Chapter 1 Definite Integral

2.1 Summation Notation

Definition 2.1 Let {ay,ay,...,a, } be a set of numbers. The symbol }i ay represents their sum:
k=1

n
E ay =da1 +a2+... +dy.
k=1

Example 2.1 Evaluate the sum.
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Solution:

3

(1) YA=1+2+33=1+8+27=736.

ijll ,.,
(2) L (F+D=(P+D+ {2+ D+ (F+ D)+ 4+ 1) =24+5+10+17=34

=1

Theorem 2.1 Let {ay,ay....,ay } and {by.by,....by} be sets of real numbers. If n 1s any positive integer, then
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Definition 2.2 A set P = {xg,x1,x7,...,x, } s called a partition of a closed interval (a, b| if for any posilive integer n,

A=X<3 <0< <y <xy=h

Definition 2.3 The norm of the partition of P is the larzest length among Avy, Ay, Axs, .., Axy 12,

| P||= mav{Av Avy,Avs, .. Axy ).
Axy  Axp Ax g A%,
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Remark 2.1 " b

1. The partition P of the interval [a, b| is regular if Axp = Ax; =Axy = ... = Ay = Ax.
2. For any positive integer », if the partition P 15 regular then

Ax = i:r;.:.r and x; = xp+k Ax.
Now, we are ready to define a Riemann sum .
Definitlon 2.4 Let f be a function defined on a closed interval [a, b| and let P = {xg,x(,....x,} be a partition of |a,b. Let
0= (0, @), .., is amark on the partition P where @, € ly_yx;|, k=1,23,....n. Then, a Riemann sum of f for Pis
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Example 2.7 Find a Riemann sum Ry, of the function f(x) = 2¢—1 for the partition P = {-2,0,1,4,6} of the interval [-2,6] by
choosing the mark,

(1) the left-hand endpoint,

(2} the right-hand endpoint,
(3) the midpoint.

Solution:

(1) Choose the left-hand endpoint of each subinterval.

Subintervals Length Ax; oy | floog) | oy ) Axg
[—2,0 0—(-2)=2| -2 —5 —10
0,1] 1-0=1 0 —1 —1
1.4 4—-1=73 1 1 3
4.6 6—4="2 4 7 14
F
Rp = ¥ floyg )Ax, 6
k=1
(2) Choose the right-hand endpoint of each subinterval.
Subintervals Length Ax oy | floog) | o) Axe
—2.0 0—(-2)=12 0 —1 -2
[0, 1] 1-0=1 1 1 1
[1,4] 4—-1=3 4 7 21
[4,6] 6—4=2 6 11 22
F
Ry = Y floog)Axg 42
k=1
(3) Choose the midpoint of each subinterval.!

Subintervals | Length Ax oy | o) | floy) Avg
[—2,0] 0—(-2)=2 | —1 -3 —6
0,1] 1-0=1 0.5 0 0
1,4] 4—-1=73 2.5 4 12
4,6 6—4=72 5 9 18
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Definition 2.5 Let f be a defined function on a closed interval |a, ] and let P be a partition of |a,b. The definite iniegral of f
on la, b s

ff[ de=lim Y floy)Ay

PO

if the limit exists. The numbers a and b are called the limits of the integration

4
Example 2.9 Evaluate the nfegral L (v42) dv.

Solution:

Lt P = {xg,x,.. X} b  regular prtition of the interval {2, 4], then Av = 4% = ; and x, =xg+Ax. Also, let the mark o be the right
endpoint of each subinierval, so @, = x; =2+% and then f(a;) = %(Zn—k}.

The Riemann sum of f for Pis
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me[kﬁni[innlif x+2)di= |1II‘|EF—3-|-]IIII =8+2=10.
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Properties of the Definite Integral

Th-ec:-r-erﬂbz.ﬂ
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2. F Flx) dx — 0 if fla) exists.



1. If f and g are integrable on [a,b), then f+ g and f — g are integrable on [a,b| and

[;{f[ﬂ:bg[ﬂ}dx=£bf[xj:|:f:3|:x}ﬂxl

2. If f is integrable on [a,b| and &k € R, then k f is integrable on |a,b| and

[j.ﬁ: flx)de=4k f:j'[.l:} dx.

1. If f and g are integrable on [a,b] and f(x) > g(x) for all x £ [a, |, then

}‘jf{r}dﬂrz f.glzxmx.

2. If f is integrable on [a,b] and f({x) = 0 for all x € [a, k], then

b
f fix) dx = 0.

Theorem 2.6 If f is integrable on the intervals [a,c| and |c,b], then f is integrable on [a, 5| and

[ f)ae= [ seqdes [ st e

If f is integrable on [a, |, then

fbf[tj dx = —j:f[t]l dx.
Example 2.10 Evaluate the integral.

2 2
(1) fu 3 dx {3]£{12+4}dx
Solution:
2
(1) fu Idv=3(2-0)=6.

(2) j;[xl—d}dx 0.
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Example 2.11 Ir[ f[x}ldx=riand[ g[xjdx=2,menﬁndf (3}'(1)—%) dx.

Solution:

[:[Ef':x}— S{TT}J dx =3j:f[-‘f:l dl—%f:g{x}dx =3(4) - %[2] —11.

Il) The Fundamental Theorem of Calculus

Definition 1.1 A function F 1s called an antiderivative of f on an interval I if

Fr{x} = fix) foreveryx £ I.

Theorem 2.8 Suppose that f is continuous on the closed interval [a, b|.
T
L IfF(x)= [ f(t) dt forevery x € |a,b|, then F(x) is an antiderivative of f on [a,b].
il
2. 1f F(x) is any antiderivative of f on [a,b|, then /b f(x) dx=F(b)—F(a).
it

Corollary 2.1 If F is an antiderivative of f, then

b
j:f[x} dx = [F{I}L — F(b)—F(a).

Example 2.13 Evaluate the integral.

: 1.

1) /:1{11r+]]ldx n [D (sinx+1)ds
3 T,

Q) fn W+ 1) de 5 [I (sec? x—4) d
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Solution:

(1) j:zl{lt+]]ldx=[xz-l-x]ﬂ_1=[4—1]—[{—1}2+|[—]}]=E—'D=E.

3 3
) L (1) de— [-I;-x]ﬂ=(3}+3}-u=1z.

o -1 40T
33[ ix=[F] = - ()= —vin2
-'Ih[ (sinx+1)d EﬂSr-I—r] =(—cos 34+ 3)—(-cos 0+0) =5 +1.

I
(5) ];{seclx—d}dx=[lanx—dx]:=[tan n—4x)— (tan 3—43) = —4n—(1-7) = —3n—1.
q

T

(6) [;{EEEHHIII-I-I):? [secw %]] {SEEI-I-J&]—:' [Ecﬂ+%)=2—ﬁ—l=]+’f&.
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Example 2.14 Ifj{x}—{ 55, find j:if[xj d
Solution:

The definition of the function f changes at 0. Since [-1,2) = [-1,0/0,2], then from Theorem 2.6,

[j flx) dx = /D flx) dx"'ff(-‘f}i'f
/ de'f dx
E] 1+[E]D

I 16 13

374 3



2
Example 2.15 Evaluate the imegralfﬂ |x—1]| dx.

Solution:

] =1 x=d
|x_]|_{x—] x>

Since [0,2] = [0,1]w(1,2], then from Theorem 2.6,

fﬂz|x—]| dx=fu1{—x+1}.:ix—f11{x—]}:

—x X
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(

Theorem 2.9 If f is continuous on  closed interval [a, b), then there is at least a number z € (a,b) such that
b
[ 16 dx= s 0-a),
a
Example 2.16 Find a number 7 that satisies the conclusion of the Mean Value Theorem for the function f on the given interval,

) fl)=1+2, [0

Solution:

(1)} From Theorem 2.9,

2
}fﬂ (14x%) dx — (2 —0) (=)

x12
3], 20+
14
T 2
3= 1+:

This implies 2> — 3. then z — + 2. However, ——= ¢ (0,2),s0 2 — 2 € (0,2).



Definition 2.6 If f is continuous on the interval [a, b], then the average value fz, of f on [a,b| is

]

=55 | fa)ds
Example 2.17 Find the average value of the function f on the given interval.
(1) flx)=x +x—1, [0,2]
(2) flx) = &, [1,3]
Solution:

(1) fﬂ,.=2%ﬁfﬂ1[lj+x—ljdx=%[%——"§— _]Z={r[[4 2 1}—{03}
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X
From the Fundamental Theorem, if f is continuous on |a,b| and F (x) = [ f(t) dt where ¢ € [a,b], then
C

d d |
E[ﬂ fir}df:E[F{T}_Flzﬂ]]=f[T]| ll'i'fTEﬂlb].
This result can be generalized as follows:

Theorem 2.10 Let f be continuous on [a,b|. If g and & are in the domain of f and differentiable, then

)
iﬁ f(t) dt = f(h{x))h'(x)  f(glx) )g'(x) ¥x € [a,b].

dx glr)

Corollary 2.2 Let f be continuous on [a,b|. If g and h are in the domain of f and differentiable, then
h(x)
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Example 2.18 Find the derivative.

B i
(1) E‘.i;)‘: +'Cos f df
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dr f, £33
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Solution:

T
(1) %/1 Veos t dt = /eos x (1) = foos .

?
" d _ _ I
2 35/1 i dt= i (&)= 2

E 2
fm%@[@lwuq=[gium+qhm-n4ﬁ-m

3
ua%/1w+1m=ﬂ-Jg+u- Yy
T

(Let flx) = xand p{x) |; (=1 dr. Then,
find £ (/) )



