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Learning Objectives

CHAPTER 12 OVERVIEW

Understand balanced three-phase voltages Analyze balanced Delta-Wye (A-Y) circuits

Phase sequences, phasor relationships, why 3-phase dominates power . . .
q P P y=p P A->Y source transformation, single-phase equivalent

systems
Analyze balanced Wye-Wye (Y-Y) circuits Calculate power in balanced 3-phase systems
Single-phase equivalent method, line vs. phase quantities P, Q, S formulas using line quantities
Analyze balanced Wye-Delta (Y-A) circuits Solve unbalanced three-phase systems
07
Line-to-line voltages, |_L=V3 |_p relationship Mesh/nodal analysis; neutral current # 0

Analyze balanced Delta-Delta (A-A) circuits

Phase and line currents in delta systems




12.1 Introduction

Why Three-Phase? What makes it essential?



Why Three-Phase? Key Advantages

12.1 — INTRODUCTION

A three-phase system = three sinusoidal sources of equal amplitude and frequency, separated by 120° each,

combined into one generator.

Ubiquitous Power Generation

Nearly all electric power worldwide is generated and distributed
as 3-phase AC. Single-phase is derived from it.

Constant Instantaneous Power
Unlike single-phase (power pulses twice per cycle), 3-phase

delivers constant instantaneous power = less vibration in
motors, smoother torque.

Material Efficienc .
3-phase uses only 75% of the conductor material of an

equivalent single-phase system for the same power delivered —
significant savings at utility scale.

Economical for Large Loads
For the same power output, 3-phase generators and motors are

smaller, cheaper, and more efficient than equivalent single-phase
equipment.
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# The three-phase system is the international standard. Even when single-phase is needed (homes, small appliances), it is obtained
by tapping one phase from a three-phase distribution system.




Chapter 12 — Three-Phase Circuits



Balanced Three-Phase Voltages

12.2 — BALANCED VOLTAGES

Balanced phase voltages: equal in magnitude, same frequency, 120° apart from each other > V,_,, +V,, +V,_, =0

abc SEQUENCE (Positive) — most common .

Vv Three-
Reference phasor — phase a leads en
Van S VpLOO \Y Il oth P P @ phase b o
all others output
120°

.
120° ( ‘\
\/}/1200 Var

Vpn = V£ —120°V Phase b lags phase a by 120°

Phase c lags phase b by 120°

Ven = Vp£120°V (leads a by 120°) Vs,

(@)

a > b > c > a (counterclockwise

Sequence order:
rotor)

# Phase sequence matters because it determines the direction of rotation of three-phase motors. Swapping any two wires reverses
the motor.
Key identity: For abc sequence, V; (line-to-line) = V3 - Vp, and V; LEADS V,, by 30°
Example: Vyp = Vg = Vi = V3 -V, £30° | Ve =3+ V, £-90° | Vg =V3 - V) £150°




Balanced Three-Phase Voltages

12.2 — BALANCED VOLTAGES

Balanced phase voltages: equal in magnitude, same frequency, 120° apart from each other 2>V, +V,,, +V., =0

acb SEQUENCE (Negative) — less common

Vp
Van = VpLOO \Y Same reference 5 ® Three-
phase b o
output
120°
Vo, = VpL —120°V Now c lags a by 120° 20° < ‘\ - ¢
‘/1200 Vor
Vpn = Vp£120°V -
° b is last in sequence
=V, 2 — 240°V
VCJ")
b
Sequence order: a->c->b->a (clockwise rotor) (b) n

The phase sequence is the time order in which the voltages pass through their
respective maximum values.




Balanced Three-Phase Voltages

12.2 — BALANCED VOLTAGES

Two possible configurations:

oo

o a
o n
o b o b
O C e
(a) (b)

Three-phase voltage sources: (a) Y-connected ; (b) A-connected



Example 12.1 — Determining Phase Sequence

WORKED EXAMPLE

Problem: Determine the phase sequence of the following set of voltages:
V,n =200 cos(wt + 10°) V,,, = 200 cos(wt — 230°) V., = 200 cos(wt — 110°)

Vbn

N
Convert to Phasor Form Van = 2004100 V

120°
Vy,, = 2002 — 230°V < L\
120°

V., =200z — 110°V )
-120°

<y

an
Find Angular Differences

V_anleads V_cn by: 10°-(-110°) =120° V
V_cn leads V_bn by: -110° - (-230°) = 120° Vv Ve,

(b)

v Answer: acb (negative) sequence




Four Possible Three-Phase Configurations

Source and load can each be Y-connected or A-connected - 4 combinations. All are equivalent via Y-A transformation.

Y-Y Wye source, Wye load

Most straightforward. Direct neutral connection possible (4-wire system). Key formulas apply directly.

Y-A Wye source, Delta load

Most practical system — utility uses Y source; industrial loads are usually A connected. No neutral line at load.

A-A Delta source, Delta load

Both source and load delta. Phase voltages = line voltages. Rarely used for sources (circulating currents risk).

A-Y Delta source, Wye load

Convert A source to Y equivalent, then solve as Y-Y. Z_Y = Z_A/3 after transformation.




12.3a Balanced Y-Y System

The Foundation — Solve any 3-phase using single-phase equivalent




Balanced Y-Y System — Analysis Method

12.3a — Y-Y CONNECTION

In a balanced Y-Y system, the neutral current |_n = 0. The 3-phase circuit reduces to one single-phase circuit for phase a.

Single-Phase Equivalent (Phase a) Then use phase sequence for b and ¢

Ia = Van/Zy where Zy =ZS +Zline +Zl0ad Ib = Ia £2-120° IC =Ia Z+120°

Key Voltage Relationships in Y-Y:

Vap =V3 Vp £30°, Vpc = EE Vp £-90°, Viq = V3 Vp £150°

V_line vs V_phase Viab) = V3 x Vy(the /3 factor comes from phasor subtraction)

m I} = I,(same current flows through line and load phase in Y)

A\ Practical note: Zy typically lumps source impedance Z + line impedance Z;;,,. + load impedance Z,,,4. If problem states only load, assume Z =
Zjine =0and Zy = Z44q4 Only.




Example 12.2 — Balanced Y-Y Line Currents

WORKED EXAMPLE — Y-Y

Problem: Three-wire Y-Y system. V ,,, = 1104£0° V (abc sequence). Line impedance: Z;;,. = 5-j2 Q. Load: Z;,,4 = 10+j8 Q. Find all
line currents.

Find total Z_Y per phase

Step 1 Zy =Zjine + Z1paq = (5-j2) + (10+j8) = 154j6 Q
| Zy | =16.155Q, O =arctan(6/15) =21.8°
~Zy=16.155,21.8°Q

Apply single-phase equivalent for phase a

1,=V,,/Zy=11020°/16.155,21.8°
I, =(110/16.155) £(0°-21.8°) = 6.812-21.8° A

Use abc sequence to find I_b and |_c

I, =1, 2-120° = 6.812(-21.8°-120°) = 6.812-141.8° A
I.=1,2+120° = 6.81£(-21.8°+120°) = 6.81298.2° A

Verify balanced — sum should =0

iz In a balanced system: I, + I, + I. = 0 v (all same magnitude, 120° apart)

Neutral current: I, =-(I, + I, +I.) =0V

v Answers: [, =6.812-21.8°A | +1,=6.812-141.8°A | +I,=6.81298.2° A




Example 12.2 — Balanced Y-Y Line Currents

WORKED EXAMPLE — Y-Y

A Y-connected balanced three-phase generator with an impedance of 0.4 + j0.3 Q per phase is connected to a Y-
connected balanced load with an impedance of 24 + j19 Q per phase. The line joining the generator and the
load has an impedance of 0.6 + j0.7 Q per phase. Assuming a positive sequence for the source voltages and that
Van =120/ 30°V, find:

(a) the line voltages, (b) the line currents.

v Answers: a) 207.8/ 60° V, 207.8 / -60° V, 207.8 / -180° V, (b) 3.75/ -8.66° A, 3.75/ -128.66° A, 3.75 / 111.34° A.




12.3b Balanced Y-A System

Most practical 3-phase configuration




Balanced Y-A System — Analysis Method

12.3b — Y-A CONNECTION

Source is Y-connected, load is A-connected. No neutral wire. Phase voltages of source - line voltages - applied directly across

each A load.
Line voltages from source Convert load
Vap=v3-V, £30° Vgc=V3-V, 2-90° V¢a =3 -V, £150° Zy, =Z,/3
Phase currents in A load Now have Y-Y system
Iag=Vag/Zp Igc=Vgc/ Za Ica=Vcal Za Solve using single-phase equivalent
Line currents from KCL Line current directly
I, =145 - I.4 (apply KCL at each A node) I,=Van/ Zyeq
Result (abc sequence) Phase currents in A
I; = V3 -I, £-30°, and I lags I, by 30° I, = % £30°, I, leads I by 30°
Critical Formula — Y-A Preferred Method
I,=+3 "I, 2-30°, Method 2 is faster: Zy =Z, /3
Iy, lags I, by 30° then single-phase: I, =V, / Zyeq

A\ In Y-A, there is NO neutral wire — and you cannot put one in (delta load has no neutral point). Three-wire system only.




Example 12.3 — Balanced Y-A Phase and Line Currents

WORKED EXAMPLE — Y-A

Problem: Balanced abc-sequence Y-connected source, V,,, = 100£10° V. A-connected load: Z, = 8+j4 Q per phase. Find phase and line currents.

Find line voltage V 45

Vap =3V, £30° = V3 x 100 £40° = 173.2£40° V
(Line voltage = V3 x phase voltage, and leads it by 30°)

cn @
Find A impedance in polar form \

Z A=8+4Q > |Z_A| =V(64+16) = V80 = 8.944 Q, O = arctan(4/8) = 26.57°
Z A=8.944,26.57°Q 120° <

L/’/ VCH’T
) 120°
Phase currents in A load

Iap=Vap/Zy=173.2240°/8.944,26.57° = 19.36,13.43° A
Igc =1 AB£-120° = 19.36£-106.57° A I, = |_AB£+120° = 19.36,133.43° A Vy,

(@)
Line currents (I; =3 I, £30)

l_a=Vv3xI_AB 2£-30°=1.732 x 19.36 £(13.43°-30°) = 33.532-16.57° A
I_b=33.532£-136.57°A 1_c=33.532£103.43°A

)5
o
(=]

v Phase currents: |_AB =19.36£13.43° A, |_BC =19.364-106.57° A, |_CA =19.36£133.43° A
Line currents: |_a=33.5342-16.57° A, |_b =33.532-136.57° A, |_c =33.532103.43° A




Example 12.3 — Balanced Y-A Phase and Line Currents

WORKED EXAMPLE — Y-A

One line voltage of a balanced Y-connected source is VAB = 120 / -20° V. If the source is connected to a A-connected load of
20/ 40° Q,
find the phase and line currents. Assume the abc sequence.

Answer: 6/ -60° A, 6/ -180° A, 6/ 60° A, 10.392/ -90° A, 10.392/ 150° A, 10.392/ 30° A.




A-A and A-Y Balanced Systems

DELTA-DELTA (A-A)

Source i —

Vab =V, Ve =V, £-120°, Vg = V) £+120°

Load voltages

Vag =Vap Vec = Ve Via = Vg (line = phase in A) V. + +:_ I
Phase currents
L,

I,g =V /Z,, (sequence gives| BC, | _CA) " il
Line currents <@ b

_ _ o vV, I.
Ia—IAB—ICA,IL—\/g-IpL%O, he E-..
Key rule
V.=V, and I, =3I,




Example 12.2 — Balanced

WORKED EXAMPLE — A-A

A balanced A-connected load having an impedance 20-j15 ohm is connected to a A-connected positive-sequence generator having
(Vyp = 33040° V). Calculate the phase currents of the load and the line currents.

The phase currents

Ing=Vap/Zy

I, =13.2/3687°A;1,. =13.2/-81.13°A;1 , =13.2/156.87° A

The line currents

I, =V3 I, £-30°,

[ =22.86.6.87°A;1, =22.86£—113.13° A;1 =22.86./126.87° A




A-A and A-Y Balanced Systems

DELTA-WYE (A-Y) I
fir}

A source voltages

Vab =V, Ve =V, 2-120°, Vg =V, £+120°

Convert A sourceto Y

Vycan) = Vian)/V32-30° Yoa +_ "'__ Vo
Now solve as Y-Y
I, =V an) / Zy (single-phase equivalent) I
Line current = phase C U
current : b
I, =I,(wye), |_b=1_az-120° |_c=1_as+120° Vo I

l s

Key rule

V=V, (source) -Ip=1I, (load, Y side)




Example 12.2 — Balanced Y-Y Line Currents

WORKED EXAMPLE — A-Y

Problem: A balanced Y-connected load with a phase impedance 40+j25 ohm is supplied by a balanced, positive-sequence A-
connected source with a line voltage of 210V. Calculate the phase currents. Use Vab as reference.

v Answers: I, - 1_a=121.24-30° / 47.17432° = 2.57£4-62° A




Line vs. Phase Quantities — The Critical Relationships

12.3 — KEY FORMULAS

Line quantity = measured between two line wires (A-B, B-C, C-A) | Phase quantity = measured across one element

V_line vs V_phase I_line vs |_phase Phase Shift

Y-y V.=V3-V, Iy = I,(same) V leads ¥, by 30°
I Y-A V,=v3- v, I = \/§Ip £2-30° 1, lags I, by 30°
I A-A V, = Vp I, = \/§Ip4-30° I, lags I, by 30°
I A-Y Vp(an) = VL(ab)/\/§4—30° IL = Ip (wye) Use A->Y transform
i # /3 = 1.732 is the universal conversion factor between line and phase. Transform rule:
For DELTA loads: current divides into 3 branches - I = \/§Ip4-30°, Zy=Z,/3
For WYE: voltage adds through two phases - V; = V3 - V,430°, Zy=3Zy

\(

/- Master Strategy: ANY balanced 3-phase circuit can be converted to an equivalent Y-Y and solved using the single-phase equivalent. This is the most
efficient approach.

. J




12.7 Power in Balanced 3-Phase Systems

Real - Reactive - Apparent - Complex Power

Three- , - B Three-

Single- r ' phase e ' — phase

balanced

phase . T 0
BEICS SOUree

[ Vys-20e | load

L o L L N oW R — =y
o ATATLTLY L) ) LWL {3

Transmission lines Transmission lines

{a) (b)



Power in a Balanced Three-Phase System

For a balanced load, total 3-phase power = 3 x (power per phase). Key insight: instantaneous total power is CONSTANT (no
pulsation).

Formulas per Phase (Y-connected load, V_p = phase voltage, |_p = phase current):

Real Power (per phase) Reactive Power (per phase) Complex Power (per phase)

P_d=Vims [rms cos b [W] Q_¢ = Vs Lrms sin © [VAR] S b=V,ps Lms *=P_b+jQ_d

Total Three-Phase Power (all configurations — use LINE quantities for convenience):

P=v3V, I, cos® [W] Q=v3V, I, sin@® [VAR] |S| =v3V, I, [VA]
(=3 Vp Ip cos 6) (=3Vp Ip sin ) |S| = v(P*+Q?)

Where 8 = angle of load impedance Z = impedance angle=6 v -0 _i

Y-load: V, =V, V3,1, =1, Substitute to get same formula: P=v3V_LI_Lcos 8

A-load: V, =V, I_p =1_L/V3 Substitute: P=3V_L(l_L/V3)cos©=Vv3V LI Lcos® vV
Universal formula P=v3V; I} cos 8 works for BOTH Y and A loads
Complex power total ST=3S ¢=3*Vplp*

Power factor: pf = cos 8 = P/|S|. Lagging pf = inductive load. Leading pf - capacitive load.




Example 12.6 — Power at Source and Load (Y-Y)

Problem (from Example 12.2): Y-Y system, V_an = 1104£0°V, Z_line=5-j2 Q, Z load =10+j8 Q,1_a=6.8142-21.8° A

Find: total average power, reactive power, and complex power at SOURCE and at LOAD.

At the LOAD

S load=3x |l p|?x
Z load

At the SOURCE

S source=-3V _pl p*
(source supplies)

Line losses

S line=3x |l p|?%xZ_line

Z load =10+j8 =12.814£38.66° Q

S L=3x(6.81)2x12.81,38.66° = 3 x 46.38 x 12.81238.66°
S L=1782,38.66° = (1392 +j1113) VA

- P_load =1392 W, Q_load =+1113 VAR (lagging,
inductive)

S s=-3xV_anx|_a*=-3x(1104£0°) x (6.81£+21.8°)
[conjugate flips sign]

S s=-3x748.6,21.8° = -2247,21.8° = (2087 + j834.6) VA
- P_source =-2087 W (supplies 2087 W), Q_source =
-834.6 VAR

Z line=5-j2Q

S_line = 3 x (6.81)? x (5-j2) = 3 x 46.38 x (5-j2) = (695.7 -
j278.3) VA

Check: S _source +S line+S load=0 v (-2087 + 695.7 +
1392 = 0)

Q o=

110,/-240° V e e 110/-120° V

=

10 +/8Q

0N

| —

:|10+j89

D10+j89

Conservation check: S_source +S_line + S_load = 0 always holds. Negative power at source = it is SUPPLYING power.




12.8 Unbalanced Three-Phase Systems

When the math gets harder — mesh & nodal analysis



Unbalanced Three-Phase Systems

*An unbalanced system results from: (1) unequal source voltages, OR (2) unequal load impedances. Cannot use
single-phase equivalent — must solve directly.

To calculate power in an unbalanced three-phase system requires that we find the power in each phase.

*The total power is not simply three times the power in one phase but the sum of the powers in the three phases.

4-WIRE UNBALANCED Y-LOAD (neutral present)

®
Line currents Each phase solved independently: A
V . .
I, = AN Phase a uses its own impedance VN Z A
74 Z A
IH‘
[ = Ve Phase b uses its own - - N
b= 7 impedance Z_B Zpg Lo
I, Ven
Ven Phase c uses its own impedance - ¥ &
[, =—, e
Zc ZC B
I, Ven
Neutral current I, =—g +1p + 1 o
& Ex12.9: V=100V, acb sequence ¥ Total power in unbalanced = sum per phase:
Z A=150, Z B=10+j5Q, Z C=6-j8Q P =Re(S_A) + Re(S_B) + Re(S_C)

n=—(l a+| b+ = 10,06 8 4° A NOT simply 3 x P one phase




Three-Phase Circuit Problem-Solving Strategy

Identify the configuration
Step 1
> Determine: Is source Y or A? Is load Y or A? = Gives you Y-Y, Y-A, A-A, or A-Y.

Is it balanced or unbalanced?

Balanced: All phase impedances equal. Unbalanced: Use mesh or nodal analysis directly.

Convert everything to Y (if balanced)
UseZ Y=7_A/3forloads. UseV_an=V_ab/v3 2-30° for A sources.

Solve single-phase equivalent (phase a only)
| a=V_an/Z_ total. Find any unknown voltage or current in phase a.
n Use phase sequence for phases b and ¢

| b=1az-120° | _c=1_az+120° (abc). Done for currents.

Calculate power if required
P=v3V LI Lcos® or P=3]|l _p|*Re(Z load)

|

/s The Y-Y single-phase equivalent is the master key — every balanced 3-phase problem reduces to it through Y¢>A ]
transformations.




V3 is the universal bridge between line and phase quantities
Single-phase equivalent unlocks any balanced 3-phase problem
A-Y or Y-A transformation (Z_Y = Z_A/3) normalizes the circuit
P=v3V_LI _Lcos 6 works for any balanced configuration

Unbalanced: no shortcuts — mesh/nodal analysis required

EEN 200 — Electrical Circuits Il
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   𝑽  𝑨 𝑩  


   𝟑  


   𝑽 𝒑  


   𝑰  𝑨 𝑩  


   𝑽  𝑨 𝑩  


   𝒁 ∆  


   𝑰  𝑩 𝑪  


   𝑰  𝑪 𝑨  


   𝑰 𝑳  


     𝟑   · 𝑰 𝒑  


   𝑽  𝒂 𝒃  


   𝑽 𝒑


   𝑽  𝒃 𝒄  


   𝑽 𝒑  


   𝑽  𝒄 𝒂  


   𝑽 𝒑  


   𝑽  𝑨 𝑩  


   𝑽  𝒂 𝒃


   𝑽  𝑩 𝑪  


   𝑽  𝒃 𝒄


   𝑽  𝑪 𝑨  


   𝑽  𝒄 𝒂  


   𝑰  𝑨 𝑩  


   𝑽  𝑨 𝑩  


   𝒁 ∆


   𝑰 𝒂  


   𝑰  𝑨 𝑩  


   𝑰  𝑪 𝑨


   𝑰 𝑳  


     𝟑   · 𝑰 𝒑  


   𝑽 𝑳  


   𝑽 𝒑


   𝑰 𝑳  


     𝟑 𝑰 𝒑


   V  ab = 330 ∠ 0 °  V


   𝑰  𝑨 𝑩  


   𝑽  𝑨 𝑩  


   𝒁 ∆


   𝑰 𝑳  


     𝟑   · 𝑰 𝒑  


   𝑽  𝒂 𝒃  


   𝑽 𝒑


   𝑽  𝒃 𝒄  


   𝑽 𝒑  


   𝑽  𝒄 𝒂  


   𝑽 𝒑  


   𝑽  𝒑 ( 𝒂 𝒏 )  


   𝑽  𝑳 ( 𝒂 𝒃 ) /  𝟑 ∠−30°


   𝑰 𝒂


   𝑽  ( 𝒂 𝒏 )  


   𝒁 𝒀  


   𝑰 𝑳  


   𝑰 𝒑 ( 𝒘 𝒚 𝒆 )


   𝑽 𝑳  


   𝑽 𝒑


   𝑰 𝑳  


   𝑰 𝒑


   𝑰 𝒂  


   𝑽 𝑳  


   𝟑  


   𝑽 𝒑


   𝑰 𝑳  


   𝑰 𝒑


   𝑽 𝑳  


   𝑽 𝒑  


   𝑽 𝑳  


   𝟑  


   𝑽 𝒑


   𝑰 𝑳  


     𝟑 𝑰 𝒑


   𝑰 𝑳  


   𝑰 𝒑


   𝑽 𝑳  


   𝑽 𝒑


   𝑰 𝑳  


     𝟑 𝑰 𝒑 ∠-30°


   𝑰 𝑳  


   𝑰 𝒑


   𝑽  𝒑 ( 𝒂 𝒏 )  


   𝑽  𝑳 ( 𝒂 𝒃 ) /  𝟑 ∠−30°


   𝑰 𝑳  


   𝑰 𝒑 ( 𝒘 𝒚 𝒆 )


   𝟑  


   𝑰 𝑳  


     𝟑 𝑰 𝒑 ∠-30°,


   𝑽 𝑳  


   𝟑  


   𝑽 𝒑 ∠30°,


   𝒁 𝒀  


   𝒁 ∆ / 𝟑


   𝒁 ∆ = 𝟑  𝒁 𝒀


   V  r m s


   I  r m s


   V  r m s


   I  r m s


   𝑽  𝒓 𝒎 𝒔


   𝑰  𝒓 𝒎 𝒔


   V L


   I L


   V P


   I P


   V L


   I L


   V P


   I P  


   V L


   I L


   𝑽 𝒑  


   V L  


   𝑰 𝑳  


   𝑰 𝒑


   𝑽 𝒑  


   V L


   V L


   I L


   V P


   I P  


   I a =    V  A N   Z A


     I b =    V  B N   Z B


   I c =    V  C N   Z C ,


   I n = − (  I a +  I b +  I  c )

