 4.9530 6.0496 7.3891
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