Chapter 9

Approximation Methods for
Stationary States

9.1 Introduction

Most problems encountered in quantum mechanics cannot be solved exactly. Exact solutions of
the Schrodinger equation exist only for a few idealized systems. To solve general problems, one
must resort to approximation methods. A variety of such methods have been developed, and
each has its own area of applicability. In this chapter we consider approximation methods that
deal with stationary states corresponding to time-independent Hamiltonians. In the following
chapter we will deal with approximation methods for explicitly time-dependent Hamiltonians.

To study problems of stationary states, we focus on three approximation methods: pertur-
bation theory, the variational method, and the WKB method.

Perturbation theory is based on the assumption that the problem we wish to solve is, in
some sense, only s/ightly different from a problem that can be solved exactly. In the case where
the deviation between the two problems is small, perturbation theory is suitable for calculating
the contribution associated with this deviation; this contribution is then added as a correction to
the energy and the wave function of the exactly solvable Hamiltonian. So perturbation theory
builds on the known exact solutions to obtain approximate solutions.

What about those systems whose Hamiltonians cannot be reduced to an exactly solvable
part plus a small correction? For these, we may consider the variational method or the WKB
approximation. The variational method is particularly useful in estimating the energy eigen-
values of the ground state and the first few excited states of a system for which one has only a
qualitative idea about the form of the wave function.

The WKB method is useful for finding the energy eigenvalues and wave functions of sys-
tems for which the classical limit is valid. Unlike perturbation theory, the variational and WKB
methods do not require the existence of a closely related Hamiltonian that can be solved exactly.

The application of the approximation methods to the study of stationary states consists of
finding the energy eigenvalues E), and the eigenfunctions | y,) of a time-independent Hamil-
tonian  that does not have exact solutions:

1:1 | V/ll) =E, | Wn). (91)

489
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Depending on the structure of H, we can use any of the three methods mentioned above to find
the approximate solutions to this eigenvalue problem.

9.2 Time-Independent Perturbation Theory

This method is most suitable when H is very close to a Hamiltonian Hy that can be solved
exactly. In this case, H can be split into two time-independent parts

H = Hy + Hp, 92)

where H p 1s very small compared to Hy (]:10 is known as the Hamiltonian of the unperturbed

system). As a result, H » 18 called the perturbation, for its effects on the energy spectrum and
eigenfunctions will be small; such perturbation is encountered, for instance, in systems subject
to weak electric or magnetic fields. We can make this idea more explicit by writing H p in terms
of a dimensionless real parameter 4 which is very small compared to 1:

H, =W (1< 1). (9.3)
Thus the eigenvalue problem (9.1) becomes
(Ho+ 2W) | yn) = En | yn). (94)

In what follows we are going to consider two separate cases depending on whether the
exact solutions of H are nondegenerate or degenerate. Each of these two cases requires its
own approximation scheme.

9.2.1 Nondegenerate Perturbation Theory

In this section we limit our study to the case where Hy has no degenerate eigenvalues; that is,
for every energy E ,(,0) there corresponds only one eigenstate | ¢, ):

Ho | ¢n) = ED | gn), (9.5)

where the exact eigenvalues £ ,(,0) and exact eigenfunctions | ¢,) are known.
The main idea of perturbation theory consists in assuming that the perturbed eigenvalues
and eigenstates can both be expanded in power series in the parameter A:

En = EO 4 2ED + 22ED ..., (9.6)
L) = 1 ¢n) + 2y + 22y + - (9.7)

We need to make two remarks. First, one might think that whenever the perturbation is suffi-
ciently weak, the expansions (9.6) and (9.7) always exist. Unfortunately, this is not always the
case. There are cases where the perturbation is small, yet £, and | y,,) are not expandable in
powers of 4. Second, the series (9.6) and (9.7) are frequently not convergent. However, when
/ is small, the first few terms do provide a reliable description of the system. So in practice, we
keep only one or two terms in these expansions; hence the problem of nonconvergence of these
series is avoided (we will deal later with the problem of convergence). Note that when 4 = 0

the expressions (9.6) and (9.7) yield the unperturbed solutions: E, = E,(,O) and | w,) =| ¢én).
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The parameters E,(,k) and the kets | w,gk) ) represent the kth corrections to the eigenenergies and
eigenvectors, respectively.

The job of perturbation theory reduces then to the calculation of E,(,l), E ,(,2), ...and |y/(l) )s
| I//(z) , ... In this section we shall be concerned only with the determination of E), (1) E,(,z),

and |a//,, ). Assuming that the unperturbed states | ¢, ) are nondegenerate, and substituting (9.6)
and (9.7) into (9.4), we obtain

(Ao + 20N (1) + 21y + 221 @) )

= (EO 4 JED + 2ED 4 N1 )+ 41 yD) + 22| y@) +...).
(9.8)

The coefficients of successive powers of 4 on both sides of this equation must be equal. Equat-
ing the coefficients of the first three powers of 4, we obtain these results:

e Zero order in A:

Ho | ¢n) = E | ¢n), (9.9)
e First order in A:
Ho | y") + W | ¢n) = ED | ) + ED | ), (9.10)
e Second order in A:
By ) + W1y = ED Ly) + ED Ly) + EX L ). 011)

We now proceed to determine the eigenvalues E,(,l), E,(,z) and the elgenvector | 1// ) from
(9.9) to (9.11). For this, we need to specify how the states | ¢,,) and | y,,) overlap. Smce | Wn)
is considered not to be very different from | ¢,), we have (¢, | v,) =~ 1. We can, however,
normalize | y,) so that its overlap with | ¢,) is exactly equal to one:

(@n | yn) = 1. (9.12)
Substituting (9.7) into (9.12) we get
M | w0y + 224 | )+ = 0; (9.13)
hence the coefficients of the various powers of 4 must vanish separately:
@ L") = (n ly?) = =0. (9.14)

First-order correction
To determine the first-order correction, E,gl) , to E, we need simply to multiply both sides of

(9.10) by (¢ |:

(1) = ¢n | W I ¢n (9'15)

where we have used the facts that (¢, | Hy | 1//(” and (¢, | w,&”) are both equal to zero
and (¢, | ¢,) = 1. The insertion of (9.15) into (9.6) thus yields the energy to first-order
perturbation:

E, = E,(,O) + (¢n I Iflp l ¢n>- (916)
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Note that for some systems, the first-order correction £ ,(,]) vanishes exactly. In such cases, one
needs to consider higher—order terms

Let us now determine | y/ . Since the set of the unperturbed states | ¢,) form a complete
and orthonormal basis, we can expand | y/(l)) in the {| ¢,)} basis:

\
wiD) (‘Tw)m Y | 1w = (dm | D) | ) (9.17)

m m#n

the term m = n does not contribute, since (¢, | z//(l) = 0. The coefficient (¢, | l//(]) ) can be
inferred from (9.10) by multiplying both sides by (¢, |:

(B | W | $n)

¢m | !//(l) 0 0
E}(I ) - Er(n)

: (9.18)

which, when substituted into (9.17), leads to

(b | W | dn)
| D) = ?%lm. (9.19)
—FE
m#n n m

The eigenfunction | y,) of H to first order in AW can then be obtained by substituting (9.19)
into (9.7):

| Hp |
L) =1 g+ 3 ¢'"«» 210 | . (9.20)
m#n n - Em

Second-order correction
Now, to determine E ,(,2) we need to multiply both sides of (9.11) by (¢, |:

ED = (g | W1y 9.21)

in obtaining this result we have used the facts that (¢, | y/,(,l) (&n | 1/1(2) = 0 and
(bn | dn) = 1. Inserting (9.19) into (9.21) we end up with

~ 2
(Dm|W | &n)
- 0 0

m#n El(l ) — EI(M)

(9.22)

The eigenenergy to second order in H p 1s obtained by substituting (9.22) and (9.15) into (9.6):

. 2
. (¢m|HP | ¢")
En=E" + | Hp ¢+ —5—w
E - E”l

m#n n

s 1 (9.23)

In principle one can obtain energy corrections to any order. However, pushing the calculations
beyond the second order, besides being mostly intractable, is a futile exercise, since the first
two orders are generally sufficiently accurate.
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Validity of the time-independent perturbation theory

For perturbation theory to work, the corrections it produces must be small; convergence must be
achieved with the first two corrections. Expressions (9.20) and (9.23) show that the expansion
parameter is (¢, |fA1 » | &)/ ( E,(,O) —F ,(,?)). Thus, for the perturbation schemes (9.6) and (9.7) to
work (i.e., to converge), the expansion parameter must be small:

(m|H)p | dn)
£O _ £©)
n

m

<1 (n # m). (9.24)

If the unperturbed energy levels £ ,(,0) and E,(,?) were equal (i.e., degenerate) then condition
(9.24) would break down. Degenerate energy levels require an approach that is different from
the nondegenerate treatment. This question will be taken up in the following section.

Example 9.1 (Charged oscillator in an electric field)
A particle of charge ¢ and mass m, which is moving in a one-dimensional harmonic potential
of frequency w, is subject to a weak electric field £ in the x-direction.

(a) Find the exact expression for the energy.

(b) Calculate the energy to first nonzero correction and compare it with the exact result
obtained in (a).

Solution
The interaction between the oscillating charge and the external electric field gives rise to a term
Hp = g&X that needs to be added to the Hamiltonian of the oscillator:

A & + L 2 +gEX (9.25)
——— + —mw . L
2mdx? " 2 g
(a) First, note that the eigenenergies of this Hamiltonian can be obtained exactly without

resorting to any perturbative treatment. A variable change y = X+ g€ /(mw?) leads to

A = fo + i, =

. 9.26
2me? (246)

This is the Hamiltonian of a harmonic oscillator from which a constant, ngzwz /(2m), is sub-
tracted. The exact eigenenergies can thus be easily inferred:

q282

1
E, = /n + 5\ how — 7 (9.27)

2mw
This simple example allows us to compare the exact and approximate eigenenergies.

(b) Let us now turn to finding the approximate eigenvalues of /' by means of perturbation
theory. Since the electric field is weak, we can treat H), as a perturbation.

Note that the first-order correction to the energy, E,(,” = a(n | X | n), is zero (since
(n| X | n) = 0), but the second-order correction is not:

o 2
| 1 % 1)
E,(,Z) = q252 )

| L . S (9.28)
m#n EI(IO) - EI()(I))
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Note that for some systems, the first-order correction £ ,(,” vanishes exactly. In such cases, one
needs to consider higher—order terms

Let us now determine | x// . Since the set of the unperturbed states | ¢,,) form a complete
and orthonormal basis, we can expand | t//,, ) in the {| ¢, )} basis:

\
D) (T|¢m Ydm | 1wy = (dm | V) | dm); (9.17)

m m#n

the term m = n does not contribute, since (¢, | !//(l) = 0. The coefficient (¢, | !//(l) ) can be
inferred from (9.10) by multiplying both sides by (¢, |:

)y _ (¢n| W | )
(m | yy)) = = EO_ g0 (9.18)
which, when substituted into (9.17), leads to
(b | W | dn)
Oy =S Wl W1 9.19)

m#n n m

The eigenfunction | y,) of H to first order in AW can then be obtained by substituting (9.19)
into (9.7):

| Hp |
Lya) =1} + > ¢"’(0) ”E(f," | $m)- (9.20)
m

m#n n

Second-order correction
Now, to determine £ ,(,2) we need to multiply both sides of (9.11) by (¢, |:

E® = (gu | W | y{V); 9.21)

in obtaining this result we have used the facts that (¢, | y/(l) (Dn | 1/1(2) = 0 and
(bn | dn) = 1. Inserting (9.19) into (9.21) we end up with

A 2
w
ool (@l 1 1)
» E(O) E(O)
m#n n — Lm

(9.22)

The eigenenergy to second order in H » 1s obtained by substituting (9.22) and (9.15) into (9.6):

. 2
A (bl Flp | )
Ey, = E;(10) + (¢ | HP | én) + Y‘ (0) (0)
m#n n — Em

T (9.23)

In principle one can obtain energy corrections to any order. However, pushing the calculations
beyond the second order, besides being mostly intractable, is a futile exercise, since the first
two orders are generally sufficiently accurate.
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Validity of the time-independent perturbation theory

For perturbation theory to work, the corrections it produces must be small; convergence must be
achieved with the first two corrections. Expressions (9.20) and (9.23) show that the expansion
parameter is (¢, |ﬁ,) | én)/(E ,(,0) —E ,(,9)). Thus, for the perturbation schemes (9.6) and (9.7) to
work (i.e., to converge), the expansion parameter must be small:

(¢Nll]:[[) | ¢H>
EO _ g0

m

<1 (n # m). (9.24)

If the unperturbed energy levels E,(,O) and E,(,?) were equal (i.e., degenerate) then condition
(9.24) would break down. Degenerate energy levels require an approach that is different from
the nondegenerate treatment. This question will be taken up in the following section.

Example 9.1 (Charged oscillator in an electric field)
A particle of charge ¢ and mass m, which is moving in a one-dimensional harmonic potential
of frequency w, is subject to a weak electric field £ in the x-direction.

(a) Find the exact expression for the energy.

(b) Calculate the energy to first nonzero correction and compare it with the exact result
obtained in (a).

Solution
The interaction between the oscillating charge and the external electric field gives rise to a term
Hp = q€ X that needs to be added to the Hamiltonian of the oscillator:

oA & Eod* 1 Ao .
H=Hy+H,= Em+2mwX +qgEX. (9.25)

(a) First, note that the eigenenergies of this Hamiltonian can be obtained exactly without
resorting to any perturbative treatment. A variable change § = X + ¢&/(mw?) leads to
5 R, e

B=-isy o .
2m dy? + 2" T oma?

(9.26)

This is the Hamiltonian of a harmonic oscillator from which a constant, (1252a)2 /(2m), is sub-
tracted. The exact eigenenergies can thus be easily inferred:

202
E, M, N\, _9E

n + - (9.27)

2ma?’

This simple example allows us to compare the exact and approximate eigenenergies.
(b) Let us now turn to finding the approximate eigenvalues of // by means of perturbation
theory. Since the electric field is weak, we can treat /), as a perturbation.

Note that the first-order correction to the energy, E,(,l) = an | X | n), is zero (since
(n | X | n) = 0), but the second-order correction is not:
n 2
’ m| X | n)’
=g S

! M (9.28)
0 0
m#n EI(1 ‘ Er(n)
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Since E,(,O) {n -+ ]\ ho, and using the relations

["n

m+11X|n) =n+1 ' '—, n—1|X|n)=+n , 9.29)
2mao 2mw
EQ -EQ = ho, EO - EY = —ho, (9.30)
we can reduce (9.28) to
gD = g Nt X InE | = 1) X1 mi?]
L )
202
q-€
_ ; 9.31
2maw? ©-31)
hence the energy is given to second order by
202
0 1 2y _ I\ q°¢
En,=EQ +EV +E® ="n+ 5 ho—o—s. (9.32)

This agrees fully with the exact energy found in (9.27).

Similarly, using (9.19) along with (9.29) and (9.30), we can easily ascertain that | y,
given by

(|)>

=L [ nmty—varTin+ 1) (9.33)

hw 2ma

hence the state | y,) is given to first order by

| wn) =1 n) +E 2m I\/—ln—l —/n+ |n+ll (9.34)

where | n) is the exact eigenstate of the nth excited state of a one-dimensional harmonic oscil-
lator.

Example 9.2 (The Stark effect)

(a) Study the effect of an external uniform weak electric field, which is directed along the
positive z-axis, & = &k, on the ground state of a hydrogen atom; ignore the spin degrees of
freedom.

(b) Find an approximate value for the polarizability of the hydrogen atom.

Solution

(a) The effect that an external electric field has on the energy levels of an atom is called the
Stark effect. In the absence of an electric field, the (unperturbed) Hamiltonian of the hydrogen
atom (in CGS units) is:

S92 2
By e — 2, (9.35)
2u r

The eigenfunctions of this Hamiltonian, y,;,, (), were obtained in Chapter 6; they are given by

<"H(0 | nlm) = Ynlm (r,0, (0) = Ry (r)Yim @, 90) (9.36)
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When the electric field is turned on, the interaction between the atom and the field generates a
term Hp — e - = e€ Z that needs to be added to Ho

Since the excited states of the hydrogen atom are degenerate while the ground state is not,
nondegenerate perturbation theory applies only to the ground state, y00(#'). Ignoring the spin
degrees of freedom, the energy of this system to second-order perturbation is given as follows
(see (9.23)):

A 2
(nlm | Z | 100)

Ejo0 = E{g) +e£(100 | Z | 100) + €% S (9.37)
E( E(O)
nlm#100 100 nlm
The term
(100 | Z | 100) = /|z//|00(F)|2zd3r (9.38)

is zero, since Z is odd under parity and y190() has a definite parity. This means that there can
be no correction term to the energy which is proportional to the electric field and hence there
is no linear Stark effect. The underlying physics behind this is that when the hydrogen atom
is in its ground state, it has no permanent electric dipole moment. We are left then with only
a quadratic dependence of the energy (9.37) on the electric field. This is called the quadratic
Stark effect. This correction, which is known as the energy shift A £, is given by

n 2
’(nlm | Z 1 100)

(0)

AE = &*¢? @
Eioh—E
nlm#100 100 nilm

(9.39)

(b) Let us now estimate the value of the polarizability of the hydrogen atom. The polariz-
ability a of an atom which is subjected to an electric field £ is given in terms of the energy shift
AE as

a4 =—=2—=, (9.40)
Substituting (9.39) into (9.40), we obtain the polarizability of the hydrogen atom in its ground
state:

i ‘(nlm WA 100)‘2

= D — (9.41)
nlm##100 E[OO En[m

To estimate this sum, let us assume that the denominator is constant. Since n > 2, we can write

2 2
0 | 3e
EfOZ) El(111)n < Evo0 — E200 = 200 /_1 o Z\ — _%; (9.42)
hence
16 A
a< =23 |inim | Z | 100)P, (9.43)
3 nlm#100
where

ST nlm | Z 11000 = > |(nlm | Z | 100))?
nlm#100 all nlm

= <100|2( ST | nim)(nlm |\2| 100)

all nim

= (100 | Z*| 100); (9.44)
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in deriving this relation, we have used the facts that (100 | 7 | 100) = 0 and that the set of
states | n/m) is complete. Now since z = rcosf and (rf¢ | 100) = Ryo(r)Yoo(0, ¢) =
Ryo(r)/+/4m, we immediately obtain

23 L [% ap2 [" . PO o 2
(100 ] Z< ] 100) = — r*Rio(r)dr sinf cos” 6 dO dy = aj. (9.45)
4r 0 0
Substituting (9.45) and (9.44) into (9.43), we see that the polarizability for hydrogen has an
upper limit
16 5

a < 3 % (9.46)

This limit, which is obtained from perturbation theory, agrees with the exact value a = %ag.

9.2.2 Degenerate Perturbation Theory

In the discussion above, we have considered only systems with nondegenerate Hy. We now
apply perturbation theory to determine the energy spectrum and the states of a system whose
unperturbed Hamiltonian /) is degenerate:

1:1 | Yn) = (1:]0 + I;'p) | vn) = En | ). (9.47)

If, for instance, the level of energy E,(,O) is f-fold degenerate (i.e., there exists a set of f
different eigenstates | ¢,,), where « = 1, 2, ..., f, that correspond to the same eigenenergy
E ,(,0)), we have

Ho | ¢n,) = EX | ) @=12...,/), (9.48)

where a stands for one or more quantum numbers; the energy eigenvalues £ ,(,0) are independent
of a.

In the zeroth-order approximation we can write the eigenfunction | y,) as a linear combi-
nation in terms of | ¢, ):

S
| wn) = Y‘ ag | ¢n,)- (9.49)
a=1
Considering the states | ¢, ) to be orthonormal with respect to the label « (i.e., (¢, | ¢u 5) =
da, p) and | y,) to be normalized, (v, | w,) = 1, we can ascertain that the coefficients a, obey
the relation

f
(U | ym) = atagep= laal*=1. (9.50)
a.p

a=1

In what follows we are going to show how to determine these coefficients and the first-order
corrections to the energy. For this, let us substitute (9.48) and (9.49) into (9.47):

Y‘ |—E)(10) I ¢ﬂa) + I:[p | ¢ﬂ,,)-| dg = En Y‘ dg | ¢”u)' (951)

The multiplication of both sides of this equation by (¢, 5 | leads to

Y‘ dg |-E,(10)(5a,/f -+ (¢n/; | l:]p l d’nu)-l = E, ? aaéa.ﬂ (952)
a a
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or to
S
apEn = agE? +°> au(puy | Hy | ¢n,), (9.53)
a=1

where we have used (¢ | ¢n,) = dp,«. We can rewrite (9.53) as follows:

S/
S (A, —EMo, pla, =0 B=1,2 ..., /), (9.54)
a=1
with I:Ip/m = (¢,,/, | I:IP | ¢n,) and E,(,” =E, — E,(,O) . This is a system of f homogeneous
linear equations for the coefficients a@,. These coefficients are nonvanishing only when the
determinant |f1puﬂ - E,(,l)()'a, | is zero:

A (l) A A A
HPIIA_ En ) Hmz " I;IPB 1;[1’1/'
a, a,, —eVY A, i,
- 72 8 i P2y =), (9.55)
i i A [, gD
Prl Pr2 Pr3 Prf n

This is an f'th degree equation in E,(,l) and in general it has f different real roots, Et(rl)- These

roots are the first-order correction to the eigenvalues, E,,, of H. To find the coefficients Ay,
we need simply to substitute these roots into (9.54) and then solve the resulting expression.
Knowing these coefficients, we can then determine the eigenfunctions, | w,), of H in the
zeroth approximation from (9.49).

The roots E ,(,L) of (9.55) are in general different. In this case the eigenvalues H are not

degenerate, hence the f-fold degenerate level EY” of the unperturbed problem is split into f
different levels E,,: E,, = E,(,O) + E,(,l), a =1, 2, ..., f. In this way, the perturbation
lifts the degeneracy. The lifting of the degeneracy may be either total or partial, depending on
whether all the roots of (9.55), or only some of them, are different.

In summary, to determine the eigenvalues to first-order and the eigenstates to zeroth order

for an f-fold degenerate level from perturbation theory, we proceed as follows:

e First, for each f-fold degenerate level, determine the /' x / matrix of the perturbation

Hy:
]':[Pn 1‘:11)12 [':]m/'
H, = R OO (9.56)
I:IPH ﬁp/’z ]:]P//‘
where ﬁp“,, = (¢n, |ﬁp|¢,,/,).
e Second, diagonalize this matrix and find the f eigenvalues E,(,L) (a=1,2,..., f)and

their corresponding eigenvectors

Ay,

gy

a=| (@=1,2, ..., f) (9.57)

aa f
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e Finally, the energy eigenvalues are given to first order by
E, =EP+EY (@=12 ..,/ (9.58)
and the corresponding eigenvectors are given to zero order by

S/
1Wn) =" aaplén,). (9.59)
=1

Example 9.3 (The Stark effect of hydrogen)
Using first-order (degenerate) perturbation theory, calculate the energy levels of the n = 2 states
of a hydrogen atom placed in an external uniform weak electric field along the positive z-axis.

Solution
In the absence of any external electric field, the first excited state (i.e., n = 2) is fourfold
degenerate: the states | n/m) =| 200), | 210), | 211), and | 21 — 1) have the same energy
Ey = —R,/4, where R, = uet/(2h%) = 13.6 eV is the Rydberg constant.

When the external electric field is turned on, some energy levels will split. The energy
due to the interaction between the dipole moment of the electron (d = —er) and the external
electric field (5 Sk) is given by

Hy=—-d . E=er £ =e£2. (9.60)

To calculate the eigenenergies, we need to determine and then diagonalize the 4 x 4 matrix
elements of H,, (2I'm" | Hy | 2lm) = e£2I'm" | Z | 2lm). The matrix elements (2/'m’ | Z |
2Im) can be calculated more simply by using the relevant selection rules and symmetries. First,
since Z does not depend on the azimuthal angle ¢, z = r cos 0, the elements (2I'm’" | Z | 2Im)
are nonzero only if m" = m. Second, as Z is odd, the states | 2/'m’)y and | 2/m) must have
opposite parities so that (2/'m’ | Z | 2/m) does not vanish. Therefore, the only nonvanishing
matrix elements are those that couple the 2s and 2p states (with m = 0); that is, between | 200)
and | 210). In this case we have

(200 | Z | 210)

£ REQ(")RZI(")’”zd" [ Y(’;O(Q)ZYlo(Q) dQ

4 (o o]
= /g £ Rao(r)Rar () dr | Yoo () Yp(Q) dQ

= —3ap, 9.61)

since z = rcos 0 = /4r /3rY10(Q), (¥ | 200) = Ry (r)Yoo(Q), (¥ | 210) = Ra(r)Y10(L),
and dQ = sin 0 dOdy; ay = hz/(,uez) is the Bohr radius. Using the notations | 1) =] 200),
|2) =] 211),| 3) =| 210), and | 4) =| 21 — 1), we can write the matrix of H), as

(LIHp |1) (11 Hpl2) (11 Hpl3) (11 Hyl4)
g | @1EID @IA12) Q1H,13) 21H,14 9.62)
PTN GIH I BIH12) B1H,I3) BIH, |4

(41 Hy | 1) (41Hy|2) (41H,y|3) (41 Hyl4)
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or as
0 0 1 0
0 0 00
H, = —3efay 1 00 0 (9.63)
0 0 00
The diagonalization of this matrix leads to the following eigenvalues:
E)| = —3efas, EY,=E =0, E,=3ea. (9.64)
Thus, the energy levels of the n = 2 states are given to first order by
R, R, R,
Ey = —— —3efay, Ey =Ey =——=, Ey =——+3ekay. (9.65)
4 - 4 4
The corresponding eigenvectors to zeroth order are
1
| w2)1 = —=(1200)+ | 210)), | w2)2 =| 211), (9.66)
NG Y
|
| w2)3 = |21 1), | w2)a = —=(1200)— | 210)). (9.67)
y y NG

This perturbation has only partially removed the degeneracy of the n = 2 level; the states | 211)
and | 21 — 1) still have the same energy E3 = E4 = —R, /4.

9.2.3 Fine Structure and the Anomalous Zeeman Effect

One of the most useful applications of perturbation theory is to calculate the energy correc-
tions for the hydrogen atom, notably the corrections due to the fine structure and the Zeeman
effect. The fine structure is in turn due to two effects: spin—orbit coupling and the relativistic
correction. Let us look at these corrections separately.

9.2.3.1 Spin-Orbit Coupling

The spin—orbit coupling in hydrogen arises from the interaction between the electron’s spin
magnetic moment, g = —eS/(m.c), and the proton’s orbital magnetic field B.

The origin of the magnetic field experienced by the electron moving at v in a circular orbit
around the proton can be explained classically as follows. The electron, within its rest frame,
sees the proton moving at —v in a circular orbit around it (Figure 9.1). From classical electro-
dynamics, the magnetic field experienced by the electron is

- 1, - | 1
B=—-0pxE=- pxE=
¢ mec mec

E x p, (9.68)

where p = meu is the linear momentum of the electron and E is the electric field generated
by the proton’s Coulomb’s field: E(¥) = (e/r?)(F/r) = er/r>. For a more general problem
of hydrogen-like atoms—atoms with one valence electron outside a closed shell—where an
electron moves in the (central) Coulomb potential of a nucleus V' (r) = —e¢(r), the electric
field is .
B = —Vo(r) = sy = 124 (9.69)
e er dr
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LtB

+Ze

Figure 9.1 (Left) An electron moving in a circular orbit as seen by the nucleus. (Right) The
same motion as seen by the electron within its rest frame; the electron sees the nucleus moving
in a circular orbit around it.

So the magnetic field of the nucleus calculated in the rest frame of the electron is obtained by
inserting (9.69) into (9.68):

| B 1 1dV., 1 1dV .
Exp= -——rXp= -—1L, (9.70)

B =
MeC emecr dr emecr dr

where L =7 x p is the orbital angular momentum of the electron.
The interaction of the electron’s spin dipole moment z g with the orbital magnetic field B

of the nucleus gives rise to the following interaction energy:

1 1dV 3.7

MeC m2c2 r dr '

(9.71)

This energy turns out to be twice the observed spin—orbit interaction. This is due to the fact that
(9.71) was calculated within the rest frame of the electron. This frame is not inertial, for the
electron accelerates while moving in a circular orbit around the nucleus. For a correct treatment,
we must transform to the rest frame of the nucleus (i.e., the lab frame). This transformation,
which involves a relativistic transformation of velocities, gives rise to an additional motion
resulting from the precession of s g; this is known as the Thomas precession. The precession
of the electron’s spin moment is a relativistic effect which occurs even in the absence of an
external magnetic field. The transformation back to the rest frame of the nucleus leads to a
reduction of the interaction energy (9.71) by a factor of 2:

. 1 1dV- -
Hso = =—55-—S5-L. (9.72)

As this relation was derived from a classical treatment, we can now obtain the corresponding
quantum mechanical expression by replacing the dynamical variables with the corresponding
operators:

1 1dV 2 »
L.

bl 9.73
2mic? r dr (2.)

Hso =

This is the spin-orbit energy. For a hydrogen’s electron, V (r) = —e®/r and dV /dr = €*/r?,

equation (9.73) reduces to
# 1
e
2m2c? r3

A
3

A (9.74)

Hso =
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We can now use perturbation theory to calculate the contribution of the spin—orbit interac-
tion in a hydrogen atom:

2 2

2

c _3.L = A+ Hso, (9.75)

. _Z 4

A= vy
2m, r = 2mic?r3

where Hj is the unperturbed Hamiltonian and Hyso is the perturbation. To apply perturbation
theory, we need to specify the unperturbed states—the eigenstates of Hy. Since the spin of the
hydrogen’s electron is taken into account, the total wave function of Hy consists of a direct
product of two parts: a spatial part and a spin part. To specify the eigenstates of Hy, we have
two choices: first, the joint eigenstates | nlm;mg) of L2, 82 L., and S. and, second, the joint
eigenstates | n/jm) of L2, 82, J2 and J.. While Hy is dlagonal in both of these representations,

Hs() is dlagonal in the second but not in the first, because Hs() (or S L to be precise) commutes
with neither L_, nor with S: (Chapter 7). Thus, if Hs() were included, the first choice would
be a bad one, since we would be forced to diagonalize the matrix of I:IS() within the states
| nlmymy); this exercise is nothing less than tedious and cumbersome. The second choice,
however, is ideal for our problem, since the first-order energy correction is given simply by the
expectation value of the perturbation, because Hgo is already diagonal in this representation.
We have shown in Chapter 7 that the states | n/jm),

Al

23

IFm+ 5 o1\, ltEm+3
lIJn,l,j:l:i:%.m: R"I(r) 2/ + 1 Yl‘m+%

22 241 Lm-3

A oA (9.76)

are eigenstates of S - L and that the corresponding eigenvalues are given by

) 53 % ) h2 [' 37
(nljm | L-S|nljm) = jG+1) - l(l+l)—z , (9.77)
sinceg-iz%l—jz—iz—gz—l.
The eigenvalues of (9.75) are then given to first-order correction by

(0) : ] , 1

Enj=E,” + (nljm; | Hso | nljm;) = _En_z + Egp, (9.78)

where E,(,O) = —e?/(2agn®) = —(13.6/n*) eV are the energy levels of hydrogen and Eg()) is

the energy due to spin—orbit interaction:

(1) A . W 37/ ,11] )\
E¢o = (nljm; | Hso | nljm;) = 7.2 JjG+DH =10+ - i nl ) nl'. (9.79)
e
Using the value of (n/ ‘1 | nl) calculated in Chapter 6,
2
nl |— — \ .
/ = \ 7 (9.80)
r n3(l +1)(2 + 1)a

we can rewrite (9.79) as

w2 TjG+)—10+1)=3T
2m2cr w3+ )2 + Da]

(1)
Ego =
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AN A N TG+ — 1+ - 3]

= 9.81
2ap n?  mecag n I+ 1DR2+1) ©-81)
or
g0 _ 1B TG+ -0+ 1) - 3] 05)
5 n (14 1)(21 + 1) ’ ‘
where « is a dimensionless constant called the fine structure constant:
h e? 1
— = —~ —, 9.83
* mecag  hc 137 ( )
Since ap = hz/(meez) and hence E,(,O) = —ez/(2a0n2) = —azmecz/(an), we can express
(9.82) in terms of « as
£ _ @'mec? [jG+D—-1a+1)-31 19585
= 2n3 I+ 121+ 1) .

9.2.3.2 Relativistic Correction

Although the relativistic effect in hydrogen due to the motion of the electron is small, it can
still be detected by spectroscoplc techmques The relativistic kinetic energy of the electron is
given by 7 = /p2c2 + m2c4 — mec?, where m.c? is the rest mass energy of the electron; an
expansion of this relation to p* yields

52 54
Ip2c? + m2 c4—mcz~p—— L + - (9.85)

2m,  8mlc?

When this term is included, the hydrogen’s Hamiltonian becomes
H=72—————= = Hy+ Hp, (9.86)

where H() p /(2me) - ez/r is the unperturbed Hamiltonian and HR — —p4/(8m3cz) is the
relativistic mass correction which can be treated by first-order perturbation theory:

l . A )
E(” (nljm; | Hg | nljm;) = 8m2c2 /nljmj |p4‘nljmj\. (9.87)
The value of (nljm |p*|nljm ;) was calculated in the last solved problem of Chapter 6 (see
equation (6.331)):

4.8 4.4
/1, _|A4) " \_ mee ([ 8n _3\=amc ([ 8n _3\ 0.88

An insertion of this value in (9.87) leads to

oc4mec2 ([ 8n 3\ B 2|E(0)| ([ 8n _3\
8nt 21+ 1 N 4n? 21+ 1

EQ = (9.89)
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Note that the spin—orbit and relativistic corrections (9.84) and (9.89) have the same order of
magnitude, 1073 eV, since a2|E,(,0)| ~ 1073 eV.

Remark

For a hydrogenlike atom having Z electrons, and if we neglect the spin—orbit interaction, we
may use (9.89) to infer the atom’s ground state energy:

a? 2 3
E,=2*(EO® 4 E;”\ = Z?ED r1 = /ﬁ - Eﬂ , (9.90)

where E,(,O) = —e*m./2h*n*) = —a*m.c*/(2n*) = —13.6 eV/n? is the Bohr energy.

9.2.3.3 The Fine Structure of Hydrogen

The fine structure correction is obtained by adding the expressions for the spin—orbit and rela-
tivistic corrections (9.84) and (9.89):

0 = g0 g0 o @me? [jG+D 104D - 3] almel [ 80 o0,
F R 2n3 114 1)l + 1) 8nt 2041 T
where j =1+ % Ifj=1I1+ % a substitution of / = j — -2[- into (9.91) leads to
£ am.c? [ 4nj(j + 1) —4n (j—%\ (j—{-%\—'jn 2 _‘
FS = 2 = +
5 (j =+ @j—1+1) 2j—1+1
_ a4énzc2 4njl—2n ~ - 4_n +3-‘ _ a“;nicZ [ 2n ~ - 4_n +3-|
n 2j(j—§\{j+§\ J n j(j+§\ J
a’m.c? F 4n -| 9.92)
8nt j+% '
Similarly, if j =/ — %, and hence/ = j + %, we can reduce (9.91) to
[~ i - 1 ¢ 0 3
oy _ wtme [N =l G+ -3 g, +3w
FS — 4 ] ) ' =
i (G+ DG+ 2j+1+1) 2j+1+1
a*mc? —4nj — 6n 4n
n 2{j+%\{j+%\(j+l) J+
B a’mec? —2n 4n +3-|
— - . : e
8t L NG+ T
B a4mecz|— 4n —| (9.93)

8n# j+3
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As equations (9.92) and (9.93) show, the expressions for the fine structure correction corre-
spondingto j =/ + % and j =1 — % are the same:

0
ED _g® L p® _ M /3 = 4n_\ - “ZE’(' ' _an -3\ (9.94)
FS SO R 8n4 j _{_% 4,12 j +%

where E,(,O) = —a’mec?/(2n*)and j =1 + %

Since the bracket-terms in (9.82), (9.89), and (9.94) are of the order of unity, the ratios of
the spin—orbit, relativistic, and fine structure corrections to the energy of the hydrogen atom are
of the order of a?:

(1
Ego Bin2
1E|

(1)
E

=0,

All these terms are of the order of 10™# since a*> = (1/137)2 ~ 104,
In sum, the hydrogen’s Hamiltonian, when including the fine structure, is given by

PP (@ g PN

B = B+ Arg = By + (5o + A2) = |
0+ HFS 0+ "fso + 4R 2m, r 2m2cr? 8m3c?

(9.96)

A first-order perturbation calculation of the energy levels of hydrogen, when including the fine
structure, yields

[ a { 4n \ 1
Ej=EOQ +EQ=E9 1+— - =3,

(9.97)

where E,(,O) = —13.6eV/n’. Unlike E,(,O) , which is degenerate in /, each energy level E,; is
split into two levels £, a1y since for a given value of / there are two values of j: j =/ + %

In addition to the fine structure, there is still another (smaller) effect which is known as
the hyperfine structure. The hydrogen’s hyperfine structure results from the interaction of the
spin of the electron with the spin of the nucleus. When the hyperfine corrections are included,
they would split each of the fine structure levels into a series of hyperfine levels. For instance,
when the hyperfine coupling is taken into account in the ground state of hydrogen, it would
split the 15) 2 level into two hyperfine levels separated by an energy of 5.89 x 10~¢eV. This
corresponds, when the atom makes a spontaneous transition from the higher hyperfine level to
the lower one, to a radiation of 1.42 x 10° Hz frequency and 21 cm wavelength. We should note
that most of the information we possess about interstellar hydrogen clouds had its origin in the
radioastronomy study of this 21 cm line.
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(b) In the case of V), (x) = AVpd(x — L), (9.252) leads to

2L
, |
sin? [ %\ Jix — Exde = 200 o2 f "7”\ : (9.256)

|
EN =— T

0

hence, depending on whether the quantum number » is even or odd, we have

M2 , [ 0 if n is even,
En=ni™ t anyL, i i 0di. (A227)
Problem 9.2
I1+4 0 0 0
. T A 0 8 0 0
Consider a system whose Hamiltonian is given by H = E) 0 o 3 -1 I
0 0 —-24 7

where 4 < 1. . R X
(a) By decomposing this Hamiltonian into /' = Hy + H), find the eigenvalues and eigen-

states of the unperturped Hamiltonian 1:10. A

(b) Diagonalize H to find the exact eigenvalues of H; expand each eigenvalue to the second
power of 4.

(c) Using first- and second-order nondegenerate perturbation theory, find the approximate
eigenergies of H and the eigenstates to first order. Compare these with the exact values obtained
in (b).

Solution
(a) The matrix of H can be separated as follows:

1 0 0 0 A 0 0 0
H=Hy+H,=E 8 g (3) 8 + Ep g g g _g)L (9.258)
0 0 0 7 0 0 =24 0
Notice that Hj is already diagonal; hence its eigenvalues are given by
E® =Ey, E\ =8E, E\=3E, E =71E, (9.259)
and its eigenstates by
1 0 0 0
= o | ten=| g | 1= ]| 1e0=]|o | 20
0 0 0 1
(b) The diagonalization of H leads to the following secular equation:
(1+A)Ey—E 0 0 0
5 e 3500— E —2(,)1E0 =0 (9-261)

0 0 —2AEy TEy—E
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or
(Eo + AEo — E)8Eo — E) | 3Ey — E)(7Ey — E) — 442E3| =0, (9.262)

which in turn leads to the following exact eigenenergies:

Ei=((+AN)Ey, Er;=8Ey, E3=05-2V14+12)E), E;=5+2V1+1?E,.
(9.263)
Since 4 < 1 we can expand +/1 + 42 to second order in : v/1 4+ A2 =~ 1 + A2/2. Hence E3
and E4 are given to second order in 4 by

E3 ~ (3 — A*)Ey, E4 =~ (7 + A*)E,. (9.264)

(c) From nondegenerate perturbation theory, we can write the first-order corrections to the
energies as follows:

0 0
1 _ 0 0
E\" = (¢ H,, | ¢1) = Eo(1000) 0 =AEp. (9.265)
2

—24
=21 0

OO O
S O OO
SO O =

Similarly, we can verify that the second, third, and fourth eigenvalues have no first-order cor-
rections:

ESV = | Hp I ¢2) =0, E) =(ds 1 Hyl¢3) =0, E=(hslHylga)=0.
(9.266)
Let us now consider the second-order corrections to the energy. From nondegenerate perturba-
tion theory, we have

E{2)= Y‘ l<¢m|ﬁ |¢l ‘2

(0) (0)
m=2,3,4 E| - Em

=10, (9.267)
since (¢, | ﬁp | ¢1) = (&3 | 1-7,, | $1) = (P4 | ﬁ,, | ¢1) = 0. Similarly, we can verify that

‘((ﬁm'ﬁp | ¢2 ‘2 B

=Y — (9.268)
m=1,3,4 E( ) - Er(n)
and
X 2 A 2
Q@ _ <¢m|Hp |¢3)‘ B )(¢4 | Hp | ¢3)’ B (_2,{E0)2 B )
Ef= Y o = o e = Gomg = A B (9269
m=1,2,4 E3 - Em E3 - E4 G- ) 0
because
A0 0 0 0
~ 0 0 0 0 0
(pa | Hp | #3) = EoQOO ) o o o 5 | | =—24Eo. (9.270)
0 0 =24 0 0
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Similarly, since

A0 0 0 0
N 00 0 0 0

(3 | Hp | ¢a) = Eo(0O10) )} o 00 o 5, o | =—24Eo, (9.271)
00 =22 0 1

we can ascertain that
P 2 n 2
D= % (@nlHy | 65) _ (@31 8, 1 44 _ (2B
0 0 0 0
m=1,2,3 E( ) — E,(,,) Eé(t ) E_,E ) (7—=3)Ey

Now, combining (9.265)-(9.272), we infer that the values of the energies to second-order non-
degenerate perturbation theory are given by

=2E).  (9.272)

Ei = EY+ED + E® = (1 + ) E,, (9.273)
Ey = EQ + E{) + E{) = 8E,, (9.274)
Ey = EQ + EL + EP = (3 - 2%)E,, (9.275)
Eq = EQ + EP + EP = (71+ 2%)E,. (9.276)

All these values are identical with their corresponding exact expressions (9.263) and (9.264).
Finally, the first-order corrections to the eigenstates are given by

(dm| Hp | pn)
| ‘//(I)) 5 ”(10) (0") | dm)s (9.277)
m#n Em - E

and hence
. 0
H, 0
Ly = > —("5’;’0') - Iﬁ? [gm)=| ¢ (9.278)
m=2,3,4 En’ — El
0
Similarly, we can show that | 1/12(] ) is also given by a zero column matrix, but | l//(l)) and
| y/(” ) are not:
: : /0
(pm| Hp | ¢3) (fa | Hp | $3) 0
= > Bl 18y, BB T8 g - . (9279)
4 E9 (O £0 _ 0 0
m=1,2, 3 4 3 —A/2
: : /0
|H) | ¢4 (@3 | Hp | ¢a) 0
v = ¢"(10) - g(I?n ) = o (%S) e =1 (.280)
123 Em  — E, Ey' = E;
m= 1/2
Finally, the states are given to first order by | y,) =| ¢n)+ | y/(l) :
1 0 0 0
0 1 0 0
0 0 —1/2 1

(9.281)
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where a and £ stand for a = 3efap/+/2 and p=ehB/Quc).
The diagonalization of (9.312) yields the following eigenvalues:

| 0242 B2 le22B2
18e2€2a2, Ja=13=0, 4=
4pc? +iseneray . . Y 4p3c?

A o=— + 18¢2€2a3.  (9.313)

Finally, the energy levels of the n = 2 states are given to first-order approximation by

[ 252 R2
(1) _ R € Fl B 202 2 ) . R
E2| ——Z— 4/(2('2 + 18e%€& ags EZg ——Z, (9.314)
[ 252 p2
(1) _ R 1) _ R e h B 202 2
E23 ——I, E24 ——Z 4#_2024-186’ 8 GO. (93]5)

So the external electric and magnetic fields have lifted the degeneracy of the n = 2 level only
partially.

Problem 9.5 . .
A system, with an unperturbed Hamiltonian Hy, is subject to a perturbation /) with

15 0 0 0 0 0 00

A 0 3 0 0 ~ Eo [ 00 1 0

Ho=El o 03 0| "“Tool o100

0 0 0 3 0 0 0 O

(a) Find the eigenstates of the unperturbed Hamiltonian Hy as well as the exact eigenvalues
of the total Hamiltonian H = ﬁo + H D

(b) Find the eigenenergies of A to first-order perturbation. Compare them with the exact
values obtained in (a).

Solution
(a) First, a diagonalization of H) yields the eigenstates

1 0 0 0
0 1 0 0

o= o | 1e2=| o | 1= | 1e0=], (9.316)
0 0 0 1

The values of the unperturbed energies are given by a nondegenerate value E fo) = 15Epanda
threefold degenerate value E éo) =F ;0) = E‘(‘O) = 3 E).

The exact eigenvalues of H can be obtained by diagonalizing . Adopting the notation
/4 = 1/100, we can write the secular equation as

ISEg—E 0 0 0
0 3Ec—E  AEp o |
0 iEy 3E—E o |T (0.317)

0 0 0 3Eg—E
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or
(15Eo — EY3Eo — E) | GEo — E)* — 22E2] = 0, (9.318)
which in turn leads to the exact values of the eigenenergies:
E|, =15Ey, E,=3Ey, E3;=0B-A1)Ep, E4= 3+ A1)E). (9.319)

(b) To calculate the energy eigenvalues of H to first-order degenerate perturbation, and
since ]:10 has one nondegenerate eigenvalue, 15E, and a threefold degenerate eigenvalue, 3 £,
we need to make use of both nondegenerate and degenerate perturbative treatments. First, let
us focus on the nondegenerate state; its energy is given by

E\ = 15Eo+ (¢1 | H | 1)

0 0 0 0 1
Eg 0 0 iEy O 0
=I5B+ 75510000 | o 0 "% g 5
0 0 0 0 0
= 15E,. (9.320)

This is identical with the exact eigenvalue (9.319) obtained in (a).
Second, to find the degenerate states, we need to diagonalize the matrix

i Va2 Vs
V= Va Vo Vaz |, (9.321)
Va1 Va3
where
/O 0 0 0 /0 \
A 0 0 AEy) 0 1
Vit = (2| Hp 1 ) =0100) | o 0 00 0 o | =0 @322
0 0 0 0 0
/0 0 0 /0 \
A 0 0 AEy O 0
iz = (g2 | Hp 1 g) = 0100 | o0 "0 (1] | | =40, 9323)
0 0 0 0 0
/ 0 0 0 \ / 0 \
A 0 0 AEy O 0
Vis = (2 | Hp L ga) =100 | o 0 00 . o | =0 329
0 0 0 0 1

Similarly, we can show that

Var = (3| Hy | o) = 2Eo, Voo = (3| Hy | ¢3) =0, Va3 = (g3 | H, | ps) =0,
(9.325)

Vil = (¢4 | Hy | o) =0,  Vaa=(pa| Hy|¢3) =0, Vi3=(ps|H,|s)=0.
(9.326)
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wo(x) dyo(x)/dx 67'2!,110()()/dx2
A oA “a?'A
X X X
(a) (b) (c)

Figure 9.9 Shapes of y(x) = Ae~ X dyo(x)/dx, and d? wo (x)/a'xz.

So the diagonalization of

0 ZEp O
V= AEh 0 0 (9.327)

0 0 0

leads to the corrections E;” =0, E;” = A1E(, and E‘(‘l) = —AEy. Thus, the energy eigenvalues
to first-order degenerate perturbation are

Ey=E® +EV) =3By, E3=E® +E{" = (3 -2)Ey, (9.328)

Ey=E{ + E{" = 3+ 2)E,. (9.329)

These are indeed identical with the exact eigenenergies (9.319) obtained in (a).

Problem 9.6
Use the variational method to estimate the energy of the ground state of a one-dimensional
harmonic oscillator by making use of the following two trial functions:
@) wo(x,a) = de™*l () yo(x,a) = 4/(x* + a),
where a is a positive real number and where A4 is the normalization constant.

Solution

(a) This wave function, whose shape is displayed in Figure 9.9a, is quite different from a
Gaussian: it has a cusp at x = 0; hence its first derivative is discontinuous at x = 0.

The normalization constant 4 can be calculated at once:

2 [0 2 [ _oax 2 [® _onx A2
(wo | wo) = 4 e dx + A e Mdx =24° e Mdx = —; (9.330)
-0 0 0 o

hence 4 = /a. To find Eo(a) we need to calculate the potential and the kinetic terms. Using
the integral f0+°° x"e"dx = n!/a"*! we can easily calculate the potential term:

m (02

Lo o [T 5 202 [T 2 _2ax
(wolV (x) | wo) = =mw~ A x2e 2 gx = ma’ 4 e dx = :
2 —~00 0 4()(2

(9.331)
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10.2.1 The Schrodinger Picture

In describing quantum dynamics, we have been using so far the Schrédinger picture in which
state vectors depend explicitly on time, but operators do not:

d a
i Ly (@) =H | y@)), (10.1)

where | (7)) denotes the state of the system in the Schrodinger picture. We have seen in
Chapter 3 that the time evolution of a state | (7)) can be expressed by means of the propagator,
or time-evolution operator, U (t, ty), as follows:

|y () = Ut 10) | y (1)), (102)
with .
U, to) = e "¢-0H/E (10.3)
The operator Ult, to) is unitary,
Ot 10)0t, 10) = 1, (10.4)
and satisfies these properties: .
Ut, 1) =1, (10.5)
Ot 1) = U7t t0) = Ulto, 1), (10.6)
Ut )U(t2, t3) = U, 13). (10.7)

10.2.2 The Heisenberg Picture

In this picture the time dependence of the state vectors is completely frozen. The Heisenberg
picture is obtained from the Schrodinger picture by applying U on | w(?)) i:
Ly =0T @) |y @) =] w(O)), (10.8)

where | w (7)) and UT(t) can bf: obtained from (10.2) and (10.3), respectively, by getting to = 0:
Uty =0Tt 1o = 0) = €"1/" and | w(t)) = Ut) | w(0)), with U(t) = e~ ""H/" Thus, we
can rewrite (10.8) as

Ly =™ M| ). (10.9)

As | w)n is frozen in time we have: d | w)p/dt = 0. Let us see how the expectation value of
an operator A in the state | y(¢)) evolves in time:

(w1 Aly (1)) = (y )]/ Fe= /My 0)) = (y () A Oy (©0) = 1lwldyOly)n,
(10.10)

where /iu (1) is given by

An@) = 0N A0 () = /M je=it AN, (10.11)

Equation (10.10) shows that the expectation value of an operator is the same in both the
Schrodinger and the Heisenberg pictures. From (10.10) and (10.11) we see that both the
Schrodinger and the Heisenberg pictures coincide at 1 = 0, since | w(0))y =| y(0)) and
Ap(0) = A.
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10.2.2.1 The Heisenberg Equation of Motion

Let us now derive the equation of motion that regulates the time evolution of operators within
the Heisenberg picture. Assuming that 4 does not depend explicitly on time (i.e., 6 4/dt = 0)
and since U() is unitary, we have

dAyt aUT(t U (t I atanmtan 1 aganatsn
#0) _ U0 45 + 07— O _ _Lotaootio + ~otaootao
dt dt it ih
1 1A AT
= — [y, 0ta0]1, (10.12)

ih

where we have used (10.3) to write 60(t)/(7t = I:IU/ih and GOT(I)/at = —UTI:I/ih. Since
U(t) and H commute, we have lﬁ(t)f](?(t) = H; hence we can rewrite (10.12) as

(10.13)

This is the Heisenberg equation of motion. It plays the role of the Schrodinger equation within
the Heisenberg picture. Since the Schrodinger and Heisenberg pictures are equivalent, we can
use either picture to describe the quantum system under consideration. The Heisenberg equation
(10.13), however, is in general difficult to solve.

Note that the structure of the Heisenberg equation (10.13) is similar to the classical equation
of motion of a variable 4 that does not depend explicitly on time dA/dt = {A, H}, where
{4, H} is the Poisson bracket between 4 and H (see Chapter 3).

10.2.3 The Interaction Picture

The interaction picture, also called the Dirac picture, is useful to describe quantum phenomena
with Hamiltonians that depend explicitly on time. In this picture both state vectors and opera-
tors evolve in time. We need, therefore, to find the equation of motion for the state vectors and
for the operators.

10.2.3.1 Equation of Motion for the State Vectors

State vectors in the interaction picture are defined in terms of the Schrodinger states | y (¢))by

| w(0) = e B/M |y (1)), (10.14)

Ift = 0 we have | w(0)); =| y (0)). The time evolutlon of | w(¢)) is governed by the
Schrodinger equation (10.1) with H = Hy + V where Hy is time independent, but ¥ may
depend on time.

To find the time evolution of | w (7)), we need the time derivative of (10.14):

m% = —Hoe! /M | y () + &' Mo/ /"’7(”;#\

= —Ho | w(@)1 + M A w), (10.15)
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where we have used (10.1). Since H= ﬁg + V and

oot/ — ( gitfo/h fr =it o/ gitHo/h — P, (p)gitHo/h. (10.16)
with X X
Vi(e) = £HH0/b P e=itho/h (10.17)

we can rewrite (10.15) as

ihdl w (1))

= —Ho | w(@O))1 + Hoe ™/ |y (1)) + V(1) B/ |y (1)), (10.18)

or

Ld | y():
h_
: dt

This is the Schrodinger equation in the interaction picture. It shows that the time evolution of
the state vector is governed by the interaction V;(¢).

= Vi) | w())1. (10.19)

10.2.3.2 Equation of Motion for the Operators

The interaction representation of an operator A /(1) is given, as shown in (10.17), in terms of its
Schrodinger representation by

Ay(r) = Mot/ =it/ (10.20)

Calgulating the time deri\:ative of 4 (1) and since 04 /ot = 0, we can show the time evolution
of A;(t) is governed by H:

dA;(t)
dt

=%f,2,(r), il (10.21)

This equation is similar to the Heisenberg equation of motion (10.13), except that H is replaced
by Hy. The basic difference between the Heisenberg and interaction pictures can be inferred
from a comparison of (10.9) with (10.14), and (10.11) with (10.20): in the Heisenberg picture
it is 1 that appears in the exponents, whereas in the interaction picture it is 4 that appears.

In conclusion, we have seen that, within the Schrodinger picture, the states depend on time
but not the operators; in the Heisenberg picture, only operators depend explicitly on time,
state vectors are frozen in time. The interaction picture, however, is intermediate between
the Schrodinger and the Heisenberg pictures, since both state vectors and operators evolve with
time.

10.3 Time-Dependent Perturbation Theory

We consider here only those phenomena that are described by Hamiltonians which can be split
into two parts, a time-independent part Hpy and a time-dependent part V(t) that is small com-
pared to Hy: R X

H(t) = Hy + V (1), (10.22)
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where ﬁo, which describes the system when unperturbed, is assumed to have exact solutions
that are known. Such splitting of the Hamiltonian is encountered in the following typical
problem. Consider a system which, when unperturbed, is described by a time-independent
Hamilonian ﬁo whose solutions—the eigenvalues £, and eigenstates | v, )—are known,

Ho | wn) = En | ya), (10.23)

and whose most general state vectors are given by stationary states
| Wu(2)) = e~itHo/R | wn) = e~ Ent/h | wn). (10.24)

In the time interval 0 < ¢ < 7 we subject the system to an external time-dependent perturbation,
V (1), that is small compared to Hp:

s Ve, o0<t<t,
Vi) = 0, t<0, t>r. (028

During the time interval 0 < ¢ < 7, the Hamiltonian of the system is H = ﬁo + 14 (1) and the
corresponding Schrodinger equation is

41O

= (Ho + V(1)) | ¥(1)), (10.26)

where V(t) characterizes the interaction of the system with the external source of perturbation.

How does I;'(t) affect the system? When the system interacts with V (), it either absorbs
or emits energy. This process inevitably causes the system to undergo transitions from one
unperturbed eigenstate to another. The main task of time-dependent perturbation theory consists
of answering this question: If the system is initially in an (unperturbed) eigenstate | y;) of Hy,
what is the probability that the system will be found at a later time in another unperturbed
eigenstate | y )?

To prepare the ground for answering this question, we need to look for the solutions of the
Schrodinger equation (10.26). The standard method to solve (10.26) is to expand | W (7)) in
terms of an expansion coefficient ¢, (¢):

| (@) = ca(t)e™ Enl | y,), (10.27)

and then insert this into (10.26) to find ¢, (¢) to various orders in the approximation. Instead of
following this procedure, and since we are dealing with time-dependent potentials, it is more
convenient to solve (10.26) in the interaction picture (10.19):

ihd | W(t));

— = Vi) | ()1, (10.28)

where | Y(1)); = Ae"’[“")/'\’ | W(r)) and V(1) = eitto/h I7(t)e—i"7"/h. The time evolution
equation | W(¢)) = U(¢, t;) | W (¢;)) may be written in the interaction picture as

LW (1)), = e 0/ | W(r)) = MG (1, 1) | W(t3)) = O/t 1)e= B0/ | (1)),
(10.29)
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or as A
| W (@) =Urt, 6) | ¥(t))1, (10.30)

where the time evolution operator is given in the interaction picture by
U1(t, ;) = &'/ (¢, )¢~ Hoti/h, (10.31)
Inserting (10.30) into (10.28) we end up with

dU(t,1;)

T = f/,(t)f][(t,ti). (10.32)

ih
The solutions of this equation, with the initial condition U 1, t) = I , are given by the integral
equation
5 ! /-r O (dINT T (4! /
Ur(t, ti) =1 ~% Vi U(t', t;)dt'. (10.33)
I
Time-dependent perturbation theory provides approximate solutions to this integral equation.
This consists in assuming that Vi(t) is small and then proceeding iteratively. The first-order
approximation is obtained by inserting Ur(t',t;) = 1 in the integral sign of (10.33), leading to
UP(t, ;) = 1= (i/h) [} Vi(¢')dt'. Substituting Uy (¢', ;) = U} (¢', 1;) in the integral sign of
(10.33) we get the second-order approximation:

R Copt ‘\2 [t . no,
U}z’(z,t,)=1—;— / V,(t’)dt’+/—%\ Ceyan ' miwydn. (1034

ti ti ti

The third-order approximation is obtained by substituting 0,(2) (z, 1) into (10.33), and so on. A
repetition of this iterative process yields

R ;o \2 pt no,
U/(t,ti)=1—% [ Vl(t')dt'+/—;—\ [ Vi(t)dt [ Vi(t)dty + - - -

ti ti 1

i n et n 1 n n n In—1 N
+ /_E\ [ Vi(t)dt [ Vi(t)dt [ Vi()dts - - - [ Viltp)dty + - -.
ti t ti 1

(10.35)

This series, known as the Dyson series, allows for the calculation of the state vector up to the
desired order in the perturbation.

We are now equipped to calculate the transition probability. It may be obtained by taking the
matrix elements of (10.35) between the eigenstates of Hj. Time-dependent perturbation theory,
where one assumes knowledge of the solutions of the unperturbed eigenvalue problem (10.23),
deals in essence with the calculation of the transition probabilities between the unperturbed
eigenstates | y,) of the system.

10.3.1 Transition Probability

The transition probability corresponding to a transition from an initial unperturbed state | ;)
to another unperturbed state | y r) is obtained from (10.35):

t
l ey | V') | wi)dl

~ 2
Pis(t) = (l//fIU[(t,t,')|t//,-)| - !

(wrlwi)—
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2

-\ 2 t 31

i . . — .

+ /_E\ S £ e' @/ (V/_f' | V() | l/’n)dtl /elwml‘(V/n | V(t2) | Wi)dtZ o Rk |
0

n

(10.36)

where we have used the fact that

(i | Vi) | wi) = (wyr | 0P @)e ™ | yiy = (yp | V) | wi)exp (iwpit')

(10.37)
where w; is the transition frequency between the initial and final levels i and f:
Efr—E; 1 A "
wpi ===t ==ty 1 Aol yy) = wi | Aol yi)). (1038)

The transition probability (10.36) can be written in terms of the expansion coefficients ¢, (¢)
introduced in (10.27) as

2
Py = | + P+ P+, (10.39)
where
5 l ¢ .t jw it /
cff‘?) =(yrly) =0, cP@)= - ﬁ (wr | V@) | w)e®itdr,. ... (10.40)

The first-order transition probability for | w;) —| w ) withi # f (and hence (y/ | y;) =
0) is obtained by terminating (10.36) at the first order in V;(¢):

. t 2
Pir(t) = —'; ﬁ (wr | V)| wiye®itde| . (10.41)

In principle we can use (10.36) to calculate the transition probability to any order in Vi(1).
However, terms higher than the first order become rapidly intractable. For most problems of
atomic and nuclear physics, the first order (10.41) is usually sufficient. In what follows, we are
going to apply (10.41) to calculate the transition probability for two cases, which will have later
usefulness when we deal with the interaction of atoms with radiation: a constant perturbation
and a harmonic perturbation.

10.3.2 Transition Probability for a Constant Perturbation

In the case where ¥ does not depend on time, (10.41) leads to

2
. (10.42)

2 1 . 2 | ef@yit
= — | twr 1 71w

! i ‘oo
Py =5 | o 7 Ly [ etontar) = -

fi

which, using le!? — 11> = 4sin®(6/2), reduces to

a 2
4 w17 1) y
Sinz /C()'/, \ )

3. 3
fi p 2

Pir(t) = (10.43)
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[sin®(w ; t/2)]/‘0_2/'i

A

N

_6r _d4r _2r 0 2z 4z 6n
! t 4 4 t 4

Figure 10.1 Plot of [sin2 (co_,~,-t/2)]/(u§.i versus @ ; for a fixed value of 1; wy; = (Ey — E;)/2.

As a function of time, this transition probability is an oscillating sinusoidal function with a
period of 27 /w ;. As a function of @ s;, however, the transition probability, as shown in Fig-
ure 10.1, has an interference pattern: it is appreciable only near ws; =~ 0 and decays rapidly
as o r; moves away from zero (here, for a fixed 7, we have assumed that w; is a continuous
variable; that is, we have considered a continuum of final states; we will deal with this in more
detail in a moment). This means that the transition probability of finding the system in a state
| wr) of energy E s is greatest only when E; =~ E s or when wy; =~ 0. The height and the width
of the main peak, centered around w; = 0, are proportional to t? and 1/1, respectively, so the
area under the curve is proportional to 7; since most of the area is under the central peak, the
transition probability is proportional to 7. The transition probability therefore grows linearly
with time. The central peak becomes narrower and higher as time increases; this is exactly the
property of a delta function. Thus, in the limit # — oo the transition probability takes the shape
of a delta function, as we are going to see.
As t — oo we can use the asymptotic relation (Appendix A)

:+ 2
t
lim 20D _ 5y (10.44)
100 Tyt
to write the following expression:
1 it
L qin? (205N _ on thothaos), (10.45)
(5(0,/':')2 2 '

because d(w s /2) = 2hd(hw ;). Now since hw i = E y—E; andhence 6(hwyi) = 0(E r—Ej}),
we can reduce (10.43) in the limit of long times to

? S(E — Ey). (10.46)

2 "
Pip(t) = %’\ (wr | P 1w

The transition rate, which is defined as a transition probability per unit time, is thus given by

25(Ef — E;). (10.47)

Iir = = —
if P 7

Pir(t) 2m A
- [ wr 17 1)




10.3. TIME-DEPENDENT PERTURBATION THEORY 579

The delta term J(E ; — E;) guarantees the conservation of energy: in the limit 1 — oo, the
transition rate is nonvanishing only between states of equal energy. Hence a constant (time-
independent) perturbation neither removes energy from the system nor supplies energy to it. It
simply causes energy-conserving transitions.

Transition into a continuum of final states

Let us now calculate the total transition rate associated with a transition from an initial state
| wi) into a continuum of final states | 7). If p(E y) is the density of final states—the number
of states per unit energy interval—the number of final states within the energy interval E s and
Ey +dEy is equal to p(E r)dE s. The total transition rate W;s can then be obtained from
(10.47):

Pir(1) 2r A ‘
Wiy = /—"’t pEP)AEr=—=I(ys| V| wi)l? /p(Ef)é(Ef — E))dEs, (10.48)
or
2w . 2
Wip == | (wr 1V 1yi)| p(Ei). (10.49)

This relation is called the Fermi golden rule. 1t implies that, in the case of a constant perturba-
tion, if we wait long enough, the total transition rate becomes constant (time independent).

10.3.3 Transition Probability for a Harmonic Perturbation

Consider now a perturbation which depends harmonically on time (i.e., the time between the
moments of turning the perturbation on and off):

P(t) = 6 + pTemior, (10.50)

where 0 is a time-independent operator. Such a perturbation is encountered, for instance, when
charged particles (e.g., electrons) interact with an electromagnetic field. This perturbation pro-
vokes transitions of the system from one stationary state to another.

The transition probability corresponding to this perturbation can be obtained from (10.41):

2

l ! ) i R { . i
PO = = | (wy 151 ) ﬁ FOr+or ar 4y 15t |y ﬁ d@=gel  (1051)

Neglecting the cross terms, for they are negligible compared with the other two (because they
induce no lasting transitions), we can rewrite this expression as

: 2 : 2
1 . 2 el(tu,',-+(u)l -1 1 . 2 el((u,‘,-—(u)t -1
Py ) = = | Wy 19 Lyn)| (| oz |ty 10T [ | e

’

wfi+ o wf — O

(10.52)
which, using |e/? — 1|2 = 4sin’(0/2), reduces to

2 sinz((wfi + w)t/2)

2 sinz((w_/-,- — (0)1/2)—|

4 .
Pir(t) = p“(*/’f o | wi)

+owr 16T 1)

(wfi + w)? (wfi — w)?
(10.53)
As displayed in Figure 10.2, the transition probability peaks either at ws; = —m, where its
maximum value is P/ (1) = (t2/4f12)|(!//./' | 0 | !,l/,')|2, or at wys; = @, where its maximum
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[sinz((wf,- +w)t/2)]/(wfi + co)2 [sinz((a)f,- —ow)t/2)]/(wfi — a))2

A A

N N
PV.VAVARVAV.VEREDV,VAVERYAV. VS
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W W4 M —O Oy O W 0 Q Q O @ Q) Q) Q

Figure 10.2 Plot of [sinz((a)_f,- T w)t/2)]/(wf £ w)? versus w ;i for a fixed value of 7, where
wp =—0—nn/t,w,=—-o+nr/t,Q =w—nr/t,and Q =w+nn/t.

value is Pis(t) = (¢2/4h%)|(yy | 5T | wi)|?. These are conditions for resonance; this means
that the probability of transition is greatest only when the frequency of the perturbing field is
close to £ y;. As @ moves away from wy;, Pr; decreases rapidly.

Note that the expression (10.53) is similar to that derived for a constant perturbation, as
shown in (10.43). Using (10.45) we can reduce (10.53) in the limit # — o0 to

2r . 2 2n At 2
Tir == |{vrlvolw)| oEs—Ei+ ho) + 5 | wr oty olEy —Ei - hw).
(10.54)
This transition rate is nonzero only when either of the following two conditions is satisfied:
Ef=E; - ho, (10.55)
Ef=E; +ho. (10.56)

These two conditions cannot be satisfied simultaneously; their physical meaning can be under-
stood as follows. The first condition £ y = E; — hw implies that the system is initially excited,
since its final energy is smaller than the initial energy; when acted upon by the perturbation,
the system deexcites by giving up a photon of energy /i to the potential ¥ () as shown in
Figure 10.3. This process is called stimulated emission, since the system easily emits a photon
of energy Aw. The second condition, E y = E; + hw shows that the final energy of the system

is larger than its initial energy. The system then absorbs a photon of energy /e from I7(t) and
ends up in an excited state of (higher) energy E s (Figure 10.3). We may thus view the terms

iwt —iwt

e’ and e in V(1) as responsible, respectively, for the emission and the absorption of a
photon of energy /.

In conclusion, the effect of a harmonic perturbation is to transfer to the system, or to receive
from it, a photon of energy /iw. In sharp contrast, a constant (time-independent) perturbation
neither transfers energy to the system nor removes energy from it.
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E: Ey
ho=E;—Ef ho = Es— E;
Ey E;
Stimulated emission Absorption of a
of a photon of energy /i photon of energy /i

Figure 10.3 Stimulated emission and absorption of a photon of energy Aw.

Remark
For transitions into a continuum of final states, we can show, by analogy with the derivation of
(10.49), that (10.54) leads to the absorption and emission transition rates:

Wi =2 10 PEN|, (10.57)
wert =22 s 17 1w pEp| . (10.58)
: h Ej=Ei—ho
Since the perturbation (10.50) is Hermitian, (y/ | 0 | wi) = (z,//,~|13T | wr)*, we have
[y 16 1 yi)P = 1wy 167 | yi) I hence
ey 050

p(E.f')|E,‘:E,~+h(u p(Ef)lE,:E,-—hw

This relation is known as the condition of detailed balancing.

Example 10.1

A particle, which is initially (+ = 0) in the ground state of an infinite, one-dimensional potential
box with walls at x = 0 and x = a, is subjected for 0 < ¢ < oo to a perturbation I7(t) =
%2e™!/7. Calculate to first order the probability of finding the particle in its first excited state
fort > 0.

Solution
For a particle in a box potential, with £, = n?z2h*/(2ma®) and v, (x) = /2/a sin(nzx /a),
the ground state corresponds to n = 1 and the first excited state to n = 2. We can use (10.41)

to obtain
1 oy " . 2 1 2 00 . 2
L / al P Olynear| = — |alilyn) / e~(/r=ionrgy|
h 0 h 0
(10.60)
where
a ) a 27 16 2
(val#2v1) = [ i) (x)dx = = [ xzsinlﬂ\ sin [ 25) dx = ——= ;
yal2%y w3 () y
0 a o a a 9x?

(10.61)
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2 — (1 e—ian A . _
’ /t v N L ’“’“.')’—1 _ 1+e7?" —2e7!/7 cos(enit) (10.62)
0 1/t —iwy “’21 1/72
which, in the limit 1 — oo, reduces to
00 b Tordn? 1

—(1/t—iwn)t r -I T
e dt « — = — : 10.63
‘ /0 091 + e dm2a* T 72 ( )

since wp) = (E2 — E1)/h = 3n2h/(2ma?). A substitution of (10.61) and (10.63) into (10.60)
leads to

~1
(16a2\ Toz4n> 1]
9 2h 4m2a* = 12 '

Py = (10.64)

10.4 Adiabatic and Sudden Approximations

In discussing the time-dependent perturbation theory, we have dealt with phenomena where the
perturbation V(1) is small, but we have paid no attention to the rate of change of the pertur-
bation. In this section we want to discuss approximation methods treating phenomena where
V(t) is not only small but also switched on either adiabatically (slowly) or suddenly (rapidly).
We assume here that // (1) 1s switched on at r = 0 and off at a later time 7 (the turning on and
off may be smooth or abrupt).

Since e'®/i" = (1/iwy;)de'/i" /0t an integration by parts yields

i Lo (2 iapi\
—— | V(! et dy = — | V(! =it Y gy’
o (| V()| yile hon o (e L V()| wi) Py
1 X - 1 )
=7 (wr | V()| yi)e ! +— I elesit { (yr V()| t//,>\
fi t=0 ﬁ(Ufi 0
1 ‘ w
=7 I elern’ / (yr V()| !//,)\ ; (10.65)
1(0./',' 0

where we have used the fact that 17(1) vanishes at the limits (when it is switched on atr = 0
and off at time ¢). The calculation of the integral depends on the rate of change of V(7). In
what follows we are going to consider the cases where the interaction is switched on slowly or
rapidly.

10.4.1 Adiabatic Approximation

First, let us discuss briefly the adiabatic approximation without combining it with perturbation
theory. This approximation applies to phenomena whose Hamiltonians evolve slowly with time;
we should highlight the fact that the adiabatic approximation does not require the Hamiltonian
to split into an unperturbed part Hy and a weak time-dependent perturbation V(t) Essentially,
it consists in approximating the solutions of the Schrodinger equation at every time by the sta-
tionary states (energy E, and wave functions y,) of the instantaneous Hamiltonian in such
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Problem 10.6

A particle, initially (i.e., # = —o0) in its ground state in an infinite potential well whose walls
are located at x = 0 and x = a, is subject at time = 0 to a time-dependent perturbation
V(t) = exe™ * where ¢ is a small real number. Calculate the probability that the particle will
be found in its first excited state after a sufficiently long time (i.e., 1 = 00).

Solution
The transition probability from the ground state n = 1 (where 1 — —o0) to the first excited
state n = 2 (where t — 00) is given by (10.41):

+<X) ~ - 2

Pisy=— / (a2l V(O)lyr)e' ' dt| (10.196)
h* 1) -

where ) 5 5

E, — E| 4 <h T-h 3n-h
_ _ _ _ , 10.197
2l h 2ma* 2ma®?  2ma? ( )

A 2e _p 2 16¢ 2
(ya|V (2) | t//|)=—re_' [ xsm/ nx\sn(”x\dx—— £4 ot 5 (10.198)
a 0 a 9r2

since E,, = n?w2h%/(2ma?) and v, (x) = /2/a sin(nmx /a). Inserting (10.197) and (10.198)
into (10.196), we have

2
[ 16ca\? —

Py = foni=t" 4 10.199
1-2 97[2,’7 . (4 ( )

A variable change y =t — %wzl yields iyt — t* = -—w%]/4 —y*and dt = dy:

2 452

(16ea\*| _2 4 [T 2 {16£a\ { 9*n?\
Py = ! Yd - ,  (10.200
-2 =" o5 . e dy onlp P T4 ( )

since ap| = 3n2h/(2ma2)

Problem 10.7

A particle is initially (i.e., 7 = 0) in its ground state in a one-dimensional harmonic oscillator
potential. At¢ = 0 a perturbation V(r ) = Vox3e !/ is turned on. Calculate to first order
the probability that, after a sufficiently long time (i.e., 7 — 00), the system will have made a
transition to a given excited state; consider all final states.

Solution
The transition probability from the ground state n = 0 to an excited state » is given by (10.41):

2| [Hoo ) 2
/ e—(l/r—znw)td[’
0

(10.201)
where w, = E“;—EQ = no (since E, = ho(n + %)) and the time integration was calculated in

(10.63):
m .
/ e—(]/r—mm)tdt
0

1 2
PO—)M = h_2

+00 . . 2
(n | V(0)|0)e' ' dt| =2 ‘(n |f3|0>[
0 h?

4 1
= —_—— (10.202)
 nle? +1/7%
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Since @ | n) = /i | n—1)and &l | n) = vn + 1 | n+ 1), and since X3 = (h/2mw)*/> @' +
a)(a* + AL +2a1a + 1), the only terms that survive in (n | £3|0) are

" A \/? B o\3/2
<’1|X3|O>={%\ n|aT3+aaT2+aT|0 ( \ (fa,,3+3a,,]\

2me

(10.203)

This implies that the particle can be found after a long duration only either in the first or in the
third excited state.

Inserting (10.202) and (10.203) into (10.201), we can verify that the probabilities corre-

sponding to the transitions from the ground state to the first, the second and the third excited

states are given, respectively, by
2| oo . 2
/ e—(l/t—lw)tdt —
0

(_h N 9
2meo  (hw)? + h*/t2’

2
Py = 20 (1]%30)
0—)1 - hz

(10.204)
Fosz =0 (10.205)
2 3 5
Py3 = V—g’ (3|x IO ‘ /+OO e~ (V/t=3io)t g4l / h \ 6V0 . .
h 0 2mow  (3hw)? + h* /72
(10.206)

Therefore the system cannot undergo transitions to the second excited state nor to excited states
higher than n = 3; that is, Pp_,2 = 0, since (2 | X3 | 0) =0 and Py—, = 0 whenn > 3, since
(n| X3|0)=0forn > 3.

Problem 10.8

A hydrogen atom, initially (i.e., # — —00) in its ground state, is placed startmg attime t = 0
in a time-dependent electric field pointing along the z-axis E(t) = Eotk/(z? + 1?), where 7 is
a constant having the dimension of time. Calculate the probability that the atom will be found
in the 2p state after a sufficiently long time (i.e., t — 00).

Solution

Since the potential resulting from the interaction of the hydrogen’s electron with the external
field E(¢t) is V(t) = —er - E(t), we can use (10.41) to write the transition probability from the
Is state to 2p as

L | [+ e
Pis—op = h_2 / (210 | V(1) | 100)e'“/i'dt| , (10.207)
—00
where
R eEyt
(210 | V(t) | 100) = (210 | (—er - E) | 100) = T(210 | z | 100). (10.208)
T

Since z = r cos @ and

1 r
——e~"/20 050,

f87ta 3 2a0

wi1s = Rio(r)Yoo(2) = ey, = Ryt (r)Y10(Q) =

1
[xad
(10.209)



