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Preface

A#¢Jyfz.c Gcomctry, Sz*ffe Edz.fz.o#, designed for students with a reasonably sound
backgroundinalgebra,geometry,andtrigonometry,containsmorethanenoughma-
terial for a three-semester-hour or five-quarter-hour course in analytic geometry.

As in previous editions, my aim has been to write a text that students find to
be  interesting,  clear,  and  readable  and  that  instructors  find  will  enhance  their
presentations of the material. Let us consider the distinctive features of this text
and  this  edition  under the  following  general  headings:  the  presentation  of the
material, probleins and their answers, and the coverage of the subject.

THE   PRESENTATION
•   -.`.

1.  Historical Notes. Historical notes are included to portray those who have
helped  to  develop  analytic  geometry  as well  as  to  show  the  position  of
analytic geometry in the general framework of mathematical development.
These  take two forms:  brief comments within  the  text itself,  and longer
notes presented in a sidebar. These-notes have been updated and expanded
slightly.

2.  Applications. AlthoLi^gh. analytic geometry lays a foundation for the study
of  calculus,  it  also  has  many  direct  applications  in  physical  situations.
Some of the most important applications are considered in the text as well
as in the problems. This is especially true in the case of the conic sections
with their important reflective properties,  orbits of heavenly bodies,  and
engineering applications.

3.  Graphing Calculators. The introduction of graphing calculators and com-
puter graphing programs has.hatl an influence upon the way that mathe-
matics is taught,  and we ca-n+only expect that this influence will increase
considerably in the next few years. The treatment Of graphing. by means of
agraphingcalculat6i`hasbeenexpandedconsiderablyinthepresentedition
with many examples and problems. A graphing calculator introduction has
been  added  to  acquaint  the  student  with  these  calculators  generally.
However,  with  one  exception,  individual  keystrokes. are  not  included in
this introduction or in the examples; this allows the student to use any such
calculator with this text. The exception mentioned above is in the graphing
of conic sections.  Since they are represented by second-degree equations

::tohgerraihahnasfubneceti°]nns;h:-d%rd°g::Th]rse:eoefdtehde£:::td:rretq°u8::ipyhutsheedm:r:#n:
calculators:  Texas  Iristruments  TI-82,  Sharp  EL-9300C,  and  Casio  fx-
9700GE. These programs graph the conic section and its asymptotes where

V
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appropriate. Although the graphing calculator can be used on any problem
requiring a graph, those specified for it are those that take advantage of its
special  characteristics,  allowing  us  to  make  comparisons  among  several
graphs.  There has been no attempt to designate (nongraphing) calculator
problems, because it has been my experience that almost all students have
calculators and regard ¢J/ problems as calculator problems.

4.  Functions.  Although  analytic  geometry,  with  its  emphasis  on  the  conic
sections,  tends to ignore the important topic of functions,  they are con-
sidered in some detail in Section 1.7.

5.  Important Results.  As in previous editions, important results have been
given in theorems, most of which are proved in the text.

6.  Vectors.  As in the previous editions,  a vector approach is used in those
places in which the presentation is enhanced by it.  Since it is recognized
that some prefer a nonvector approach, the vector arguments and solutions
are supplemented by nonvector ones. Thus the instructor has the option of
taking  either  approach  without  having  to  depart  from  the  text.  More
examples of vector proofs have been included in this edition.

7.  Examples. The examples include illustrations of all (or almost all) of the A
and 8 type problems. They are given in some detail, usually with a figure,
so that the student will have little difficulty following them.

8.  Other Changes in the Sixth  Edition: The explanation of analytic proofs
has  been  expanded  and  clarified.  The  idea  that  three  conditions  deter-
mine  a circle has  also been expanded  and clarified.  A second,  alternate
approach to equations of rotation has been given. The approach to radicals
and  their  restriction  on  the  domain  of  a  function  has  been  simplified.
Simultaneous, rather than sequential, graphing of a pair of polar equations
is  used  to  clarify  the  idea  that  two  curves  intersect  by  crossing  a  given
point  at  different  "times."  The  section  on  quadric  equations  in  three
dimensions has been expanded to cover more  general equations,  with  a
graphing  calculator  used  to  find  traces  in  the  coordinate  planes  and  in
planes parallel to them. In order to prevent the book from growing longer
with every revision, the former Section 9.7 on the distance from a point to
a  line  or plane,  and  the  angles  between  two  lines  or  planes,  has  been
eliminated.  The  distance  portion  has  been  absorbed  into  the  previous
section.   Finally,   the   numeric  tables. hav;.  been   eliminated   from  the
appendices. It is felt that the widespread use of calculators has made them
unnecessary. Their place has been taken by a brief review of trigonometry,
which  some  students  may  need  before  considering  Chapter  8  on  polar
coordinates.
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EmmREHHRIE  EunRE  EunERIHENE                                *

While  many, students  skip  the  exposition  and  some  skip  the  examples,  they
`                          must,   of  necessity,  spend  a  great  deal  of  time  on  the  problems.   Thus  the

problems,  which  some  authors  look  upon  as  unimportant,  are  in  reality  the
most important part of the text.

1.  Organization of the Problems. The problem sets have been divided into
five sections labeled A, 8, C, GRAPHING cALcuLATOR, and AppLlcATloNs.
Section A consists of routine problems that every student can be expected
to master. Those of section 8 are less routine but still not a great challenge.
The  average  student  can  be  expected  to  master  most  of  them.  The  C
problems present something Qf a chanenge; only the better students can be
expected to work them.  Of course, such.a system of classification is quite
subjective;  individual instructors can gauge  their students'  abilities much
more  precisely.  Thus  it  should  be  taken  as  a  rough  guide  only.  The
remaining two sections are self-explanatory.  Although there has been no
attempt  to  classify  them  with  regard  to  their  degree  of  difficulty,  the
GRAPHING CALcuLATOR problems tend to be at the A and 8 levels while
the AppLlcArHONs problems are mostly at the 8 and C levels.

2.  Answers.  Answers  to  the  odd-numbered  problems  are  provided  at  the
back of the book. There are two exceptions to this odd-number rule. The
first of these occurs when there are many parts to consecutive problems (as
in the first few problems of Section 8.2).  In this case,  answers are given
for  the  first  half of  all  such  problems,  rather  than  for  all  parts  of one
problem and no part of the next. The other exception is the answers to the
review problems.  Since many students use these problems to prepare for
examinations,  answers are given for all of them.  The answers have been
independently checked for accuracy.

3.  Instructor's 'Answers Manual. An answers manual, consisting of answers
to  all problems in  the book,  is available  to instructors upon  adoption of
the text.

4.  Students'. Solutions  Manual.  A manual providing complete solutions to
odd-numbered exercises is available for student purchase.

ill        C-OVERAGE

Finally, some attempt has been made to hold in check the tendency for textbooks
to grow larger in each successive edition. Those sections and chapters that hsers
have indicated that they do not cover have been deleted from the text. In many
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such cases, problems, with short explanations, have been taken from the deleted
sections and incorporated into other sections so that students can. still get a taste
of some of this material. In particular, the section on the reflective properties of
conics has been deleted; but these properties are discussed in the applications of
the various conic sections. Thus, what seemed to be of only theoretical importance
in past editions is shown to be quite significant outside of mathematics. In spite of
these omissions, there is still more material here than can be covered in a three-
semester-hour or five-quarter-hour-course. The following is one suggested outline
of what may realistically be covered:

Chapter     Sections

1-7
1-3
1-3
1-4
1-4
1, 3, 4
1-6
1-6
1L6,`9ill=.--.----

My thanks go to the following reviewers for their helpful comments and sugges-
tions:  Roy Dean  Alston,  Stephen F.  Austin  State University;  Zachary Franco,
Texas  A&M  University; .Yizeng  Li,  University  of Texas;  Lance  L.  Littlejohn,
Utah  State  University;  Sally  Ann  Low,  Angelo  State  University;  Robert  A.
Rider,  Ohio  University;  Sam  Rbdgers,  Mountain View  College;  Brian  Sieben-
aler, Ball State University; Cathryn K. Stark, Collin County Community College.

LJ

DOuGLAs F.  inDDLE



chapter a   .  Plane Analytic Geometry

ffi---------------
THE    CARTESIAN    PLANE

Analytic geometry provides a bridge between algebra and geometry that makes it
possible for geometric problems to be solved algebraically (or analytically). It also
allows us  to  solve  algebraic problems geometrically,  but the former is far more
important,   especially   when   numbers   are   assigned   to   essentially   geometric
concepts.   Consider,  for  instance,  the  length  of  a  line  segment  or  the  angle
between two lines. Even if the lines and points in question are accurately known,
the number representing the length of a segment or the angle between two lines
can  be  determined  only  approximately  by  measurement.   Algebraic  methods
provide an exact determination of the number.

The  association  between  the  algebr'-i  and  geometry  is  made  by  assigning
numbers to points. Suppose we look at this assigriment of numbers to the points
on a line. First of all, we select a pair of points, a and P, on the line, as shown in
Figure  1.1.  The point  a, which we call the origin,  is assigned the number zero,

_

and the point P is assigned the number one. Using OP as our unit of length,* we
assign numbers to all other points on the line in the following way:  0 on the P
side of the origin is assigned the positive number I if and only if its distance from
the  origin  is  :x.  A  point  0  on  the  opposite  side  of  the  origin  is  assigned  the
negative number  -I if and only if its distance from the origin is x units.  In this
way every point on the line is assigned a real number, and for each real number
there corresponds a point on the line.

Thus,  a scale is established on the line, which we now call a coordinate line.
The number representing a given point is called the coordinate of that point, and
the point is called the graph of the number.

Just as points on a line  (a one-dimensional space) are represented by single
numbers, points in a plane (a two-dimensional space) can be represented by pairs
of numbers.  Later we  shall  see  that points in  a three-dimensional space can be
represented by triples of numbers.

* We shall use the notation 48 for the line segment joining the points A and 8, and j4TB
for its length.
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OPQ

01-
Unit of
length

\------JL------_--------------J

Distance I       Distance I

Figure 1.1

In order to represent points in  a plane  by pairs of numbers,  we select two
intersecting  lines  and  establish  a  scale  on  each  line,  as  shown  in  Figure  1.2.
The  point  of  intersection  is  the  origin.  These  two  lines,  called  the  axes,  are
distinguished by identifying symbols (usually by the letters x and y).  For a given
point P in the plane, there corresponds a point P. on the I axis. It is the point of
intersection of the I axis and the line containing P and parallel to the y axis. (If P
is on the y axis, this line coincides with the y axis.) Similarly, there exists a point
Py  on  the y  axis  which  is  the  point  of intersection  of the y  axis  and  the  line
through P that parallels (or is) the I axis. The coordinates of these two points on
the  axes  are  the  coordinates  of  P.  If  a  is  the  coordinate  of  P;I  and  b  is  the
coordinate of Py, then the point P is represented by. (a, A).  In this example, ¢ is
called the I coordinate, or abscissa, of P and b is the y coordinate, or ordinate,
ofp.

In a coordinate plane, the following conventions normally apply:

1.  The axes are taken to be perpendicular to each other.

2.  The I axis is a horizontal line with the positive coordinates to the right of
the  origin,  and  the y  axis  is  a vertical line  with the positive  coordinates
above the origin.

3.  The same scale is used on both axes.

These  conventions,  of  course,  need  not  be  followed  when  others  are  more
convenient. We shall violate the third rather frequently when considering figures
that would be very difficult to sketch if we insisted upon using the same scale on

y



Section  1.2   DISTANCE  FORMULA 3

both axes.  In such cases, we shall feel free to use different scales, remembering
that we have distorted the figure in the process. Unless a departure from conven-
tion is specifically stated or is obvious from the context, we shall always follow the
first two conventions.

We can now identify the coordinates of the points in Figure 1.3. Note that all
points on the I axis have the y coordinate zero, while those on the y axis have the
I coordinate zero. The origin has both coordinates zero, since it is on both axes.

The  axes  separate  the  plane  into  four  regions,  called  quadrants.   It  is
convenient to identify them by the numbers shown in Figure 1.4. The points on
the axes are not in any quadrant.

Figure 1.3 Figure 1.4

The  coordinates  of  a  point  determined  in  this  way  are  sometimes  called
cartesian  coordinates,  after  the  French  mathematician  and  philosopher  Ren6
Descartes. In the appendix of a book published in 1637, Descartes gave the first
description of analytic geometry. From it came the developments that eventually
led to the invention of the calculus. See the historical note on page 97.

DISTANCE    FORMULA

Suppose we consider the distance between two points on .a coordinate line. Let Pi
and  P2  be  two  points  on  a  line,  and  let  them  have  coordinates  jri  and  ;r2,
respectively. If Pi and P2 are both to the right of the origin, with P2 farther right
than Pi (as in Figure 1.5a on page 4), then

F{P;2 --6F:2 -T5F=i = x2 - Xi.
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Jrl             J2
±e=

0      PI          P2
(a)

X

JIJ2
P®-0

-(b)

#1
=e-

PI0
(c)

Figure 1.5

E]

Expressing  the  distance  between  two points is only slightly more  complicated .if
the origin is to the right of one or both of the points. In Figure 1.5b,

FTP;2--F{60-F[605=-xi-(-x2)--x2-xi,
and in Figure 1.5c,

FTF;2 = fF60 + 6P=2 = -xi + x2 = X2 - Xi.

Thus, we see that PIE = :r2 - xi in all three of these cases in which P2 is to the
right of Pi. If P2 were to the left of Pi., then

i E2 -- X 1 - X 2 ,

as  can  be  easily  verified.  Thus,  PTIF2  can  always  be  represented  as  the  larger
coordinate minus the smaller.  Since x2  - :¥i  and xi  - Jr2 differ only in that one
is the negative of the other and since distance is always nonnegative, we see that
PTF2 is the difference that is nonnegative. Thus,

PE -lJr2 -J¥1I.

This form  is especially convenient when  the  relative positions of Pi  and P2 are
unknown.  However, since absolute values are sometimes rather bothersome, we
will avoid them whenever the relative positions of Pi and P2 are known.

Let  us  now  turn  our  attention  to  the  more  difficult problem  of finding the
distance  between  two  points  in  the  plane.  Supp,ose  we  are  interested  in  the
distance between Pi = (xi, );1) and P2 = (x2, y2) (see Figure 1.6). A vertical line is
drawn through Pi  and a horizontal line through P2 intersecting at a point  0  =
(Xi,  y2).  ASsuming  Pi  and  P2  are  not  on  the  same  horizontal  or  vertical  line,
Pip2g  forms  a  right  triangle  with  the  right  angle  at  0.  Now  we  can  use  the
Theorem of Pythagoras to determine the length of Pip2. By the previous discussion,

\

§P;=|x2-J¥i|         and        Z5IZ5=|y2-yi|

(
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rl

Pl (*l, yl )

-_ ___-

O(Jl, y2:)

Figure 1.6

5

(the absolute values are retained here, since we want the resulting fo,rmula to hold
for ¢ny choice of Pi and P2, not merely for the one shown in Figure 1.6). Now by
the Pythagorean Theorem,

PIP2 - lJr2  -jri|2  +  |y2  -y[|2.

But,  since  I:r2  -  xi|2  =  (x2  -  :xi)2  =  (xi  -  jr2)2,  the  absolute  values  may  be
dropped and we have

PIP2 - (r2  - jri)2  +  fy2  - y])2~.

Thus we have proved the followiing theorem.

THEOREM   1.1 The distance between two points Pi -- (Xi, yi) and P2 = (X2., y2) is

PIP2 - (r2  - jri)2 +  fy2 - y])2.
In  deriving  this  formula,  we  assumed  that  Pi  and  P2  are  not  on  the  same

horizontal  or  vertical  line;  however,  the  formula  holds  even  in  these  cases.
For  example,  if Pi  and  P2  are  on  the  same  horizontal  line,  then yi  =  y2  and
y2  - yi  =  0.  Thuds,

PH =  VE=--i---=iJZ =  |Jx2 -jri|.

Note that \/i;=i[jz is #of a/wnyf j¥2  - jri.  Since  the symbol  V indicates the
nonnegative square root, we see that if x2 -jri is negative, then  VE;===:jz is
not  equal  to x2  -J¥i  but,  rather,  equals  |Jr2  -:*i|.  Suppose,  for  example,  that
x2 -jri = -5. Then VE;===jjz = \/{=3JZ = \/Z3 = 5 =  |x2 -xi|.

Theorem 1.1 depends upon the convention that the axes are perpendicular. If
this convention is not followed,  Theorem  1.1  cannot be used,  but another more
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EXAMPLE  I

SOLUTION

EXAMPLE  2

SOLUTION

Chalprder  1    PLANE  ANALYTIC  GEOMETRY

general formula based on the law of cosines can be derived.  However, we shall
not derive it here, since the convention of using perpendicular axes is so widely
observed.

Find the distance between Pi  =  (1, 4) and P2 =  (-3, 2) (see Figure 1.7).

PIP2 - (-3 - 1)2 + (2 - 4)2
= V16 + 4 = \/I-:3 = 2\/5

4
P1

(1, 4)1'-2vi
P2

2
(-3,  2)1111

1111 llr-4         -2         0 2

Figure 1.7

If Pi  =  (I, 0), P2 =  (2, 5), and Z5=P; = 5\/i, find I (see Figure 1.8).

PIP2 - ¢ _ 2)2 + (o - 5)2 = 5V2
V# - 4jr + 4 + 25- = 5V2

:r2 - 4x + 29 = 50
x2 _ dr - 21 = o

(I + 3)(I - 7) - 0
Jr=-3       or       x=7

65vi P2
(2, 5)

F;ivF2

Pl Pl
11 1111-
1'[ Ill-I--40 48

Figure 1.8
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EXAMPLE  3

SOLUTION

EXAMPLE  4

SOLUTION

Determine whether A  = (1, 7), 8 = (0, 3), and C = (-2,  -5) are collinear.

AB-
BTc-
4Tzi-'

(o _  1)2 + (3 i 7)2. =  Vfi

(-2 - 0)2 + (-5 - 3)2 = \/68 = VZ17 = 2V17
(-5 - 7)2 = \/133 = V§17 = 3VI7

7

Since 4C = AB + 81=, the three points must be collinear (Figure 1.9a).  If they
were not, they would form a triangle and any one side would be less than the sum
of the other two (Figure 1.9b).

AC = AB + BC

(a)

Figure 1.9

AC  < AB + BC

(b)

Show that (1, 2), (4,`7), (-6,13), and (-9, 8) are the vertices of a rectangle.

The points are plotted in Figure 1.10. Let us check lengths.

PIP2 -
FF4--

____

P2P3 -
__      ____

P4P1 -

(4 - 1)2 + (7 - 2)2 = wi
(-9 + 6)2 + (8 -  13)2 =  \/3Z

(-6 - 4)2 + (13 - 7)2 = \/I38

(1 + 9)2 + (2 - 8)2 = vffi
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Although  Pip2  =  P3P4  and P2P3  =  P4Pi9
we   are   not   justified   in   saying   that   we
have  a  rectangle;  we  can  merely  conclude
that  we  have  a  parallelogram.  But  if  the
diagonals   of   a   parallelogram   are   equal,
then  the  parallelogram  is  a  rectangle  (see
Problem   30).   Let   us   then   consider   the
lengths of the diagonals.

PIP3 -

FF4-
(-6 - 1)2 +  (13 - 2)2 =  \/175

(-9 - 4)2 + (8 - 7)2 = \/175

Since the parallelogram has equal diagonals,
we may conclude that it is a rectangle. Figure 1.10

A  second  method  of  verifying  that  the  parallelogram.is  a  rectangle  is  to
establish that one  of the interior angles is a right  angle.  We can do this by the
ConverseofthePythagoreanTheorem,whichstatesthatifATB2+BTC2=ziT7=C2,
then ABC is  a right triangle with right  angle at 8.  Thus,  instead of finding the
lengths of both diagonals, we find only one, say PT;I; =  \/175. It is then a simple
matter to verify that PIP;2 = FIE;2 + P;P;2, showing that the angle at P2 is 90°.

When we use the methods of analytic geometry to prove geometric theorems,
such  proofs  are  called  analytic  proofs.  When  carrying  out  analytic  proofs,  we
should recall that a plane does not come fully equipped with coordinate axes-
they  are  imposed  upon  the  plane  to  make  the  transition  from  geometry  to
algebra. Thus, we are free to place the axes in any position we choose in relation
to the given figure.  We place them in a way that makes the algebra as simple as
possible. However, we must be careful not to make additional assumptions about
the figure.

Figure  1.11
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EXAMPLE  5

SOLUTION
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\

For example, if we are dealing with a triangle, we may put the x axis on one
side, 48, of the triangle and the.y axis through the third vertex,  C, as shown in
Figure  1.lla.  When  the  picture  is  drawn  in  this  way,  there  is  a  temptation  to
assume that a is negative. However, a can be zero or positive as shown in Figure
1.llb. The assumption that it is negative may invalidate your proof. Be aware of
such dangers.  '                                                                .-`.

Prove analytically that the diagonals of a rectangle are equal.

First  we  place  the  axes  in  a  convenient
position. Let us put the I axis on one side
of the rectangle and the y axis on another,
as   illustrated   in   Figure   1.12.   Since   we
have a rectangle, the coordinates of 8 and
D determine those of C.

4C-
E fD5D -

(a - 0)2 + (a - 0)2 -

(0 - a,)2 + (a - 0)2 -

VFT
vim

rob a.a
.,)

-
0,0)

-
a(a,0)

Since Al= = B|}, the theorem is proved.                                f`.gure J. J2
Note  that  we  have  made  no  assumption  here  except  that  the  sides  of the

rectangle meet at a right angle.  Be careful that you do not make any additional
assumption.  For example,  we have considered points a and D with coordinates
(¢, 0) and (0, b), respectively. We assumed neither that ¢ =  a nor that a I b.

PROBLEMS

A     In problems 1-8, f ind the distance between the given points.

I.  (1,  -3), (2,5)                     2.  (4,13), (-1,5)                       3.  (3,  -2), (3,  -4)

4.  (-5,1),  (0,  -10)               5.  (1/2, 3/2),  (-5/2, 2)                6.  (2/3,1/3),  (-4/3, 4/3)

7.  (vi,1), (2V2, 3)           8.  (vi, -Vg), (-3vi, vi)

In Problems 9-14, determine whether the three given points are collinear.

9.  (2,  1), (4, 3),  (-1,  -aJ)                                 io.  (3,2), (4, 6),  (o,  -8)

11.  (-2, 3), (7,  -2), (2; 5)                                12.  (2,  -1), (-1, 4), (5,  -6)

13.  (1,  -1), (3, 3), (0, -3)                                14.  (1, vi), (4, 3vi), (10,. 6V2)
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In  Problems  15-T8,  determine  whether  the  three  given  points  are  the  vertices  of  a  right
triangle.

15.  (0,2), (-2,4), (1,3)                                     16.  (-1,3),  (4,6), (-3,1)

17.  (9, 6), (-5,4), (7,10)                                  18.  (9,  -2), (8, 0), (-6,  -7)

8      In problems T9-2:2, f ind the unknown quantity.

19.  Pi  =  (1,5),P2¢,2),Z5;P;= 5                                                                    .

20.  Pi =  (-3, y), P2 =  (9, 2), Z5=P; =  13

21.  Pi =  ¢, :r), P2 =  (1, 4), Z5=P; =  \/3

22.  Pi = (x, 2x), P2 = (2r, 1), PIE = \/i

23.  Show that (5, 2) is on the perpendicular bisector of the segment AB where A  =  (1, 3)
and 8 = (4, -2).

24.  Show that (-2, 4), (2, 0), (2, 8), and (6, 4) are the vertices of a square.

25.  Show that (1,1), (4,1), (3,  -2), and (0,  -2) are the vertices of a parallelogram.

26.  Find all` possible values for y so that (5, 8),  (-4,  11), and (2, y) are the vertices of a
right triangle.

27.  Determine whether each of the following points is inside, on, or outside the circle with
center (-2, 3) and radius 5: (1, 7), (-3, 8), (2, 0), (-5, 7), (0, -1), (-5, =1), (-6, 6),
(4, 2).

C      28.  Find the center and radius of the circle circumscribed about the triangle-with vertices
(5,1), (6, 0), and (-1,  -7).

29.  Show that a triangle with vertices ¢i, yi), ¢2, y2), and ¢3, y3) has area

±lxry2 + x2y3 + x3yi  - xry3 - xayi  - x3y2l

[Hi.#f.. Consider the rectangle with sides parallel to the coordinate axes and containing
the vertices of the triangle.]

30.  Prove analytically that if the diagonal`s
of a parallelogram are equal, then the
parallelogram   is   a   rectangle.   [Hz.#f..
Place the axes as shown in Figure 1.13
and show that A15 = BIJ implies that
A is the origin.]

Figure 1.13
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31.  Prove analytically that th.e sum of the lengths of two sides of a triangle is greater than
the length of the third side.

32.  Locations  on  maps  are  often  determined  by  grid  lines,  as  shown  in  Figure  1.14.
Suppose that there is a network of streets running along the grid lines together with a
diagonal street as shown. If each grid square is 1 mile on a side, find the distance from
X to y.

A     B     C     D     E     F     G    H     I      J      K

I

2

3

4

5

6

7

8

y

Z

Figure 1.14

33.  Suppose that, in Figure 1.14, the portion of the road from Jr to Z is closed for repairs.
What is the distance from .X to y along existing roads?

34.  Suppose that, in Figure  1.14, the road from  y to Z is closed for repairs. What is the
shortest distance from X to y along existing roads?

+uL

POINT-OF-DIVISION     FORMULAS

Suppose we want to find the point which is some fraction of the way from A to 8.
Is  it  possible  to  express  the  coordinates  of the  point  we  want  in  terms  of the
coordinates  of A  and  8?  Let A  =  (xi, yi)  and  8  =  ¢2,  );2)  be  given  and  let
P = (I, y) be the point we are seeking. If we let

•t

ATEr _-  _--
AB

(see Figure 1.15), then P is 1/3 of the way from A to 8 when r =  1/3, P is 4/5 of
the yay from A to 8 when r = 4/5, and so on. Thus we generalize the prg#blem to
one in which I and y are to be expressed in terms of xi, yi, x2, y2,  and r.  The
problem can be simplified considerably by working with the :r's a.nd y'S Se|j-arately.
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THEOREM   1.2
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If A,  8,  and  P  are  projected  onto
the I  axis  (see  Figure  1.15)  to  give  the
Points 4„  Bjr,  and  Pjr,  respectively,  we
have, from elementary geometry,

hf;      AIx     x-xir-- Ads  --  ELx  - x2 - xi
Solving for x gives

x  = Jxi  +  r(x2  -Jxi).

By projecting onto the y axis, we have

y -yl + rty2 -yl).

These  two  results,  known  as  point-of-
division   formulas,    are   stated   in   the
following theorem.

Figure 1.15

If A  --(Xi, yi),  a  =  (X2, y2), and  P is  a point such that r  =  APIAB, then the
coordinates of P are

j¥=j¥i+r(X2-jri)        ¢#d        y=yi+ro;2-yi).

a (xi, y2)

r::•,,•®®.,,•,.•®,•,,:J2-*|::•,..I+1,®

--,-I-
Jl      I(*2-*l)I

Figure 1.16

Figure  1.16  gives  a  geometric  interpretation'  of  the  terms  in  the  point-of-
division  formula  for  I.  A  careful  examination  of  this  figure  will  help  you  to
understand and remember the formulas. Note that if 8 is to the left of A, J¥2 -Jxi
is negative, but it has the same absolute value as the distance between projections
of A  and 8 on the I axis.  You might sketch this and compare your sketch with
Figure 1.16. Of course, a similar figure can be used tt> interpret the y terms of the
point-of-division formula.

(
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EXAMPL£ 7        Find the point one-third of the wayfromA  =  (2, 5) to B =  (8,  -1).

SOLUTION

EXAMPLE  2

AP1
r  _-    ++;±!±+- _- I

AB3
I - *1 + '(x2 - Jrl)

-2 +,8 -2,
-4

y - yl + '(y2 - yl)
-5 +(-1 -5,
-3

42___I

A (2.5)     P,1111,                 I         _

'0 I   i   I  4   I   :  \B,i

Figure.1.17

Thus the desired point is (4, 3) (see Figure 1.17).

13

So far we have  tacitly assumed that r is between 0 and  1.  If r is either 0 or  1,
the  point-of-division  formulas  wotlld give  us  P  =  A  or P  =  8,  respectively,  a
result  that  r  =  Al}/ATE would  lead  us to expect.  Similarly,  if r >.1,  then  r  =
A15/ATE indicates A|} > ATE, which is exactly what the point-of-division formulas
give. Thus if we wanted to exterid the segmerit AB beyond 8 to a point P which is
r times as far from A as a is, we could still use the Point-of-division formulas.

If the seginent 48, where A = (-3,
and 8 = (2, 5), is extended beyond
to a point P twice as far from A
is (see Figure 1.18), find P.

Figure 1.18
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SOLUTloN
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Thus P =  (7, 9).

AP
E5

jr = jri  + r(x2 - jri)
--3 +,.2[2 -(-3)]
-7

=2

y - yl + r(y2 - yl)
--1  + 2(5  -1)
-9

£XAMP1£3        IfA  =  (2,  -4),P=  (8,  -1),andAP/AB =  3/5,findB.

SOLUTION In this case, we use A and P to find 8, rather than -using A and 8 to find P. We
still use the same point-of-division formulas; we simply solve for  ¢2, y2)  rather
than for (I, y).

x = Jri + r(r2 - j¥i)

8=2+3(x2-2)

6-3¢2-2,

30 - 3J¥2 - 6
3x2 - 36
x2 - 12

Thus 8 =  (12,1) (see Figure 1.19).

y - yl + r(y2 - yl)
-1--4+;(y2+4,

3-3(y2+4,

15  = 3y2 +  12

fty2 - 3
y2-1

Figure 1.19



Section  1.3   POINT-OF-DIVISION  FORMULAS

EXAMPLE   4

SOLUTION

EXAMPLE   5

15

If A = (-1, 5), 8 = (7,1), A15/PTB = 3, find P.

Note that we are #of given the ratio A15/ATE = r; we are given 4TP/Pta. Neverthe-
less, it is a simple matter to find r from the ratio that we are given. Let us assume
that  ATE  =  3  and  PT5  =  1  to  give  415/PTB  =  3.  Then  ATE  =  ATE  +  PTB  =
3  +  1  = 4 and 4TP/ATE = 3/4.  Of course, we do not know that 4TP = 3 and PTB
= 1 ; but we do know that 415 = 3PTB. Thus if PTB = A, then A15 = 3*. This gives

ATE  =  4k;  and  ATE/ATE  =  3/4,  as  before.  We  now  proceed  as  we  did  in  the
previous examples.

J¥=xi+r¢2-xi)       y=yi+r(y2-yi)

=-1+2(7+1)             =5+i(1-5)

-5                            ,-2
Thus P = (5, 2).

While negative values of r do not make sense in r  = 4TP/ATE,  we find that
their use in the point-of-division formulas has the effect of extending the segment
AB  in  the  reverse  direction-that  is,  from  8  through  A  to  P.  Suppose,  for
example, that r =  -2. Then A|} is twice ATE, and P and 8 are on opposite sides
of A. However, we can get the same result by reversing the roles of 4 and a and
using a positive value of r.

Given the segment AB, where A = (-3,1) and 8 = (2, 5), is extended beyond 4
to a point P twice as. far from 8 as A is (see Figure 1.20); find P.

y

Figure 1.20
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SOLUTION

ALTERNATE
SOLUTION

THEOREM
'.3

EXAMPLE   6

SOLUTION
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Suppose we use a negative value of r. Since AP = AB with A between ,P and 8,

Air-----1.
AB

Therefore
jr=Jxi + r¢2-jri)             y =yi + r(y2 -yi)

=-3-1[2-(-3)]          =1-1(5-1)
--8                          --3

Thus P = (-8, -3).

Reversing the roles of A and 8, we have

r = # = 2, B = (xi, M) = (2, 5),    and   A = (x2, M) = (-3,1).

jr=jri+r¢2-Jri)       y=yi+r(y2-yi)
=2+2(-3-2)             =5+2(1-j)
=-8                         --3

and P = (-8, -3), as before.

One very important special case of the point-of-division formulas arises when
r =  1/2, which gives the midpoint of the segment AB. Using the point-of-division
formulas, we have the following theorem.

If P is the nddpoint of AB, then the coordinates of P are

x-xJ#    a„d    y-yLi#.
Thus, to find the midpoint of a segment AB, we merely average both the x

and y  coordinates  of  the  given  points.  A  moment  of  thought  will  reveal  the
reasonableness of this; the average of two grades is halfway between them,  the
average of two temperatures is halfway between them, and so forth.

Find the midpoint of the segment AB, where A = (1, 5) and 8 = (-3, -1).

Jr=
xL¥     y-yLiE¥

1-3                 5-1rT-       r_ r-
22

=-1               -2
Thus P = (-1, 2).

(
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EXAMPLE   7

SOLUTION

EXAMPLE   8

SOLUTION
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Prove analytically that the segment joining the midpoints of two sides of a triangle
is parallel to the third side and one-half its length.

Let us place the axes as indicated in Figure  1.21
and let D and E be the midpoints of 4C and BC,
respectively.   By   the   midpoint   formula,   D   =
(a/2,  c/2)  and  E  =  (a/2,  c/2).  Since  D  and  E
have  identical  y  coordinates,  DE  is  horizontal
and therefore parallel to AB.  Finally DTE =  a/2
- a/2 = (b - a)12 and kB -- b - a., thus D5E =

KEBiB/2.. Figure I.21

Using  the  normal  range  for  your  calculator  (see  page  xi)  and  the  DRAW  or
PLOT  facility,  graph  the  line  segment  from  (-4,  -2)  to  (3,  1).  Estimate  the
midpoint. Compare your estimate with the computed value.

For the TI-82, the normal range is -9.4 S j¥ S 9.4,  -6.2 S y S 6.2. (For the TI-
81  it is  -9.6 S x S 9.4,  -6.4 ± y S 6.2.) Next we clear all functions from the
function menu and graph. The result is a screen that is clear except for the axes.
Now we select Line from the DRAW or PLOT menu. Using the cursor keys and
ENTER or EXE, we select the two endpoints of the segment. The result is shown
in Figure  1.22.
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*`-          .

From  this  graph  we  might  estimate  the  midpoint  to  be  (-0.2,  -0.4).  The
computed value is (-0.5,  -1). This difference between the estimated and com-
puted value  illustrates the  need to  solve  this problem  algebraically  rather than
geometrically.

PROBLEMS

A     In Problems 1-6, f ind the point P such that jlF5Plj[BB = r.

I.  A=(3,4),B=(7,0),r=  1/4                     2.  A=  (4,-2),B=(-2,-5),r=2/3
3.  A=(5,-1),B=(-4,-5),r=1/5           4.  A=(2,4),B=(-5,2),r=2/5
5.  A=(-4,1),B=(3,8),r=3                     6.  A=(-6,2),B=(4,4),r=5/2

In Pr.obleriirs 7-10, find the midpoint of the segment ABC

7.A=(5,-2),B=(-1,4)                              8.  A=(-3,3),B=(1,5)
9.  A=(4,-1),B=(3,3)                                10.  A=(-1,4),B=(0,2)

8     11.  If A = (3, 5), P = (6, 2), and Ai/ATE =  1/3, find 8.
12.  If P = (4, 7), 8 = (2, -1), and Ai/ATE = 2/5, find 4.
13.  If P = (2, -5), 8 = (4, -3), and ATE/ATE = 1/2, find A.
14.  If 4 = (3, 3), P = (5, 2), and A15/ATE = 3/5, find 8.

In Probierns 15-18, find the point P between A and 8 such that AB is divided in the given
ratio.

15.A--(5,-3),8--(-1,6),AZFIP8--112
16.  A = (-1, -3), 8 = (-8,11), ATE/PB = 3/4
\1.A--(2,-1),8--(4,S),AZPIFB=213
18.  A = (5, 8), 8 = (2, -1), A15/PB = 5/1

',

19.  If P = (4, -1) is the midpoint of the segment AB, where A  = (2, 5), find 8.

20.  Find  the center and  radius of the  circle  circumscribed  about the  right triangle with
vertices (1,1), (1, 4), and (7, 4).

21.  Find the point of intersection of the medians of the triangle with vertices (5, 2), (0, 4),
and (-1,  -1).  (See problem 26.)                                       `

22.  Prove analytically that the diagonals of a parallelogram bisect each other.

`
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23.  Find the point of intersection of the diagonals of the parallelogram with vertices (1,1),
(4, 1), (3,  -2), and (0,  -2) ....

24.  Prove analytically that the midpoint of the hypotenuse of a right triangle is equidistant
from the three vertices.

25.  Prove analytically that the vertex and the midpoints of the three sides of an isosceles
triangle are the vertices of a rhombus.

26.  Prove analytically that the medians of a triangle are concurrent at a point two-thirds of
the way from each vertex to the midpoint of the opposite side.

27.  The point (1, 4) is at a distance 5 from the midpoint of the segment joining (3, -2) and
(I, 4). Find I.

C     28.  The midpoints of the sides of a triangle aid (-1, 3), (1,  -2), and (5,  -3).  Find the
vertices.

29.  Three  vertices of a parallelogram are  (2,  5),  (-7,  1),  and  (4,  -6).  Find the  fourth
vertex. [Hi.nf: There is more than one solution. Sketch all possible parallelograms using
the three given vertices.]

30.  Show that if a triangle has vertices ¢i, yi),  ¢2, y2),  and  ¢3, y3),  then the point of
intersection of its medians is

+ jr2  + Jr3•yLnl)

GRAPHING
CALCULATOR

E

A„¥O„5

31.  Prove analytically that the sum of the squares of the four sides of a parallelogram is
equal to the sum of the squares of the two diagonals.

In Problems 32-35, use the DRAW or PLOT facility to graph the line segments joining
the given points. Estimate the midpoint and compare it with the computed value.

32.  (3, 5), (-1, 2)

33.  (-7, 4), (2, -5)
34.  (6, 3), (-4, 4)
35.  (-7, -2), (-3, 3)

36.  Suppose that, in Figure 1.14 on page 11, two cars drive toward each other at the same
speed from X and y. On what grid square will they meet? Suppose we use 2.3 to mean
three-tenths of the  way down grid  band  2 and  8.4 to mean four-tenths  of the way
across grid band 8. At what point will the two cars meet?

37.  Suppose tha.t, in Problem 36, the car from X is traveling twice as fast as the one from
y. At what point will they meet?

38.  .Suppose that, in Problem 36, the car from X is traveling at 30 miles per hour and the
one from y is traveling at 40 miles per hour. Where will the two cars meet? At what
time?

39.  Suppose that, in Problem 3ts8, the car from X starts 15 minutes later than the one from
y. Where will they meet? At what time?

40.  Suppose that, in Problem 38, the car from X starts 5 minutes earlier than the one from
y. Where will they meet? -At what time?
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DEFINITION

DEFINITION

INCLINATION    AND    SLOPE

An  important  concept  in  the  description  of  line  and  one  that  is  used  quite
extensively throughout calculus has to do with the inclination of a line. First let us
recall the convention from trigonometry which states that angles measured in the
counterclockwise  direction  are  positive,  while  those  measured  in  the  clockwise
direction are negative. Thus we have the following definition.

The  inclination  of  a  line  that intersects  the  x  axis  is  the  measure  of the  smallest
nonnegative  angle  which the  line  makes  with the  positive  end  of th.e  x  axis.  The
inclination of line parallel to the x axis is 0.

We  shall  use  the  symbol  0  to  represent  an  inclination.  The  inclination  of
a  line  is  always  less  than  180°,  or  7[  radians,  and  every  line  has  an  inclination.
Thus, for any line,

o°sO<|80°        or        OSO<7[.

Figure  1.23 shows several lines with their inclinations.  Note that the angular
measure  is  given  in  both  degrees  and  radians.  Although  there  is  no  reason  to
show  preference  for  one. over  the  other  at  this  time,  radian  measure  is  the
preferred way of representing an angle in more advanced courses.

While  the  inclination  of  a  line  may  seem  like  a  simple  representation,  we
cannot, in general, find a simple relationship between the inclination of a line and
the coordinates of points on it without resorting to tables of trigonometric func-
tions.  Thus, we consider another expression related to the inclination-namely,
the slope of a line.

1200

y    2fr--3 00-0`90°±:t`i35o ± ifr_

7r

\ 45O -a/\ '\_
Figure 1.23

e=

The slope in of a line is the tangent of the inctination; thus ,

in -tang.

(
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While it is possible for two different angles to have the same tangent, it is not
possible  for lines having  two  different inclinations t-o have  the  same  slope.  The
reason for this is the restriction on the inclination, 0° = a <  180°.  Nevertheless,
one minor problem does arise from the use of slope since the tangent of 90° is not
defined. Thus vertical lines have inclination 90° but no slope. Do #of co#/ztfc "#o
a/ape" wz.ffo "Zero a/ape. " A horizontal line definitely has a slope and that slope is
the number 0, but there is no number at all (not even 0) which is the slope of a
vertical line. Some might object to this nonexistence of tan 90° by saying that it is
"infinity," or "co." However, infinity is not a number.  Also, while the symbol  oo

is  quite  useful  in  calculus  when  dealing with  limits,  its  use  in  algebra  or in  an
algebraic development of trigonometry leads to trouble.

While the nonexistence of the slope of certain lines is somewhat bothersome,
it is more than counterbalanced by the siinple relationship between the slope and
the coordinates of a pair of points on the line. Recall that if a is as shown in either
of the two positions in Figure 1.24, then

tan o - I .
Jr

(b)

Figure 1.24

Unfortunately, the lines with which we are dealing are not always so conveniently
placed.  Suppose  we  have  a  line with  a Pair  of Points,  Pi  =  (Xi, yi)  and  P2  =
(x2, y2), on it (see Figure 1.25). If we place a pair of axes parallel to the old axes,

P2.(X2,y2)

a     pl(xl,yl)

I

I

I

y2_yl       I
I

I

II

J*2  - J¥l G      -\,
P,(J*], yl)

P2,(X2, y2)

G           !\„-yl

G

Lr2  -  Jrl                  *         -

_Jr

Figure 1.25
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EXAMPLE    1

SOLUTION
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with  Pi  as  the  new  origin,  then  the  coordinates  of P2  with  respect  to  this  new
coordinate system are x = J¥2 -J¥i and y = y2 -yi. Now 0 is situated in a position
that allows us to use the definition of tan 0 and state the following theorem.

A line through Pi = (Xi, yi) and P2 = (x2, y2), Where xi ± X2, has Slope

in-- J'2 - yl _ yl - y2
J*  -Jxi       Jri  -x2

Note the agreement of the subscripts in the numerator and denominator. The
slope of the line joining two points is the difference of the y coordinates divided
by the difference of the I coordinates f¢kc# I.# ffoc same order. The numerator and
denominator are signed (or directed) vertical and horizontal distances.

One description of the slope of a line is that it is the vertical rise of the line
divided by the horizontal run, or simply, rise over run. When the "run" is to the
left,  it is  negative,  giving  a negative  slope.  This  description of the  slope  as rise
over run is one that is often used to describe the pitch of a roof or the grade of a
road.  They are often given as percentages,  where  a  1°/o  grade corresponds to  a
slope of 0.01.

Find the slope of the I.ine containing
Pi =  (1, 5) and P2 =  (7,  -7).

J7t
y2-J/1      -7-5      -12_____ ---- 2
JX2  -jri         7  -1            6

Since
in --tano --2'
0 = arctan(-2) = ||7°

The line through Pi  and P2 is shown in
Figure 1.26. A slope of -2 means that, as we
move a unit distance to the right on the line,
we  move  down  (because  of  the  minus)  a
distance 2.

Figure 1.26
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EXAMPLE   2

SOLUTION

Graph the line through (2,1), with slope 3/2.

Remember that  the  numerator and denom-
inator  of  the  slope  represent  vertical  and
horizontal  distances.   Starting  at  the  point
(2,  1), we proceed horizontally a distance 2
in  the  positive  direction  (to  the  right)  and
vertically a distance 3,  again in the positive
direction   (upward).   This  takes   us  to   the
point  (4,  4).   The  desired  line  is  the  line
joining the given point  (2,  1)  and the point
(4, 4) as shown in Figure 1.27.

Figure 1.27
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EXAMPLE   3

SOLUTION
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Note  that  if  the  slope  had  been  -3/2,  then,  putting  the  minus  with  the
numerator, the only difference would be that the vertical distance would be in the
negative direction or downward.

Since  a vertical  line  has  no  slope,  Theorem  1.4  does  not hold  in  that case;
however, xi  = x2 for any pair of points on a vertical line, and the right-hand side
of the  slope formula is also nonexi;tent.  Thus there is no slope when the right-
hand side of the slope formula does not exist.

rfe`.-`.

Use DRAW or PLOT to draw the line through (5,  1) and (-2, 5).

Since  DRAW or PLOT  adds  to  an  existing  graph,  we  must  clear the  function
screen and graph. This gives us a screen that is blank except for the axes. DRAW
or PLOT easily allows us to draw a segment from (5,1) to (-2, 5). This segment
can  be  extended  across  the  entire  screen  by  the  following  method:  To  extend
downward, again use DRAW or PLOT Line and anchor one end at the foi.gfocr of
the two given points, that is, at (-2, 5).-Now move the cursor downward and to
the right to the bottom. or right edge of the screen.  In this case, move it to the
right edge as shown in Figure 1.28. Now move the cursor along the edge until the
new line segment completely hides the first one. When this occurs, anchor the end
on the right edge. This method can be repeated to extend the segment to the top
or left edge.

6.2
x`<

f,,
}

\{*^v^x£.*av.*-

i5.i*'..`.:i:.`.-Sl`\`AI  <'          i                   I     y

11 (

t.+. i\\
ii`

3
}*y`i^          <<4`h}i,

><<

`.`+....

}<¥<       +¢z`^>tt

-6.2

Figure 1.28

Because we have no equation we cannot use ZOOM or TRACE or change
the Window settings.  Any attempt to do so will result in a blank screen (except
for the axes). Neverthless, the drawn line will be remembered if the calculator is
turned off or if we do other things that do not involve graphing.
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EXAMPLE   4

SOLUTION
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Use DRAW or PLOT to draw the line through (-4, 2) with slope -3.

Given a point and a slope,  it is important that we have the same scale on both
axes, such as we have using the normal range (but #of the standard range). Once
again we clear the function menu and graph. Then, using DRAW or PLOT Line,
we anchor the line at the given point (-4, 2). Now we move the cursor 1 pixel to
the right  and 3  pixels down  (down because  the slope  is negative).  This may be
repeated  as often  as necessary to reach the edge or to come close  to the edge.
Figure 1.29 shows the result after this much has been done.

This  technique  may  be  repeated  at  the  other end  by  anchoring  at  (-4,  2)
and reversing both directions in moving the cursor-in this case,  by repeatedly
moving 1 space to the left and 3 spaces up.

--,-•      ,       ,                 I-

•....,:;i..     ....-:.``..           ,y                       ..,`.,:.:.:.-I:...-,,i..,-•,..'...&...'~...:.+,.,-.,--.~-1-.-i..\

\•-,.--,.    ``-:,'1`_'  -

•``````.`                           `•:-.:---:.:..:..-:.::.`.:;;-.`,.:-..    .I--`=..-ii'--i--->-:.I-.'--i----'`J\/-.`.--`.``;-,.---.=j`--::.::-,.---::-..:---.`.

'.`..::.-.t..`.:...::...:.+.....

-6.2

Figure 1.29

PARALLEL    AND     PERPENDICULAR    LINES

If two  nonvertical  lines  are  parallel,  they  must  hive  the  same  inclination  and,
thus,  the  same  slope  (see  Figure  1.30).  If  two  parallel  lines  are  vertical,  then
neither one has slope.  Siquilarly, if mi  = m2 or if neither line has slope, then the
two  lines  are  parallel.  Thus,  two  lines  are  parallel  if  and  only  if mi  =  m2  or
neither line has slope.

If two nonvertical lines /1 and /2 with the respective inclinations Gi and 02 are
perpendicular (see Figure  1.31), then  (assuming /1 to be the line with the larger
inclination)

01 -02 -9Or,
and

Oi  =  G2  +  90o.
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SOLUTION
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Figure 1.30

Thus

Figure 1.31

tanoi = tan(02 + 90°) =  -cot02 =  -
1

_____

tan 02
Or

1ml---.
m2

0n the other hand, if mi =  -1/m2, the argument can be traced backward to
show that the difference of the inclinations is 90° and the lines are perpendicular.
Therefore we have the following theorem.

The lines h apd 12 with slopes mi and m2., respectively, are

(a)  parallel or coincident if and only if mi -- m2,
(b)  perpendicular if and only if mim2 -- -1.

Find the slopes of Ji  containing (1,  5)  and  (3,  8)  and /2 containing (-4,  1)  and
(0,  7);  determine  whether  /1  and  /2  are  parallel,  coincident,  perpendicular,  or
none of these.                                                                 '

8-5ml--

m2=

and
3-1

7-1
0+4

3=-
2

63`

42
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We now knbw that /1 and /2 are either parallel
or coincident.  While it  is clear  from  Figure
1.32 that they are parallel rather than coin-
cident,  this  would  not  be  so  obvious  if the
lines  were  closer  together.  Let  us  show  it
analytically. We begin by finding the slope of
the line /3 joining (1, 5) on /I and (-4, 1) on
'2.

m3-- 5-1      4.Ill- = -
1+45

If /1 and /2 were coincident, then /3 would be
coincident   to   both   of  them;   therefore   it
would have the same slope as /1 and /2. Since
its slope  is 4/5  rather than 3/2,  /1  and /2 are
not coincident; they are parallel.

EXAMPLE   2

SOLUTION

27

Figure 1.32

If the line through (I, -3) and (3, 1) is perpendicular to the line through ¢, -3)
and (-1,  -2), find I (see Figure 1.33).

The slope mi of the line through (I, -3) and (3, 1) is

-3-1      -4
ml

Jr-3       Jr-3.

The slope m2 of the line through ¢, -3) and (-1, -2) is

Figure..1;33
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-3+2       -1
m2=

Jr+1         jr+1.

Since the lines are perpendicular, mim2 =  -1.

-4-1
-TT- i-===T==-i
I-3x+1

4
jr2 - 2¥ - 3

--EL

-1

-x2 + 2x + 3 = 4

x2 - 2x + 1 - 0
(r - 1)2 - 0

JX-1

PROBLEMS

A\     In problerrs 1-8, find the slope (if any)  and the  inclination of the line through the  given
points.

1.  (2, 3),  (5, 8)

4.  (3, -5), (1, -1)

7.  (a, a), (b, b)

2.  (-1, 4), (4, 2)

5.  (-4, 2), (-4, 5)
8.  (a, a), (-a, 2a)

3.  (-2, -2), (4, 2)
6.  (2, 3), (-4, 3)

In Problems 9-14, graph the line through the given point and having the given slope.

9.  (5, -2),m=2                                                     10.  (-2,4),777=3/4

11.  (3,1),m=  -1/3                                                 12.  (0,4),m=  -3

13.  (4,2),in = 0                                                        14.  (-3,1),noslope

In  Problerus  15-2.4,  find  the  slopes  of  the  lines  through  the  two  pairs  of  points;  then
determine whether the lines are parallel, coincident, perpendicular, or none of these.

15.  (1,  -2), (-2,  -11);    (2,8),(0,2)               16.  (1,5), (-2,  -7);    (7,  -1),(3,0)

17.  (1,5),  (-1,  -1);    (0,3),(2,7)                     18.  (1,3)',  (-1,  -1);    (0,2),(4,  -2)

19.  (1,1),(4,-1);    (-2,3),(7,  -3)                 20.  (1,  -4),(6,1);    (2,3),(-1,6)

21.  (I,2),  (3,2);    (4,1),  (4,  -2)                        22.  (1,5),  (1,1);    (-2,2),  (-2,4)

23.  (2,1),  (5,  -1);    (3,3),(12,  -3)                  24.  (1,  -1),  (5,2);    (9,5),  (-3,  -4).
\

8      25.  If the line through (I, 5) and (4, 3) is parallel to a line with slope 3, find :¥.
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26.  If the line through a, 5) and (4, 3) is perpendicular to a line with slope 3, find I.

27.  If the  line  through  (I,  1)  and  (0,  y)  is  coincident  with  the  line  through  (1,  4)  and
(2, -3), find I and y.

28.  If the  line  through  (-2,  4)  and  (1, y)  is perpendicular to  one  through  (-2,  4)  and
a, 2), find a relationship between I and y.

29.Ifthelinet'hrough(I,4)and(3,7)isparalleltoonethrough(I,-1)and(5,1),find:¥.

30.  Show by means of slopes that (1,1), (4,1), (3,  -2), and (0,  -2), are the vertices of a
Parallelogram.

31.  Show by means of slopes that (-2, 4),  (2, 0),  (6, 4), and (2, 8) are the vertices of a
Square.

32.  A  certain  section  of railroad  roadbed  rises  loo  feet  per mile  of track.  What  is  the
percentage grade for this section of track?

33.  Prove analytically that the diagonals of a square intersect at right angles.

34.  Prove analytically that one median of an isosceles triangle is an altitude.

35.  Prove analytically that the diagonals of a rhombus intersect at right angles.

C     36.  Prove analytically that the medians of an equilateral triangle are altitudes.

GRAPHING
CALCULATOR

H

In Problems g]-44, use DRAIN or PLOT to draw the line described.

37.  Through (-7, 1) and (5, 3)

38.  Through (4, 2) and (-3, 4)

39.  Through (3.2, 5.6) and (0,  -2.2)

40.  Through (-5.3, 4.9) and (2.2,  -0.3)

41.  Through (5, 4) with slope 5

42.  Through (-2, -3) with slope -2
43.  Through (2, 3.4) with .slope  -1.5

44.  Through (-1.3, 4.2) with slope 2.7

APP£/CAT/OW5      45.  Find the pitch (slope) of the roof shown in Figure 1.34.

Figure 1.34

46.  Find the percentage grade of the section of road shown in Figure 1.35.
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Figure 1.35

47.  The  direction,  or bearing,  of an  aircraft  or sailing vessel  is usually  expressed in  the
form N 30°E, which means 309 east of north.  If a ship is steaming toward a lighthouse
that is 10 miles north and 4 miles east of the ship, what is the ship's bearing?

48.  Suppose that, in Problem 47, the ship changes its course when it has steamed halfway
to the lighthouse. At that point, it steams toward a waiting ship that is 4 miles due east
of the lighthouse. What is the bearing for this second leg?

ANGLE    FROM    ONE    LINE    TO    ANOTH

If /1 and /2 are two intersecting lines, then an
angle  from  /1  to  /2  is  any  angle  measured
from  /1  to  /2.  If the  measurement  is  in  the
counterclockwise direction, then the angle is
positive;  if  it  is  in  the  clockwise  direction,
the angle is negative.  While there are many
angles  from  /1   to  /2,   all   are  related   (see
Figure  1.36) in that, if a is one of them,  all
can be expressed in the form

a +  „ . 1800,
Figure 1.36

where # is an integer (positive, negative, or zero). Since any two of these angles
differ from each other by a multiple of 180°, they all have the same tangent.

If li and 12 are nonperpendicular lines with slopes mi and m2., respectively, and a is
any angle from h to l2., then                                         '

tana - m2 - mL
1  + mlm2

Let Oi  and  G2 be the inclinations of the lines /1  and /2,  respectively.  Figure  1.37
shows that
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a -- 0 2 - 0 1

for one of the angles a from /1 to /2. Thus

tana tan o2 - tan oi
1  +  tan Oi tan 02.

But, Since.mi  = tan Oi and m2 = tan 02, We have

tana - m2 - ml
1  + mlm2

31

Figure 1.37

We have assumed in this argument that /1 and /2 intersect. If they do not, then
mi = m2. Using mi = m2 in Theorem 1.6, we find that tan c[ = 0 and a = 0°. Thus
we  shall  use  the  convention  that  a  =  0°  if  /1  and  /2  are  parallel.  This  is  in
agreement with the convention that in = 0 for horizontal lines.

The  trigonoinetric  identity  used  in  this prof`f is,  of course,  true  only when
tancz and (m2 -mi)/(1  + mim2) both exist. Tana does not exist if a = 90°, but
then  m2  =   -1/mi  and  1   +  mim2  =  0,  which  gives  the  one  case  in  which
(m2 -mi)/(1  + mim2) does not exist. Thus Theorem 1.6 holds for all values of a
except a = 90°, for which case neither side of the equation exists.

DEFINITION        The angle from li to l2 is the smallest nonnegative angle from h to l2.

EXAMPLE    1

SOLUTION

If /1  and J2 have slopes mi  =  3 and m2  =  -2,  respectively, find the angle from
'1 to '2.

tana - m2-mi        -2-3
1+mim2      1+3(-2)

-1

Thus a  =  arctan 1  = 45°.  See Figure 1.38.

Figure 1.38
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Theorem  1.6 assumes that both Ji  and J2 have slopes.  If one of the two lines is
vertical, it has no slope; but it.does have an inclination of 90°. If the inclination of
•the other line is a, then we have one of the four situations shown in Figure 1.39.
From (a) and (b) of this figure we see that when /1 is vertical, the angle a from /1
to /2 is either a + 90° or 0 - 90°. Since these two values differ by 180°, which is
the period of the tangent, it follows that

tana = tan (a + 90°) = tan (a -9o°)

- - c o t 0 -- - 11---        =  --
tan a         in,

where in is the slope of /2.
Similarly, when /2 is vertical, we see from (c) and (d) of Figure 1.39 that a =

90° - 0 or a = 270° - 0. Again they differ by 180°; again their tangents are equal.
Thus when /2 is vertical,

tana = tan(90° -0) = coto = i
tano

(c) (d)

Figure I.39
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E#JIMPIE  2        Find the arigle from Ji to /2, where /1 is a vertical line and /2 has slope 1/2.
®~

5o£ur/oW         The inclination of /1 is 90°; the inclina-
tion of /2 is G, where tan G =  1/2 (see
Figure 1.40). .Since we want the angle
a from Ji to J2, we see that one angle
from Ji to J2 is

a, - 6 + 90o
and

tana = tana' = tan(O + 9o°)
--coto

11-------- 2.
tan a          1/2

EXAMPLE  3

SOLUTION

33

Figure 1.40

Thus the angle we want is the smallest positive angle whose tangent is -2. Using
tables or a pocket calculator, we see that a is approximately 117°.

Find the  slope  of the  line  bisecting the  angle from  /1,  with  slope 7,  to /2,  with
slope 1.

Let in be the slope of the desired line. Since ai  = a2 (see Figure 1.41), we have

tanai = tana2
and

in-mi      m2-in
1+mim      1+m2m

in-7     1-in
1+7m      1+in

(in - 7)(1 + in) = (1 + 7m)(1 - in)
m2 .- 6m ~ 7 -- ~7m2 + 6m + 1

8m2 - 12m - 8 = 0
4(2m + 1)(in - 2) = 0

m=-112   or   m=2.

Figure 1.41
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EXAMPLE   4

SOLUTION
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We have. two answers,  but obviously we want only one.  Which one?  Since
one  of  them  is  the  negative  reciprocal  of the  other,  they  represent  slopes  of
perpendicular lines, one of which is the bisector of the angle from Ji to /2, while
the other bisects the angle from J2 to Ji. An inspection of Figure 1.41 shows that
the answer we want is in =  -1/2.

Find the slope of the line bisecting the angle from /1, with slope 2, to J2, with no
slope.

Let in and 0 be the slope and inclination, respectively, of the desired line.. Since /2
has no slope, it is a vertical line (se~e Figure 1.42). Thus a2 = 90° -0 and

11tan a2 =- cot o = ri = ;.

Since / and /1 have slopes in and mi = 2,

tanal - in-mL      in-2- illEj -
1+J»mi      1+2m.

Finally, the equality of ai and a2 gives

tancti  = tancz2

in-21
1+2m      in

m2 - 2m = 1 + 2m
m2 - 4m - 1 - 0

4.±V16+4     4±2\/3
22

- 2 ± vi.

.       Figurel.42

Again we have two answers, representing the slopes of the bisectors of the
angle from J2 to /1 as well as that from /1 to J2. It is easily seen from Figure 1.42
that the ode we want is in = 2 +. `/5.

t`.
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PROBLEMS
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A     In Problems 1-8, find the angle from 1\ to 12 with slopes mi and m2, respectively.

I.  mi=-2,m2=3           2.  mi=1,m2=4                               3.  mi=-3,m2=2

4.  mi=5,m2= -1           5.  mi= 10,m2doesnotexist           6.  mi=0,m2= -1

7.  mi = 2/3, m2.does not exist          8.  mi does notexist, m2 = -2

In Problem 9-+6, find the angle from li to 12. where h and 12 contain the points indicated.

9.  /I:(1,4),(3,-1);    /2:(3,2),(5-1)       10.  /I:(2,5),(-3,10);    /2:(-1, -3),(3,3)

ll.  /1:(4,5),(1,1);    /2:(3,-3),(0,4)         12.  /I:(1,1),(0,5);    /2:(4,3),(-1,2)

13.  /1:(3,4),(3,-1);    /2:(2,5),(-1,2)     14.  /1:(-1,2),(-1, -1);    /2:(-3,4),(1,0)

15.  /1: (5, 1), (3, -3);    /2: (5, 1), (5, -3)     16.  /I: (3, -4), (2, 3);    /2: (2, -3), (2, 4)

a      In Froblerus T]-24, find the slope of the line bisecting the angle from 1\ to 12 with slopes mi
and m2, respectively.

17.  mi=3,m2=-2                   18.  mi=1,m2=-7                   19.  mi=2,m2=3

20.  mi=-1,m2=2                  21.  mi=-3,m2=5                  22.  mi=2,m2=0

23.  mi  = 3/4,m2doesnotexist        24.  midoesnotexist,m2 =  1

25.  Find  the  interior angles of the  triangle  with  vertices A  =  (1,  5),  8  =  (3,  -1),  and
C -(-1, -1).

26.  Find  the  interior  angles  of the  triangle  with  vertices A  ±  (3,  2),  8  =  (4,  5),  and
C -(-1, -1).

.27.  Find the slope of the  line /1  such that the angle from /I  to /2 is Arctan 2/3, where /2
contains (2, 1) and (-4,  -5).

28.  Find the slope of the line /I such that the angle from /I to /2 is 45°, where the slope of /2
is -2.

29.  Find the slope of the line /2 such that the tangent of the angle from /1  to /2 is  -1/2,
where /I is a vertical line.

30.  A line with slope  1  bisects the angle from /I  to /2, where /2 has slope 2.  What is the
I   slope Of '1?

31.  A line with slope 3 +  \/15 bisects the angle from /I to /2, where /I has slope 1. What is
the slope of /2?

32.  Show by means of angles that A = (-1, 0), 8 = (4, 6), and C = (10,1) are the vertices
of an isosceles triangle.                                                                                        ,

j

/

C     33.  Lines  i'i  and  /2  have  slopes  in  and  1/in,  respectively.  What  is  the  slope  of the  line
bisecting the angle from /1 to /2?tr

-

34.  If lines  /1  and  /2  have  slopes  I  and  in,  respectively,  what  is  the  slope  of  the  line
bisecting the angle from /i to /2?   -
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illF--tis A IVD pc;-;Li;i;i;;====z=;Sir
The graph of an equation in two variables x and y is simply the set of all points
(I, y) in the plane whose coordinates satisfy the given equation.  The determina-
tion  of  the  graph  of  an  equation  is  one  of  the  principal  problems  of  analytic
geometry.  Although we shall consider other methods in Chapter 7,  we consider*..   -r-.

only point-by-point plotting here.  To do this,.we assign a value to either x or y,
substitute the assigned value into the given equation, and solve for the other.

EXAMPLE    1

SOLUTloN

EXAMPLE   2

SOLUTION

Graph 2¥ + 3y = 6.

Plotting these points and joining them,
we have the line of Figure~1'.43.

Figure 1.43

Graph x2 + y2 = 25. 5I1111

11111-

11111 11[1'--50-5 5

Figure 1.44

Plotting these points and joining them, we have the circle of Figure 1.44.



Section  11    GRAPHS  AND  POINTS  OF  INTERSECTION 37

One obvious question that arises is how many points must be plotted before
drawing the graph. There is no specific answer-plot as many as are needed to get
a reasonable idea of the appearance of the graph.

Since each point of a graph satisfies the given equation, a point of intersection
of two graphs is §iinply a point that satisfies both equations. Thus, any such point
can be `fou'nd by solving the two equations simultaneously.

£XAMP££  3        Find allpoints of intersection ofx2 + y2 = 25 andx + y  = 2.

5o£ur/oW         Solving the second equation for y and substituting into the first, we have

:r2 +  (2 - I)2 = 25
2r2 - 4x - 21 = 0

4±  V-i-6+16-8      2±\/Z6
42

-1I:V%

y = 2 - x = 1 I ±Vffi.

Thus, the two points of intersection are

(1+ivng,1-ivng)
and

(1-:v%,1+iv%).

These are shown in Figure 1.45.

5

-
-50-5 ___ _ T5

Figure 1.45

Closely related to equations is the idea of a function;  in fact,  equations are
often used to represent functions. A function is an association, or pairing, of the
values of one set,  called the domain of the function, with those of another (not
necessarily different)  set,  called the range,  such  that  no  value  in the  domain is
associated with more than one value in the range.

We have used the word "value" of a set to emphasize the fact that, although
the domain and range `are often sets of real numbers,  they ne.ed not be so.  For
example, we misht.take'.the domain to be the set of all circles in the plane and
associate  its  area- with  each  circle.  Nevertheless,  the  functions  that  we  shall
consider here all have domains and ranges consisting entirely of real numbers.

As noted above, equations are often used to represent functions. For example,
the  equation y  =  :r2  describes  a  pairing  of I  values  with  the  corresporiding y

~



38 Chapter  1   PLANE ANALyTIC  GEOMETRy

values. Furthermore, a single value of I gives only one y-there is no way to get
two values of y from a single jr. Thus, this equation describes y as a function of I.
When, as in this case, the domain and range are not specified, the domain is taken
to be the set of all real numbers I for which there is a corresponding y; the range
is the set of all possible y values.  In this case,  the  domain is the  set of all real
numbers and the range is the set of all nonnegative real numbers.

I.n order to emphasize the fact that y is function of :¥, the above equation is
often  written /(I)  =  x2.  This  says  that,  for .each  number :r,  the  corresponding
functional  value  is  the  square  of x.  This  notation  was  invented  by  the  Swiss
mathematician Leonhard Euler (pronounced OY-ler).  Other benefits come with
this notation, but they do not concern us and will riot be considered here.

The restriction that "no value in the domain is associated with more than one
value in the range"  implies that a function mus} be single-valued.  While y  = x2
defines y  as a function of I, y2  =  x does not.  For the equation y2  = I, I  =  4
corresponds to both y  =  2  and y  =  -2.  Thus, y2  =  I does  not  define y  as  a
function of I;  it does,  however,  define I as a function of y.  When we consider
equations  involving  :¥  and  y,  we  shall  consider  only  the  possibility  of  y  as  a
function of I-not that of I as a function Qf y. This implies that functions, which
must be single-valued, are easily recognized from their graphs; no vertical line can
contain  more  than  one  point  of  the  graph.  Figure  1.46  shows  the  difference
between y = x2 and y2 = I. In Figure 1.46a, every vertical line contains only one
point of the graph. On the other hand, Figure 1.46b shows that some vertical lines
contain two points of the graph of y2 = I, implying that y is not a function of x. It
might  be  noted  that  there  are  some  lines  (those  to  the  left  of the }J  axis)  that
contain no point of the graph and one line (the y axis) that contains. exactly one
point. These facts are immaterial in deciding whether we have a function; the only
thing that matters is that there is at least one vertical line containing two or more
points of the graph.

Why  do  we  have  this  preoccupation  with  single-valuedness?  The  answer is
that the  ideas  of limits  and continuity,  which  are central to calculus,  are much
more difficult if we allow multiple-valued functions. Calculus is where the idea of
a function is most useful.  In fact, functions were invented by Gottfried Wilhelm

(a) y - + (b) y2 - I

Figure 1.46
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Leibniz  (pronounced  LIBE-nits),  who,  along  with  Sir  Isaac  Newton,  gave  the
initial development of calculus.

One  problem  that  we  have  with  point-by-point  graphing  is  the  amount  of
tedious arithmetic that is required.  Fortunately, we are relieved of this work by
graphing  programs  on  computers  and  by  the  recent  introduction  of  graphing
calculators.    N5vertheless,    computers   and   graphing   calculators   have   their
drawbacks.

The  principal  problem  is  that  they  do  not  graph  equations-they  graph
functions. Furthermore, these functions must be given explicitly. What does that
mean? Equations such as 2x - 3y = 5 and x2 + y2 = 25 imply that y is a function
(or a combination of functions) of :r.  Such a function  (or functions) is called an
implicit function. If we solve these equations for y, giving

2r-5

and
y -- +-  2:5 - # ,

we  have  y  given  explicitly  as  a  function  (or,  in  the  second  case,  as  a  pair  of
functions) of Lr. Thus, in order to have 2r - 3y = 5 graphed for us, we must give
itas

y - (2r - 5),3.

In order to have x2 + y2 = 25 graphed, we must give the two functions

y 1 -- V (2:5 - x2;)
y 2 -- -V a:5 - £) .

Therefore, our first step in using a computer or graphing calculator is to solve our
equation for y. Some of the most powerful computer programs can do that for us,
but many do not.                                    .

A second problem is that caleurators or computers have troubles with portions
of graphs that are nearly vertical, especially if the function is undefined for values
of I near the steep portion of the graph. Thus, in graphing the circle x2 + );2 = 25,
the two halves of
are not graphed.

the circle might not meet because the nearly vertical portions

Still another disadvantage is their inability to graph discontinuous functions.
This is a relatively minor prot)len, since most of the commonly used functions are
continuous.  It  can  be  overcome  (at  least  partially)  by  using  Dot  rather  than
Connected MODE.

Other problems are associated with computers and graphing calculators.  We
shall consider them when we take up curve sketching in more detail in Chapter 7.

We have  already mentioned the greatest advantage of calculators and com-
puters-namely,  r.elief from  arithmetic computation.  Another  advantage  is  the
ability to plot several graphs on the same set of axes.  This is what allows us to
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EXAMPLE   4

SOLUTloN

Chaprfuer  1    PLANE  ANALVTic  GEOMETRy

graph an entire circle rather than having to be satisfied with either the top half or
the bottom half. Furthermore, it provides a convenient way of comparing certain
graphs.

A  second  advantage  is  their  ability  to  zoom  in  on  certain  portions  of  the
graph. In this way, the graphical determination of points of intersection, which is
quite  impractical when working by hand except for very rough  approximations,
can now be used as a practical method.

`S,-

Use  a  graphing  calculator  to  graph  j¥2  +  y2  =  25  and x2  +  y2  =  20.using  the
normal range.  Change the window so that -10 = x =  10 and regraph.

As noted above, we must solve the given equations for y. Thus the two equations
are entered as the four functions

Yi=V(25 -X2)

Y2-:---V(2:5-X2)
Y3=V(20 -X2)

Y4=-V(20 -` X2)

ir :-: :3. :--.:I,-. :, -~-\"`\

+ or.       ..*
.,i-.-....`....,...~\

.....;:;:»*+;...*

.`.- I*,.'+.:::::.•::`.....
-:,,::.:I,``*.ii:SJ-i `f.it

\<

»'...+,*,,I
•.,,,¢,.,

***=y     a          I      "1^      1`.11          I          I                      ,- Ill.I rl            I            I           I

\rl`-.`,-``~ I^3i ?E-
I,

I,,3+

j'`\`+i+
.,,£1+.--".-.==::--',-.-..,

•1,•..
`}

1,*-,•,+.
.9a,

<<r

•..`..:.:`...
.-.

a:;:....
{                     v`y -+.':+:t.....`. -a.,...+•'+..;.`,

``\              `    ``        ``
}y^ I...,,.,  *„,*,,.,,+

--``f    `.        ,,        i-t`-,;'``£,`i..-:.i;.`.:-.#...-.`...-?;..:'i:.....,i <   <>>    j`.`
\

I,'i    >           y^{v
>>¢

i\

-6.2

Figure 1.47

Using  the  normal  range,  we  have  the  graphs  shown  in Figure  1.47.  Notice
that the two halves of the outer circle, represehting Lr2 + y2 = 25, meet; the two
halves of the inner circle, representing x2 + y2 = 20, do not. What is the reason
for this?  If we  do  a TRACE,  we  see  that  the  leftmost point of Yi  is  (-5,  0),
which is a pixel value.  Other pixels are turned on to connect this one to the next
one on the right, which is (-4.8,1.4). However, a TRACE of Y3 shows that the
leftmost  pixel  of that  graph  is  (-4.4,  0.8);  the  next  pixel  value  to  the  left  of
this has I  =  -4.6 for which Y3 is undefined.  Y3 is defined only for pixel values
-4.4 ± I ± 4.4 'ivith y ± 0.8.  Similarly, Y4 is defined only for  -4.4 ± x S 4.4
with y ±  -0.8. Thus the two halves do not meet.    `

Now, when we change the window so that -10 S I = 10, we see from Figure
1.48 that the situation is reversed; that is, the inner circle is connected while the

(
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-6.2

Figure 1.48

outer  circle   is   not.   Again,   a  trace   of  Yi   shows   that   its  leftmost  point  is
(-4.893617,1.0259203) with pixel value (-4.893617,1.0), which is well above the
I  axis.  On  the  other hand,  the  leftmost point of Y3 is  (-4.468085,  0.19030367)
corresponding to the pixel  (-4.680851,  0.2), which is the first pixel value above
the Lr axis.

Thus we  see  that  there  is  no  one window setting that will  make  all circles con-
nected; the result depends on the equations graphed as well as the choice of the
window.

EXAMPLE   5

SOLUTION

Use a graphing calculator to graph j¥2  + }J2  =  25 and Lr  + y  =  2.  Using TRACE
and  ZOOM,  estimate  the  leftmost  point  of intersection.  If your  calculator  has
CALC,  JUMP,  or  G  SOLVE,  use  it  to  find  the  above  point  of  intersection.
Compare its coordinates with the coordinates foundin Example 3.

S'~
€,..,-

From Example 3, the leftmost fpoint of intersection is

(1-±V%,1+ivfi)=(-2.391165,4.391165)

Graphing with the normal range and using TRACE, we have the point (-2.4,   .
4.3863424) on the circle and (-2.4, 4.4) on the line. If we ZOOM In on this point
and  use  TRACE,  we  find  that  we  do  not  improve  upon  this.  Averaging  the y
coordinates,  our best  estimate  is  (-2.4,  4.393),  which  is correct  to two  decimal
places and only slightly off in the third.

On the other hand, using CALC, JUMP, or G SOLVE, we get (-2.391165,
4.391165), which is accurate to six places.
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PROBLEMS

All of the problerl'ls giv;n below can be solved either with or without a graphing calculator.

A     Plot the graphs Of the equntiors in Problems 1-T2„ Indicate which give y as a function of x.

I.y=2I-1                            2.jr+2y=3                            3.it.-5y=2
4.4x+2y=3                            5.y=x:2+1                              6.y=2r-x2

7.y=x2-A:-2                      8.y=x2-4x+3                    9.;r2+.y2=|

|0.  x2+y2=  16                          ||.  y=x3                                     12.  y=x3-2x:2

In Probleriirs T3-16, frod the points of intersection and sketch the graphs of the equations.

13.

ls.  3Lx + 2y =  -1
jr -4y - -12

14.  2r +
3Lr+

8     Plot the graphs of the equations in problel'rls T]-2A. Indicate which give y as afunction of x.

|7. ;*2_y2=4                           |8.  x2-y2=  -4                       |9.  4x2+y2=4

20. £-dy2=4                  2l. y=xii                     22. y=XiJ

23. y2=x3                               24.  \fi+ `¢=4

In Problei'r.s 2;5-T2, find the points of iritersection and sketch the graphs of the equations.

25.I-y+2=0                    26.:*-2y=-1
y-x2

28.

31. I + 2y
£ + y2 - 4

y2 - I + 4
I rD . y -- +

x -- y2
32.  2r + fry = 6

£ + y2 - 16

27. I + y - 1
£ + y2 - 5

sO. y - J2
+ + y2 -- 2

In computer graphics, a graph is viewed through a particular ``window," or range of x qpd y
values.  Any  part  Of the  graph  that is  outside  such  a  window  is  discarded.  In  Probleprls
93-ty8, find the endpoints of the portion Of the graph of each Of the following equations that
is within the given window.

33. x - y + 2 = 0; window: -4 = I = 4, -4 S y S 4
34. I + 2y - 2 = 0; window: -4 ± I S 4, -3 S y S 3
35.  2r + 3y - 1 = 0; window: -4 S I S 6, -3 ± y = 5
36. y = *2; window:  -2 ± ;* S 4, -2 ± y ± 5
37. y=6-#2;window:  -2S;r±4,-3±y=5           `
38. ;ry = 1; window: -2 ± I ± 6, -1 = y ± 4

(
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C     39.  Plotthegraphofx2+y2=o.

40.  Plot the graph of jr2 + y2 =  -1.

GRAPHING
CALCULATOR

E

43

41.  Use  a  calculator to  graph x2  -  y2  =  4.  Remember that  you  must  first  solve  for }J,

giving y = ± \#-='Z, which must be entered as yi = V(£ -4) and y2 = V(x2 -4).
Graph ;r2 - y2 =  -4 on the same axes.

42.  Graph y  =  |x|  and y  =  \¢Z (a) on separate axes and (b) on the same pair of axes.
What do you conclude from this?

43.  Use the ZOOM In feature to find the points of intersection of I  - y  +  2  =  0 and
y - J2.

44.  Find the points of intersection of I + y =  1 and #2 + y2 = 5.

45.  Graph y  = jr, y  = :r3, y  = jr7, and y  = Lr]3 on the same coordinate axes. What do you
think the graph of y = x99 looks like? Verify by adding its graph to the others.

46.  Graph y  = £, y  = jr4, y  = jr8, and y .= jr24 using the same coordinate axes. What do
you think the graph of y = x]°° looks like? Verify by adding its graph to the others.

47.  Graph y = ;r2, y = a - 1)2, and y = (I - 3)2 on the same axes. What do you expect y
= a + 2)2 to look like? Describe the result of replacing jr by I - k.

48.  Graph y = x2, y = x2 + 1, y = x2 + 3 on the same axes. What do you expect y = x2 -
2 to look like? Describe the result of replacing y = /(I) by y = /(I) + k.

49.  The  integer  and  fractional  parts  of  a  number  are  the  parts  to  the  left  and  right,
respectively, of the decimal point. For example, ipart 5.38 = 5 and fpart 5.38 = 0.38;
ipart - 3.87 =  -3 and fpart .- 3.87 =  -0.87. Graph y =  -ipart I using Connected
MODE and again using Dot MODE. Which is the better representation of the graph?
Repeat for y = fpart I.

50.  Frequently, functions are defined by several equations rather than by a single one. For
example, we may define  |jr|  by

I,-(-:    ::::::

This would be described on a TI by Yi=(-X)(X<0)+X(X=0); on a Casio it would be
Yi=-X,[-9.4,0] Y2=X,[0,9.4]. Graph

y = t¢ -2)2
if I S 0,
if I = 0.

51.  Graph

y-(,I-2,2     :::::,

(see Problem 50 for entering into a calculator), using Connected MODE. Repeat using
Dot MODE. Which dves a better representation near :r =  1? near jr = 4?

52.  x2 + y2 = 5 and I + y =  \/5 have two points of intersection. Graph and use CALC,

JUMP, or G SOLVE to find them. Repeat with y = jff and y = -I. What problem
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do we have here? (The problem will not necessarily occur on every calculator.) What
seems to cause the problem?                   ,                                           .`

53.  Problem 24 asks for the graph of \¢ +  \¢ = 4. If we were to graph this equation on
a calculator, we would have to solve for y first, giving y  =  (4 -  V£)2. Are the graphs
of these two equations identical? If not, where are they the same, and where do they
differ?

A#aso„5   54 In Newtonian mechanics, the mass of an object is fixed. However, the special theory of
relativity says that the mass of an object varies with its velocity, with. a .moving body
having greater mass than one that is at rest. The relationship between the mass of an
object and its velocity is given by

Cmom=wi--J2,

where  mo  is  the  rest  mass  and  c  is  the  velocity  of  light  (2.998  X   1010  centimeters/
second). Graph this expression. Use multiples of c 'on the I axis and multiples of mo on
the y  axis.  What  does  this  suggest  about  the  possibility  of accelerating  a  subatomic
particle to the speed of light?

55.  The profit function for the manufacture of a given item expresses the profit P in terms
of the number I of items manufactured. The profit function for a certain item has been
determined to be

p - 9x - 0.02J¥2,

where both :I and P are in thousands. The equation

P -  16 +  7.2J¥

was used to approximate the profit function for the range 0 = I = 100. For what values• of # does the approximation give the exact value of the profit? What happens if we try

to extend the approximation beyond I =  100? [H!.#f.. Graph these two equations.]

56.  There is a relationship between the price p of a manufactured item and the quantity a
that can be sold at price p. An equation relating these two is called a demand equation,
and  its  graph  is  called  a  demand  curve.  As  the  price  p  increases,  the  demand  a
decreases. Similarly, there is a relationship between p and a from the point of view of
the  manufacturer.  In  this case,  g  is the  quantity that  the  manufacturer is willing to
produce  when  the  selling  price  is p.  An  equation  relating  the  selling price  and  the
amount  produced  is  called  the  swppJy  eqw¢fi.o#.  In  this  case,  g  increases  with  the
price.  When  the  demand  exceeds  the  supply,  there  is  a  tendency  for  the  price  to
increase;  when the  supply exceeds the demand,  there is  a tendency for the price  to
decrease. The point at which the supply equals the demand is called market equHibrium.
Suppose that, for a given item, the supply equation is a = 194p - 284 and the demand
equation is q  =  538  -  106p, where p is the price in dollars and q is the quantity in
thousands.  Graph these two  equations on the same  set of axes and find the  market
equilibrium.

57.  Repeat Problem 56 with  supply equation q  =  20p  I  70  and demand equation  a  =
(200/p)  -  10.

-

(
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58.  The relationship between the number # of items produced and the cost C of producing
them  is  called  the  cost  equation.  The  relationship  between  the  number  »  of items
produced and the  revenue A  (income)  realized from  their production is the  revenue
equation.  The  point  at  which  the  cost  equals  the  revenue  is  the  break-even  point.
Suppose  that  the  cost  equation  is  C  =  0.0004#2  -  0.8#  +  1000  and  the  revenue
function is A = 0.6ri. Graph these two equations on the same coordinate axes and find
the break-even point(s). For what values of # does the revenue exceed the cost?

59.  Repeat Problem 58 with C =  1000(# +  100)/(# + 20) and A = 22.5#.

AN    EQUATION    OF    A    LOCUS

In  the  last  section we  considered one  of the two principal problems of analytic
geometry-finding the  graph  of an  equation.  Let  us  now consider the other-
finding an equation of a locus. In other words, given a description of a curve, we
want to find an equation representing that curve. Since an equation of a curve is a
relationship satisfied by the I and y coordinates of each point on the curve (but by
no other point), we need merely consider an arbitrary point (I, y) on the curve
and give the description of the curve in terms of I and y.  Let us consider some
examples.

EXAMPLE  1

SOLUTION

Find an  equation for the  set 'of all points in the jry plane which  are equidistant
from (1, 3) and (-2, 5).

Let (I, y) be one such point (see Figure 1.49). Then

(I -  1)2 + (y - 3)2
a + 2)2 + (y - 5)2

(I - 1)2 + (y - 3)2
- (I + 2)2 + (y - 5)2

jr2 - 2r +  1 + y2 - 6y + 9
= jr2 + 4x + 4 + y2 -  10y + 25

dr - dy + 19 - 0.

( - 2, 5) ,,,,,,__i___I_ I

4.,,,,®,,•`2(I,J,)I

( I ,  3),I  I           I 111_

-4...''-2     '  0,,, I        I         ,        _,-
24

Figure 1.49
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EXAMPLE   2

SOLUTION
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Note  in  the  above  example  that  the  first  equation  given  is  an  equation  of the
desired curve. Of course, we want the equation in as simple a form as possible. In
carrying out the simplification, hoviever, we must be sure that the final equation is
equivalent  to  the  original.  One  way  to  be  sure  of  this  is  to  simplify  only  by
reversible steps.

It  might  also  be  noted in  the  example  that the first step  in  simplifying was
squaring  both  sides  of the  .original  equation.  This  is  not  normally  a  reversible
operation. (If I = 5, then :r2 .= 25; but if :r2 = 25, then I =  ±5.) However, since
we are dealing only with Positiv.e distances, we need consider only positive square
roots in reversing the operation.  Thus it is reversible.  The remaining operations
are clearly reversible;' the first and last equations are equivalent.

Th.ere is a second way to verify that the first and last equations are equ,ivalent.
Clearly,  -any  point  a,  y)  that  satisfies  the  first  equation  must  satisfy  the  sub-
sequent ones.  The only question in  doubt is:  Does any point satisfying the  last
equation also satisfy the first? In order to answer this question, let us consider a
point (I, y) which satisfies the last equation.  Solving for y, we have

6r +  19

Let us now substitute this expression for y into both sides of the first equation.
Since both sides simplify to

V52x2 + 52r + 65

we see that the first equation is satisfied by any such point (I, );). In this way, we
see that the first and last equations are equivalent.

Find an equation for the set of all points (I, y) such that the sum of its distances
from (3, 0) and (-3, 0) is 8 (see Figure 1.50).

\/{:iL 'L 3)2 +''y2 +  \/(i + 3)2 + y2 =  8

\/{j;Ti` `3')2  I+I i;2  =  8  _  \/i;;:I-T``:+i  '3`)2  + ''j}'2

jr2 - 6ff + 9 + }72 = 64 -  |6V(i + 3)2 + y2 + jr2
+dr + 9 + y2

16V(I + 3)2 + J2 = 64 +  12x

4V{i---+  3)2 + y2 =  16 +  3x

i6[(r + 3)2 + y2]  =  (16 + 3jr)2

16£ + 9dr +  144 +  idy2 = 256 + 9dr + 9;*2

7x2 +  |dy2 =  112

(
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EXAMPLE   3

SOLUTION
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Again, the steps are reversible.  Although we squared both sides twice, both
sides of the equation had to be positive in each instance.

Find an equation for the set of all points a, y) that are equidistant from (-2, 4)
and the y axis.

The distance from (I, y) to (-2, 4) is

dl- a + 2)2 + (y - 4)2.

The distance from the point  a, y) to the y  axis is the shortest  (perpendicular)
distance, which is the horizontal distance (see Figure 1.51). As we noted on page
4,  this is the  absolute value  of the difference  between the I coordinates of the
point (I, y) and the point (0, y),

d2 -  lx -01  -  Ixl.

Since di = d2, we have

(I + 2)2 +  (y - 4)2 =  |jr|

(I + 2)2 +  (y - 4)2 = jr2
jr2 + 4x + 4 + y2 - fry +  16 = jr2

y2 + 4x - fry + 20 - 0
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Figure 1.51

PROBLEMS

Find an equation for the set of all points (x, y) satisfying the given conditions.

A        1.  Itis.equidistant from (5, 8) and (-2, 4).

2.  It is equidistant from (2, 3) and (-4,  1).

3.  Its distance from (5, 8) is 3.

4.  Its distance from (3,  1) is 4.

8       5.  It is on the line having slope 2 and containing the point (3,  -2).
6.  It is on the line having slope -1 and containing the point (-2, 5).

7.  It is on the line containing (3, -2) and (5, 3).

8.  It is on the line containing (4, 2) and (2,  -1).

9.  Its distance from (0, 0) is three times its distance from (4, 0).

10.  Its distance from (2, 5) is twice its distance from ('-3,  1.).

11.  It is the vertex of a right triangle with hypotenuse the segment from (2, 5) to (-1, 4).

12.  It is the vertex of a right triangle with hypotenuse the segment from (3, -2) to (1, 4).

13.  It is equidistant from (4, 0) and the y axis.

14.  It is equidistant from (2, 3) and the j* axis.                    `                            `.

15.  It is twice as far from (3, 0) as it is from the y axis.                                 `
~

(
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16.  It is twic: as far from the y axis as it is from (3, 0).

17.  The sum of its distanc-es. from (0, 4) and (0,  -4) is 10.

18.  The sum of its distances from (4,  -2) and (2, 5) is 10.

19.  The sum of the squares of its distances from (3, 0) and (-3, 0) is 50.

20.  The sum of the squares of its distances from (4,  -2) and (2, 5) is 20.

21.  The difference of its distances from (3, 0) and (-3, 0) is 2.

22., The difference of its distances from (4, 2) and (1,  -3) is 4.

23.  The product of its distances from the coordinate axes is 4.

24.  The product of its distances from (4, 0) and the y axis is 4.

C     25.  It is equidistant from the origin and the line I  + y  +  1  =  0. Hz.#f.. The distance from
the point ¢i, yi) to the line Air + By +  C = 0 is

d =  lAri  + Byi  +  C|
V A2/2 -+-Ff i

REVIEW  PROBLEMS

A       I.  Findthepointofintersectionof2x +y = 5andLr -3y = 7.

2.  Use  distances  to  determine  whether  or  not  the  three  points  (1,  5),  (-2,  -1),  and
(4,  10) are collinear. Check your work by using slopes.

3.  Find  the  lengths  of  the  medians  of the  triangle  with  vertices  (-3,  4),  (5,  5),  and
(3,  -2).

4.  Use distances to determine whether or not the points (1, 6), (5, 3), and (3,1) are the
vertices of a right triangle. Check your work by using slopes.

5.  Determine x so that (I,  1) is on the line joining (0, 4) and (4,  -2).

6.  Line /1 contains the points (4, 7) and (2, 3), while /2 contains (5, 6) and (-3, 4). Are /1
and /2 parallel, perpendicular, coincident, or none of these?

7.  Find  the  slopes  of  the  altitudes  of  the  triangle  with  vertices  (-2,  4),  (3,  3),  and
(-5, -2).

8       8.  Find the points oftrisection of the segment joining (2,  -5) and (-3, 7).

9.  Find  an  equation  of the  perpendicular bisector of the  segment joining  (5,  -3)  and
(-1,  1).  [Hz.#/..  What  is  the  relationship  between  a  point  on  the  desired  line  and
the two giveri points?]

+     10.  Find the points of intersection of I  - 7y  + 2  = 0 and x2 + y2 - 4x  +  6y  -  12  = 0.
Sketch.

11.  The point (5, -2) is at a distance `/13 from the midpoint of the segment joining (5, y)
and (-1,1).  Find }J.
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12.  Prove   analytically   that   the   lines   joining   the   midpoints   of  adjacent   sides   of  a
quadrilateral form a parallelogram.

13.  Find  the  point  of intersection  of the  medians  of the  triangle  with  vertices  (4,  -3),
(-2, 1), and (0, 5). (See Problem 26, Page 19.)

14.  Find an equation for the set of all points a, y) such that it is equidistant from (0,  1)
and the I axis.

C      15.  Find  the  center of the  circle  circuinscribed  about  the  triangle with  vertices  (-1,  1),
(6, 2), and (7,  -5).

16.  Two vertices of an equilateral triangle are (a,  -a) and (-a, a). Find the third.

17.  A square has all its vertices in the first quadrant and one of its sides joins (3,  1) and
(6, .3).  Find the other two vertices.

18.  A parallelogram has three vertices (3, 4), (6, 3), and (1, 0) and the fourth vertex in the
first quadrant. Find the fourth vertex.

19.  Find an equation for the set of all points (I, y) such that the angle from the I axis to
the line joining a, y) and the origin equals y.



DIRECTED    LINE    SEGMENTS    AND    VECTOR.S

Since quantities such as force, velocity, and acceleration have direction as well as
magnitude, it is convenient to represent them geometrically. To do so we use the
concept  of  vectors,  which  have  both  magnitude  and  direction.  Not  only  are
vectors  important  in  physics  and  engineering,  but  their  use  can  considerably
simplify  geometric  problems,  especially  in  solid  analyti.c  geometry.  One  reason
vectors are so useful is the wide range of interpretations they may be given. Since
we are interested mainly in the g.eometric applications, vectors will be introduced
geometrically by means of directed line segments.

Suppose A and 8 are points (not necessarily different) in space. The directed
line segment from A  to 8 is represented by ATE; 8 is called the head and A  the

this segment. Two directed line segments ATE and a ¢rc equivalent, ATE
= CD, (1) if both are of length zero or (2) if both have the same positive length,
both lie on the same or parallel lines, and both are directed in the same way (see
Figure 2.1, in which ATE = @ and Ei = Gl?). With this information, we can
easily prove the following theorem.  w

f-F
Ac#¥H

Figure 2.1

tail of
>
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THEOREM 2.1       (a)  AB =-AB for any  directed line segmentAB.

(b)Ifds=-as,thentiD3D=_ri.
(c)Ifds=_asandas-=EF,thenrfe-=EF.

Now let us choose an arbitrary directed line segment ATE.  Let Mi be the set
of  all  directed  line  segments  equivalent  to  ATE.  Now  let  us  choose  another
segment  a not  in  Mi  and  let  M2  be  the  set  of  all  directed  line  segments
equivalent to a. Proceeding in this way, we can partition the set of all directed
line segments into a collection of subsets, no two of which have any element in
common. These subsets are what we call vectors. Thus a vector is a certain set of
mutually equivalent directed line segments.

DEFINITION

DEFINITION

The set of all directed line segments equivalent to a given directed line segment is a
vector v . Any member of that set is a representative of v. The set of all directed tin.e
segments equivalent to one of length zero is called the zero vector 0.

It might be noted that a vector has magnitude (length) and direction, brat not
position.  Any  representative  of  a  given  vector  has  not  only  magnitude  and
direction but also position. Let us now consider how vectors may be combined.

Suppose u and v  are vectors.  LetR  be a representative  of u  LetE be that
representative of v with tail at 8. The sum u + v of u and v is the vector w , having
rfe as a representative.

This is represented geometrically in Figure 2.2. .Since the sum of two vectors
is given in terms of representatives of those vectors, the question remains, "Is the
sum  well  defined-that  is,   is  it  independent  of  the  representatives  used?"
Theorem  2.1  and  the  congruence  of triangles  easily  show  that  the  sum  is  well
defined.

It  might  be  noted  that   this  definition  is  equivalent  to   the  well-known
parallelogram law for the addition of vectors (see Figure 2.2). Let us observe that
the  figures given here  represent vectors  graphically  by means  of representative
directed  line   segments.   In  Figure  2.2,   the  vector  u  is  represented  by  two
equivalent directed line segments, both of which are labeled u.

Figure 2.2

(

Figure 2.3
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\

We can no`w use the sum of two vectors in order to define the difference.

DEFINITION

DEFINITION

DEFINITION

THEOREM  2.2

If a and v are vectors, then u - v is the vector w such that u --v + w .

Geometrically, u - v can again be given by a parallelogram law; but u - v is
represented  by  the  other  diagonal.  This  is  shown  in  Figure  2.3.  Note  that  the
direction on u - v is from the head of v to the head of u. It is easily verified that
u - vjs a vector w such that u = v + w.

When dealing with vectors, we use the term sc¢/ar for a real number. A scalar
has magnitude but not direction. In order to distinguish a scalar from a vector, we
use  boldface  roman  type  for vectors  and  /I.gfogrflcc  !fa/I.c for  scalars.  This  use  of
boldface  type  for  vectors  is  generally  followed  in  printed  works;  however,  in
handwritten work, a vector is usually written with an arrow over it.

If v  is  a vector,  then |v| is  the length  of any  representative  of v.  It is  called the
absolute value , or length, of v .

Note that the absolute value of a vector is not a vector, but a scalar.

If k is a scalar and v a vector, then kv is a vector whose length is |k) |v| and whose
direction is the same as or opposite to the direction of v, according to whether k is
positive or negative.  It is called a scalar multiple of v.

:-`,r%zngzng`-
Figure 2.4

Figure 2.4 gives several examples of scalar multiples of the vector v.
Let us take note of the fact that we are not adding and multiplying ordinary

numbers; thus it is not obvious that the rules of ordinary arithmetic hold-they
•must be proved from the given definitions.

The following properties hold for arbitrary vectors a, v , and w and arbitrary scalars
a and b.

("'  u + v - v + u
/b/  u + (v + w) = (u + v) +
(c)  (ab)v = a(bv)
(d)  (a + b)v -- av + bv
/e/  v + 0 - v

Ov-0

-  lal  lvl

vl  ±  lul  +  Ivl
+ v) - ¢u + av
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THEOREM  2.3

PROOF
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The proofs of these properties are quite simple. For example, Figure 2.2 can
be used to prove  (a).  From triangle ABC and the definition of the sum of two
vectors, it follows that AT? is a representative of u + v. But triangle 4DC shows
that Ai is also a representative of v + u. Thus u + v = v + u.

The remaining proofs are left for the student (see Problem 44). Be careful not
to confuse the scalar 0 with the zero vector 0.

If  we  form  the  scalar  multiple  of  the  nonzero  vector  v  and  scalar  1/|v|,
the  result is easily seen  to be the  z*«z+ vector (that is,  the vector of length  1)  in
the direction of v. It is usually written

V

FT.

Of special interest are the unit vectors along the axes.

If q -- (0, arty , X -- (1, OD , and Y -- (0 , I) , then the vectors represented by t5± and
75F are denoted by .i Bind .I, respectively, and are called basis vectors.

Every vector in the xy plane can be written in the form

¢i + bj

in one and only one way.  The numbers a and b are called the components of the
Vector.

Suppose we have a vector v in the plane. Let us consider the representative of v
with its tail at the origin  a (see Figure 2.5).  The head is at P =  (a, A).  Let us

project P onto both  axes,  giving points A  =  (a,  0)  and 8  =  (0,  b).  Since OTZ
represents  a  vector  of  length  |fl|  that  is  either  in  the  direction  of i  or  in  the
opposite direction, depending upon whether a is positive or negative, it represents
¢i. Similarly as represents bj. It is clear that v = ¢i + bj.

Since  the  point  P can  be  represented  in  rectangular coordinates  by  a pair
(a, b) of numbers in one and only one way, the vector v has one and only one
representation in component form.

y

Figure 2.5
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PROOF

EXAMPLE  I

SOLUTION
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It might be noted that this implies that a pair of numbers q! and A defines a
vector  in  the  plane.  Thus  the  vector  d!i  +  bj  is  sometimes  represented  by  the
ordered pair (a, a).  In fact, some authors define a vector as an ordered pair of
numbers and derive their geometric properties from this. It might be argued that
the  point  (a,  b)  and  the  vector  (a,  b)  are  easily confused.  However,  since  the
vector (¢, A) is represented by a directed line segment from the origin to the point
(a, b), we may use the point as an interpretation of the vector. One of the reasons
that vectors are so useful is their wide range of interpretations.    .

IfR , where A --(xh yi) and a --(x2, y2), represents a vector v in the xy plane,
then

v =  ¢2 -Jri)i + (y2 -yi)g..

B(x2, y2)

A(rl, yl)                  C¢2, yl)

Figure 2.6

Let C be the point (x2, yi) (see Figure 2.6). Then

v - u + w,

where u is represented by Ai and w by CTB. Since u is of length I:r2 -Ill and is in
either the same or the opposite direction as i, depending upon whether Jr2 - Jri is
positive or negative, it follows that u = ¢2 -Jxi)i. Similarly W = (y2 -yi)j.

®

Thus    -                                                                 I.
v =. ¢2 I jri)i + (y2 -yi)I..    .

Find  the  vector  v  in  the  plane  represented  by  the  directed  line  segment  from
(3,  -2) to (-1, 5). Sketch v.

P|=

V = ¢2 i:.#i)i + 0/2 -yl)I.
- (-'1 - 3)i + (5 + 2)j
--4i+7j                                    ,
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EXAMPLE  2

SOLUTION

THEOREM  2.5

Chaprfuer  2   VECTORs  IN THE  PLANE

Figure 2.7

The vector v may now be sketched as a directed line segment from (3, -2) to
(-1,  5)  or from  (0,  0)  to  (-4,  7)  as shown in Figure 2.7.  Of course  any other
parallel displacement of either of these directed line segments is an equally valid
representation of v.

Find the unit vector in the direction of v = 3i -j.

|v| = V3-2 +`(-1)2 = vffi
v      3i-j        3   .         1u = FT = Tffi= i7E5] - i7E5j

+ b2j)  =  (¢i  + ¢2)i +  (bi  + b2)i
b2j) = (ai - a2)i + (bi  - b2)i

dbj

The proof is left to the student.

£IAMP[£3       Ifu=3i-2jandv=  -i+5j,findu+v,u-v,|v|,and2v.
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SOLUTION

EXAMPLE  4

SOLUTION

u + v = (3 - 1)i + (-2 + 5)i = 2i + 3j

u -v ='(3 -(-1))i + (-2 -5)i = 4i -7j

|v| = VFif--i3 = v%
2v=2(-i+5j)= -2i+ 10j

57

Using  the  vectors of Example  3,  give  graphical  representations of u,  v,  u  +  v,
u - v, and 2u.

Figure 2.8

u = 3i - 2j is represented by the directed line segment from the origin to (3, -2)
(see  Figure  2.8).  Similarly,  v  =   -i  +  5j  is  represented  by  the  directed  line
segment from` the origin to the point (-1, 5). Now we complete the parallelogram
with u and v as two sides. The two diagonals are u +  v and u -  v, u + v being
directed from the origin to the opposite vertex and u -  v from the head of v to
the head of u. Finally, 2u is the directed line segment from the origin, in the same
direction as u, but twice as long as u.
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EXAMPLE  5

SOLUTION

EXAMPLE  6

SOLUTION
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a,

v.u  -

r

(a) (b)

Figure 2.9

(c).

Given the vectors of Figure 2.9a, sketch u + v and u - v.

One way to handle this problem is to take a parallel displacement of v with its tail
at the origin, and then use the parallelogram law. This was done in Figure 2.9b.
However, let us first note that when the head of u and the tail of v correspond,
then u + v goes from the tail of u to the head of v. Thus there is no need to draw
the entire parallelogram; we can simply draw u  +  v directly.  Finally, it is easily
seen that u - v = u +  (-v). But -v is a vector whose length is the same as the
length of v and whose direction is opposite that of v.  By sketching -v with the
same tail as v, we can then use u  -  v =  u  +  (-v) to get the result we want as
shown in Figure 2.9c.

It might be noted that the two different methods gave u - v in two different
positions.  Nevertheless,  they have the same length and direction;  they are both
u  -  v.  It is sometimes  convenient to  have  the  tail of u  -  v at the origin,  and
the second method above puts it in that position directly.

Find the endpoint A of v, represented by ATE, if v = 4i - 2j and 8 = (-2, 1).

Since V =  (X2 -Jri)i +  0;2 -yi)I., Where A  =  ¢i, )Ji) and 8 =  (X2, y2), it follows
that

4=-2-xi       -2=1-yi
\

xl--6                 ),1-3.
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A (-6'

Figure 2.10

Thus A = (-6, 3). See Figure 2.10.

EXAMPLE  1

SOLUTION

59

If v = ATE = 4i + 6j and the midpoint of 48 is (3, -1), find A and 8.

Let A  =  ¢i, )Ji) and 8 =  (X2, y2). Since

v =  (X2 -Jri)i  +  fy2  -yi)U..

Jr2  - X1  -4

Since the midpoint of AB is

Jrl  + Jr2

Jrl  +  Jr2

and       y2-yi=6

yLi#),

and yl  + y2 --1
Or

Solving
Jrl  + jr2 - 6

x2  - JX1  -.4

Jr2  + J¥l  -  6

and       yi+y2=-2.

•          J,2-J,1  -6
and

y2 + yl - -2,

we have xi =  1, x2 = 5 and yi  =  -4, y2 = 2. Thus A  = (1,  -4) and 8 (5, 2).



60 ChalpteT  2   VECTORS  IN  THE  PLANE

PROBLEMS

A\     In Problems 1-8, give in component f orm the vector v that is represented byRB.

I.  4=(4,3),8=(-2,1)                                      2.  A=(2,5),B=(0,1)

3.  A=(-3,2),B=(4,3)                                     4.  4=(-2,4),8=(0,4)
5.  A=(1,-2),B=(0,3)                                        6.  A=(0,2),B=(1,4)

7.A=(-3,2),B=(1,-1)                               .   8.

In Problerus 9-16, give the unit vector in the di;ection of v .

9.  v=3i-j                                                             10.  v=2i+4j

l1.  v=-i+2j                                                          12.  v=3j

13.  v=i+2j                                                               14.  v=3i-j

15.  v=-4i+3j                                                         16.  v=4j

ln  Problems  T]-2A,  find  the  endpoints  of  the  representative rfe  Of  v  from  the  given
irrformation.

17.  v=3i-j,A=(1,4)                                         18.  v=2i+3j,A=(-1,3)

19.  v=-i+2j,B=(4,2)                                    20.  v=2i-4j,B=(0,3)

21.  v=i-j,A=(5,1)                                         22.  v=2i+j,4=(-,2,0)

23.  v=3i-i,B=(4,2)                                         24.  v=2i+2j,B=(1,1)

In Problerus 2,S-32, find u + v and u -v . Draw a diagram showing u, v , u + v , and u - v .

25.  u=3i-j,v=i+2j                                       26.  u=2i+3j,v=2i-j
27..u=i-j,v=2i+2j                                        28.  u=3i+j,v=2i

29.  u=i-3j,v=2i+4j                                     30.  u=4i+j,v=i+2j
31.  u=3i-j,v=2i-2j                                    32.u=i-j,v=2i+i
33.  Given the vectors of Figure 2.11, sketch u + v.

34.  Given the vectors of Figure 2.11, sketch u -v.

8     In problems 35-38, f ind the endpoints of v =R fTom the given inf ormation.

35.  v = 3i + 5j, (4,1) is the midpoint of AB

36.  v = 4i -6j, (2, 5) is the midpoint of AB

37.  v = i + j, (2, 0) is the midpoint of 48
38.  v = 2i -j, (0, -2) is the midpoint of AB

In Problems 99-42, find the vector indicated and sketch u, v , and the new vector.
\

39.  u = 5i + j, i =  -2i + 3j; find 2u + v.
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Figure 2.11
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40.  u =  -2i + 5j, v = 3i -j; find u -3v.
41.  u = 3i + j, v = i -j; find -2u + v.

42.  u =  -i + 2j, v = 3i -4j; find 3u + 2v.

C      43.  ProveTheorem2.1.

44.  Prove Theorem 2.2.

45.  Prove Theorem 2.5.

46.  Show  that  the  sum  of two  vectors  is  well  defined  (see  the  paragraph  following  the
definition of the sum).

47.  Show that ¢i + bj  = ci + dj if and only if ¢ = c and A = d.

48.  Show that if neither u nor v is a scalar multiple of the other and ¢u + bv = 0, then fl =
b -- 0 .

THE    DOT    PRODUCT

We  have  considered the  sums  and differences of pairs  of vectors,  but  the  only
product considered so far is the  scalar multiple-the product of a scalar and  a
vector. We shall now consider the product of two vectors. There are two different
product operations for a pair of vect.ors, the dot product and the cross product.
We shall take up the dot product in this section but defer a discussion of the cross
product to Chapter 9  (since it requires three dimensions).  In this case, we shall
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DEFINITION

EXAMPLE  I

SOLUTION

THEOREM  2.6

PROOF

chapter 2  vECTORs IN THE  PLANE

give a purely algebraic definition of the dot product. Its geometric significance will
be considered later.

f

J/ u  =  all  + bij ¢»d v  =  ¢2i  +  b2j, ffeen ffec dot product (scalar product, inner
prodrct) Of u and v is

u.v---aid2+bib2.
r=

Note that the dot product of two vectors is #o/ another vector; it is a scalar.

Find the dot product of u = 3i - 2j and v = i + j.
~

u . v =  (3)(1)  +  (-2)(1)  =  1

and w are vectors and k is a scalar, then
V  =  V . u,
+ v) . w = u .w + v . w,

v) =  (rfu) . v =  u . (tw),
-0,

u . u -  lul2.

(a)  Suppose  u  =  ¢ii  +  bij  and  v  =  a2i  +  b2j.  Then  u . V  =  aia2  +  bib2  and
V . u = a2ai + b2bi, which are clearly equal.    I

The remaining statements can be proved in much the same way. These proofs
are left to the student (see Problems 43-46).

Several observations may be made here. Note that in (c) we have two vectors
and a scalar. This statement is not true if the scalar is replaced by a third vector.
Since the dot product of two vectors is a scalar, there is some question concerning
the meaning of w . u . v. Once we have taken the dot' product of two of them, we
no  longer have  a  second  dot  product-we  h;ve  a  scalar multiple.  Even  if we
interpret  the  second  product  as  a  scalar  multiple,  it  can  easily  be  shown  that
w(u . v) and (w . u)v are not identical. If w = i, u = j, and v = i + j, then w(u . v)
= i while (w . u)v = 0.

Do not confuse the statements of Theorems 2.6(d) and 2.2(f). In the one case
we have` the dot product of two vectors 0 and v, giving the scalar 0,

0 . v - 0.

In the other case we have the scalar multiple of the scalar 0 and the vector v to
give the vector o,                                                                `

Ov - 0.
(
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Finally we note that we can use Theorem 2.6(a), (b), and (c) to shqu that vector
expressions can be mvltiplied (dot product) in much the same way as polynomials.
For example,

(kivi  + k2V2) . (k3V3 + k4V4)
= (kivi) . (k3V3 + k4V4)  + (k2V2) . (*3Y3 + *4Y4)

=(kivi) . (k3V3) +  (kivi) . (k4V4) + (*2V2) . (*3V3) + (*2Y2) . (*4V4)
-- kiksNi . V`3 + kik4Ni . V4 + kTk|N2 . V3 + k2kN2 . V4.

Now let us use these properties to consider the geometric significance of the
dot product. First we consider the angle between two vectors.

The angle between two nonzero vectors u and v is the smaller angle between the
representatives of u and v having their tails at the origin.

In Figure 2.12, we see that there are two angles,  Oi and 02, formed by the
vectors  u  and  v.  By  the  above  definition,  01  is taken  to be  the  angle  between
them.

J'

Figune 2.1Z

Note-that the angle between two vectors is nondirected. That is, we do not
consider the  angle from one vector to another, which .vyould  imply a preferred
direction, but rather the angle between two victors. |f 0 is the angle between two
vectors, then

00 S 0 = 1800.

THEOREM 2.i      If a andv are vectors and o is the angle between them, then

u . v  =  |u| . |v|cosO
and

y . v  -  Ivl2.
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PROOF

EXAMPLE  2

SOLUTION

Chapter 2  vECTORs IN THE  PLANE

By the law of cosines (see Fig.ure 2.13),

Figure 2.13

|v  -u|2  =  |u|2  +  |v|2  -2|u|  |v|coSG.

(v - u) . (v - u) = v . v + u . u - 2u . v

|v  -  u|2  =  |v|2  +  |u|2  - 2u . v.

Comparing this with our first expression for |v - u|2, we conclude that

u . v  =  |u|  |v| cosO.

We see that we can use the dot product to find the angle between two vectors.

Find the cosine of the angle between u  =  3i  -  4j and v  = 5i  +  12j  (see Figure
2.14).

cosO -
aia2 +  bib2

Iullvl

(3)(5)  +  (-4)(12)vrfuvdr
33=L--
65

--0.5077                    `
0 -  120.50
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Figure 2.14
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EXAMPIE3        Find u. v for the vectors of Figure 2.15.

-5ofur/d«          u.v =  |u||v| cosO

=  6 .10 cos6oo

- 6 . 10 .

-30 Figure 2.15

EXA«P£E4        Ifu = i + 2j, v = ¢i -j, and the angle between u and v is 7[/3, find a.
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SOLUTION

THEOREM  2.8

PROOF
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u'VcOsO -Tin

7,
cOs5 =

1-=
2

a-2
VTSVFTl

a-2
VFsVFT1

vi VFT = 2¢ - 4
5(¢2 +  1)  = 4¢2 -  16¢ +  16

a2 +  |6¢ -  11 = 0
-16 ±  VI5~6 -+ 44 -16± \/355     -16± 10\/3

22
= -8 ± 5vi

Since we squared both sides of the equation

vi VFT = 2fl - 4

we must check our results. This equation requires that 2¢ - 4 > 0 or a > 2. Since
neither value of a in our final result satisfies this inequality, it follows that there is
no number a satisfying the conditions of this problem.

We can use the dot product to determine when two vectors are orffoogo#¢/
(perpendicular).  As we shall see  later,  orthogonality of vectors is  an important
concept.

The vectors u and v ¢not both urty are orthogonal ®eapendieuldr) if and only if

u.v-0

(the zero vector is taken to be orthogonal to every other vector).

If u and v are orthogonal, then 0 = 90° and cos 0 = 0. Thus

u . v =  |u|  |v| co;G = 0.
t-

Conversely, let us suppose that u . v = 0. Therr-

|u|  |v|  cosO  =0,           `
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i

•    implying tha`t  |u|  = .0,  |v|  = 0, oi-cosO =.0.  If |u|  I 0 or |v|  = a, then u  = 0 or
v  =  0,  respectively.  Since the zero vector.is orthogonal to every other vector, u
and v are orthogonal. If cosO = 0, -a = 90° an.d the vectors are ortho`gonal.    .

EXAMPLE  5

SOLUTION

DEFINITION

DEFINITION

Determine whether or not u = 2i - i and v = i + 2j are orthogonal.

u . v =  (2)(1)  +  (-1)(2)  = 0

They are orthogonal, since u . v = 0.

Another special case of Theorem 2.7 occurs when we have parallel vectors.

The nonzero vectors u and v are parallel of a -- kv for some scalar k.

If u and v are orthogonal, 0 = 90° and u . v = 0, as we have seen before. If u
and v are parallel, G = 0° or 0 =  180° and u . v =  ±  |u|  |v|.

The projection of one vector upon another is determined  by the  angle  be-
tween them or the dot product.

The projection of u on v (v ± uly is a vector w such that if zE is a representative of
u and rfe  is  a representative  of v, then a  representative  of w  is  a  directed  line
segmentR lying on the line deterrhined by AC with BD perpendicular to that line
(see Figure 2.16).

A                   W                     D     `                                     C

Y

Figure 2.16
EJ I-

The  projection  of  u  on  v  is  defined  in  ten._is  of  representatives  of  these
vectors. Thus we again have the question of    hether or not the projection is well
defined. Theorem 2.1 and the congruence of triangles show that the projection of
u on v is independent of the representatives considered.
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THEOREM  2.9

PROOF

EXAMPLE  6

SOLUTION

Chaprfer  2   VECTORS  IN  THE  PLANE

If w is the projection of u on v and 0 is the angle between u and v, then

lwi=EL     ¢#d      w=(H)H=Hvv.

We can see from Figure 2.16 that

I.w|  =  |u| |cosO|

__   |u| |v| |cos 0|

lvl

lu  .  vl
(by Theorem 2.7).

Now we can easily find w.  Its length is  |u . v I/|v|,  and its direction is determined
by v, since the projection is upon v. Thus

w-±(#,ft.

Now if the angle 0 between u and v is less than 7[/2, u . v > 0.  But w and v have
the same direction in this case and                                                ~

w-+(EL,H-(i#,H.

If 0 > 7[/2, u . v < 0 and w and v have opposite directions. This leads to

w --(i#) H -(H) H.  I

Find the projection w of u = 3i + j on v = 3i + 4j.

u . v =  (3)(3)  +  (1)(4)  =  13,

Ivl - viFT - 5.
Thus

w-(if)ri        ,
133i+4j       39.   .   52.-z3i + Z3J.
55

u

1234

Figure 2.17 gives a graphical representation of u, v,` and w.            Fi.gure 2.J7
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PROBLEMS

A     In problerus 1-8, f ind the angle o between the given vectors.

I.   u -3i -j,v = i + 2j
3.   u - -i + 2j,v -2i + j
5.   u = 2i -j,v - i + 2j
7.   u = 2i - 2j,v = 4i + j

2.   u - 4i + j,v - i + 2j
4.   u--i + j,v -2i -i
6.   u - 3i + 2j,v - i -j
8.   u = i + j,v = 2i + 4j

In Problems 9-16, find u . v and indicate whether or not u and v are orthogonal.

9.   u -i -j,v -2i + j
11.   u -3i + 2j,v i 2i -j
13.   u -i -j,v -3i + 4j
15.   u = 2i -3j,v = 3i + i

10.   u -2i + j,v -i -2j
12.   u = 2i -4j,v = 2i + j

14.   u -i + j,v -2i -3j
16.   ri = 4i,v - i + j

8     In problerus T]-24, f ind the projection of u on v.

17.   u -2i -j,v -i + j
19.   u = 2i + 4j,v = i -2j
21.   u -i -j,v -2i + j
23.   u = 2i + j,v = 4i -2j
25.  Find u . v for the vectors of Figure 2.18.

26.  Find u . v for the vectors of Figure 2.19.

Figure 2.18

18.

20.

22.

24.

u -i -3j,v -2i + j
u -4i + j,v -2i + j
u = 2i -3j,v = 3i + 2j
u -3i -j,v = 2i + 2j

Figure 2.19

In Problems Z]-38, determine the value(s) of a so that the given conditions are satisfied.

27.   u = 3i -j, v = i + ¢j, u and v are perpendicular.

28.   u = i + j, v = 3i -aj, u and v are perpendicular.

69
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~.-

29.   u = 4i + j, v = 2i + ¢j, u and v are perpendicular.

30.   u = 2i -j, v = ¢i + j, u and v are perpendicular.

31.   u = i -2j, v = d!i + j, u and v are parallel.

32.   u = ¢i -j, v = 2i + ¢j, u and v are parallel.

33.   u = i + j, v = ¢i -j, u and v are parallel.
34.   u = ¢i + 3j, v = 2i + j, u and v are parallel.

35.   u = d[i + 2j, v = i -j, the angle between u and v is 7I/3.

36.   u = 3i -aj, v = 2i + j, the angle between u and v = 7[/4.

37.   u = 2i + j, v = ai -j, the angle between u and v is 27[/3.

38.   u = i -j, v = 4i + ¢j, the angle between u and v is 7[/4.

=

In  Problerm  39-42,  let  u  be  represented  by  IE, v  by  Kt,  and w  by  Et.  Find  the
projections of v and w on u.

39.  A = (0, 0), 8 =  (1, 4), C = (2, -1)

40.  4 = (2, 3), 8 = (-3, -1), C = (4, 2)
41.  4 = (4,1), 8 = (3,  -1), C = (0, 2)

E2

42.  A  =  (2,0), 8 =  (5, 5), C =  (3, 5)

C     43.  Prove Theorem 2.6(b).

45.  Prove Theorem 2.6(d).

47.  Show that  |u . v|  ±  |u|  |v|.

44.  Prove Theorem 2.6(c).

46.  Prove Theorem 2.6(e).

EXAMPLE  I

SOLUTION

APPLICATIONS    OF    VECTORS

Let us now consider some applications of vectors. Vector methods can be used in
some  of the  proofs  of elementary  geometry.  Sometimes  the  resulting  proof is
much shorter than either an analytic or a synthetic argument.

Using vector methods, prove that the line joining the midpoints of two sides of a
triangle is parallel to and one-half the length of the third side.

Suppose D and E are the midpoints of AB and
BC,  respectively.  Let us give directions to the
line segments involved and consider them to be
representatives  of  vectors  as  shown  in  Figure
2.20.                                                                            .

Figure 2.20

C
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Then

u + v - w'
11

zu + q + zv -w,

71

and

q=w-i(u+v)=w-zW=ZW.
11

Since vectors have both magnitude and direction, we have proved that q has the
same direction as w and that it is half the length of w.

One reason for the brevity of the foregoing solution is that we were interested
in both the direction and magnitude of Di. Thus a representation by vectors was
very  efficient.  When perpendicularity is  involved,  we  consider the dot product.
Since  this product  is  defined  in  terms  of the  components,  it  is  sometimes  con-
venient to give component representations of the vectors.

EXAMPLE  2

SOLUTION

Prove by vector methods that the diagonals of a rhombus are perpendicular.

Suppose  two  sides  of the  rhombus  represent  the  vectors  u  and  v  as  shown  in
Figure  2.21.  Since  a rhombus  is  a parallelogram, ,the  diagonals  are  u  +  v  and
u  -  v  as  we  have  indicated  on  pages  52  and  53.  Now  let  us  consider  the  dot
product.

(u  +  V) . (u  -  V)  = u2  - v2 =  |u|2 _  |v|2

Since  we  are  dealing  with  a  rhombus,  the  sides  are  of  equal  length;  that  is,
|u|   =   |v|.  Thus  the  above  dot  product  is  0,  implying  that  the  diagonals  are
Perpendicular.

Figure 2.21
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EXAMPLE  3

SOLUTION

EXAMPLE  4

SOLUTION

chapter 2  vECTORs IN THE  PLANE

Prove the Pythagorean Theorem by vector methods.

-.-.  i    --..

Figure 2.22

Taking 4 in Figure 2.22 to be the right angle, we have u . v = 0.

w-u+v

+  lvl2  +  2u . v

+|v|2         (sinceu.v=o)

Prove  by vector  methods  that  the  diagonals  of a  square  are perpendicular and
equal in length.

FiLgure 2.23

Since  we  have  a  square,  |u|   =  |v|;  and  u . v  =  0  (see  Figure  2.23).  Because
p = v + u, it follows that

+  Iul2  +  2v . u

+  Iul2.
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.Q.

L

Similarly, q = v - u implies that

Thus,  Ipl  -lql.

lql2  -  Iv  -  ul2
=  |v|2  +  |u|2  -  2v . u

-  lvl2  +  lul2.

p . q - (v + u) . (v - u)
- v2 - u2
-  lv[2 -  Iul2 -  0,

showing that the diagonals are perpendicular.
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One  of the  most  common  uses  of vectors  is  in  analyzing  the  forces  on  an
object.  If there  are  several forces acting on  a body in different directions,  each
force can be represented by a vector. A single equivalent force (resultant force) is
one that has the same effect on the body as the given forces all acting together; it
is simply the vector sum of all of the given forces.

Sometimes this problem must be worked in the other direction; that is, given
a single force, find a pair of forces satisfying certain conditions that are equivalent
to  the  single  given. force.  This  is  often  done  to  find  the  horizontal  and  vertical
components of a given force.

E*AMPIE 5        A  force  of  20  pounds  is  directed  60°  from  the  horizontal.  What  is  the  vector
representation. for this force?

SOLUTION In effect we are to find the vectors vi  =
¢i  and v2  =  bj  Such that V  =  Vi  +  V2  =
¢i + bj. It is easily seen from Figure 2.24
that a =  |v| cos60° and b  =  |v| sin6o°.
Thus

v = 20cos60°i + 20sin6o°j
•-  10i +  10vig..

Figure 2.24
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EXAMPLE  6

SOLUTION
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JE

Now  let  us  go  back  to  the  problem  of finding  a  single  force  equivalent  to
several  forces  acting  on  a  body.  As  we  can  see  in  the  following  example,  the
earlier problem is sometimes needed within this one.

The following forces are exerted on an object: 5 pounds to the right,  10 pounds
upward, 2 pounds upward and to the right, inclined to the horizontal at an angle
of 30°. What single force is equivalent to them?

The  three  given  forces  are  first  represented  by  vectors;  the  equivalent  force  is
their sum.

vi  = 5i        and        v2 =  10j

For the third vector, we use the method of Example 5 to see that

V3  =  |V3| cos30°i  +  |v3| sin30°j

-2.¥i+2.;i
- vgi + j.

This gives v3 =  Vgi + j, and

u = Vi + V2 + V3 =  (5  +  \/3)i +  llj

This  is  the  vector  representation  of  the  resultant  force.  Now  let  us  use  it  to
compute the magnitude and direction of this force.

Figure~2.25
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|u| = VF-I---- vi)2=---iff
= vial---=i5vi = 12.9

5+vgCosa -
Vi-4-§ + 16Fvi

- 0.5220

75

a = 58.53°

Thus  the  three  given  forces  are  equivalent  to  a  single  force  of  12.9  pounds
directed upward to the right at an angle of 58.53° with the I axis. See Figure 2.25.

EXAMPLE  7

SOLUTION

Find the resultant force if there are two forces: one with magnitude 6 and directed
120° from the  horizontal,  and the other with  magnitude  10 and directed  -135°
from the horizontal (see Figure 2.26).

F.Igure 2.26

First we express each of the two forces in vector form as in Example 6.

vi  = 6cos 120°i + 6sin |20°j
- -3i + 3VTj

v2 =  10cos(-135°)i +  10sin(-|35°)j
- -5vii - 5vij
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EXAMPLE  8

SOLUTION

ChaipteT  2   VECTORS  IN THE  PLANE

Now the resultant force is found by adding.

v - vl  + V2
= (-3i + 3V3j) + (-5\/Zi - 5\/Z5)
= (-3 - 5V2)i + (3\/5 - 5\/i)i

We  also  use  vectors  to  analyze  the  conditions  of static  equilibrium  for  an
object on which several concurrgnt forces act.  Suppose that # concurrent forces
Fi, F2 ,..., F„ act on an object; the condition of static equilibrium is that the sum
of these forces is the zero vector.

Forces of 12 pounds, 18 pounds, and 24 pounds act on an object in the directions
shown in Figure 2.27. What additional force (magnitude and direction) is required
to produce static equilibrium?

J'

Figure 2.27

We begin by writing each force in component form:

F1--12i;                        '.

F2 =  18cos60°i +  |8sin6o°j
-9i + 9Vgj;

F3 = 24cos45°i -24sin45°j
24.        24.                  `--vT|--VTJ.

(
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Let F4 be the additional force required to produce static equilibrium. The condition
for this is

424.

ZF,. = -12i + 9i + 9vij + vil -#j + F4= 0.
''-1

Thus                    I

F4-(3-#)i+(#-9vi)j
--14.Oi +  1.38j.

The magnitude of this vector is

|F4|  =  V{Ii:6j-2---+il35j2 =  14.1 pounds,

and the angle it makes with the positive direction of the I axis is

.      -tan-1(#) =|74.4°.

EXAMPLE  9 Find  the  tension in each  of the  three  cords  that support  the  loo-pound  weight
shown in Figure 2.28.

Figure 2.28

5olur/oW        The knot at the intersection of the three cords is in equilibrium under the actions
of the concurrent forces of tension in the cords.

Figure 2.29 shows the directions of the forces at the knot. Note that all forces are
pulling  away  from  the  knot.  The  tension  in  cord  #3  is  100  pounds  since  it
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Figure Z.29
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suppor(s the loo-pound weight in equilibrium; we write the force on the knot due
to this cord as

'   F3 -  -100j.

If ri and r2 are the tensions in cords #1 and #2, then the forces on the knot due
to them are

F| = -rli
and

F2 = r2cOs45oi + r2sin45oj = #i + #j.

The condition for equilibrium requires that the srim of the forces at the knot be
the zero vector:

-rli+(#i+#j)-100j-o

(-rl+#)i+(a-loo)i-0.
Thus

-ri+#=O      and      #-1cO=0.            `

Sbiving these equations, we get

T2=  1cO\/Zpounds        and        I,=  100pounds.

Find  the  tension  in  each  of the  five  cords  that  support  the  100-pound  weight
shown ih Figure 2.30.

`
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Figure 2.3.0

Figure 2.31

(a)

SOLUTION

0)

79

Figure 2.31a shows the direction of the forces acting upon knot A; the forces are

F1 --100j;                                           '

F2 = T2cosl35°i + r2sinl35°j = -#i + #j;

F3 = T3cos60°i + r3sin6o°j = Zi + ±j.
2

For equilibrium, the sum of these forces must be the zero vector:

-1ooj + (-#i + #j) + (Zi + ¥j)

-(-=+Z,i+(-loo+=+¥)j-0.
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Therefore,
r3-a+I:-o

V?TITS-100+#+T-0.

Adding these two equations, we have

-100 + (vi + 1)r3

T3± vi+1          3-1
200         200(Vg -1)_-= - 100(vi - 1).

Substituting this back into the first equation gives

-#+ 100(vg - 1)

T2 = 50V2(vi - 1).

Now we repeat all of this at knot 8.  Figure 2.31b shows the direction of the
forces acting upon it. Note that the tension on a cord from A to 8 tends to pull it
apart.  That  is,  external  forces  are  pulling  it  toward A  and  8.  The  cord  exerts
equal and opposite forces at these two points. That is why the force F2 is directed
in opposite directions in the two parts of Figure 2.31. From that figure, we have

F2 = r2cos(-45°)i +  r2sin(-45°)j = 50(vi -1)i -50(vi -1)j;

F4 =  T4cosl50°i +  r4sini50oj  = -±i+¥j;
2

F5 =  r5cOs45oi +  r5sin45Oj = #i + #j.

Again, the sum of these forces must be 0:

[50(`/5-1)i+50(`/5-1)j]+(-¥Z±i+¥j)+(#i+#j)

=[50(`/g-1)-¥Z±+#]i+[-50(`/ill)+¥+#]j=0,

giving

50(vi-1,-±+vi-0;r5
2

r5`-50(vi-1,+¥+vi-o.

(
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Solving these two equations for r4 and r5, we have

r4=200        and        r5=50\/Z(\/9+1).

81

There are many other important applications of vectors that are beyond the
scope of this book.  For exaprple, we may use vectors to analyze the forces on a
wire suspended from two points, or on the cables of a suspension bridge. Similarly,
vectors  may  be  used  to  study  the  motion  of planets,  finding equations  of their
paths from a knowledge of the gravitational and centrifugal forces on them.

PROBLEMS

A     In Problerus 1-6, the given forces are acting on a body. What single force is equivalent to
them?

1.  fi = 4i + 3j, f2 = i -2j, f3 = i + j

2.  fi = 2i -j, f2 = 3i + 4j, f3 =  -i + 2j

3.  5 pounds to the right; 10 pounds upward

4.  4 pounds downward; 6 pounds to the right; 2 pounds upward

5.  3 pounds downward; 4 pounds to the right and inclined upward at an angle of 45° with
the horizontal

6.  4 pounds to the left; 5 pounds to the right and inclined upward at an angle of 60° with
the horizontal

ln Problems 7 -T2., give a vector representation of the given force.

7.  A force of 6 pounds directed 30° from the horizontal

8.  A force of 8 pounds directed 150° from the horizontal

9.  A force of 3 pounds directed -45° from the horizontal

10.  A force of 10 pounds directed -120° from the horizontal

11.  A force of 2 pounds directed 35° from the horizontal

12.  A force of 5 pounds directed -75° from the horizontal

8      In Probleri'rs L3-18, the given forces are acting on a body. What additional force will result
in equilibrium?  (A set of forces is in equilibrium if the sum of all of them is the zero vector.)

13.  fi = 2i + j, f2 = i -3j, f3 =  -3i + j
14.  fi = 4i -j, f2 = i + 3j, f3 = 2i -5j

15.  2 pounds to the left; 5 pounds upward

16.  4 pounds to the. right; 6 pounds upward; 6 pounds to the left
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17.  3 pounds to the right; 5 pounds to the right and upward inclined at an angle of 45° with
the horizontal

18.  3 pounds upward; 2 pounds to the right and inclined upward at an angle of 30° with the
horizontal;  4  pounds  to  the  left  and  inclined  downward  at  an  angle  of 60° with  the
horizontal

ln Problems T9-2A, find the resultant of the forces given.

19.  A force of 8 pounds directed 45° from the horizontal; a force of 9 pounds directed 270°
from the horizontal

20.  A force of 3  pounds directed  150° from  the horizontal;  a force of 5 pounds directed
-60° from the horizontal

21.  A force of 6 pounds directed 45° from the horizontal; a force of 8 pounds directed 180°
from the horizontal

22.  A force of 10 pounds directed 120° from the horizontal; a force of 10 pounds directed
-60° from the horizontal

23.  A force of 10 pounds directed  120° from the horizontal;  a force of 8 pounds directed
-30° from the horizontal; a force of 20 pounds directed -90° from the horizontal

24.  A force of 8 pounds directed  135° from the horizontal; a force of 10 pounds directed
30° from the horizontal; a force of 2 pounds directed -120° from the horizontal

ln Probleriirs 2;5-sO, find the tension in all the cords of the arrangements shown in Fig. 2:Th.
In each case, the weight of the suspended object is TcO pounds.

Figure 2.32
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Figure 2.32  (cont.)

In Problerus 31-S9 , use vector methods to prove the given theorem.

31.  The segment joining the midpoints of the nonparallel sides of a trapezoid is parallel to
and one-half the sum of the lengths of the parallel sides.

32.  The lines joining consecutive midpoints of a quadrilateral form a parallelogram.

33.  If the diagonals of a parallelogram are perpendicular, then it is a rhombus.

34.  If the sum of the squares of two sides of a triangle equals the square of the third side,
then the triangle is a right triangle..

35.  Th.e sum of the squares of the four sides of a parallelogram is equal to the sum of the
squares of the two diagonals.

36.  The diagonals of a rectangle are equal.

37.  The base angles of an isosceles triangle are equal.

38.  If one  of the  parallel  sides  of a  trapezoid  is  twice  the  length of the  other,  then  the
diagonals intersect at a point of trisection of both of them.

39.  The medians of a triangle are concurrent at a point two-thirds of the way from each
vertex to the midpoint of the opposite side.  [Hz.#f: Let Bi = rTE and rf = sZ5'
(see Figure 2.33) and use the result of Problem 48, page 61.]

C

•_---:---,--:=-

Figure 2.33

REVIEW     PROBLEMS

A        1..Find the unitvectorin the direction ofv =  (2,  -3).

2.  Suppose TE is a representative of v = 2i -5j. Find 8 when A  =  (1, 3).
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3.  Suppose TZE is a representative of v  =  5i  -  3j,  a.nd (-2,  1) is the midpoint of AB.
Find A and 8.

4.  If u = (3, -2) and v = (1, 6), find u + v, u -v, 3u, and 2L + v. Sketch all the vectors.

5.  If u = 2i -j and v = 3i -2j, find u . v.

6.  Find the angle G between u = 2i -3j and v = i + 5j.

8       7.  Findtheprojectionwofu=i+4juponv=2i-9j.

8.  Find the projection w of u = 4i + j upon v = 2i -2j.

9.  Determine a so that the angle between u = 5i + j and v = ¢i - j is 7[/4.

10.  Determine a[ so that u = i - 4j and v = 3i + aj are orthogonal.

11.  Find the resultant force if a force of 6 pounds is directed 90° from the horizontal,  8
pounds is directed 30° from the horizontal, and  10 pounds is directed  -135° from the
horizontal.

12.  Use vectors to prove that the diagonals of an isosceles trapezoid are equal.`

13.  Use vectors to prove that if the lengths of the parallel sides of a trapezoid are in the
ratio  1 : #, then the point of intersection of the diagonals divides both of them in the
ratio 1 : („  +  1).

14.  The  following  forces  are  exerted  on  an  object:  30  pounds  to  the  left,  15  pounds
downward, 10\/Z pounds upward and to the right inclined to the horizontal at an angle
of 45°. What single force is equivalent to them?

15.  The handle of a lawnmower is inclined to the horizontal at an angle of 30°.  If a man
pushes forward and down in the direction of the handle with a force of 20 pounds, with
what force is the mower being pushed forward? With what force is it b.eing pushed into
the ground?

C      16.  Given u = 3i  + 4j and v =  12i -5j, find the vectors vi and v2 such that v = vi + V2,
vi  =  rfu, and v2 . u  = 0.
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The last section of Chapter 1  dealt with the problem of finding an equation of a
curve from a description of it.  In this chapter,  as well as the next two, we shall
consider this problem in more detail. Let us begin with a consideration of the line.
The  two  simplest ways  of determining  a line  are  by  a pair of points or by one
point and the slope. Thus, if a line is described in either of these ways, we should
be able to give an equation for it. We begin with a line described by its slope and
a point on it.

THEOREM  3.1

PROOF

(.Point-slope form of a line.) A line that has slope in and contains the point (x„ yi)
has equation

y -yl -in(I -X1).

Let (I, y) be any point different from (xi, yi) on the given line (see Figure 3.1).
Since the line has slope, it is not vertical. Thus I i xi, which gives

Figure 3.1
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and

RE
y-yl
Jr - Jrl

y -yl -m¢ -J*1).

Although the formula was derived only for points on the line different from the
given Point ¢i, yi), it is easily seen that (xi, yi) also satisfies the equation. Thus,
every point on the line satisfies the equation: Suppose now that the point ¢2, )J2)
satisfies the equation-that is,

y2 -yi  = in(x2 -J¥i).

If X2 = Jri, then y2  -yi  =  0, Or y2  = yi.  In this Case, (X2, y2)  =  (Xi, yi), Which is
on the line. If x2 i Jri, then

y2 - yl --in.

EXAMPLE  1

j¥2  - jrl

Thus, the slope of the line joining (xi, yi) and ¢2, )72) is in, and this line has the
Point (ri, yi) in common with the given line. Thus,  ¢2, y2) is on the given line
since there can be only one line with slope in containing (xi, yi).    I

Find an equation of the line through (-2, -3) with slope 1/2.(see Figure 3.2).

Figure 3.2
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SOLUTION y - yl - m¢ - Jrl)

y -(-3, -:[x -(-2,]

fry + 6 - Jr + 2
I - fry - 4 - 0
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Of course vertical lines cannot be represented by the point-slope form, since
they  have  no  slope.  Again,  remember  that  ``no  slope"  does  not  mean  ``zero
slope." A horizontal line has in = 0, and it can be represented by the point-slope
form, which gives y  - yi  =  0.  There is no x in the resulting equation!  But the
points  on  a  horizontal  line  satisfy  the  condition  that  they  all  have  the  same y
coordinate, no matter what the x coordinate is. Similarly, the points on a vertical
line satisfy the condition that all have the same x coordinate. Thus, if .(xi, yi) is
one point on a vertical line, then I = J¥i, or I -xi  = 0 for every point (I, y) on
the line.

EXAMP1£ 2        Find an equation of the vertical line through (3,  -2) (see Figure 3.3).

2I

11 1111_

-2'0-2-4 11 I    I    I    1-
2 46

(3. -2)

Figure 3.3

SOLUTION Since  the  I  coordinate  of  the  given  point  is  3,  all` points  on  the  line  have  I
coordinates 3. Thus,

x=3       or       I-3=0.
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THEOREM  3.2

Chapter  3   THE  LINE

(Two-point form  of a  line.)  A  line  through  (xi, yi)  and (x2, y2),),  Xi i  X2, has
equation

y-yl y2 - yl
Jr2  - Jrl (r -jrl).

It might be noted that this result is often stated in the form

y-yl     y2-ylr===T===- - -
J¥  -jri       Jr2  -Jri

While the symmetry of this form is appealing, the form has one serious defect-
the point  (ri, yi)  is on the desired line,  but it does not satisfy this equation.  It
does satisfy the equation of Theorem 3.2.

The proof of Theorem 3.2 follows directly from Theorem 3.1 and the fact that
in  =  (y2  -yi)/(X2  -Xi), Provided J¥i  i x2.  Actually, this follows so easily from
Theorem 3.1 that you may prefer to use the earlier theorem after finding the slope
from the two given points. Of course, the designation of the two points as ``point
1" and "point 2" is quite arbitrary.

EXAMP£E3        Find an equation of the line through (4,1) and (-2, 3) (see Figure 3.4).

Figure 3.4

y-yl

y-1-

SOLUTION y2 - J'1
X2  -  X1

3-1

J¥ + fry - 7 - 0
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ALrEAWArE        The slope of the line is
SOLUTION

RE

EXAMPLE  4

SOLUTION

3-1y2 - yl = - 21=    -   = --
X2-j¥i      -2-4      -6         3
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Using this with' the point (4,  1) in the point-slope form, we have

y - yl - „'¢ - J¥1)

y -1 --:(I -4,
fry - 3 -  -Jr + 4

jr + 3y -7 -0.

Note that we get exactly the same result if we use the slope -1/3 with the other
point, (-2, 3).

y - yl - m¢ - J¥1)

y -3 --;(x + 2,

fry - 9 - -x - 2
Jr + 3y - 7 - 0

Find the perpendicular bisector of the segment joining (5,  -3) and (1, 7).

First let us find the midpoint.

Jr=
5+1

_____

2
-3       and       y

-3+7

The midpoint is (3, 2).
The slope of the line joining (5,  -3) and (1, 7) is

-3-7
in-- 5-1

5=--®
2,

2.

the slope of the perpendicular line is in = 2/5.
Now  we  merely  need  to  use  the  point-slope  formula,  using  (3,  2)  and

in -- 2 I S .
ar

y -2 -3¢ -3,
2x - 5y + 4 - 0
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EXAMPLE  5

SOLUTION

Figure 3.5

Chaipter  3   THE  LINE

The result is shown in Figure 3.5.

In Section 1.4, we used the DRAW or PLOT facility of a graphing calculator
to draw a line through two points or through a given point and with a given slope.
However,  this  procedure  has  certain  limitations.  We  cannot  use  a  TRACE  or
ZOOM; indeed, we cannot change the viewing window in any way.  The reason
for  this  is  that  DRAW  or  PLOT  does  not  generate  a  function  which  can  be
referred to for a TRACE or that can allow regraphing when the viewing window
changes.

Now that we can use two points or a point and a slope to get an equation, we
can use GRAPH. However, we must use a function rather than an equation. All
that means is that we must solve our equation for y as a function of :r. Except for
vertical lines, whose equations have no y, this is quite straightforward.

Use a graphing calculator to graph the line through (-4, 3) with slope -2/3. Use
TRACE and ZOOM to verify that (-4, 3) is on the line and that its slope is -2/3.

We use a slightly altered form of our point-slope equation to have y as a function
oLr.

y - yl '+ in(I - J¥1)

y -3 -;[x -(-4,]   `

-3 -3(I + 4,

(
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There  is  no need to simplify this result;  the calculator can use any form of the
function. Using the normal range and Yi = 3 -(2/3)(X + 4), we get the graph of
Figure 3.6

Using TRACE, we move the cursor to the left so that x =  -4. We can then
read the y coordinate., which is seen to be 3. This is illustrated in Figure 3.6.
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Figure 3.6

Now let us move the cursor to I = 1.0 and ZOOM In. This gives the graph of
Figure  3.7.  Again  using  TRACE,  we  identify  the  point  on  the  graph  with  y
coordinate  0.  This is the point  (0.5,  0).  Now we  move  the  cursor  1  unit to the
right to the point with x =  1.5. The y coordinate (-0.6666667) of this point is the
slope of the line. Thus, the slope is verified to be -2/3.
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Figure 3.7

EXAMPIE 6        Find an equation of the line containing (2, 5) and (-3,1). Use TRACE to verify
that (2, 5) and (-3, 1) are on the line.
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SOLUTION
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rm
5.-1  -        4

2 -(-3) = 3  .,

Again  using  our  slightly  altered  point-slope  formula  with  the  above  slope  and
point (2, 5), we have

y -5 + :(x -2,.

With the normal range  and Yi  =  5  +  (4/5)(X  -  2), we get .the graph shown in
Figure 3.8.
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Figure 3.8

Using TRACE, we move the cursor to the right until x  =  2.  For this point,
y = 5 as shown in Figure 3.8. A similar method can be used to verify that (-3, 1)
is on the graph.

PROBLEMS

A     In Problems 1-16, find an equation of the line indicatediand sketch the graph.

I.  Through (2, -4); in =  -2
3.  Through (2, 2): in =  1

5.  Through (9, 0); in =  1

7.  Through (4,  -2); in = 0

9.  Through (1, 4) and (3, 5)

(

2.  Through (5, 3); in = 4

4.  Through (-4, 6); in = 5

6.  Through (0, 3); in =  2

8.  Through (2, 5); no slope

10.  Through (2,  -1) and (4, 4)
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11.  Through (3, 3) and (1,1)

13.  Through (0, 0) and (1, 5)

15.  Through (2, 3) and (5, 3)

12.  Through (2,  1) and (-3, 3)

14.  Through (0,  1) and (-2, 0)

16.  Through (5,  1) and (5, 3)
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8      17.  Find  equatidns  of  the  three  sides  of  the  triangle  wi-th  vertices  (1,  4),  (3,  0),  and
(-1' -2).

18.  Find equations of the medians of the triangle of Problem 17.

19.  Find equations of the altitudes of the triangle of Problem 17.

20.  Find the vertices of the triangle with sides I  -  5y  +  8  =  0, 4x  - y  -  6  =  0,  and
3LX  +  4y  +  5  -  0.

21.  Find equations of the medians of the triangle of Problem 20.

22.  Find equations of the altitudes of the triangle of Problem 20.

23.  Find an equation of the chord of the circle :r2 + y2 = 25 which joins (-3, 4) and (5, 0).
Sketch the circle and its chord.

24.  Find an equation of the chord of the parabola y  = :x2 which joins (-1,1) and (2, 4).
Sketch the curve and its chord.

25.  Find  an  equation  of  the  perpendicular  bisector  of  the  segment  joining  (4,  2)  and
(-2, 6).

26.  Find an equation of the line through the points of intersection of the circles

x2+y2+2r-|9=O        and        j¥2+y2-lou-12y+41=0.

Look over your work. Is there any easier way?

27.  Repeat Problem 26 for the circles

x2+y2+4x+2y+3=O        and        :#2+y2-dr-fry+21=0.

What is wrong?

28.  Find an equation of the line through the centers of the two circles of Problem 26.

29.  What condition must the coordinates of a point satisfy in order that it be equidistant
from (2, 5) and (4,  -1)?

30.  Find the center and radius of the circle through the points (1, 3), (4, -6), and (-3,1).

31.  Consider  the  triangle  with  vertices A  =  (3,1),  8  =  (0,~5),  and  C  =  (7,  4).  Find
equations of the altitude and the median from A.  What do your results tell us about
the triangle?

C     32.  Show that a line through points (xi, yi) and (x2, y2) can be represented by

-0

The expression on the left-hand side of this equation is a determinant.  Some authors
use the notation
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for this determinant.

33.  Show that the Points ¢i, yi), (x2, y2), (x3, )J3) are collinear if and only if

Jrl    yl
J¥2     y2

Jr3     y3

34.  Show that if no pair of the equations

Aix + Biy +  Ci = 0
A2X + 82y +  C2 = 0

A3X + 83y +  C3 = 0

represent parallel lines, then the lines are concurrent if and only if

Ai    Bi    Ci
A2    82    C2
A3    83    C3

-0.

35.  (a)  Can we graph the horizontal line through (2, 3) with a graphing calculator? If so,
what function must be given? If not, why not?

(b)  Can we  graph  the  vertical  line  through  (2,  3)  with  a graphing  calculator?  If so,
what function must be riven? If not, why not?

In Problerus 36-40, graph the given lines on the same coordinate axes.

line through
line through
line through

The line through

with slope 1
ith slope 2
th slope 3

with slope 4
w does the line change as the slope increases indefinitely?

line through (1, 3) with slope 1/2
line through (1, 3) with slope 1/3
line through (1, 3) with slope 1/4
line through (1, 3) with slope 1/5

w  does  the  line  change  as  the  slope  decreases  toward  zero  through  positive
numbers?

The line through (1, 3) with slope -1
The line through (1, 3) with slope -2
The line through (1, 3) with slope -3
The line through (1, 3) with slope -4

w does the line change as the slope decreases indefinitely?

line
line
line
line

slope 1
slope -1
slope 2
slope -2
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A„aso„5

J`....*:      What  is  the  r.elationship  between  a  line  with  a  positive  slope  and  a  line  with  the

corresponding negative slope?

40.  (a)  The line through (1,  -3) with slope 2
(b)  The line through (1,1) with slope 2
(c)  The line through (1, 5) with slope 2
(d)  The line through (1, 9) with slope 2
What is the relationship between these lines?

Ip Prob_I.eras_4_1:±_, f ind a_I equati?n of the line through the given point and with the given
slope. Use TRACE to verify that the line contains the given point and has the proper s-lope.

41.  in =  -3, (-2, -4)
42.  in = 2/5, (3, -4)

43.  in =  -3/4, (2.58, 3.17)

44.  in =  3.487, (-5.43, 2.78)

In Problems 4S-48, find an equation of the line through the given points.  Use TRACE to
verify that the given points are on the line.

45.  (-7, 3), (4,  -4)
46.  (2, 5),  (-3,  1)

47.  (-1.4,  5.8),  (3.2,1.6)

48.  (-2.5,  6.1),  (4.3,1.5)

49.  The pressure within a partially evacuated container is being measured by means of an
open-end manometer. This gives the difference between the pressure in the container
and atmospheric pressure. It is known that a difference of 0 mm of mercury corresponds
to a pressure of 1 atmosphere and that if the pressure in the container were reduced to
0 atmospheres, a difference of 760mm of mercury would be observed. Assuming that
the difference D in mm of mercury and the pressure P in atmospheres are related by a
linear relation, determine what such a relation is.

50.  Knowing  that  water  freezes  at  0°C,  or  32°F,  that  it  boils  at  100°C,  or  212°F,  and
that  the  relation  between  the  temperature  in  degrees  centigrade  C  and  in  degrees
Fahrenheit F is linear, find that relation.

51.  The amount of a given commodity that consumers are willing to buy at a given price is
called the demand for that commodity corresponding to the given price; the relation-
ship  between  the  price  and  the  demand  is  called  a  demarid  equation.  Similarly  the
amount that manufacturers are willing to offer for sale at a given price is called  the
supply corresponding to the given price,  and the  relationship  between the price  and
the supply is called a supply equation. Market equilibrium exists when the supply and
demand are equal. The demand and supply equations for a given commodity are

2p+jr-100=O        and       p-jr+10=0,

respectively, where p is the price of the commodity and I is its supply or demand.  At
what  price  will  there  be  market  equilibrium?  Graph  both  equations  with p  on  the
vertical axis. What happens to the demand as the price increases? What happens to the
supply as the price increases?
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52.  It costs  the  Acme  Company  $9500  to  manufacture  100 pairs  of shoes  each day  and
$12,250 to manufacture  150 pairs.  Assuming that the  cost is  a linear function of the
number  manufactured,  find  the  cost  as  a  function  of  the  number  manufactured.
Interpret the constants in your result.

53.  Market research by the ZYZZ Electric Company has shown that the company can sell
60,000 lamps if it prices them at $20 and 20,000 if it prices them at $40. Assuming that
the demand D (the number that can be sold) is a linear function of the price p, find the
demand as a function of the price.  For what values of the price does the result make
sense?

54.  The  Consumer  Price  Index  was  38.8  in` 1970  and  113.6  in  1987.  Assuming  that  this
index is linearly related to time, find an equation relating the Consumer Price Index to
the  time  given  in  number  6f years  after  1970.  What  value  for  the  Consumer  Price
Index does this predict for 1980? (The actual value was 82.4.)

SLOPE-INTERCEPT    AND    INTERCEPT    FORMS

The I and y intercepts of a line are the points at which the line crosses the I and y
axes, respectively. These points are of the form (¢, 0) and (0, b) (see Figure 3.9),
but they are usually represented simply by a and b, since the O's are understood
by their position on the axes.  We shall continue using the convention that the I
and y intercepts of a line a.re represented by the symbols a and b, respectively. It
might  be  noted  that  lines  parallel  to  the I  axis  have  no I intercept  and  those
parallel to the y axis have no y intercept. While a line on the x axis has infinitely
many points in common with the I axis, we shall adopt the convention that it has
no  I  intercept.  Similarly,  a  line  on  the  y  axis  has  no  y  intercept.  Thus  no
horizontal line has an I intercept and no vertical line has a y intercept. One other
spe.cial  case  is  that  of a  line through  the origin  which  is  neither horizontal  nor
vertical; it has a single point (the origin) which is both its I and y intercept. In this
case a  =  A  =  0.  With these special. points defined, we now introduce two more
forms of a line.

y

®

Figure 3.9
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DESCARTES

THEOREM  3.3

• PROOF

THEOREM  3.4

PROOF

(Slope-intercept form of a line.) A line with slope in and y intercept b has equation

y -mx + b.

Since  the y  intercept is really  the point  (0,  a),  the  use  of the point-slope  form
gives

`*

y-b=m(x-O)       or       y=mx+b.    -

(Intercept form of a line.) A line with nonzero intercepts a and b has equation

I-+ 3 -1.
¢

Since the intercepts are the points (¢, 0) and (0, b), the line has slope

ain----.
¢
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EXAMPLE  1

SOLUTION

Chapter 3  THE LINE

Using the slope-intercept form, we have

b
y -----_x + b.¢

Dividing each term by b gives
-XZ --+ 1,

ba
E]or       -+3-1.
¢

It might be noted that these two forms are merely special cases of the point-
sl.ope and two-point forms; thus, the earlier forms may be used in place of these at
any  time.  However,  these  forms,  especially  the  slope-in.tercept  form,  are  so
convenient to use that it is well to remember them.  We shall see an example of
their use shortly.    .

Find an equation of the line with slope 2 and ); intercept 5 (see Figure 3.10).

Figure 3.10

y -- inx + b
y - 2x + 5

2x - y + 5 - 0
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EXAMPLE  2

SOLUTION
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There is no commonly used special form for a line with a given slope and I
intercept.  Although  one  can  easily be  derived,  it  has not  proved  to  be  as  con-
v.enient  as the  slope-intercept form.  If you  know the  slope  and the I intercept,
simply use the point-slope form with the point (¢, 0).

Find an equation of the line with I and y interceps 5 and  -2,  respectively (see
Figure 3.11).

Figure 3.11

Jr-+3-1
¢

J¥

3 + JL - 1-2
-2r + 5y --10

2x - 5J, - 10 - 0

Just as it was true that vertical lines could not be represented by the point-
slope form, we see that vertical lines cannot be represented by the slope-intercept
•form, since vertical lines have neither slope nor y intercept. The intercept form is
even   more   restrictive,   accommodating   neither  horizontal   nor  vertical   lines,
because a horizontal line has no I intercept and a vertical line has no y intercept.
Furthermore, no line through the origin can be put into the intercept form, since
fl = b = 0 gives zeros in the denominators.

In all of the examples we have considered so far, we used the special forms
only  as  a  starting  point;  the  final  form  was  always  4:r  +  By  +  C  =  0.  The
question arises whether every equation representing a lirie can be put into such a
form and if every equation in such a form represents a line.
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THEOREM  3.5

PROOF

EXAMPLE  3

SOLUTloN

Chapter 3  THE  LINE

(General form of a line.) Every line can be represented by an equation of the form
•        Ax+By+C-0,

where A and a are not both zero, and any such equation represents a line.

Any line we consider either is vertical or can be put into  slope-intercept form.
Thus any line can be represented by either

x=k       or       y--mx+b.

Thus any line is in the form

x-k--0       or       mx-y+b=0..

Both are special cases of Ax + By +  C = 0.
Suppose we have an equation of the form Ax + By + C = 0, where A and 8

are not both 0. Let us consider two cases.
Case I.. 8 -- 0. Then

Aj¥+C=O       and       x=-=

(since 8 = 0 and A and 8 are not both 0, we know that A ± 0 and we may divide
by A). This represents an equation of a vertical line.

C¢sc JJ.. 8 ± 0. Solving Ax + By +  C = 0 for y, we have

AC
y = _ _8 X - _8

(since  8  ±  0, we may divide by 8).  This represents an equation of a line with
slope -A/B and y intercept -C/B.

Theorem 3.5 has the following implication for graphing:  any equation of the
form Ax + By + C = 0 represents a line, and its graph can be determined by two
of its  points.  Since  the  intercepts  are  so  easily  found,  finding  the  line  through
these  two  points  (if there  are  two)  is  the  quickest way  of sketching  a  line.  Of
course, vertical or horizontal lines do not have two intercepts, but these are easily
sketched.  The only problem comes from lines through  the  origin.  The origin is
both the I and y intercept; so just find a second point in any convenient way.    .

Sketch the line 2x - 3y - 6 = 0.

When y =. 0, I = 3, and when I = 0, y =  -2. We did not put the equation into
intercept form in order to determine the intercepts, although we might have done
so; however, we can find the intercepts by inspection by setting y and I equal to
zero in turn and solving for the other. Actually, this represents a convenient way

(
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of putting the line into intercept form.  Since ¢  =  3
and b =  -2_, the intercept form of 2r - 3y - 6 = 0
is

EZ

5+±-1.

The graph of this equation is given in Figure 3.12.

101

Figure 3.12

The proof of Theorem 3.5 also shows us that the slope of the line A:r + By +
C = 0 is -A/B provided 8 ± 0. This implies that the slope of a line is determined
entirely by the coefficients of I and y;  the constant term has nothing to do with
the slope. Thus

Ar+By+Ci=O        and        Ajr+By+C2=O

both have the same slope, namely -A/B. Furthermore,

Ar+By+Ci=O        and        Bj¥-Ay+C2=O

are perpendicular since they have slopes  -4/8 and  -8/(-4)  =  a/A,  respec-
tively.  This  gives  us  an  easy  way  to  write  an  equation  of  a  line  parallel  (or
perpendicular) to a given line.

EXAMPLE  4 Find an equation of the line that is (a) parallel and (b) perpendicular to 3jr + 2y -
5  = 0 and contains the point (3,1) (see Figure 3.13).

J'

Figure 3.13
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SOLUTION

Chapter 3  THE  LINE

Any line parallel to the given line has the form 3x + 2y + Ci = 0 since such a line
has the same slope as the given line.  Now all we need to do is to determine Ci.
Since the line contains the point (3,1), its equation is satisfied by (3, 1). Thus we
have

3 . 3  + 2 . 1  +  Ci  = 0
C1  --11

and the desired line is                   .
3x + 2y -  11  -0.

Any  line  perpendicular to  the  given  line  has  the  form 2x  -  3y  +  C2 .,=  .0.
Again the point (3,  1) satisfies the equation. Thus

2 . 3  - 3 . 1  +  C2 = 0
C2 - -3

and the desired line is
2x - 3y - 3 - 0.

It  might  be  noted  that,  with very little  practice,  most  of the  above  can  be
done in one's head and the answer written directly.

PROBLEMS

A     In Problems 1-sO, find an equalon of the line described and express it in general form with
integer coefficients.  Sketch the line.

1.  in - 4, A - 2

3 . in -- 5 , b -- 1 1 2
S.  in = 314, b = 2/3

7 . in -- 5 , a - - 2
9 . in -- 0 , b - - 3

11.  ¢ - 4, A - 2

13.  a  = 2, b  =  1/2

15.  a = 2,13, b =  -2./S

17.  ¢  =  A  = 0, through (2, 5)

19.  a - 4, no b

2.  in --1, a -3
4.  in = 2,13, b ---113

6 . in -- - 1 1 6 , b -- - 5 / 4
8.  in - 6, a - 3

10.  No in, a - 2
12.  ¢ -  -1, b -3
14.  ¢ =  1/2, b  =  1/2

16.  ¢ =  -3/4, A = 2/3

18.  a = A = 0, through (-2,  -3)

20.  No ¢, A -  -3

21.  Find  an  equation  of the  line  parallel to  2x  -  5y  +  1  =  0  and  containing the  point
(2'  3).                                                                                                            `

22.  Find an equation of the line perpendicular to I + 2y - 5 = 0 and containing the point
(4'  1).

(
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BJ`:,:+PLr?_b+`^e_I_SZ±:ee2f.:_±r_d2=__eL9.u?flop.Ofthelinedescribedandexp;e?;;*ii%nthegeneralform
with integer coefficients.  Sketch the line.

23.  a = b±0, through(2,5)                             24.  a = 36 ±0, through (5, -4)

25.  a + b = 8, through (3,1)                              26.  ¢b = 6, through (-3, 4)

27.  Find an equation of the line parallel to 4x + y + 2 = 0 with y intercept 3.

28.  Find an equation of the line perpendicular to 4* - y - 3 = 0 with I intercept 4.

29.  Find  the  center  of the  circle  circumscribed  about  the  triangle  with  vertices  (1,  3),
(4, -2), and (-2, 1).

30.  Find the center of the circle circumscribed about the triangle with sides I  + y  =  2,
I - y = 0, and 2¥ - y = 4.

31.  Find  the  orthocenter  (points  of  concurrency  of  the  altitudes)  of  the  triangle  with
vertices (-10,11), (8, 2), and (2,  -1).

32.  Prove analytically that the altitudes of a triangle are concurrent.

33.  For what value(s) of in does the line y = #ur - 5 have I intercept 2?

34.  For what value(s) of in does the line y = #ar + 2 contain the point (4, 5)?

35.  For what value(s) of a does the line ¢/¢) -  (}7/2) =  1 have slope 2?

36.  For what value(s) of b does the line (I/3) +  (}/b) = 1 have slope -4?

37.  Plot the graph of x2 - y2 = o.

38.  Plot the graph of xy = 0.

39.  Plot the graph of x2 - 5x + 6 = 0.
40.  Plot the graph of a + y -  1)(3jr - y + 2) = 0.
4i.  Show that v = 4i + Bj is perpendicular to dr + By + C = 0.
42.  Show that v = Bi - Aj is parallel to Ax + By +  C = 0.

C      43.  Work Problem 35  of the previous section without expanding the  determinant.  [HI.#J..
Use Theorem 3.5.]

44.  One vertex of a rectangle is (6,  1); the diagonals intersect at (2, 4); .and one side has
slope -2. Find the other three vertices.

45.  One vertex of a parallelogram is (1, 4); the diagonals interse;t at (2,  1); and the sides
have slopes 1 and -1/7. Find the other three vertices.           -

GRAPHING
cAfffiArofl 46.  Graph the following lines.

(a) y - 2¥ - 3
(c)  y--2r + 3
Describe the role of the constant term.

47.  Graph the following lines.
(a) y - I + 1
(c)  y -  -Jr +  1
Describe the role of the I coefficient.

48.  Graph the following lines.
¢) x/2 + y/3 -1
How must the functions be entered?

(b). y - 2x -  1
(d)  y - 2¥ +  1

(b) y - 2x +  1
(d) y -  -2x + 1

Qh)  x/3 -y/4 = 1
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In Problems 49-S2, graph the given equation and, using either TRACE or CALC, JUMP or
G Sol:VE, find the intercepts.  Use them to rewrite the equation in intercept form.

49.  y - 5x - 3
50.  y - 2r/3 + 5
51.  y  =  2.54x  -  1.78

52.  y  =  -3.87x + 2.47

53.  If d and f represent distance from a starting point and time elapsed, respectively, give
an interpretation of the slope and d intercept for d = 60f.  Repeat for d =  1000 - 40f.

54.  The Carolina Furniture Company buys a lathe for $8000.  It is expected that the lathe
will last for  12 years,  at which time it will hav.e no value.  If a straight-line method of
depreciation is used, give an equation for the estimated value of the lathe as a function
of time.  For what values of f is your equation valid?

55.  Repeat  Problem  54  if it  is  expected  that  the  lathe  will  have  a  secondhand  value  of
$500 after 12 years.

56.  The  direct  cost  of manufacturing  a gallon  of paint is  $2.35.  The  fixed  cost  (which is
incurred  no  matter  how  many  gallons  are  manufactured)  is  $420  per  day.  Give  the
total daily cost as a function of the number of gallons of paint made. Graph the result.

57.  The Ace Tennis Racket Company manufactures two models of tennis rackets, standard
and deluxe.  The standard model requires 15 minutes to string, and the deluxe model
needs 20 minutes; the stringing machine is available for 12 hours. If I standard models
and y deluxe models are made, what is the relationship between x and )7, assuming that
the entire  12 hours are used? Give an interpretation of the slope of this line.

58.' It is estimated that an oil field contains 40 billion barrels of oil. If the oil is pumped out
at the rate of 30 million barrels per year, give an equation representing the relationship
between amount of oil left in the field and time.  It is recommended that y represent
the am.ount left in millions of barrels and that f represent the time in years. What is the
significance  of the  two  intercepts?  If only 800/o  of the  oil can be recovered from the
field, when will the oil field be depleted?

59.  The XYZ Company determines that the cost of producing x dinette sets is C = 12Or +
10,000. What interpretation can be given to the slope of its graph? To the C intercept?
These two quantities are called the marginal cost and fixed cost, respectively.

60.  An encyclopedia  salesperson's weekly pay is  tiven by the  equation  P  =  50#  +  100,
where  P  is  the  pay  and  #  is  the  number  of  sets  of  encyclopedias  sold.  Give  an
interpretation for the slope and P intercept of this equation.

61.  A demand equation gives the relationship between the quantity a of an item that can
be  sold  and  the  price p  of the  item.  Suppose  that,  for  a  certain  item,  the  demand
equation is given by p = 5 - 0.01q. Give an interpretation for both intercepts and the
slope of this line.

62.  It was observed that the price of videocassettes at a certain electronics store increased
by 3 cents per month throughout 1990. In June, the price was $6.35.  Give an equation
for the price as a function of time. (Take f = 0 to represent the beginning of the year.)
If this price increase continues, what will a cassette cost at the end of 1991? When will
the price be $7.00?                                                                   `
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In Problems 63-€n,  plot the given points,  draw the line that best fits the data,  and use the
slope and/or y intercept to determine the quantity wanted.

63.  Find in of y = ur.

JX 01234

y 0          4.1          8.5          12.8          16.3

64.  Find in and A of y  =  77'z]f  +  b.

I 1               3                5                7               10              15

y 6.4      .10.9          14.5          19.8          26.0          35.2

65.  Find A of y  = ke2.  [Hz.#f.. Substitute z = £ and graph y  = kz.]

jr 12345

y 5.3         20.5          47.0         82.9          131.0

66.  The relationship between the vapor pressure P of a liquid and its absolute tempera-
ture,  I, is given by the Clausius-Clapeyron equation,

2.303 loglop -
-AH1
i . -T + C ,A

where  AH  is  the  molar  heat  of  vaporization  ,of  the  liquid  and  A  is  the  ideal  gas
constant,1.987 calories degree-t mole-1. The following data were found.

1/I 0.00364              0.cO357              0.00341              0.cO328              0.00319

log1oP 0. 0000218         0. 0000230         0. cO00250         0. 0000272         0. cO00287

What is the molar heat of vaporization of the liquid? [See Problem 65.]

67.  The Freundlich equation for adsorption is

y -kclln,

where y represents the weight in grams of substance adsorbed and C is the concentra-
tion in molesAiter of the solute. In logarithmic form, the equation is

1
108ioy  = logiok + -108ioc.„

Experimentation with the adsoaption of acetic acid from water solutions by charcoal
gave the following results.

C 0.079         0.036         0.019         0.0097         0.0045

y 0.054         0.038         0.029          0.022           0.016

What are k and #? [See Problem 65]. .
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ill -.....---i_-.-i.-:-.--.. ==  i-I_...I -...-.- I.   _  _   _  _   __     _       --_                           I"---
DISTANCE    FROM    A    POINT    TO    A    LINE

THEOREM  3.6

PROOF

Before considering the distance from  a point to  a line,  let us note the result of
Problem 41 of the previous section: the vector v = Ai + Bj is perpendicular to Ax
+ By + C = 0. This perpendi6ularity allows us to find the distance from any point
to a given line.

The distance from the point (xi, yi) to the line Ax +  By +  C = 0 is

d- lA¥1  +  Byl  +  Cl
V7F---+--E

The distance we are considering here is the shortest, or perpendicular, distance.
As noted above, the vector v = Ai +  Bj is perpendicular to Ax + By  +  C = 0.
Let (x, y) be a point on Ax + By + C = 0 and u be the vector represented by the
segment from (I, y) to (xi, yi) (see Figure 3.14). Thus

u = (Xi  -X)i + fyi -y)j.

Figure 3.14

The length we seek is the length of the projection w of u upon v. By Theorem 2.9,

d - Iwl - qu -
Ivl

|A(Xi  -jr)  + B(yi -y)I
VF--+----ifi

|Axi  + Byi '-  (AX + By)I
A2:2+---EL

|Axi  + B)Ji  +  C|
vH2__IE

\

The following is an alternate proof that does not use vectors.

(
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PROOF
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Given the line

4Jr + By + C - 0

and the point (#i, yi), then
I

4x + By - (Ari + ftyi) = 0

is  parallel  to  the  given  line  and  contains  ¢i, yi)  (see  Figure  3.15).  Moreover,
Bx  -  Ay  =  0  is  perpendicular  to  both  of them.  The  distance  we  seek  is  the
distance between the points P and 0 of Figure 3.15. The point of intersection of
Bx - 4y = 0 and A:r + By + C = 0 is

Figure 3.15

P- -AC       -BC

while the point of intersection of Bx  - 4y  =  0 and Ax  +  By  -  (Ari  +  Byi)
-0is

g-( (Arl + By

Using the distance formula, we have

B(4Xi + BJ'i)
82    '--    AFFFT

',\`       .-,,    ```    .,,.:`:;-,`   ,,,-,      `        ,,,`.:```             .`            ,             ,`        .,``  ,,.,,   ',`            ,,       .:`:;`,` .,,.,. `.:``,1..:``-`             .`

(4X]A+2=y`82+C)2

=  |Ari + Byi + C|
VrF=+ pp

I
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EXAMPLE  1

SOLUTloN

EXAMPLE  2

SOLUTION
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Find the distance from the point (1, 4) to the line 3x -5y + 2 = 0.

|Axi  + Byi  +  C|
V A2:2  + 82

13 . 1  -  5 . 4  +  21

V rs2 + (-Srf

.    Figure3.16

For what value(s)  of in is the line y  -  1  =  in(I  +  3)  at a distance 3 from the
Origin?

First the given equation can be put into the general form
LIT

mx - y + (3m + 1) i 0.

Using our distance formula, we have

d 14xl + Byl +  q
V A2;2- + 82
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3- in.0-0+ (3m  +  1)VFT
109

3viFT = 3m + 1
9m2 + 9 = 9m2 + 6m +  1

8-6m
-4

in_-I
3.

It might be noted that the given line has slope in and contains the point (-3,  1).
We have selected the slope in such a way that the line is at a distance 3 from the
origin. This gives the line 4x -fry + 15 = 0, as shown in Figure 3.17. It might also
be noted that there is a second line through (-3, 1) and at a distance 3 from the
origin. However, that one is a vertical line, which has no slope. It could not have
been represented by our original equation.

Figure 3.17

E.XAMPLE  3

SOLUTION

Find the distance between the parallel lines

2x-5y-10=O        and        2x-5y+4=0.`

First let  us  select  a point  on  one  of the  two  lines.  We  may select ¢#y point in
whatever way that we find most convenient. For example, if we take ;r = 0 on the
first line, then y  =  -2. Thus we have (0,  -2) on the first line (see Figure 3.18).
Now all we have to do is find the distance from (0, -2) to the other line, 2x - 5y
+ 4 = 0. The result is
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THEOREM  3.7

PROOF

Figure 3.18

|Ari + Byi +  C|
VF--+ Bh

|2.0-5(-2)+4|        14
fr+--Fifif   - v7f§

Chapter 3   THE  LINE

The absolute value in the distance formula is sometimes very inconvenient in
practice. We could get rid of it if we knew whether Axi + Byi +  C were positive
or negative. The following theorem gives us a method of determining this.

If P(Xi, yi) is a point not on the line Ax +  By + _C = 0_ (P ± a), then
(a)  8 and Axi +  Byi + C agree in sign if P is above the line.
(b)  a and Axi +  Byi +  C have opposite signs if P is below the line.

C¢se I.. 8 > 0. Let a be the point on the given line with abscissa jri (see Figure
3.19). If P is above the. line, then yi > y. Since 8 > 0, Byi > By. Therefore,

Art + Byi + C > Art + By + C.

Since (xi, y) is on the line,

Art+By+C=O        and       Art+Byi+C>0.

If P is below the line, all of the above inequalities are reversed and

Axi + Byi + C < 0.

Mobile User
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(a) (b)

Figure 3.19

ill

C¢sc JJ.. 8 < 0. If P is above the line, then yi > y. Since 8 < 0, Byi < By. Thus,
+_i,-,

Ari + Byi + C < Axi + By + C.
Again

Art+By+C=O       and       Art+Byi+C<0.

As with Case I, all of these inequalities are reversed if P is below the line, and

Art + Byi + C > 0.

If 8 = 0, the line is vertical and there is no "above" nor "below." Theorem
3.7 does not apply to this case, but the distance from a point to a vertical line is
easily found without using Theorem 3.6.  Other methods of determining the sign
of Axi + Byi +  C are given in Problems 34 and 35.    .

EXAMPLE  4

SOLUTION

Find an equation of the line bisecting the angle from 3x - 4y - 3 = 0 to 5jr + 12y
+ 1 - 0.

•.,*

If (I, y) is any point on the desired line (see Figure 3.20), then it is equidistant
from the two given lines. By Theorem 3.6,•#-#

5|5x +  i2y +  i|  =  i3|fro -4y -3|.

Now  let  us  apply  Theorem  3.7.  Since  P is  above  5x  +  12y  +  1  =  0  and  the
coefficient  of y  is  positive,  5x  +  12y  +  1  is  also  positive.  Similarly,  sihce  P is
above 3x - 4y - 3 i 0 and 8 is negative,

fro - dy - 3 = 0.
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Thus

Figure 3.20

5(5jx+12y+1)=-13(3:r-4y-3)        or        32x+4y-17=0.

Perhaps you object to the designation of P above both lines. Not every point
on the bisector is above them. While this is true, the points on the bisector that
are not above both are below both.  Thus, we still have one expression positive
and the other negative, and the result is the same.

It might be noted that we can avoid the use of Theorem 3.7 by considering
both cases; that is, 5x  +  12y  +  1 and 3x -  4y - 3 either agree in signs or have
opposite signs. In the one case we have 7x - 56y - 22 = 0; the other gives 32x +
4y -  17 = 0. Now we need to select one of them. We do so by a comparison of
slopes.  The first has slope  1/8 and the second,  -8.  Since Figure 3.20 shows that
the line we want is nearly vertical, it must have a slope that is numerically large.
Thus the answer we want is 32x + 4y -  17 = 0 with slope -8. It might be noted
that the two lines above with slopes 1/8 and - 8 are perpendicular. The line 32*
+ 4y - 17 = 0 bisects the angle from 3x - fry - 3 = 0 to 5x + 12y + 1 = 0, while
7x - 5dy - 22 = 0 bisects the angle from the second line to the first.

PROBLEMS

A     In Problems 1-ro, find the distance from the given point to the given line.

I. I + y - 5 - 0, (2, 5)
3.  4r + 5y - 3 = 0, (-2, 4)
5.  3x + 4y  -5 = 0, (1,  1)

(

2.  2x -4y + 2 = 0, (1, 3)

4.  I -3y +`5 = 0, (1, 2)

6.  5x +  12y  +  13  = 0, (0, 2)
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7.  2* - 5y = 3, (3, -3)
9.  3x + 4 = 0, (2, 4)

8.  2x + y = 5, (4,  -1)

10.  y -3, (1, 5)
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In Problems 11-16, find the distance between-the given parallel lines.

11.  2x - 5y + 3 = 0,    2r - 5y + 7 = 0
12.  I + 2y - 2 = 0,   I + 2y + 5 = 0
13.  2r + y + 2 = 0,    4x + 2y - 3 = 0
14.  4x - y + 2 = 0,    12r - 3y +  1 = 0
15.  2x: - y +  1  = 0,    2* - y -  7 = 0
16.  3Lr + 2y = 0,    dr + 4y - 5 = 0

8      17.  Find the lengths of the altitudes of the triangle with vertices (1, 2), (5, 5), and (-1, 7).

18.  Find the lengths of the altitudes of the triangle with sides I + y - 3 = 0, x - 2y + 4 = 0,
and 2¥ + 3y  = 5.

19.  Find the area of the triangle of Problem 17.

20.  Find the area of the triangle of Problem 18.

In Probleras 21-2;6, find an equation of the line bisecting the angle from the first line to the
second.

21.  3jr - 4y - 2 = 0,    4x - 3y + 4 = 0
22.  at + i5y - 5 = 0,    5x - i2y + 1 = 0
23.  24x - 7}J +  1  = 0,    3x + 4y - 5 = 0

24.  i2x + 35y - 4 = o,    i5y - tr + 3 = 0
25. I + y - 2 = 0,   2r - 3 = 0
26.  2r + y + 3 = 0,    y + 5 = 0

27.  For what value(s) of in is the line y = mx +  1 at a distance 3 from (4,  1)?

28.  For what value(s) of in is the line y = mf + 5 at a distance 4 from the origin?
29.  For what value(s) of b is the line (I/3) +  (yro) =  1 at a distance 1 from the origin?

30.  For what  value(s)  of a is  the  line  a/¢)  +  (y/2)  =  1  at  a distance  2 from  the  point
(5, 4)?

31.  Find an equation of the set of all points equidistant from the origin and the line I + y
- 1 - 0.

32.  Find an equation for the set of all points whose distance from the origin is twice its
distance from I + y - 1 = 0.

33.  The center of the circle inscribed in a triangle is the incenter of the triangle. The center
of a circle that is tangent to one side and the extensions of the other two sides is an
excenter of the triangle. Find the incenter and the three excenters of the triangle with
vertices (0, 0), (4, 0), and (0, 3).

C     34.  Prove that if P = (xi, yi) is a point not on the line Ax + By +  C = 0 (A i 0), then
(a)  A and Ax:1  + Byi +  C agree in sign if P is to the right of the line.
(b)  A and Axj  + Byi +  C have opposite signs if P is to the left of the line.
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35.  Prove that if P = ¢i, yi) is a point not on the line Ax + By +  C = 0 (C i 0), then.
(a)  C and Axi  + Byi  +  C agree in sign if P and the origin are on the same side of the

line.

(b). C and Ari + Byi  + C have opposite signs if P and the origin are on opposite sides
of the line.

36.  Find the center of the circle inscribed in the triangle with vertices (0, 0),  (4, 0), and
(0,  3).

37.  Suppose that a is the inclination of a line perpendicular (or normal) to the line / and p
is the directed distance of / from the origin, p being positive if / is above the origin and
negative if / is below (see Figure 3.21). Show that / can be put into the form

I cosa + y sina -p = 0.

This is called the normal form of the line.

Figure 3.21

38.  A board leaning against a fence makes an angle of 30° with the horizontal. If the board
is 4 feet long (see Figure 3.22), what is the diameter of the largest pipe which will fit
between the. board, the fence, and .the ground?

39.  A small portion of Interstate Highway 197 is shown in Figure 3.23. FM 125 runs north-
south, and FM 238 runs east-west. How far is Arcadia from 197?

Figure 3.22
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40.  Basingstoke is 30 miles east of Exit 18 (see Figure 3.23). How far is it from 197?

FM125
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The equation

y-2x+b       -          .`*

'-.'-  is in the form y = mr + A, with in = 2; thus, it represents a line with slope 2 and

y intercept b. But what is b? Clearly we could substitute many different values for
b and get equations of many different lines. It is of interest then to consider the
following set, or family, of equations representing lines.

M =  {y = 2x + b I b real}

M represents a set of parallel lines all having slope 2; in fact, it represents the set
of a// lines  having  slope  2  (see  Figure  3.24).  The  b  in y  =  2r  +  A  is called  a
parameter.   Since  the  equation  has  a  single  parameter,  M  is  called  a  one-
parameter family of lines. Let us consider a few more examples.

y

Figure 3.24

Mobile User
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{y -2 = m¢ -  1)|m real} represents a family of lines through the point (1, 2);
however, it does not represent all such lines. The vertical line :¥ =  1 (which has no
slope) is not a member of this family (see Figure 3.25). The set of fl// lines through
the point (1, 2) is {y  -2  = in(I -1)  I 772 real}  U  {r  =  1}.  .

y

Figure 3.25

The use of a computer or graphing calculator, with its ability to graph several
functions on the same set of axes, is especially useful when considering families of
lines.  Once again, the greatest obstacle to overcome is the requirement that the
equation be solved explicitly for y as a function of jr.  Once this has been done,
there  is  no  need  to  simplify;  simply  replace  the  parameter  by  one  value,  then
another,  and so forth,  to get several members of .the family of lines.-'When the
resulting-functions are graphed, their common properties often become apparent.

To illustrate, the e.quation of Example 1 can be put into the form

y -2 + m¢ -1).

By replacing in by several different values, we get

yi = 2 + 0¢ -1);   y2 = 2 +  1(I -1);
y3 = 2 -1(x -1);    y4 = 2 + 2(x -1).

\

When  these  are  graphed  (see  Figure  3.25),  it  is  clear  that  they  all  contain  the
point (1, 2).

(
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EXAMPLE  2

EXAMPLE  3

EXAMPLE  4
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Unfortunately, the one thing the graphs will not tell us is whether the family
contains all lines through (1, 2) or whether there are exceptions. This must still be
done  by  a  consideration  of  the  form  of  the  given  eqLlation.  In  this  case,  the
presence of the slope in should warn us that a line with no slope (a vertical line)
cannot be represented.

{x/2 + }/b = 1 I b real, b ± 0} represents a family of lines, all having x intercept 2
and some y intercept. It represents all such lines. However, it does not represent
all lines having x intercept 2, since the line x =  2 is not represented, nor does it
represent  all lines through  (2,  0), since I  =  2 and y  =  0 are  not included  (see
Figure 3.26).

Figure 3.26

{y  =  mx  +  A  I  in,  b  real}  is  a  two-parameter  family  of lines  representing  all
nonvertical lines.

{x = A I A real} is the family of all vertical lines.
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{2x + fry - 6 + k(4x - y + 2) = 0 I k real} represents a family of lines (no matter
what value  we choose for k,  the resulting equation is linear)  all containing the
point of intersection of

2x+fry-6=O       and       dr-y+2=0

(because any point satisfying 2r + 3y - 6 = 0 and 4* - y + 2 = 0 must satisfy

2r + 3y - 6 + k(4x - y + 2) = 0

no matter what value of k we choose). Again, it does not represent a/J such lines;
the line 4x -y + 2 = 0 is not a member of this family (see Figure 3.27).

Figure 3.27

This family is more difficult to recognize than the previous ones. Once again,
we can get a handle on the problein by using computer or calculator graphing.
Unfortunately, solving for y is also more difficult than in the previous examples:

2r + 3y`.-6 + k(4# -y + 2) = 0
2x + 3y - 6 + 4A:]f - ky + 2k = 0

(3 - k)y = -(2 + 4k)r + (6 - 2k)
y = (-(2 + 4k)I + (6 -2k))/(3 -k).

The equation is left in this form rather than the "built-up" form because this is
the form that must be used with a computer. Again, we may simply replace k by
first one value, then another to get several examples from the family. As before,
there is no need to simplify the expression; the computer can do it for us.

(
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EXAMPLE  6

EXAMPLE  7

SOLUTION
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Upon graphing several examples,  it becomes clear that they all contain the
point (0, 2).  However, it is not clear that this is the point of intersection of the
lines

2x+3y-6=O       and       4x-y+2=0.

Nor is it clear that the second of these two lines is not a member of the family.
Thus, while a graphing calculator can help somewhat, it cannot solve this problem
completely.

{Ax +  By  +  C = 0 I A, 8,  C real} is a three-parameter family representing all
lines in the plane.

Let us now consider the use of families of lines. This concept is most useful in
finding an equation of a line which cannot be represented in any of the standard
forms that we have seen. Suppose we consider the following example.

Find an equation(s) of a line(s) that contains the point (6, 0) and is a distance 5
from the po`int (1, 3).

{y = m¢ -6) I in real} represents a family of lines all containing the point (6, 0).
Note that it does not represent all lines containing the point (6, 0); the only one
not represented is the vertical line with equation I
lines containing (6, 0) is (see Figure 3.28)

Figure 3.28

6.  Thus,  the family of all
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SOLUTION
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{y  = in(x  -6)  I  in real}  U  {x =  6}.  '

Now we must choose  those members of the family that  are  at  a distance 5
from (1, 3). We first consider those lines of the form y = in(I -6), which can be
rewritten in the form

mx -y -6m -0.

The distance from this line to the point (1, 3) is

lm - 3 - 6ml
VTFTI

Multiply both sides by \/;ZTi and square.

-5.

I-3 -5m| = 5tyffi
9 +  30m + 25m2 = 25m2 + 25

Substituting this value back into the original equation, we get

y -:(I -6,
8x - 15y -48 = 0.

Now we must consider the line I = 6, which is a distance 5 from the point (1, 3).
Thus, the two lines we want are

&r-15y-48=O        and        j*-6=0.

Find an equation(s) of the line(s) parallel to 3x - 5y + 2 = 0 and containing the
point (3' 8).

The family of all lines parallel to 3x  -  5y  +  2  =  0 (including the given line) is
{3x  -  5y  =  A  I  A real}  (see Figure 3.29).  The member of the family which con-
tains (3, 8) satisfies the condition                                         `
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F-Igure 3.29

EXAMPLE  9

SOLUTION
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3.3-5.8-A
A --31.

The equation desired is 3x - 5y + 31 = 0. The above procedure is simple enough
to do mentally, and a similar procedure can be used for perpendicular lines.

Find  an  equation(s)  of  the  line(s)  perpendicular  to  3x  -  5y  +  2  =  0  and
contairiing the point (3, 8).

The family of all lines perpendicular to 3x - 5y + 2 = 0 is {5x + 3y = k I k real}
(see  Figure  3.30  on  page  122).  The  member  that  contains  (3,  8)  satisfies  the
conditions

5 . 3  +  3 . 8 -- A
A -39.

The desired equation is 5x + 3y - 39 = 0.
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Figure 3.30
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PROBLEMS

A     In  Problerus 1-14,  describe the fondly  of lines  given.  Indicate whether  or not it contains
every line of that description, and, if not, give all the lines with that description which are not
included in the fandly.

I.  {y - 4 = m¢ +  1) I in real}

2.  {y = ,rm - 5 I in real}

3.{:+:=1|breal,b±0}

4.  {x =  ky  I  A real}

5.  {dr + By = 0 I A, 8 real, A and 8 not both 0}     ,
6.  {2r - fry  =  A I A real}

7.{:+:=1|¢,breal,¢±0,b±0}

8.   dy  =  rmr  +  A  I in, A real}

9.  {2r+3y+1+k(4#+2y-5)=O|kreal}                `

10.   {x  =  A I  A real}

€
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•].{:+z=]lareal,¢±o}

]2.{:+5L=[,¢rea],¢±o,¢±3]

13.  dy = rm + in I in real}

14.  {y - a = m¢ - fl) I d[, in real}

In Problerliis 15-24, grive, in set nota[tion, the family described.

15.  All lines parallel to fro - 5y - 7 = 0

16.  All lines perpendicular to 3Lr - 5y - 7 = 0

17.  All lines containing (2, 5)

18.  All lines with I intercept twice the y intercept

19.  All lines containing the point of intersection of 3x - 5y + 1 = 0 and 2r + 3y - 7 = 0

20.  All horizontal lines

21.  All lines containing the origin

22.  All lines at a distance 3 from the origin

23.  All lines at a distance 5 from (6, 0)

24.  All lines which form with the coordinate axes a triangle of area 4

In Problems 2;5-2;8, find the lines satisfying the given condition that are (a) parallel and (b)
perpendicular, respectively , to the given line.

25.  Containing (5, 8); 3x - 5y +  1  = 0     26.  Containing (3, 2); 2r + 3y - 7 = 0

27.  yintercept5;4x + 2y -5 = 0             28.  xintercept2;3x +y + 2 = 0

8      29.  Find an equation(s) of the line(s) with slope 5 at a distance 3 from the origin.

sO.  Find an equation(s) of the line(s) perpendicular to 3x - 4y + 1 = 0 and at a distance 4
from (2, 3)..

31.  Find an equation(s) of the line(s) containing (5, 4) and at a distance 2 from (-1, -3).

32.  Find an equation(s) of the line(s) containing (3,  -1) and at a distance 4 from (-1, 3).

33.  Find an equation(s) of the line(s) containing (7,  1) and at a distance 5 from (2,  -5).

34.  Find an equation(s) Of the line(s) containing (-4, 3) and at a distance 5 from (-2, 2).

35.  Find an equation(s) of the line(s) containing the point of intersection of 3jr - y - 5 =
0 and 2r + 2y - 3 = 0 and having slope 2.

36.  Find an equation(s) of the line(s) containing the point of intersection of 4# + 5y - 1 =
0 and 3gr -2y +  1  = 0 and the point (1,  1).

37.  Find  an  equation(s)  of  the  line(s)  containing  (4,   -3),  such  that  the  sum  of  the
intercepts is 5.

38.  Find an equation(s) of the line(s) with slope 3 such that the sum of the intercepts is 12.

39.  Find an equation(s) of the line(s) containing (2, 3) and forming a triangle of area  16
with the coordinate axes.
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40.  Prove analytically that the  bisector of an exterior angle determined by the two equal
sides of an isosceles triangle is parallel to the third side.

41.  An  isosceles  right  triangle  is  circumscribed  about  the  circle  with  center  (2,  2)  and
radius 2. The coordinate axes are two of the sides. What is the third?

42.  An  isosceles  right  triangle  is  circumscribed  about  the  circle  with  center  (4,  2)  and
radius 2. The x axis is the hypotenuse. What are the other two sides?

43.  An equilateral triangle is circumscribed about the circle with center (4, 2) and radius 2.
The x axis is one side. What are the other two?

44.  Graph 3x + 2y - 1 = 0 and I - y + 3 = 0. Graph 3x + 2y - 1 + k(I - y + 3) = 0 for
k = 1, 2, -1, -2. Describe the above family of lines. What value of k (if any) Sves the
graph of 3x + 2y - 1 = 0? I - y + 3 = 0?

REVIEW  PROBLEMS

A        I.  wlrite an equation (in general form with integer coefficients) for each of the following
lines.

(a)  The line through (1, 5) and (-2, 3)
(b)  The line with slope 2 and I intercept 3
(c)  The line with inclination 135° and y intercept 1/3

•           (d)  The line through (2, 3) and (2, 8)

2.  Write an equation (in general form with integer coefficients) for each of the following
lines.

(a)  The line through (4, 2) and parallel to 3x - y + 4 = 0
(b)  The line with I intercept 1/2 and y intercept -5/4
(c)  The horizontal line through (3,  -2)

3.  Find the slope and intercepts of each of the following lines.
(a)I-4y+1=0                                             (b)2x+fry+5=0
(c)  5x+2y=0                                                        (d)  3Lr+  1

4.  Find the distance from (2,  -5) to 12x + 5y  + 7 = 0.

5.  Find-the distance between 3x - y + 5 = 0 and dr - 2y - 7 = 0.

6.  Describe the family of lines given. Indicate whether or not it contains every line of that
description, and, if not, give all lines with that description that are not included in the
family.
(a)  dy -  1  = m¢ + 3) I in real}
(b)  dy  = 3x +  b I b real}
(c)  {x/a - y/3 =  1 I a real, a i 0}

7.  Give, in set notation, the family described.
(a)  All lines containing (5,  -1)
(b)  All lines perpendicular to 3x + 2y - 6 = 0
(c)  All lines .at a distance 3 from (2, 5)



Sectiron 3A   FAMILIES  OF  LINES

8.  Find k of w  = kv by graphing the given data and approximating by a line.

V -1         2         4         7          8

„ -1.45    2.90    5.71     9.89     11.32
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a       9.  Find  an  equation  of  the  perpendicular  bisector  of  the  segment  joining  (4,  1)  and
(0, -3).

10.  A  triangle  has  vertices  (1,  5),  (-2,  3),  and  (4,  -1).  Find  equations  for  the  three
altitudes.

11.  Find the lengths of the n}edians of the triangle of Problem 10.

12.  Find equations for the three medians of the triangle of Problem 10.

13.  If the line / has slope 3 and contains the point (-1,1), at what points does it cross the
coordinate axes?

14.  Find an equation of the line bisecting the angle from x + y - 5 = 0 to x - 7y + 3 = 0.

15.  Find an equation(s) of the line(s) containing (5, 1) and at a distance 1 from the origin.

16.  Find an equation(s) of the line(s) with slope 3 and containing the point of intersection
of 2r + 3y - 5 = 0 and 3jr - 7y + 5 = 0.

17.  Sketch x2 - xy + 3Lr -  3y = 0.

18.  Find in and b of y = #iJf + b by graphing the Sven data and approximating by a line.

I 1          3           7          10         12         15

y 7.5     13.3     26.5.p36.0     42.8     51.6



DEFINITION

THEOREM  4.1

PROOF

THE    STANDARD    FORM    FOR    AN    EQUATION
OF    A    CIRCLE

The  standard  form  for  an  equation  of  a  circle  is  a  direct  consequence  of the
definition and the length formula.

A circle is the set of all points in a plane at a fixed positive distance (radius) from a
f ixed point (ceriter).

A circle with center (h, k) and radius r has equation

(x - |i)2 + (y _ k)2 -_ r2 .

is any point on the circle,  then the distance from the center (fo,  k)  to
(see Figure 4.1).

Squaring, we have
r--

Figure 4.1

(I - fr)2 +  (y _ A)2

{x - |i)2 + (y _ k)2 -_ r2 .

Since  the  steps  above  are  reversible,  we  see  that  every  point  satisfying  the
equation of Theorem 4.1 is on the circle described.    .

(
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EXAMPLE   1

SOLUTION
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Give an equation for the circle with ceriter (3,  -5) and radius 2 (see Figure 4.2).

Figure 4.2

From Theorem 4.1, an equation is

Or
a - 3)2 + [y _ (_5)]2 = 22,

(I - 3)2 + (y + 5)2 = 4.

Although the above form is a convenient one, in that it shows at a glance the
center and radius of the circle, another form is usually used.  Called the general
form, it is comparable to the general form of a line. Let us first illustrate this form
with the result of Example 1.  Squaring the two binomials and combining similar
terms, we have

a - 3)2 + (y + 5)2 - 4
x2 _ dr + 9 + y2 + toy + 25 = 4

x2 + y2 - dr + 1fty + 3o = o.

Normally an equation of a circle will be given in this form. Let us now repeat the
manipulation, starting with the standard form of Theorem 4.1.

a - fe)2 + (y _ k)2 = ,2
± -irha +`h2 + ;2 _ iky + '# = r2

x2 + y2 - 2,hx - 2,ky + uh2 + k2 - r2) -_ 0
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THEOREM  4.2

EXAMPLE  2

SOLUTION

r
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The last equation is in the form

x2 + y2 + D'x + E'y + F' = 0.

Upon multiplication by a nonzero constant, A, we have

A£+Ay2+DL¥+Ey+F=0       (A±0),

as the following theorem states.

Every circle can be represented in the general form .

A£+Ay2+Dx+Ey+F=0       (A±0).

It is  a simple matter to  take  an equation of a circle  in  the standard form  and
reduce it to the general form. We have already seen an example of this. However,
it is somewhat more difficult to go from the general form to the standard form.
The latter is accomplished by the process of "completing the square." To see how
this is accomplished, suppose we consider

a + a)2 = jr2 + 2ax + ¢2.

The constant term a2 and the coefficient of :r have a definite relationship; namely,
the constant term is the square of one-half the cbefficient of :r. Thus,

¢2-[;(2¢,]2.

Note, however, that this relationship holds only when the coefficient of :¥2 is 1.
This  relationship  suggests  the  following  procedure.  If the  coefficients of :¥2

and y2 are not one,  make them one by division.  Group. the I terms and the y
terms on one side of the equation and take the constant to the other side. Then
complete the square on both the I and the y terms. Remember that whatever is
added to one side of an equation must be added to the other in order to maintain
equality.

Express 2x2 + 2y2 - 2x + 6y - 3 = 0 in the standard form. Sketch the graph of
the equation. '

2r2..+ `2y2 -2x + 6y -3 = 0
3• x2 .+. y2 - J¥ + 3y - - - 0
2

(.x2-I        )+(y2+3y        )±2
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(rf-I+i)+(y2+3y+£)=3+i+£

(I-i)2+(y+2)2-4
I

Thus, the original equation represents a circle with center (1/2, -3/2) and radius
2. The graph is given in Figure 4.3.

Figure 4.3

The next two examples show that the converse of Theorem 4.2 is not true:
that is, an equation of the form

Ax2 + Ay2 + Dx. + Ey + F = 0

does not necessarily represent a circle.

EXAMPLE  3

SOLUTION

Express j#2 + y2 + 4x -  6y +  13  = 0 in standard form.  Sketch the graph of the
equation.

£ + y2 + 4x - 6y + 13 = 0
(x2+4x        )+(y2-6y        )=-13
(x2 + 4# + 4) + ()72 -6y + 9) =  -13 + 4 + 9

¢ + 2)2 + (y - 3)2 = 0
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EXAMPLE  4

SOLUTION
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Since neither of the two expressions on the left-hand side of the last equation can
be  negative,. their  sum  can  be  zero  only  if both  expressions  are  zero.  This  is
possible only when I = -2 and y = 3. Thus, the point (-2, 3) is the only point in
the plane that satisfies the original equation. The graph is given in Figure 4.4.

Figure 4.4

Express £ + y2 + 2r + fry +  19 = 0 in standard form.

j¥2 + y2 + 2x +  fry +  19 = 0

¢2+2];        )+(y2+fry          )=-19
¢2 + .2x +  1) +  (y2 + fry +  16)  =  -19 +  1  +  16

a + 1)2 + (y + 4)2 - -2

Again, since neither expression on the left-hand side of the last equation can be
negative,  their sum cannot possibly be negative.  There is no point in the plane
satisfying this equation. It has no graph.

The  results  illustrated  by  the  last  three  examples  are  stated  in  the. next
theorem.

THEOREM 4.3      The graph of every equation of the f orm                      `

Ax2+Ay2+Dx+Ey+F=0        (A±0)

(
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is either a circle or a point, or contalus no points.
(The last two cases are called the degenerate cases of a circle.)

The use of a computer or calculator for the graphing of circles has several
problems associated with it. The first is the old problem of having to solve for y as
a function of I. Since an equation of a circle is a quadratic in y (as well as in I),
this requires the use of the quadratic formula. Suppose we consider this with the
equation of Example 2. We begin by rearranging the terms in the following order:
y2 terms, y terms, and constant terms (at least constant with respect to y-there
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may  be  L¥  terms  here).  Then,  looking  upon y  as  the  only  variable  and I  as  a
constant, we solve by the quadratic formula.

2x2 + 2y2 - 2x + 6y - 3 = 0

2y2 + dy + (2r2 - 2r - 3) = 0
-6± 36 - 4 . 2(2¥2 - 2r - 3)

If the equation is in the standard form (or if we first complete the square to
put  it  into  that  form),  we  can  easily  solve  for  y  without  using  the  quadratic
formula.  For example,  starting with the result of Example 2-that is, with the
equation of the circle in the standard form-we have

(I -  1/2)2 +  (y + 3/2)2 = 4

(y + 3/2)2 = 4 - (I -  1/2)2

y + 3/2 = ±VTT* -ii7ZF
y = _372 ± viTT=rty.

By either method, we have two ¥un.ctions because of the ± . They must be entered
individually in the form

Yi = (-6 +  V(36 - 8(2X2 - 2X - 3)))/4
Y2 = (-6 - V(36 - 8(2X2 - 2X - 3)))/4

0ras

Yi =  -3/2 +  V(11/2 - (X - 1/2)2)
Y2 =  -3/2 -V(11/2 -(X -1/2)2).

Once again, as we have seen in Section  1.7, the two halves of the circle may
not meet to give a closed curve. In this connection, see Problem 47.

•This is our first example of a second-degree equation.  The general second-
degree. equation has the form

Ax2 + Bxy + Cy2 + Dx + Ey + F = 0.

A curve with an equation in this form represents,a conic section: that is, the figure
formed by the intersection of a plane and a right circular cone (see Section 5.1).
In the case ofa circle, B = 0 andA  =  C.                                          ``.

In the introduction to the graphing calctllator,  a program is given to graph
any second-degree equation. It relieves us of the tediousness of having to solve a
quadratic equation in y and entering the two resulting functions.

We now have three methods of graphing an equation in the form of a circle
using a calculator: by use of the quadratic formula, by completing the square and

(
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EXAMPLE  5

SOLUTION
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solving for y, and by use of the graphing program. Whereas completing the square
puts the equation into standard form giving us the center and radius,  the other
two methods do  not lead  us to  them naturally.  Nevertheless,  we can find them
from the graph by using CALC, JUMP, or G SOLVE. To do so, we merely find
the highest point on the upper half of the circle and the lowest point on the lower
half. The midpoint of the vertical. line segment joining these points is the center,
and the distance from the center to either of these points is the radius.

Using a graphing calculator, graph the equation 3.27x2 + 3.27y2 -18.19x + 7.03y
-21.35 = 0 using each of the three methods we have discussed. Find the center
and the radius.

Since we want the center and the radius, let us solve by completing the square.

3.27x2 +  3.27);2  -18.19x +  7.03y  -21.35  = 0

x2 + y2 -5.5627x + 2.149fty -6.5291  = 0
x2  -5.5627x + y2 + 2.149fty                =  6.5291

jr2  -5.5627x +  7.7359  + y2  + 2.149fty  +  1.1554  =  15.4204

(I -2.7813)2  +  (y  +  1.0749)2 =  15.4204

This tells us that the center is (2.7813,  -1.0749) and r =  \/13:iz5i = 3.9269.
Now we solve this equation for y.

(y  +  1.0749)2 =  15.4204 -a -2.7813)2

y +  1.0749 -  ± 15.4204 -  (I - 2.7813)2

y --1.0749 ± 15.4204  -  (x - 2.7813)2

Using these two functions, we have the result shown in Figure 4.5.
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We can get the graph of Figure 4.5 by using the graphing program with

4  =3.27             8=0             C=3.27
D=-18.19        E=7:03        F=-21.35.

Alternately, we can use the quadratic formula to solve for y.

3.27£ + 3.27y2 -18.19x + 7.03y -21.35 = 0

3.27y2 + 7.03y  +  (3.27x2 -  18.19x -21.35)  = 0
-7.03 ± 7.032 - 4 3.2:](3.2:]*- 18.19x -21.35)

2 . 3.27

This results in the entries

Yi = (-7.03 +  V(7.032 -4*3.27(3.27X2 -18.19X -21.35)))/(2*3.27)
Y2 = (-7.03 -V(7.032 -4*3.27(3.27X2 -18.19X -21.35)))/(2*3.27)

and gives the graph of Figure 4.5.
Using CALC, JUMP,  or G SOLVE with the first curve generated, we can

easily determine the maximum to be (2.7813, 2.8520). Using CALC, JUMP, or G
SOLVE on the second curve, we find the minimum of (2.7813,  -5.0018). Thus
the center has I coordinate 2.7813 and y coordinate

(2.8520 -5.0018)/2 =  -1.0749.
The radius is

2.8520 -(-1.0749)  = 3.9269.

PROBLEMS

A     In Problerus 1-16, write an equation of the circle described in both the standard form and
the general form. Sketch the graph of each equation.

I.  Center (1, 3); radius 5                                    2.  Center (0, 0); radius 1

3.  Center (5,  -2); radius 2                                4.  Center (0, 3); radius 1/2

5.  Center (1/2, -3/2); radius 2                         6.  Center (-2/3,  -1/2); radius 3/2

8       7.  Center(4,  -2); (3, 3) on the circle           8.  Center (-1, 0); (4, -3) on the circle

9.  (2, -3) and (-2, 0) are the endpoints of a diameter.
10.  (-3, 5).and (2L 4) are the endpoints of a diameter.    `

11.  Radius 3; i.n the first quadrant andtangent`to both axes

(
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12.  Radius 5; in the fourth quadrant and tangent to both axes

13.  Radius 2; tangent to I = 2 and y =  -1 and above.and to the right of these lines

14.  Radius 3; tangent to x =  -3 and y = 4 and below and to the left of these lines

15.  Tangent to both axes at (4, 0) and (0,  -4)
16.  Tangent to A =  -2 and y = 2 at (-2, 0) and (-4, 2)

135

In Problems T] -2;S, express the .equation in standard form. Sketch lf the graph is nonempty,
either by hand or by using a grdphing calculator.

|7. # + y2 - 2r - dy + 1 = 0
i9.  x2 + y2 + dr -  16 = o
2|.  4x2 + 4y2 - 4# - 12y + 1 = 0
23.  5£ + 5y2 - & - dy - 121 = 0
is.  9£ + 9y2 - dr + ifty + 11 = o
27.  3dr2 + 36y2 - 48* - 36y + 25 = 0

i8.  x2 + y2 + 4# - dy - 3 = 0
20. £ + y2 - lou + dy + 29 = o
22.  9Lr2 + 9y2 -  12x - 2dy -  13 = 0

24.  9n:2 + 9y2 -  18r -  12y - 23 = 0

26.  3dr2 + 3dy2 - 3dr + 24y - 23 = o

28.  8x2 + fty2 + 24# - dy +  19 = 0

29.  Find the point(s) of intersection of

£+y2.-I-3y-6=O       and       4x-y-9=0.

30.  Find the point(s) of intersection of

£+y2+4x-12y+6=O        and       3:r-5y+2=0.

31.  Find the point(s) of intersection of

x2+y2+5jr+y-26=O        and         jr2+y2+2r-y-15=0.

32.  Find the point(s) of intersection of

x2+y2+I+|2y+8=O        and        2x2+2y2-4x+9y+4=0.

33.  What happens when we try to solve

x2+y2-2r+4y+1=O        and       I-2y+2=O

simultaneously? Interpret geometrically.

34.  What happens when we try to solve

x2+y2-4x-2y+|=O        and       x2+y2+dr-dy+14=O

simultaneously? Interpret geometrically.

35.  Find the line through the points of intersection of

x2+y2-:r+fry-|0=O        and       x2+y2-2r+2y-11=0.

36.  For what value(s) of A is the line x + 2y + A = 0 tangent to the circle

x2 + y2 - 2r + 4y +  1 = 0?
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37.  Prove analytically that if Pi and P2 are the ends of a diameter of a circle and 0 is any
point on the circle, the.n 4Piop2 is a right angle.

38.  A set of points in the plane has the property that every point in it is twice as far from
(1,1) as it is from (5, 3). What equation must be satisfied by every point (I, y) in the
set?

39.  Given two circles, how many lines are tangent to both of them? [IVofc.. There is more
than one answer, depending upon the relative positions of the circles.]

40.  Find equations of the lines tangent to (I -4)2 + )i2 = 4 and (x + 2)2 + y2 =  1.  [Hz.#f..
See the previous problem for the number of tangent lines.]

41.  Find the relation between A, D, E, and F of Theorem 4.2 in order that the equation
represent
(a)  acircle        (b)  apoint        (c)  nograph.
If the equation represents a circle, find fe, k, and r in terms of A, D, E, and F.

42.  In general, squaring both sides of an equation is not reversible (if x = 2, then :r2 = 4;
but if jr2.  =  4,  then :r  =  ±2).  Yet,  in  the  proof of Theorem 4.1,  the  argument was
declared to be reversible even though both sides of an equation were squared. Why?

In  Problerrrs  43-4] ,  use  a graphing  calculator to  graph and  determi_ne .th.e  ce.nter  and.tpe\-radius using (a) th; quadrat-ic forrwiula, (b) completing the square and solving for y , and (c)

the graphing program.

43.  2x2 + 2y2- dr - 2y - 27 = 0
44.  jr2 + y2 -  lou + 7y + 25 = 0

45.  4.17x2 + 4.17y2 +  15.95x -25.38y  -12.43 =  0

46.  3.05jr2 +  3.05y2 +  25.87x -  10.54y  +  35.17 =  0

47.  1.32r2 +  1.32y2  +  8.15x  -7.58y  +  13.43  = 0

48.  Graph x2 + y2 + dr + 27y -  15 = 0 using the "standard" window. Change the range
.   to -10 = :I = 10. How does the graph change?

In Probleus 49-S2, use CALC, JUMP, or G SOL:VE to find the points of iritersection of
the given curves.                                                             ,

49.  j¥ - y + 2 = 0, jr2 + y2 + 4x - dy - 3 = 0    -

50. t# - y + 2 = 0, £ + y2 - 4x - 6y - 3 = 0
5i.  :r2 + y2 + dr - 2y - 6 = 0, :r2 + y2 - 2x - 6y + 6 = 0
52.  x2 + y2 i 4 = o, jr2 + y2 -  lou - 4y +  13 = 0

53.  A mosque has a "keyhole" entry consisting of a r'ectangle surmounted by a circle, as
shown in Figure 4.6.  Find an equation of the circle with the given placement of the
axes.

54.  The dome of a church has a cross section as shown in Figure 4.7. The circular arcs all
have a radius of 5 feet, and the upper circles are tangent to each other at a point on the
center line and tangent to the lower circle. Find equations of the three circles.
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Figure 4.6 Figure 4-7
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55.  One  nice  property  of round  sewer covers  is  that  they cannot fall into the  sewer no
matter how they are oriented.  Contrast this with a square, rectangular,  or triangular
sewer cover.  In spite of appearances to the contrary, circles are not the only possible
design  for  sewer covers  that  cannot  fall  in.  Starting  with  the  equilateral  triangle  of
Figure  4.8  and  using arcs of circles,  design  a sewer cover that is not  round  but still
cannot fall in.

Figure 4.8

56.  Given the round-headed screw shown in Figure 4.9, find an equation of the circular arc
with the given placement of axes.

57.  A  Gothic  door  has  the  shape  shown  in  Figure  4.10.  The  triangle  at  the  top  is
equilateral, and each of the two arcs is circular with center at the opposite vertex. Find
equations of the arcs with the given placement of axes.

58.  A belt is to go around two pulleys of radii  1 inch and 2 inches with centers 6 inches
+apart. How long should the belt be? [Hz.»f.. See Problem 40.]
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Figure 4.9 Figure 4.10

CONDITIONS    TO    DETERMINE    A    CIRCLE

We have seen two forms for equations of a circle: the standard form,

(x - h)2 + (y _ k)2 = r2 ,

with the three parameters fe, k, and r, and the general form,

Ar2+Ay2+D:r+Ey+F=0       (A±0),

with  the  parameters A,  D,  E,  and  F.  However,  since A  ±  0,  we  can  divide
through by A to obtain

x2 + y2 + D'x + E'y + F' = 0,

which,  like the standard form,  has only three parameters.  Thus we  need three
equations  in  *,  k,  and  r  or  in  D',  E',  and  F'  in  order  to  determine  these
parameters  and  give  the  equation  desired.  Since  each  condition  on  a  circle
determines one such equation, three conditions are required to determine a circle.

As already noted above, the values of fo, k, and r in the standard form for a
circle are three ``conditions" that determine the circle. This is illustrated in Figure
4.11.

y
¢l, yl) -

(r3, y3)

r(r2,y2

Figure 4.11

(

Figure 4.12
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Similarly,  three  noncollinear  points  determine  a  circle  as  shown  in  Figure
4.12. The three points are the three conditions in this case.  Knowing them gives
three equations in D', E', and F' in the (slightly altered) general form of a circle.
Note that one point  (two coordihates)  on a circle is a single ``condition," while
each coordinate of the center is a condition.  More generally,  knowing that the
center is on a given line can be counted as a "condition" to determine a circle;
knowing fe and k is equivalent to knowing that the center is on the lines I = ft and
y -- k .

Finally,  let  us  consider  the  following  three  conditions:  the  equation  of  a
tangent line,  the point of tangency, and another point on the circle  (see Figure
4.13). The center is on the perpendicular to the tangent at the point of tangency.
It is also on the perpendicular bisector of the segment joining any two points of
the circle.  These two lines determine the center of the circle; the radius is now
easily found.

HEE
Figure 4.13 Figure 4.14

While three conditions often determine a single circle, there are situations in
which they determine two circles. For example, a tangent line and a pair of points
on a circle determine two circles-not one (see Figure 4.14).

EXAMPLE  I

SOLUTION

Find an equation of the circle through points (1, 5), (-2, 3), and (2, -1).

The desired equation is

x2 + y2 + D'jr + E'y + F' = 0

for suitable choices of D',  E',  and F'.  Since the  three given points are  on  the
circle, they satisfy this equation. Thus

1 + 25 + D' + 5E' + F' = 0,
4 + 9 - 2D' + 3E' + F' = 0,
• 4 + 1 + 2D'  - E' + F' = 0

0r
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D'  + SE'  +  F'  =  -Z6,
-2D' + 3E' + F' = -13,

2D, - E, + F ,--- S  .
«,

r=

Solving simultaneously, we have D'  =  -9/5, E'  =  -19/5, and F'  =  -26/5. Thus
the circle is

x2+y2-3X-Ty-¥=°919

0r
5jr2 + 5y2 - 9Lr -  19y - 26 = 0.

The example above illustrates the use of the general form to find the desired
equation. The general form is rarely used because the constants D', E',  and F'
have  no  easily  discernible  geometric  significance.  The  problem  of  finding  an
equation of a circle through three given points is the only one using this form.
Even  this problem can  be  solved  using the  standard form if we  recall  that the
perpendicular bisector of a chord of a circle contains the center. Let us use this on
the preceding problem.

Since the points (1, 5) and (-2, 3) are on the circle, the segment from one to the
other is a chord of the desired circle (see Figure 4.15).

Figure 4.15



Sectii®n  4.2   CONDITIONS TO  DETERMINE  A CIRCLE

For the chord from (1, 5) to (-2, 3):

-idpoint-(-:,4)

RE
5-32-il-
l+23

and the perpendicular bisector is

3y - 4 - --2
dy - 16 = -dr -3
dr + dy - 13.

Repeating for the chord from (1, 5) to (2, -1):

midpoint -

in_-

(3,2)
5+1
1-2

and the perpendicular bisector is

1
y-2--6

--6

141

12y - 24 = 2x - 3
2x - 12y = -21.

Thus the center is on dr + 4y =  13 and 2r -12y =  -21. Solving simultaneously,
we see that the center is (9/10,  19/10). The radius is the dis.tance from the center
to any of the given points, say (1, 5).

r-- 1961

ie + fro

Thus the desired equation is

(x-:)2+(y-:)2-#
Or

5x2 + 5y2 -9Lr -  19y -26 = 0.



142

EXAMPLE  2

SOLUTION

Chalprfuer  4  THE  CIRCLE

Find an equation(s) of the circle(s) of radius 4 with center on the line 4# + 3y + 7
= 0 and tangent to 3x + 4y + 34 = 0.

The thre; conditions lead to the following three relations involving fo, k and r (see
Figure 4.16).

Figure 4.16

r-4
4fo + 3k + 7 = 0

13A + 4k + 341

EPI  H   E]E

_-r

The first and third give
|3fe  + 4k +  34|  = 20.

Solving the second for k, we have

A

and substituting into
|3fr + 4k + 34|  = 2o,
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we have
16A  +  28

h--2

174 - 7Al  - 60
74 -7h -±60

134Or     h--+.,
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SOLUTION

and k =  -5 or k =  -195/7, respectively. Thus the two solutions are

(I-2)2+fy+5)2=|6       and       (I-±3£)2+(y+I;£)2=i6,
Or

x2 + y2 -4x +  1fty +  13 = 0
and

49£ + 49y2 - i87dr + 273fty + 55,ig7 = o.

This problem can also be solved in the following way. Since the desired circle has
radius 4 and is tangent to 3x + 4y + 34 = 0, its center is on a line parallel to 3x +
4y + 34 = 0 and at a distance 4 from it. There are two such lines (see Figure 4.17)
given by

13Jr  +  fry  +  341

3x + 4y + 34 =  ±20

fro+4y+14=O        or        3x+4y+54=0.

}.

Figure 4.17
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Since the center is also on 4r + 3y + 7 = 0, we can find its coordinates by solving
this equation simultaneously with each of the two equations above. From

3j¥+4y+14=O         and         4x+3};+7=0,

we get center (2,  -5); from

3x+4y+54=O        and        4x+3y+7=0,

we get  center  (134/7,  -195/7).  Using these  centers with the given radius,  4,  we
have the desired circles.

Find an equation(s) of the circle(s) tangent to both axes and containing the point
(-8, -1).

The three conditions give
h--r
k--r

(-8 -fo)2 +  (-1  -k)2 = r2

(see Figure 4.18).  Substituting (1) and (2) into (3), we have

(-8 + r)2 +  (-1  + r)2 = r2
r2 - |8r + 65 = 0

(r - 5)(r - 13) - 0
r=5        or        r=13.

Figure 4.18
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Thus we have the circle with radius 5 and center (-5,  -5) with equation

a + 5)2 + (y + 5)2 = 25
0r

jr2 + y2 +  lou +  10y + 25  = 0;

or we have the circle with radius 13 and center (-13,  -13) with equation

(jr  +  13)2 +  (y  +  13)2 =  169
0r

x2 + y2 + 2dr + 2dy +  169 = o.
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EXAMPLE  4

SOLUTION

Find an equation(s) of the circle(s) tangent to 3jr  -4y  -4 =  0 at (0,  -1) and
containing the point (-1,  -8).

The center of the desired circle is on the line perpendicul.ar to the tangent line at
(0,  -1) (see Figure 4.19). An equation of this perpendicular is

4x+3y=4.0+3(-1)        or        4x+3y+3=0.

3Jr -4y -`4 -0

Thus, for center (fe, k) we have

(1)

Figure 4.19

4fo +  3k +  3  = 0.

I; + 7y + 32 - 0-

The center is also on the perpendicular bisector of the line joining (0,  -1)  and
(-1, -8) (see Figure 4.19). The slope of the line joining (0, -1) and (-1, -8) is
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7;  thus the slope of a perpendicular line is  -1/7.  The midpoint of the segment
from  (0,  -1)  to  (-1,  -8)  is  (-1/2.,  -9/2).  By  the  point-slope  formula,  the
perpendicular bisector is

y+2--;(x+i)

I + 7y + 32- - 0.

fo  + 7k + 32  = 0.

Solving (1) and (2) simultaneously, we have
®

-         fo=3        and        k=  -5.

Using this point with (0, -1), we find the radius

r-- (3 - 0)2 + (-5 + 1)2 -5.

Thus, the desired equation is

(r - 3)2 + ¢ + 5)2 = 25
0r

x2 + y2 - dr +  ifty + 9 = o.

PROBLEMS

8      In problerus 1-2;S, f ind an equation(s) of the circle(s) described.

I.  Through (-1, 2), (3, 4), and (2, -1)

2.  Through (-2, -1), (0, 3), and (2, 0)

3.  Circumscribed about the triangle with vertices (2, 3), (0, 5), and (1,  -1)

4.  Circumscribed about the triangle with vertices (1,1), (-2,1), and (1, 4)

5.  C.ircumscribed about the triangle with sides x - y = 0, I + 2y = 0, and 4x + y = 35

6.  Through (2,1), (-4, 4), and (.6,  -1) [W¢fcfr o%f.J]

7.  Tangent to the I axis; center on 2x + y -  1  = 0; iadius 5

8.  Tangent to 2x + 3y +  13 = 0 and 2r - 3y -  1 = 0; contains (0, 4)

9.  Tangent to 3x + dy -15 = 0 at (5, 0); contains (-2,  -1)
10.  Tangent to 5x -12y + 89 = 0 at (-1, 7); contains (16, 0)

11.  Tangent to x + y = 0 and I - y - 6 = 0; center on 3x - y + 3 = 0
12.  Tangent to I - 3y - 7 = 0 and 3x + y - 21 = 0; center on I - 3y + 3 = 0

(
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13.  Tangent t6 x`-3y = 0 at (0, 0); center on 2x + y +  1  = 0

14.  Tangs-n; to I -; = 0 at (2, 2); center on 2x + 3y - 7 = 0
15.  Contains (-1, 4) and (3., 2); center on.3x -y + 3 = 0

16.  Contains (5, 2) and (-1, 6); center on A = y

17.  Tangent to 2jr + 3y -5  = 0 at (1, 1); tangent to 2r + 3y +  10 = 0

18.  Tangent to y = 0 at (4, 0); tangent to fro - dy -  17 = 0
+

19.  Tangent to both axes; radius 3

20.  Tangent to I = 0; center on I + y = 10; contains (2, 9)

21.  Tangent to 3x -4y + 3 = 0 at (-1, 0); radius 7

22.  Tangent to i2 + y2 - 22r + 2fty + 77 = 0 at (91/17, 10/17); containing (0, 1)

23.  Tangent to jr2 + y2 - 8x -22y +  112 = 0 and 3x + 4y +  19 = 0; radius 5

24.  Tangent to 2r - 3y + 6 = 0 at (3, 4); cent.er on 3Lr + 2y -  17 = .0

25.  Tangent to j¥ + 2y -7 = 0 at (5,1); center on 2r -y + 5 = 0

In Problems Z6-sO, use the result of Problerm 31 to solve.

26.  Find an equation(s) of the circle(s) containing (1, -4) and the points of intersection of

x2+y2+2r-4y+|=O       and       x2+y2+4x+fy-3=0.

27.  Find an equation(s) of the circle(s) with center (3,  -1)  and containing the points of
intersection of

x2+y2-4x-6y+9=O        and       jr2+y2-2r-14y+15=0.

28.  Find an equation(s) of the circle(s) with center on I + y  - 2 = 0 and containing the
points of intersection of

x2+);2+4x+dy-3=O        and        x2+y2+2x+2y-2=0.

29.  Find an equation(s) of the circle(s) with radius 2 and containing the points of intersec-
tion of

x2+y2+2y-2y-3=O        and       jr2+y2-jy-|=0.

30.  Find an equation(s) of the line(s) containing the points of intersection of

:r2+};2-2r-fry+8=O        and        x2+y2+2x-3=0.

C     31.  Supposethat

Ax2 + Ay2 + Dx +. Ey + F = 0
and

A'x2 + A'y2 + D'jr + E'y + F'  = 0

represent two circles which intersect at the points Pi and P2. Show that the family

M =  {Ar2 + Ay2 + DLr + Ey + F

+ k(A'x2 + A'y2 + D'x + E')/ + F') = 0 I k real}
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consists  of circles  containing  Pi  and  P2,  together with  the  line  containing these  two
points (when k =  -A/A').

32.  Show that if (xi, )Ji), (x2, y2), and (x3, }J3) are three noncollinear points, then the circle
containing these three points has equation

+ + y2   x
#+y?
xZ + y2

£3 + y2

33.  Show  that  if  ¢i,  );1),  ¢2,  y2),  and  (x3,  y3)  are  three  collinear  points,  th.en  the
determinant of Problem 32 is linear.

34.  Find an equation(s) of the line(s) tangent to j¥2  + y2  +  4x  -  10y  +  4  =  0 from the
point (3' 2).

35.  Find an equation(s) of the line(s) tangent to jr2 + y2 - 8x + 2y -  152 = 0 and having
slope  1/3.

REVIEW  PROBLEMS

AL     In Problems 1-5, put the equation irito standard form and idendfy it as a circle, a point, or
having  no  graph.  If  it  is  a  circle,  give  its  center  and  radius.  If  it  is  a  point,  give  its
coordinates.

I.  jr2 + y2 -  lou + 4y +  13 = 0

2.  x2 + y2 + dr - 2y +  io = o

3.  3dr2 + 3dy2 - 24x +  lofty + 85 = o

4.  4£+dy2-4x+12y-15=0                             .
5.  3dr2 + 36y2 - 36pe + 24y + 49 = o

6.  Find an equation of the line through the points of intersection of x2 + y2 - 4x + 2y +
1  = 0 and x2 + y2 - 8x - 2y + 8 = 0.

8       7.  Find an equation of the circle containing (0, 0), (-1,1), and (3, 3).
A,^

8.  Find an..eq.uation of the circle tangent to I + y = 3 at (2,1) and with center on 3x -2y
- 6 - 0.

9.  Find an equation of the circle with center (4, 1) and tangent to 3x + 4y - 2 = 0.

10.  Find an equation of the circle of radius 4 that is tangent to the x axis and has its center
On jr - 2y - 2.

11.  Find an equation of the circle inscribed in the triangle with vertices (5, 4), (-15,  -1),
and (23/3,  -20/3).

12.  Prove  analytically that the perpendicular bisector. of a chord of a circle contains the
+--    center.                                                                                                  `

13.  Find an equation of the line tangent to j*2 + y2 = 25 at (4,  -3).

(



I NTRO D U CTI O N

In Chapter 3 we saw that an equation of the first degree always represents a line,
and every line can always be represented by an equation of the first degree. Now
let us consider second-degree equations and their geometric representation.  The
general equation of the second degree has the form

Ax2 + Bxy +  Cy2 + Dx + Ey + F = 0,

where A,  8,  and  C are not all zero.  We shall see that equations of the second
degree  represent  (with  two  trivial  exceptions)  conic  sections:  that  is,  curves
formed by the intersection of a plane with a right circul.ar cone.  Conversely,  all
conic sections are represented by second-degree equations.

The conic sections are shown in Figure 5.1 on page 150. Furthermore, a cone
has two portio.ns, or #appes, separated from each other by the vertex. Note that a
cone has no base or end; it extends infinitely far in both directions. Thus some of
the conic sections are unbounded. The traditional conic sections are the parabola,
ellipse,  and  hyperbola;  a  circle  is  a  special  case  of  the  ellipse.  The  remaining
situations are called degc#crafc conies. In addition, there are two other situations
represented by second-degree equations:  a pair of parallel lines, and no graph at
all. No matter what the cone or the plane, there must be some intersection; and it
cannot be a pair of parallel lines. There are the two exceptions mentioned above.

DEFINITION

THE    PARABOLA

A pa:raboha is the set of all points in a plane equidistant from a fixed point (focus)
and a fixed line (directrix) not containing the focus.

Suppose  we  choose  the  focus  to  be  the  point  (c,  0)  and  we  choose  the
directrix to be I =  -c, c i 0 (see Figure 5.2 on page 151). Let us choose a point
(I, y) on the parabola and see what condition inust be satisfied by x and y.. From
the definition, we have
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-
Hyperbola

(d)

®

if
Parabola

(c)

¥
Intersecting lines

®

Figure 5.1
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X_--
Figure 5.2

PF - PD

vhf---i -c)2= ----+;Z  =  |x  +  c| (See Note 1)

(I _ c)2 +y2 = a + c)2                  (SeeNote2)
£ - 2cx + c2 + y2 = £ + 2cx + c2

y2 - 4cx.

151

IVofc J.. Since PD is a horizontal distance,

P15 -lx -(-c)I -lx + cl.

You might feel that we should drop the absolute value signs, since it is clear from
Figure  5.2  that x  +  c  must  be  positive.  However,  we  did  not  insist  that  c  be
positive (although Figure 5.2 is given for a positive value of c). If c is negative, I
is also negative and x + a-is negative.

IVolc 2..  When ve square both sides of an eqtlation,  there is  a possibility of
introducing extraneous roots. For instance, (0, 1) is not a root of x + y = x - y,
but it is a ro-ot of (x + y)2 = (I -y)2. The reason here is that I + y =  1, while I
-y  =  -1,for  (0,1),  and  12  =  (-1)2  =  1.  This  situation  cannot  occur when

a .+ y)2 = a - y)2 and I + y and I - y are either both positive, both negative,
or both zero.  Since V{i -i--c)2 -+ y2 and |x + c| must both be positive in any case,
we have introduced no extraneous roots; that is, any point satisfying

(I - c)2 + y2 = ¢ + c)2

must also satisfy

V¢ -c)2 +--y-2 =  |jr + c|.
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THEOREM  5.1

Chapter  5   CONIC  SECTloNS

We  see  that  if  a  point  is  on  the  parabola  with  focus  (c,  0)  and  directrix
I  =  -c,  it must satisfy the equation y2  =  4cx.  Furthermore,  since Note 2 indi-
cates  that  all  steps  in  the  above  argument  are  reversible,  any  point  satisfying
the equation y2 = 4ex is on the given parabola.

~1

A point (x, y) is on the parabola with f ocus (c, CJ) and directrix x ---c if and only
if it satisfies the equation

y2 - 4cx.

Let  us  observe  some  properties  of this  parabola  before  considering  others.
First of all, the x axis is a line of symmetry: that is, the portion below the I axis is
the riirror image of the portion above. This line is called the axis of the parabola.
It is perpendicular .to  the directrix and contains the focus  (see Figure  5.3).  The

X_--
Figure 5.3

point of intersection of the axis and the parabola is the vertex. The vertex of the
parabola  y2  =  4cx  is  the  origin.  Finally,  the  line  segment  through  the  focus,
perpendicular  to  the  axis  and  having  both  ends  on  the  parabola,  is  the  latus
rectum (literally, straight side). Since the latus rectum of y2 = 4ex must be vertical
and since it contains (c, 0), the I coordinate of both ends is c. Substituting x = c
into y2 = 4er, we have                                                   '

y2 - 4c2
y - ±2c.

Thus one end of the latus rectum is (c, 2c)  and the other (c,  -2c); its length is
4lcl.

(
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Finally  the  role  of  the  I  and y  may  be  reversed  throughout,  as  the  next
theorem states.                                                                .   .

`+

A point (x, y) is on the parabola with f ocus (0, c) and directrix y --  -c if and only
if it satisfies the equation

Jr2 - 4cy.

EXA«P£E`-7         Sketch and discussy2  =  8x.

5o£Ur/OW         The equation is of the form

y2 - 4cx,

with c = 2. Thus, it represents a parabola with vertex at the origin and axis on the
I axis.  The focus is at (2, 0), and the directrix is x =  -2.  Finally, the length of
the latus rectum is 8. This length may be used to determine the ends, (2,  ±4), of
the latus rectum, which helps in sketching the curve (see Figure 5.4).

I--2
Figure -5.4

EXAMPLE  2

SOLUTloN

Sketch and discuss x2 =  -|2y.

This equation is in the form x2 =  4ey, with c =  -3. Thus, it is a parabola with
vertex at the origin and axis on the y axis. The focus is (0,  -3), the length of the
latus rectum is 12, and the equation of the directrix is y = 3 (see Figure 5.5).
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EXAMPLE  3

SOLUTION

Figure 5.5

Chapter  5   CONIC  SECTIONS

It  might  be  observed from these  two  examples that the sign  of c gives the
direction in which the parabola opens. If c is positive, then the parabola opens in
the positive direction (to the right or upward); if c is negative, then the parabola
opens in the negative direction (to the left or downward).

Find an equation(s) of the parabola(s) with vertex at the origin and focus (-4, 0).

Since the focus and vertex are on the :I axis, the I axis is the axis of the parabola
(see  Figure 5.6).  Thus the equation  is in the form y2  =  4cx.  Since  the focus is
{-4, 0)-, c =  -4 and the equation is y2 =  -lax.

2
Jr
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EXAMPLE  4

SOLUTION

EXAMPLE  5

SOLUTION
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It is quite simple to use a graphing calculator for these parabolas.  Although
we may use the conic graphing program, solving for y is the simpler alternative.

Use a calculator to graph (a) x2 =  -4.3y and (b) y2 = 7.49x.
'

Solving each of these equations for y gives

y - -x2/4.3
y - ± vma.

Graphing with the standard window gives the graph of Figure 5.7.
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A frequently encountered problem is that of finding the tangent to a curve at
a given point. This problem is easily solved by the use of calculbs. We can solve
this problem here without calculus by using a property of conic sections: namely,
a tangent to a nondegenerate conic section has only one point in common with it.
Let us use this property to solve the following problem.

Find an equation of the line tangent to y2 =  -8ur at the point (-2, 4) (see Figure
5.8).

The line with slope in through the point (-2, 4) is

y - 4 - in(I + 2).

This is the desired line. Novi all we need to do is determine in. Since the tan.gent
line and the parabola have only one point in common, let us solve simultaneously.
Solving the  equation of the line for y  and substituting into the equation of the
parabola, we have
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Figure 5.8

(4 + mx + 2m)2 =  _&¥
16 + m2x2 + 4m2 +  8rmf +  16m + 4m2x =  -&¥

m2x2 +  (4m2 + 8" + 8)I +  (4m2 +  16m +  16) = 0.

This quadratic equation has only one solution provided 82 -4AC = 0, where A,
8, and C are the coefficients of x2 and :¥, and the constant term, respectively, of
the equation.

(4m2 +  8m + 8)2 - 4m2(4m2  +  16m  +  16) = 0
64m2 +  128m + 64 = 0

64(in +  1)2 - 0
in--1

Thus the desired line is
y - 4 - -¢ + 2)

I + y - 2 - 0.
J\..

It might- b6 noted that there is one line through the point (-2, 4) that has only
(-2, 4) in common `with the parabola, and that line is the horizontal line y = 4.
Thus  it  is  not  true  that  cvcry  line  through  (-2,  4)  having  only  one  point  in
common with the parabola is a tangent line. See Problem 31 for more on this line.

Parabolas have several interesting applications.  One of the most important is
their reflective property. While all three of the conic`sections have special reflec-
tive properties, the one with the widest application is the parabola.  If we have a

(
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parabolic mirror, a ray of light from the focus of the parabola is reflected by the
mirror along a line that is parallel to the axis. While stated in terms of light, the
same can be said of infrared radiation,  radio waves,  and microwaves,  as well as
sound waves.  Thus, the reflectors on searchlights and automobile headlights. are
parabolic, with the light source at the focus. Actually, they are paraboloids, which
are parabolas rotated about their axes (see page 366). The same principle is used
(with the source and destination reversed) in reflecting telescopes, dish antennas,
solar furnaces, and "spy" listening devices.

Another (though minor) application of the parabola is in the orbits or comets.
At a given distance from the sun, there is a threshold velocity called the escape
velocity.  At  this  or  greater  velocity,  the  comet  escapes  entirely  from  the  solar
system;  at  a  lesser velocity,  it  remains  within  the  sun's  gravitational  field.  The
comet's  path  is  elliptic,  hyperbolic,  or  parabolic,  depending  upon  whether  its
velocity is, respectively, less than, greater than, or equal to the escape velocity. In
the  latter two  situations,  the  comet  approaches  the  sun  once  and  flies  off into
space, never to return.
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All  of this  assumes  that  we  are  dealing with  only  two  bodies:  the  sun  and
the comet.  The gravitational forces of the planets can also have  an effect upon
the orbit.  A near approach to a large planet can either increase or decrease the
velocity of a comet, depending upon the circumstances (see Problem 44). Thus, a
comet in a long elliptic orbit can have its velocity increased to equal or exceed the
escape  velocity,  giving  it  a  new  orbit  that  is  either  parabolic  or  hyperbolic.
Similarly,  a  near  approach  to  a  large  planet  can  also  change  the  orbit  from
parabolic or hyperbolic to elliptic.  In this way, a comet may be ``captured" by a
solar system.

When  dealing  with  a  solar  system,  the  distances  are  great  and  constantly
changing  with  the  movement  of  the  planets,  asteroids,  or  comets.  Thus,  the
gravitational  forces,  which  depend  upon  the  distances  between  the  bodies,  are
constantly changing. If we are dealing with the trajectory of a golf ball or a jet of
water, the vertical distances are so small that the force of gravity may be taken to
be a constant. In that case (neglecting air resistance), the trajectory is parabolic.

Parabolas also occur in certain engineering applications. When a cable hangs
of its own weight, it does not hang in a parabolic arc; it forms a catenary (Latin
for ``chain"), with a more complicated formula. However, a freely hanging cable
does not have its weight unifomly distributed across its length.  When a bridge
is  suspended  from  the  cable,  it  is  desirable  to  have  the  weight  of  the  bridge
uniformly  distributed.  When  this  is  done,  the  cable  then  takes  the  form  of  a
parabola.  Similarly,  parabolic  arches  have  greater  strength  than  other  shapes.
Thus, concrete arch bridges often use parabolic arches.

PROBLEMS

A     In problerrrs 1+2, sketch and discuss the given parabola.

I.  y2 - 1dr
4.  x2 - -fry
1 . x2 -- 5y

10.  y2 - 3jr

2.  y2 --12x
5.  y2 - lou
8. y2 - -9x

11.  x2 - dy

3.  jr2 - dy

6. + - -7y
9.  x2 - -2y

12.  y2 -  -5J¥

8   .  In Problems L3-ZO, find an equation(s) of the parabola(s) described.

13.  Vertex:  (0, 0); axis: ¥ axis; contains (1, 5)

14.  Vertex:  (0, 0); axis: y axis; contains (1, 5)-

15.  Vertex:  (0, 0); axis: I axis; length of latus rectum: 5

16.  Vertex:  (0, 0); focus:  (0, 5)

17.  Focus:  (-3, 0); directrix: x = 3

`   18. .Focus:  (0, 8); directrix: y =  -8
19.  Vertex:  (0, 0); contains (2, 3) and (-2, 3)                       `

20.  `Vertex: (0, 0); contains (-3,  -4) and (-3, 4)                 i

(
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~ In Problerus 2l-2A, the reqviired parabola is not in the standard position, so that Theoreriiis
5.1 and 5.2. cannot be used.  Iusteqd, go back to the definition of a parabola.

21.  Find an equation of the parabola with focus (4, 0) and directrix I = 0

22.  Find an equation of the parabola with focus (2, 4) and directrix y =  -2.

23.  Find an equation of the parabola with focus (0, 0) and directrix I + y  = 4.

24.  Find an equation of the parabola with focus (1, 1) and directrix x + y = 0.

25.  Find an equation of the line tangent to y = x2 at (1,1).

266  Find an equation of the line tangent to :r2 =  -5y at (5,  -5).

27.  Find an equation of the line tangent to y2 =  -1dr and parallel to x + y =  1.

28.  Find equations of the lines tangent to y2 = 4x and containing (-2, 1).

C      29.  Prove Theorem 5.2.

30.  Prove that the ordinate of any point P of the parabola y2 = 4ex is the mean propor-
tional between the length of the latus rectum and the abscissa of P.

31.  Note that in Example 5 the horizontal line y  = 4 has only one point in common with
the given  parabola.  Why was it  not found in Exa.iiple  5?  [Hfrof..  An  assumption  was
made at one point that prevented us from finding it.]

32.  Show that the tangent line to y2 = 4ex at ¢o, yo) is yyo = 2c¢ + j#o).

GRAPHING
"LffiATOA

A„¥O„5

33.  Graph the following.
(a)  x2 =y                                    (b)  x2 = 4y                                  (c)  :*2 = fry
(d)  x2 = -y                             (e)  x2=  -4y                           (f)  :x2=  -fry
What role is played by the coefficient of y? What is the effect of the minus?

34.  Graph the following.
(a)  y2=x                                  (b)  y2=4x
(d)  y2= -I                            (e)  y2= -4x
What is the role played by the coefficient of I? What

35.  Gr.aph the following.
(a)  y2 - 4x
(d)  y2-4¢+ 1)                   (e)
What is the effect of replacing

36.  Graph the following.
(a)  y2 -4x                              (b)
(d)  (y + 1)2=4x                     (e)
What is the effect of replacing y y

-&¥
of the minus?

(c) y2 - 4¢ - 2)

(c)  (y - 2)2 - 4x

37.  The catenary has equation y  =  (ct +  c -I)/2.  Graph it and y = x2 on the same set of
coordinate axes.  For what values of I are the y values within 1 of each other? Within
0.5 of each other?

38.  An automobile headlight has a parabolic reflector that is 6 inches in diameter and 3
inches deep. How far from the vertex should be light bulb be placed?

39.  A lighthouse uses a parabolic reflector that is  1 meter -in diameter.  How deep should
the. reflector be if the light source is placed halfway between the vertex and the plane
of the rim?                                                                                                                                  '



160 Chapter  5   CONIC  SECTIONS

40.  In order to hear what is said in  a football huddle,  a listening device is set up on  the
sideline. It consists of a parabolic dish with a microphone at its focus. The dish is 4 feet
across  and  16 inches  deep.  Give an equation for the parabola with  the  origin  of the
coordinate system at the vertex of the parabola .and the parabola opening to the right.
At what point should the microphone be placed?

41.  A large reflecting telescope has a parabolic mirror that is 4 meters in diameter and 25
centimeters deep.  It requires a cage for the observer with an eyepiece at the focus of
the mirror. How far up the tube of the telescope must the cage be built? This design is
called a prime focus telescope.

42.  The prime focus design 6f Problem 41 is not practical for small telescopes.  Instead,  a
45° plane mirror is placed between the vertex and focus and the image is reflected to an
eyepiece outside the telescope tube,  as shown in Figure 5.9. This design, which is not
practical  for large  telescopes,  is called  a Newtonian focus  after Sir  Isaac Newton.  A
Newtonian focus telescope has a parabolic mirror of diameter 6 inches with equation
x2  =  12fty and a 45° mirror 24 inches from the vertex.  Where should the eyepiece be
placed?

Figure 5.9

43.  A comet from deep space approaches the sun along a parabolic orbit. When the comet
is  100  million  miles from the  sun,  the  line joining the  sun  and the  comet  makes  an
angle of 60° with the axis of the parabola.  How close to the sun will the comet get?
[Hi.#f..  The  point  of  a  parabola  that  is  closest  to  the  focus  is  the  vertex.  Use  the
definition of a parabola rather than an equation in standard form.]

44.  When approaching the sun,  a comet passes close to the orbit of Saturn,  as shown in
Figure 5.10.  If it crosses Saturn's orbit ahead of the planet, as in Figure 5.10a, will its
speed be increased or decreased? Explain why. Repeat for the comet crossing behind
Saturn, as in Figure 5.lob.

45.  A concrete arch spans a width of 40 -feet with a 20-foot-wide road passing under the
bridge. The minimum clearance over the roadway must be 10 feet...What is the height
`of the smallest such arch that can be used?                     `
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46.  The  towers of a suspension bridge  are 500 feet apart and extend  100 feet  above  the
road surface. The main cables between the towers reach to within 10 feet of the road at
the center of the bridge,  and there are vertical supporting cables every  10 feet.  Find
the lengths of those supporting cables at 50 foot intervals.

47.  An arrow is shot horizontally from a point 10 feet above the ground. It hits the ground
200 feet out from the starting point.  Give an equation for the arrow's trajectory, with
the origin of the coordinate system at the initial position of the arrow.

48.  A ball is thrown upward and outward from the top edge of a 50-foot-high building. It
-reaches its highest point 20 feet above and 10 feet out from the building. How far from
the building is the ball when it hits the ground?

THE     ELLIPSE

DEFINITION An ellipse is the set of all points (x , y) such that the sum of the distances from (x , y)
to a pair of distinct fixed points (foci) is a fixed corrstant.

Let us choose the foci to be  (c, 0)  and (-c, 0)  (see Figure 5.11)  and let the
fixed  constant  be  2¢.  If  (x,  y)  represents  a  point  on  the  ellipse,  we  have  the
following.

V--i--cy + y2 + \/TC-+ i* I-;1 = 2ia
V/i:-:- c* +--;1 --2ja - \/-i--+ cfr:-Ty-2

jr2  - 2ex +  c2 + y2 =  4a2  - 4¢V(I--+  c2)  + i;-Z + jr2
+ 2cJ, +  C2 + y2

4av(-i +  c)2 +---;-2- = 4a2  + 4ex



162 Chapter 5  CoNIC  SECTIONS

V_(I + c)2 + y2 - ¢ +

c2:r2jr2 + 2cx + c2 + y2 = a2 + 2ex + L-
d!2

a2- + y2 -- 02,2 - a

x2.         y2

02[2 '    r2f2  - 2.

The triangle of Figure 5.11, with vertices (c, 0), (-c, 0), and (x, y), has one side
of length 2c. The sum of the lengths of the other two sides is 2¢. Thus

2fl > 2c
a>c

a2 > c2
a2 - c2 > 0.

(Jr, y)       -

(-c, 0)
-(c,0)

Figure 5.11

Since a2 - d2 is positive, we may replace it by another positive number, b2. Thus

:2+y;=.1,       where       b2=¢2_c2.

Observe that we squared both sides of the equation at two of the steps. In both
cases,  both sides of the equation are nonnegative.  Thus we have introduced no
extraneous roots, and the steps may be reversed (see Note 2 on page 151).

Note that there are two axes of symmetry: the I axis and the y axis. Further-
more, (±¢, 0) are the I intercepts and (0, ±b) are the y intercepts, where a > A
(since b2 = a2 - c2). Thus the x axis is called the major axis and the y axis is the
minor axis. The points (±a, 0) on the major axis are called the vertices, the points
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(0,  ±b) on the minor axis are the covertices, and the point of intersection of the
axes,  (0,  0),  is called the center (see Figure 5.12).  The feel  (±c,  0)  are on the
major axis.

Figure 5..12

A point (x, y) is on the ellipse with vertices (±a, UO, and foci (±c, UO if and only if
it sadsfies the equation

£
a+#-1

where
b2 -- o,2. - d .

An ellipse has two latera recta (plural of latus rectum), which are chords of
the ellipse perpendicular to the major axis and containing the foci.  If I  =  ±c,
then

d2

a+#-1

-- ± b¥
_

¢

Thus, one latus rectum has endpoints (c,  ±b2/a), while the other has endpoints
(-c,  ±b2/¢).  In both`cases the length is 2b2/a.  As with the parabola, this length
may be used as an aid in sketching; however, the vertices and covertices allow one
to make a reasonable sketch.

Again, the roles of the I and y may be reversed.
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EXAMPLE  1

SOLUTION
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A point (x, y) is on the ellipse with vertices (0, +_a) and f oci (0, ±c) if and only if it
satisfies the equation

x2y;+ff-1,

where
b2.  =  a2[2.  -  d .

One question that immediately arises is how we can tell whether we have

#+#-1     or     y;+;-1

The numbers in the denominator are not labeled ¢ and b,  so how do we know
which is fl and which is b? The answer is "size." In both cases, a > b.  Thus the
larger denominator is ¢2, and the smaller is b2.

Sketch and discuss 9x2 + 25y2 =  225.

First, we put the equation into standard form by dividing through by 225:

z3+yj-1.
JX2

Now
a2-_2;5,        b2'=9,

and
ct = a2 - b2' -_ 16.

This  ellipse  has  center  (0,  0),  vertices  (±5,  0),  covertices  (0,  ±3),  and  foci
(±4, 0). The latera recta have length 2b2/¢ = 2 . 9/5  = 3.6 (see Figure 5.13).

.,.5'0)             ,      ,      ,
(0,  3)    •1-

(5,0)
Ill(-4,0), IJIIIII-I-(4'0)I-.(0'-3)`--

Figure 5.13..
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EXAMPLE  2

SOLUTION

EXAMPLE  3

SOLUTION

Sketch and discuss 25x2 +  |6y2 = 4oo.

Putting the equation into standard form gives

Now

x2

R+£-1

a2=25,         b?=16,.

a -- a2 - b2. -- 9 .

165

This  ellipse  has  center  (0,  0),  vertices  (0,   ±5),  covertices  (±4,  0),  and  foci
(0,  ±3). The latera recta have length 2b2/a  = 2 .16/5  = 6.4 (see Figure 5.14).

(-4'0)      ,    ,    ,

(0. 5)

(O',3,,    ,\(4,o,`

Ill

(o''-:,I/       -

(0, -5)

Figure 5.14

Find an equation of the ellipse with vertices (0,  ±8) and foci (0,  ±5).

Since the vertices are on the y axis (see Figure 5.15), we have the form

x2
-                               y;+F-1.

a

Furthermore, ¢ = 8 and c = 5; thus b2 = ¢2 -c2 = 64 -25 = 39. The final result
is

x2
:+55-1.



166 Chapter 5  coNlc sECTioNs

84Ill

(0, 5)I    I        I_-

11 Ill--40 4(0,-5)

-4-8

Figure 5.15

In addition to the quantities named, each ellipse is associated with a number,
called the eccentricity. For any ellipse the eccentricity is

Ce---.
a

-

The  eccentricity  of  an  ellipse  satisfies  the  inequalities  0  <  c  <  1.  It  gives  a
measure of the shape of the ellipse:  the closer the eccentricity is to 0, the more
nearly  circular  is  the  ellipse.  For  instance,  in  Example  1,  c  =  4/5,  while  in
Example 2,  c  =  3/5.  The ellipse of Example 2 is more nearly circular than the
ellipse of Example 1, as can be easily seen by the sketches.

There is also a directrix associated with each focus of an ellipse.  Associated
with the focus, (c, 0) of the ellipse

a+#-1
x2

is the directrix
a       q2,2.I = -= -.
ec

If P is any point of the ellipse, the distance from P to the focus divided by the
distance from P to the directrix is equal to the eccentricity. This is sometimes used
as the definition of an ellipse.

Suppose we start with focus (c, 0), directrix j¥' = ¢2/c, and eccentricity e = a/a.
Now let us find the set of all points P = a, y) such that the distance from P to the
focus divided by the distance from P to the directrix equal?,the eccentricity.

Q.i     al   `0.



Section S.3   THE  ELLIPSE

VrF--iy£-+rf--a CX-L-
&

rf - &cx + a + y2 = 02[2 _

a2 - c2

c2x22er + ?

+ + y2 -- 02,2 - a

*'y2
a + FT - 1

With b2 = a2 - c2, this becomes
x2
2+#-1.

•.                167

•` .'  ,.a

The same result can be obtained using focus  (-c, 0),  directrix I  =  -¢2/c,  and
eccentricity c = c/a.

For a parabola, the distance from a point on the parabola to the focus divided
by the distance of the point from the directrix is always 1. Thus we define c =  1
for every parabola.

In Section 5.1 we indicated that the circle is a special case of the ellipse.  If
c = 0, then b = fl in Theorems 5.3 and 5.4. Thu.s the equations in those theorems
become x2 + y2 = fl2, an equation of a circle. With c = 0, the eccentricity is also
zero,  which  agree.s with  our statement  that  an  ellipse  with  an  eccentricity near
zero is nearly circular. Note, however, that there is no directrix when c = 0; the
focus-directrix definition cannot be used in this special case.

We can  again find tangent lines by using the property that a tangent to  an
ellipse has only one point in common with the ellipse.

EXAMPLE  4

SOLUTION

Find equations of the lines containing (5,  1) and tangent to 9jr2 + 25y2 = 225.

Note first of all that  (5,  1)  does not satisfy the given equation;  it is not on  the
ellipse (see Figure 5.16).  Thus we can expect not one,  but two tangent lines.  A
line through (5, 1) with slope in has equation

y - 1 -in(I -5).

Let  us  solve  this  equation  and  the  given  equation  simultaneously.  Solving  this
equation for y and substituting into the other, we have

9x2 + 25(1  + „ar - 5m)2 = 225
9x2 + 25(1  + m2x2 + 25m2 + 2#zx -low--10m2x) = 225

(25m2 + 9)x2 + (-250m2 + 50m)I + (625m2 - 250m - 200) = 0
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Figure 5.16

Since a tangent line and the ellipse should have only one point in common, this
quadratic equation should have only one solution. Thus

82 -4AC - 0
(-250m2 + 50m)2 - 4(25m2 + 9)(625m2 - 250m - 200)  = 0

62,500m4 - 25,coom3 + 250m2 - 62,500m4
+ 25,000m3 - 2500m2 + 9000m + 7200 = 0

9000m + 7200 - 0
in--

Substituting this back into

we have
y - 1 -J7t¢ - 5),

y - 1 - - ;(x - 5,
4x+5y-25-0.      .

Recall that we had. indicated that there are two answers, but we have found
only  one.  This  is  because the  use  of the  point-slope  form for  the  tangent  line
assumes  that  there  is  a  slope.  It  is  easily  seen  from  Figure 5.16  that  the  other
tangent line is vertical; its equation is

x-5.
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Ellipses  have  two  applications  in  common  with  the  other conic  sections  as
well as some tha.t are uniquely theirs. It was believed for two thousand years that
the planets move ip circular orbits (around the earth)-the so-called Aristotelian
model. After .all, the universe must be perfect, and the circle is the perfect figure
(whatever  that  means).  Such  philosophical  musings  were  deemed  to  be  proof
enough of the 'claim. It was not until Johannes Kepler showed in the seventeenth
century that the orbits are elliptic, with the sun at one focus, that the Aristotelian
model of the solar system was abandoned. Nevertheless, circular orbits are pos-
sible, and several planetary orbits (including the earth's) are very nearly circular.
In fact, if we were to scale down the earth's orbit, making the major axis 8 inches
long,  the  minor  axis  would  be  about  7.999  inches  long!  With  such  a  small
difference, we should be hard put to recognize the orbit as an ellipse rather than a
circl'e.

The other property that ellipses have in common with the other conic sections
is  the  reflective  property  of elliptic  mirrors.  A  light  source  at  one  focus  of an
ellipse is reflected to the other focus. The principal application of this is in a so-
called  whispering  gallery-a  room  with  an  elliptic  dome  (actually  an  ellipsoid,
which  is  a  three-dimensional  ellipse).  A  person  at  one  focus  can  whisper  to
someone  at  the  other  without  others  in  the  room  hearing.  Some  examples  of
whispering galleries  are the  National  Statuary Hall of the  Capitol Building,  the
Mormon  Tabernacle,  in  Salt  Lake  City,  Utah,  and  the  dome  of  St.   Paul's
Cathedral, in London.  A more serious application is the use of elliptic reflectors
of ultrasound to break up kidney stones.  By placing the reflector in such a way
that the stone is at one-focus and the sound source is at the other, the sound can
be concentrated on the stone, causing it to vibrate to pieces.

Another application is in aerodynamics and hydrodynamics. An elliptic wing,
keel,  or  rudder  has  been  shown  to  give  less  drag  than  other  shapes.  Perhaps
the  most  widely  known  application  of  an  elliptic  wing  was  the  British  Spitfire
of World  War  |1  fame.  Gears  are  sometimes  made  elliptic  in  order  to  change
constant rotational speeds to variable ones.  Finally, arches, though ideally para-
bolic, are often elliptic.

PROBLEMS

A     In problems 1-TO, sketch and discuss the given ellipse.

x21. - + i - 1
169       25

x23.z3+yf-1

J*25. - + i - 1
2549

7.  9x2 +  4y2  =  36

x22. - + i = 1
144       169

x24. - + i - 1
3616

6.  :r2 +  4y2  = 4

8.  9r2  + )72 =  9
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9.  idr2 + fty2 =  144                                            io.  4x2 + 25y2 =  loo

8     In problei'r.s 11-18, f ind an equation(s) of the ellipse(s) described.

11.  Center:  (0, 0); vertex: (0, 13); focus:  (0,  -5)

r 12.  Center: (0, 0); covertex: (0, 5), focus:  (-12, 0)

13.  Center: (0, 0); vertex: (5, 0); contains (`/13, 2)

14.  Center: (0, 0); axes on the coordinate axes; contains (2, 2) and (-4,  1)

15.  Vertices: (±6, 0); length of latus rectum: 3

16.  Covertices: (±2, 0); length of latus rectum: 2

17.  Foci: (±6, 0); c = 3/5

18.  Foci: (±2, 0); directrices: I =  ±8

19.  Find an equation of the line tangent to ;¥2 + 4y2 = 20 at (2, 2).

20.  Find an equation of the line tangent to 2x2 + 3y2 =  11 at (2, 1).

21.  Find an equation of the line containing (3, -2) and tangent to 4x2 + y2 = 8.

22.  Find an equation of the line containing (2, 4) and tangent to 3x2 + fty2 = 84.

C     23.  Suppose, in Figure 5.17, that A and 8 are fixed pins on the arm ABP and that AP and
BP have lengths a and b, respectively.  Show that if A is free to side in channel XX'
and 8 in channel yy', the point P traces an ellipse.

-.,            vi

r,

y

Figure 5.17

24.  Given the focus (-c, 0), directrix :I =  -¢2/c, and eccentricity e = c/¢, show that these
define the ellipse

*.y2
a + z= - 1. \

25.  Prove Theorem 5.4.
a.

(
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26.  Show that the line tangent to

at ¢o, yo) is

GRAPHING
«£ffiAroA

171

27.  Graph x2/4 + y2/9 =  1. Remember that you must first solve for )J as a pair of functions
of I  and  then  graph  both  functions.  What  is  the  relationship  between  the I  and y
intercepts and the numbers in the equation? Repeat for :r2/9 + y2/4 =  1.

28.  Graph the following.

•  (a,f+yf-1                                    (b,:+yf-1

(c, :+f-1                                ,d,:+yf-1
What are the relationships between the graphs and the denominators of the x2 terms?

29.  Graph the following.

(a,+I+yf--1

(c,f+:-1

(b,f+y=-19

(d,f+£-125

What is the relationship between the graphs and the denominators of the y2 terms?

30.  Graph the following.

(a,:+y=-12

(c,f+yj-16

(b,:+y=-1
4.

(d,:+y=
8

What are the foci of these ellipses? Such ellipses are called confocal.

31.  Graph the following.

(a,f+yj-19

(r - 2)2 + y= = 1
9

+ y= - 1
49

What is the effect of replacing I by I - fr?
32.  Graph the following.

(a,f+y=-19

(b)

(d)

a - 1)2
4

¢ +  1)2

(b) + +

+ y= - 1
9

+ yj - 1
9

x2   .   0,  -  1)2

49
=1
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y2;2    . fy  - 7Of:Of
(c)  i+ +49

x2   .   fy  +  2)2
(e)  T +

=1

-1                   .-di:`_'    4                9

What is the effect of replacing y by y - k?

(d,i+fy  +  1)2

APPLICATloNS       S3. The earth moves in an elliptic orbit about the sun, with the sun at one focus. The least
and greatest distances of the earth from the sun are 91,446,000 miles and 94,560,000
miles, respectively. What is the eccentricity of the ellipse? How long are the major and
minor axes?

34.  The distance (center to center) of the moon from the earth varies from a minimum of
221,463 miles to a maximum of 252,710 miles. Find the eccentricity of the moon's orbit
and the lengths of the major and minor axes.

35.  The  accompanying  table  gives  the  semimajpr  axis  and  eccentrici.ty  of the  planetary
orbits.  Use this information to find the minimum  and maximum distances  (center to
center) of Mercury from the sun.

Semimajor
axis

Planet                  (millions of kin)                 Eccentricity

Mercury
Venus
Earth
Mars
Jupiter
Saturn
Uranus
Neptune
Pluto

57.9
108.2
149.6
227.9
778.3

1427.0
2869.0
4497.1
5900

0.2056
0.0068
0.0167
0.0934
0.0484
0.0560
0.0461
0.0100
0.2484

Source: Michael A. Seeds. Foundations Of Astronomy, 2d ed.
(Belmont,   CA:   Wadsworth   Publishing   Company,   1988),
p.  609.

36.  Using the information in the table of Problem 35, show that lap!o is sometimes closer
than Neptun: to the sun. Pluto revolves about the sun once ev-ery 248 years. For 20 of
them (including the period from January  1979 to March 1999)2 it is the eighth planet
from the sun.

37.  The  orbit  of Halley's  comet  has  an  eccentricity ,of 0.97  and  semimaj6r `axis  of 2885
million kilometers.  Give  an equation for the orbit with the center  at the oririn and
major axis on the x axis. Where is (the center of) the sun on this graph?

38.  A room is elliptic with vertical walls 6 feet high and an ellipsoidal celling. If it is 40 feet
long and 20 feet wide, where should two people stand (other than next to each other)
so that they can whisper to each other without being heard by others in the room?

39.  Show that an ellipse can be drawn using two pins ahd a loop of string. Where should
the pins be placed, and how long should the loop be?

(
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40.  A cabinetmaker wants t-o build a table with an elliptic top.  It is to be  120 inches long
and 50 inches wide at its widest point. He uses two pins and a string (see Problem 39)
to draw the top.  Where should he put the pins, and how long should t.he string be?

41.  The ellipse in Washington, DC, is 3525 feet long and 1265 feet wide. Give an equation
for it if the axes are placed with the origin at the center and major axis on the jr axis.
VAere are the foci?

42.  A hall that is 10 feet wide has a ceiling that is a semiellipse. The ceiling is 10 feet high
at the sides and 12 feet high in the center. Find its equation with the I axis horizontal
and the origin at the center of the ellipse.

43.  A concrete arch bridge is to be built in the form of a semiellipse. It must span a width
of 20 feet.  In addition, the central 14 feet of it must be at least 8 feet high.  Where is
the highest point of the span?

DEFINITloN

THE    HYPERBOLA

A hyperbola is the set of all points (x, y) in a plane such that the positive difference
between the distances from (x, y) to aL pair of distinct fixed points (foci) is a fixed
constant.

Again,  let us choose the foci to be  (c, 0) and (-c, 0)  (see Figure 5.18)  and
choose the fixed constant to be 2fl. If (I, );) represents a point on the hyperbola,
we have the following.

Figure 5.18
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v--i - cf i--+:i - v ¢--+ cy + y2 __ ± 2f I
V---ct--cy  +---;2 = V--¢ +  cf i--+-;i ±2!a

jr2 - 2er + c2 + y2 = :r2 + 2er + c2 + y2
±  4av{*-+ c)2 +-}T3 + 4a2

F4¢vi:i-----+  c)2  +--;2 =  4a2 +  4ex

EVE-+ c)-2 ----i-;5 = a +

c2;r2
jr2 + 2ex + c2 + y2 = ¢2 + 2ex + --

&2

y2;2  _ y2 -_ ct  - ark

x2y2
02[2     c2Tr2|2

In the triangle PCC' of Figure 5.18,

I tc:C ' < I CC + C~C '
P Cc ' - P Cc < c-c '

2a < 2c
a<c

c2 - "2 i 0.

Since c2 - &2 is positive, we may replace it by another positive number, b2. Thus

--y;-1,x2
¢2

Where b2  =  c2  _  ¢2.
Again we  squared both  sides of the equation  at two  of the steps.  The first

time, both sides of the equation were positive; the second time, they were either
both positive or both negative. Thus we have introduced no extraneous root, and
the steps may be reversed (see Note 2 on page 151).

Again, both the I axis and the y axis are axes of symmetry and again (±a, 0)
are the :* intercepts. However, there are no y intercepts; when I = 0, we have

I

-y;-1,

which is not satisfied by any real number y. The x axis (containing two points of
the hyperbola) is called the transverse axis; the y axis is called the conjugate axis.
The points (±a, 0) on the transverse axis are called the vertices, and the point of
intersection of the axes, (0, 0), is called the center (see Figure 5.19).

(
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y(0, a)

(-c, 0)
I I

(c, 0) -
I I

-a, 0)
I

-(a,0)

I I- -
(0, -A)

Figure 5.19
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A point (x, y) is on the hyperbola with vertices (±a, 0ly and foci (±c, OD if and only
of it sadsfies the equation

x2--y;-1,
a2

where
b2. - a  -  a2[2. .

For every hyperbola there are two lines that the curve approaches more and
more closely at its extremities. These two lines are called asymptotes (see Figure
5.19, in which the slanting dotted lines are the asymptotes). It might be noted that
parabolas  do  not  have  asymptotes.  Thus  a  hyperbola  is  not-as  might  appear
from inaccurate diagrams-a pair of parabolas. The hyperbola

f-yf-1;    or    y-±:v-,
has asymptotes

y -±±*.a

Let  us  verify  this,  at  least  for  the  portion  in  the  first  quadrant.  Here  we  are
dealing with

y=:VFT     and  y=:x
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for positive values of :r.  For a given value of :*,  let us consider the difference d
between the y coordinates of the points on the hyperbola and the line.

d=±x-2VFT=£(I-tytFZ)aa

Multiplying numerator and denominator by I + VFT, we have

b_i_2_-__(rf=±__-±_;--;+     x2.--ar2
JX + VIT.

Now the numerator is a constant; but, for large positive values of I, both terms of
the  denominator  are  large  and  positive.  In  fact,  the  larger.the  value  of :r,  the
larger the denominator and, therefore, the smaller d is. Thus d approaches zero
as x gets larger, which shows that the line is an asymptote of the hyperbola.  Of
course, similar arguments can be used to show the same thing in the other three
quadrants.

A  convenient way of sketching the  asymptotes is to plot both  (±¢,  0)  and
(0,  ±b)  (even  though  the  second  pair  of points  is  not  on  the  hyperbola)  and
sketch the rectangle determined by them (see Figure 5.19). The diagonals of this
rectangle are the asymptotes.

Again, two latera recta contain the foci and are perpendicular to the trans-
verse axis. By using the same method as in the case of the parabola and ellipse,
we can show their length to be

2b2
____

¢

As with the parabola and the ellipse, the roles of I and y can be reversed.

A point (x, y) is on the hyperbola with vertices (0, ±dy and f oci (0, +_c) if and only
if it satisfies the equation

y2       Jr2--F - 1,
¢2

where
b2-ct -a2,.                                                  .

It might be noted that a and A are determined by the sign of the term in which
they  appear;  a2  is  always  the  denominator  of  the  positive  term  and  b2  the
denominator of the negative term. There is no requirement that a be greater than
b, as there was for an ellipse.                                                     .

The asymptotes of the hyperbola
®

f i:    .y2,2--F-1
¢2

(
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£*AMP£EJ        Sketchanddiscuss"F-L=  1.
16

SOLUTION
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are

y-#.
Since the formulas for the asymptotes for the two cases are rather easy to confuse,
a method that'always works is t-o replace the 1 by 0 in the standard form and solve
for J,.

r"_+_+  __1  J`-^_--__+       y2    _1

We see that &2  =  9, b2  =  16, and c2 =  ¢2  +  b2 =  25. This hyperbola has center
(0, 0), vertices (±3, 0), and foci (±5, 0). The asymptotes are found by replacing
the 1 of the standard form by 0 and solving for y.

y2,2.       y2----0
916

1dr2y2--9
y - ±:x

The length of the latera recta is 2b2/a = 32/3 (see Figure 5.20).

Figure 5.20
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EXAMPLE  2

SOLUTloN

EXAMPLE  3

SOLUTION

chapter 5  cONlc sECTIONs

Sketch and discuss ldr2 - 9y2 +  144 = o.

Putting this equation into standard form, we have

y2      x2,2---- 1.
169

We see that ¢2 =  16, b2 = 9, and c2 =  ¢2  +  b2 =  25. This hyperbola has center
(0, 0), vertices (0,  ±4), and foci (0,  ±5).  Its asymptotes are y  =  ±4x/3 and the
length of the latera recta is 2b2/a = 9/2 (see Figure 5.21).

Figure 5.21

Note the relationship between the equations of these two examples when in
the standard forms; the left-hand sides are simply opposite.in sign.  Such hyper-
bolas are called conjuga`te hyperbolas.

Find an equation of the hyperbola with foci (±4, '0) and vertex (2, 0).

Since the foci are on the transverse axis and we are given that they are on the x
axis (see Figure 5.22), we must have the form

Z-#-1..      `

(
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The foci tell us that c = 4, and the vertex gives a = 2; thus b2 = c2 - ¢2 = 12. The
resulting equation is   -....

x2--i - 1.
412

Or
3Lr2  - y2  =  12.

Figure 5.22

Hyperbolas, as well as the other conic sections, can be determined by a single
focus, a directrix, and an eccentricity. For the hyperbola

Jr2       y2

Tf _ Tgrfl2
-1,

jr

we have eccentricity

and directrices

Ce---
&

+¥= +¢__,
ec
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where I  =  ¢2/c is used in conjunction with the focus (c, 0) and I  =  -¢2/c with
the  focus  (-c,  0).  Since  c  >  ¢,  c  =  c/¢  >  1.  Furthermore,  a  single  focus and
directrix gives the entire hyperbola-not merely one branch. Either focus with its
corresponding directrix generates a. hyperbola.

(a)

Figure 5.23

(€)

Once  again,  the  principal  applications  of  hyperbolas  are  related  to  their
reflective properties and to celestial motion.  A ray of light directed toward one
focus is reflected by a hyperbolic mirror toward the other focus as in Figure 5.23a;
a ray directed away from one focus is reflected away from the other as in Figures
5.23b and c. One application of this is in the construction of reflecting telescopes.
As we have already seen in Section 5.2, a parabolic mirror reflects parallel rays of
light to the focus of the parabola.  Since the focus is in the path of the incoming
light, it presents something of a problem. If the telescope is very large, a cage big
enough to hold an observer with an eyepiece can be set up at the focus.  This is
called a prime focus telescope and is shown in Figure 5.24a. However, the large
size  of the  cage  cuts  down  on  the  light-gathering  ability of the  telescope.  One
solution is to put a 45° plane mirror between the parabola and its focus in order to
direct the light to the side, away from the path of the incoming light, as shown in
Figure 5.24b. This is called a Newtonian focus telescope. This presents a problem
•for very large telescopes because, in order to observe a portion of the sky for a
long period  of time,  th-e telescope  must be constantly moved to counteract the
earth:s  movement.  This  requires  the  observer  to  move  as  well.  This  can  be
difficult  with  a  large  telescope,  since  the  observer  is  well  up  the  tube  of  the
telescope. A third alternative is to use a secondary hyperbolic mirrbr to direct the
light back toward the primary parabolic mirror and out through  a hole in that
mirror.  The  secondary  mirror  has  one  focus  coinciding  with`.the  focus  of  the
primary mirror and the other behind the primary. This is called a Cissegrain focus
for its inventor and is illustrated in Figure 5.24c. A Cassegrain focus telescope still
requires movement on the part of the observer, but this motion is easier to deal
with because it is at the base of the telescope rather than at the top. This system is
especially useful with radio telescopes, which have extremely long focal lengths.

(
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'IE=

(a) 0)

Figure 5.24

(c)
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A question that may occur to you is this: Why not use a plane mirror rather than
a hyperbolic one? The answer is that we want to use as small a mirror as possible
to  reflect  the  light  out  of the  telescope.  If we  use  a plane  mirror,  it  must  be
placed much lower and therefore must be much larger.

AS we have seen in Section 5.2, comets that approach the sun once and fly
off, never to return, follow either a parabolic or a hyperbolic orbit. A parabolic
orbit is quite unusual because it requires that the comet's velocity be exactly the
escape velocity; hyperbolic orbits are much more likely.

Another  application  of hyperbolas  is  in  the  use  of loran  (long-range  navi-
gation).  A  radio  signal  is  sent  simultaneously  from  two  widely  separated  and
accurately known points. By noting the differing times of arrival of the two signals
(as well as their order of arrival), one's position can be determined as being on
one branch of a particular hyperbola with the two stations as foci. If a third such
station is added, it can be used with either of the first two to restrict one's position
to a second hyperbola.  The point of intersection of these two half hyperbolas. is
the desired location. A ship's or plane's loran receiver has a computer component
that makes the actual plotting of the hyperbolas unnecessary.

PROBLEMS

A     In probleni.s 1-14, sketch and discuss each equation.

I.i-y==1                    2.±-y=-1
16        9                                                 4         1

x23 . y= - - - 1
94
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4 . y= - - - 1Jr2

19

x27.:---1
9

5.
x2y2

144      25

8.  4x2 - 9y2 = 36

10.  4*Z-y2+16=O             ||.iz-y2=9

13.  36y2 -10Or2 = 225            i4.  9Lr2 -4y2 -9 = o

Jr26. i - - - 1
25       144

9.  dr2 _ y2 = 4

12.  16# - 9y2 =  -36

8      In problerus ls-2;6, f ind an equation(s) of the hyperbola(s) described.

15.  Vertices:  (±2, 0); focus:  (-4, 0)

16.  Foci:  (0,  ±5); vertex:  (0, 2)

17.  Asymptotes: y =  ±2x/3; vertex: (6, 0)

18.  Asymptotes: y  =  ±fro/4; focus:  (0,  -10)

19.  Asymptotes: y =  ±4x/3; contains (3`/5, 4)

20.  Asymptotes: y =  ±3*/4; length of latera recta: 9/2

21.  Vertices: (±5, 0); contains (9/5,  -4)
_

22.  Foci: (±2`/61, 0); contains (65/6, 5)

23.  Vertices:  (0,  ±3); c = 5/3

24.  Foci: (±10, 0); c = 5#

25.  Directrices: I =  ±9/5; c = 5/3

26.  Directrices: y  =  ±25/13; focus: (0,  -13)

27.  Find an equation of the line tangent to rf -y2 =  144 at (13, 5).

28.  Find an equation of the line tangent to £ -y2 =  16 at (-5, 3).
29.  Find an equation(s) of the lines(s) tangent to x2 - )J2 = 9 and containing (9, 9).

30.  Find an equation(s) of the line(s) tangent to 4* - 9y2 = 7 and containing (-7, 7).

C     31.  Show that there is a number k such that, if P is any point of a hyperbola, the product
of the distances of P from the asymptotes of the hyperbola is A.

32.  Show that the line tangent to

fy2- - F2 - 1
a2

at (xo, yo) is
Jryox#x -y#-1.     '

GRApl'lNG
CALCULATOR

E

33.  Graph jr2/4  -  y2/9  =  1.  What is  the  relationship between the I  intercepts  and  the
numbers in the equation? Repeat for £/9 -y2/4 = 1.

34.  Graph y2/4  -  x2/9  =  1.  What  is  the  relationship between the y  intercepts  and the
numbers in the equation? Repeat. for y2/9 -;*2/4 =  1.  `

35.  Graph x2/16 - y2/9 =  1 and y =  ±3.Lr/4. .What is the relationship. between them?

(
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36.  Graph jz/4 -y2/9 =  1, -x2/4 + y2/9 =  1, and y =  ±3x/2. How are they related?
37.  Graph.the following.

x2y2---I -
44
#     y2,2

(a) 1                                      ,b,:-y=-1
4

•                                                         `I^rf       y2        +

183

tc>  fa-`T=i                                           td>=-`T=i

What is the relationship between the graphs and the denominators of the x2 terms?

38.  Graph the following.

(a,f-yf-1

(c,f-f-1    -t

y2(b,f---19

y2(d,xf---125

What is the relationship between the graphs and the denominators of the y2 terms?
`,

39.  Graph the following:

(a,yf-f-1                                  (b,yj-f-1

tc>£-f=i                                    (d)£-f=i
What is the relationship between the graphs and the denominators of the y2 terms?

40.  Gr?ph the following.
x2(a,yf-+I--1

(c,yf-±-116

Jr2
(b,yf---19

(d,yf-i-125

What is the relationship between the graphs and the denominators of the y2 terms?

41.  Graph the following.

(a,f-y=-18

(c,:-yf-1

(b,:-y=-16

y2d,:-?-1
Where are the foci? These are called confocal hyperbolas.

42.  We encountered con focal ellipses in Problem 30 of the previous section and con focal
hyperbolas in Problem 41 above. The following ellipses and hyperbolas all have foci at

(±2\/2, 0).  Graph as.`-many of each as possible and determine how the  ellipses and
hyperbolas are related. Be sure to use scales op the axes that do not distort the curves.

(a,:+yf-1

(c,:+yf-1

(b,:+yf-1

(d,:-y=-12
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(e,+I-yf--14
y2(f,xf---16

43.  A Cassegrain focus telescope (see page 181) has the dimensions shown in Figure 5.25.
Give  an equation of the  hyperbolic mirror if the  axes  are placed with x  axis on  the
transverse axis and origin at the center.

L+_(

F,

-4m-

-- 5m

6m

Figure 5.25

44.  A radio telescope has a parabolic reflector (of radio waves) with focus 100 feet above
the vertex.  A small hyperbolic reflector, 90 feet above the vertex and with one focus
coincident with that of the parabola, reflects the radio waves to its other focus, which
is  20 feet  below the vertex of the  parabola.  Find the  lengths  of the  transverse  and
conjugate axes of the hyperbola.

45.  A comet follows a hyperbolic orbit about the sun, reaching its closest point to the sun
at  a  vertex  of  43  million  miles.  When  the  line  joining  the  sun  and  the  comet  is
perpendicular to the transverse axis of the hyperbola,  the comet is  137 million miles
from the sun. Give an equation for the comet's orbit if the axes are placed with the x
axis on the transverse axis and the origin at the center. Where is the sun?

46.  It has been found that alpha particles aimed  at the nucleus`of an atom  are repelled
along a hyperbolic path.  An alpha particle is shot toward the nucleus of an atom (at
the origin) from a distant point on the line y  =  2r.  It is deflected along a path that
approaches  y  =   -2x,  coming  within  10  Angstrom  units  of  the  nucleus.  Find  an
equation of the particle's path.

47.  A and 8 are two loran stations located at (-500, 0) and (500, 0), respectively. A ship's
receiver detects radio signals sent simultaneously from the two stations and indicates
that the ship is 600 miles closer to A than to 8. Similarly, it is found that the ship is
1000 miles closer to C, at (0,, 650), than to D, at (0,  -650). Where is the ship?

48.  A man standing at a point 0 = (I, y) hears the crack of a rifle at point Pi = (1000, 0)
and the sound of the bullet hitting the target P2 = (-1000, 0) at the same time. If the
bullet  travels  at  2000  feet/second  and  sound  travels  at  1100  feet/second,  find  an\
equation relating I and y.



REVIEW  PROBLEMS

REVIEW  PROBLEMS

A     In problems 1-6, sketch and discuss.

1.y2=|dr   '                   2.x2_4y2=4

3.  y2=  i6pr  -                       4.  4x2+9y2=36
''*

5.  jr2-y2+.9=0          6.  4x2+3y2=48
r`

8       7.  Find an equation(s) of the parabola(s) with vertex (0, 0) and focus (5, 0).

185

8.  Find  an  equation(s)  of the  parabola(s)  with  vertex  (0,  0)  and  containing  the  points
(2, 4) and (8, 8).

9.  Find an equation(s) of the ellipse(s) with center (0, 0), vertex (10, 0), and focus (6, 0).

10.  Find  an  equation(s)  of  the  ellipse(s)  with  center  (0,  0),  vertex  (0,   -3\/i),  and
containing the point (2,  -3).

11.  Find an equation(s) of the hyperbola(s) with vertices (0,  ±8) and focus (0,  10).

12.  Find an equation(s) of the hyperbola(s) with asymptotes y =  ±3x/2VZ and containing
(4, 3).

13.  Find an equation of the line tangent to 4x2 + 3y2 =  16 at (1, 2).

C     14.  The inner edge ofa track has equation

x2

z+y;-1.
The track is of width d. When asked to find an equation of the outer edge, a student gave
the answer

x2y2

(a + d)2  '   (b +  d)2

Prove the student to be correct or incorrect.
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The coordinate axes are something of an artificiality which we introduced on the
plane in order to represent points and curves algebraically. Since the axes are of
this nature, their placement is quite arbitrary. Thus we might prefer to move them
in order to simplify..some equation. Any change in the position of the axes may be    '
represented by a combination of a translation and a rotation. A translation of the
axes gives a new set of axes parallel to the old ones (see Figure 6.1a), while in a
rotation, the axes are rotated about the origin (see Figure 6.1b).

Let us consider translation first. If the axes are translated in such a way that
the origin of the new coordinate system is the point (fo, k) of the old system (see
Figure 6.2), then every point has two representations: (I, y) in the old coordinate
system,  and  ¢',  y')  in  the  new.  The  relationship  between  the  old  and  new
coordinate system is easily seen from Figure 6.2 to be

x=x'+h       or       x'=x-h
and

y--y,+k      or      y'--y-k.

yy'

Figure 6.1
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J,                      J, '

+

(h. k).,

P
II

J'

I

J,,II

II

_J-

kf
--

IJ['II

-
A

Jr

Figure 6.2
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These equations (either set) are called equations of translation.
Furthermore, we can consider translation from  a vector point of view.  The

vector xi  + yj can be used to represent the point (I, y). A graphical representa-
tion of this vector is a directed line segment with its tail at the origin and its head
at (x, y). It is easily seen from Figure 6.3 that u = v + w or

jri + yj -a, + fr)i + (y, + k)i.
Thus

x -- x I  + h
and

y -- y I  + k .

yy

Figure 6.3
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Suppose we have a parabola with vertex at (fo, k) and axis y =  k (see Figure
6.4). Let us put in a new pair of axes, the :r' and y' axes, which are parallel to and
in the same directions as the original axes and have their origin at the point (A, k)
of the  original  system.  Since  the  parabola's  vertex  is  now  at  the  origin  of this
coordinate system, its equation is

y'2 -4ex',

J,               J, ,

(I)

Figure 6.4

_-

k1
--
-

A

a)

where |c|  is the distance from vertex to focus. Now the relationship between the
old and new coordinates is given by the equations of translation

x'--x-h       a;nd    .  y'=y-k.

Thus the equation of the parabola in the original coordinate system is

(y _ k)2 = 4c(I -fr).

We can go through the same analysis for all three of our conics and obtain the
following results ...,

A point (x, y) is on the parabola with focus uh + c, k) and directrix x -- h - c if
and only if it satisfies the equation

(y -A)2 -4c¢ -A).  `
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A point (x, y) is on the parabola with f ocus (h, k + c) and directrix y --k -c
if and only if it satisfies the equation

EJ

I-..                                  a-A,2-4c(y-A,.
.,.

A point (x , y) is on the ellipse with center uh, k) , vertices (h ± a, k) , and `covertices
uh, k ± b) if and only if it satisfies the equedon

-~

(x - h)2   1  (y - k)2+
a2.          1            b2

-1.

The f oci are uh ± c, k), where a -_ a2 -b2 .
A  point (x, y) is  on the  ellipse with center (h, k), vertices  uh, k  ±  a), and

covertices (h ± b, k) if and only if it satisfies the equation

(y - k)2   1  (x - h)2
a2,          1           b2

The foci are uh, k ± c), where a = a2 -b2` .

-1.

A point (x, y) is on the hyperbola with center uh, k), vertices (h ± a, k), and foci
uh +_ c, k) if .and only if it satisf its the equation .

(x-rty2     (y-k)2_   _____                                                                                                                       ___                          __    _

a2[.                        b2
-1,

where b2 -_ a _ a2 .
A point (x, y) is on the hyperbola with center uh, k), vertices uh, k ± a), and

foci (h, k ± c), if and only if it satisfies the equation

(y-k)2     (x-rty2
_                   _       _                     _    _                                                                                                               _

a2[2.                          b2.
-1,

where b2.  -_  &  _  a2. .

Suppose we now consider the equation

(y - fr)2 = 4c¢ - A)

and carry out the indicated multiplications. The result is

y2 - 2ky + # = 4cx - 4ch
y2 -4ex -2ky + (k2 + ice) = 0.

This is in the form
y2 + D'x + E'y + F' --0,



190

THEOREM  6.4

EXAMPLE  I

SOLUTION

Chalptor  6   TRANSFORMATION  OF COORDINATES

where D'  =  -4c, E'  =  -2k, and F'  = k2 + 4ch. If we now multiply through by
some number C (C i 0), we have

Cy2 + Dx + Ey + F = 0.

We can consider the other five standard forms of Theorems 6.1-6.3 in the same
way. We find that in every case we get an equation of the form

Ax2 + Cy2 + Dx + Ey + F = 0.

If we have a parabola, then either A  = 0 or C = 0; if we have an ellipse, then A
and C are both positive or both negative; if we have a hyperbola, then A and C
have opposite signs.

It is convenient to express the above conditions on A and C in terms of the
product AC. Either A  = 0 or C = 0 is equivalent to AC = 0; 4 and C have the
same signs if and only if AC is positive; they have opposite signs if and only if AC
is negative. The above results are summarized in the following theorem.

Every conic with axis (or axes) parallel to or on a coordinate axis (or axes) may
be represented by an equation of the form

Ax2 + Cy2 + D* + Ey + F = 0,

where A and C are not both zero. Furthermore, AC -- 0 if the conic is a parabola,
AC > 0 if it is dn ellipse, and AC < 0 if it is a hyperbola.

The equatiohs of Theorems 6.1-6.3 are called the standard forms for conies,
while the equation of Theorem 6.4 is called the general form. It is a simple matter
to  go from the  standard form  to the general form;  one  merely carries out the
indicated multiplications. We go from the general form to the standard form by
completing the  square,  just  as we  did  for  a  circle.  Once  we  have  the conic  in
standard form, it is a simple matter to carry out a translation.

Sketch and discuss the parabola 9y2 + 3dr - fy - 23 = 0.

First we put the equation into standard form by completing the square on the y
terms. To do this we first isolate the y terms on one side of the equation. Then we
make the coefficient on y2 one by dividing by 9.  Finally we divide the resulting
coefficient of y by 2 and square; this number is then added to both sides, making
one side a perfect square.

E
+t

`   .`                                     9y2-6y=-3dr+23

223`
y2 - 5y - -4x + T
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2124
y2 - iy + § - -4x +. T

(y-:)2--4(I-;)

The equations of translation,

x'-x-;      and      y'-y-;'
now give

y'2 --4x'.

In the :r'y' system, we have a parabola with vertex at the origin, axis the x' axis
(y'  =  0),  focus at (-1, 0),  directrix :#'  =  1,  and a latus rectum of length 4.  By
using the equations of translation, we express the vertex, axis, and so on, in the
;ry  coordinate  system.  Thus  we  have  a  parabola with  vertex  at  (2/3,  1/3),  axis
y  =  1/3, focus at (-1/3,  1/3), directrix I  =  5/3, and a latus rectum of length 4.
The parabola, with both sets.of coordinate axes, ls shown in Figure 6.5.

2I-

-
-1'11

I
T-I-

'''' I I--4-2 2

Figure 6.5

Note that the process of completing the square here is exactly the same one
that we used in Section 4.1.  If the coefficient on the square term is not one, we
make it one by division. Then we complete the square by dividing the coefficient
of the first-degree term by two and squaring. Since this method of completing the
square works only when the coefficient on the square term is one, the first step is
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EXAMPLE  2
~

SOLUTION
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essential.  This is easily carried out when the x2 and y2 terms both have the same
coefficient  or when one  of them is zero.  If they  are  nonzero  and different,  we
cannot  make  them  both  one  by  dividing.  In  that  case,  instead  of dividing,  we
factor. For example,

9Lr2 +  18x =  .9(£ + 2x).

Now we can complete the square inside the parentheses. This can be repeated on
th? y terms in the same way. This is illustrated in the following example.

Sketch and discuss the hyperbola

9x2 - 4y2 - 18x - 24y - 63 = 0.

Here we must complete the square on both the I and the y terms. Thus we must
make the coefficients of both x2 and y2 one. We do this by factoring.

9x2 -  ifro - 4y2 - 2dy = 63
9¢2 - 2*) - 4(y2 + 6y) = 63

9(£ - 2r +  1) - 4()J2 + 6y + 9) = 63 + 9 . 1  - 4 . 9
9(x -  1)2 - 4(y + 3)2 = 36

(I-1)2      (y+3)2
___                              _                                                                                                     _   __     _______                 __:_
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Now the equations of translation,

and

glve

x' - J¥ -  1

•  y'  -y + 3,

x'2      y,2
i -F -1.

=1

In the x'y' system, we have a hyperbola with center at (0, 0), cl = 2, b = 3, and c2
= ¢2 + b2 =  13. Thus we have vertices (±2, 0), fdei (±\/13, 0), asymptotes y'  =
±3x'/2,  and  latera  recta  of length  2b2/fl  =  2 . 9/2  =  9.  Using  the  equations  of
translation,  we  see  that  in  the xy  system  we  have  a  hyperbola  with  center  at

(1, -3), vertices (3, -3) and (-1, -3)`.,-foci (1 ±  \/13, -3), asymptotes y + 3 =
±3¢ -1)/2, or 3jr -2y -9 = 0 and 3x + 2y + 3 = 0. The length of the latera
recta  is,  of  course,  unchanged  by  the  translation.`  The  hyperbola  with  both
coordinate systems is given in Figure 6.6.
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EXAMPLE  3

SOLUTION
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Figure 6.6
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While Theorem 6.4 tells us that any conic with axis (or axes) on or parallel to
the coordinate axes can be represented in the form

Ax2 + Cy2 + Dx + Ey + F = 0,

it does not follow that any equation in this form represents a parabola, ellipse, or
hyperbola. This point is demonstrated by the following example.

Sketch and discuss 4x2 + 3y2 -  1dr +  18y + 43 = 0.

Since A  =  4 and C = 3, AC =  12 > 0. The
equation appears to represent an ellipse. But
completing the square gives

4¢2 - 4x) + 3(y2 + 6y) =  -43
4(x2 - 4x + 4)  + 3(y2 + 6y + 9)

=  -43 + 4 . 4 + 3 . 9
4(I -2)2 + 3(y + 3)2 = o.

Since neither term on the left is» negative, the
sum can be zero only if both terms are zero.
Thus x  =  2  and y  =  -3.  This  equation  is
satisfied only by the point (2,  -3) as shown
in Figure 6.7: Figure 6.7
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EXAMPLE  4

SOLUTION
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The  foregoing  example  is  called  a  degenerate  case  of an  ellipse,  since  the
equation has the tom of an ellipse but does not actually represent an ellipse. It is
comparable to the degenerate cases of a circle, which we saw in Chap.ter 4. The
degenerate cases of the three conies are given in the table.

Parabola           0

Ellipse

One line (two coincident lines)
Two parallel lines*
No graph*

+       Circle
Point
No graph*

Hyperbola                  Two intersecting lines
*This  is  one   of  the  cases  mentioned  in   Section  5.1

in  which  an  equation  of  the  second  degree  does  not
represent a curve formed by the intersection of a plane
with a right circular cone.

In the previous examples we have been working from the equation of a conic
section to  its graph.  Let us  now consider the reverse problem;  that is,  starting
with a description of a conic section, we shall find an equation for it.

Find an equation(s) of the ellipse(s) with axes parallel to (or on) the coordinate
axes and with vertex (3, 5) and covertex (1, 0).

Since  the  axes  are  parallel  to  or  on  the  coordinate  axes  and  the  vertex  and
covertex are the ends of the axes, we must have one of the situations shown in
Figure 6.8.  But  (3,  5)  and (1,  0)  are given to be a vertex and covertex,  respec-
tively.  This means that (3, 5)  is an end of a major axis,  and (1, 0)  an end of a
minor  axis.  Thus  Figure  6.8a  is  the  correct  one.  Now  we  can  take  the  result
directly from Figure 6.8a.  Since the major axis is parallel to the y axis, we have
the form

(try+(*
a2    .     I           b2

-1.

Furthermore, it is clear from the figure that the ce'nter is (3, 0), ¢
Thus the desired equation is

(y - 0)2  ,  a - 3)2+
254

=1

5, and a = 2.

Or
25x2 + 4y2 I  i5Or +  125 = o.
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`i,

Note  that  there  is  no  need  to  act.ually  carry  out  the  translation  in  the  above
example; the standard form of Theorem 6.2 gives us all we need.

Figure 6.8

EXAMPLE  5

SOLUTlo.N

Find an equation(s) of the hyperbola(s) containing (7, -2), (-1, -2), (8,1), and
(-2, -5).

It is easier in this case to use the general form, A¥2 + Cy2 + Dx + Ey + F = 0, of
Theorem  6.4 rather than one of the standard forms of Theorem 6.3.  Since  the
four given points satisfy the equation of the conic section, we have the following
four equations.

49A +   4C + 7D - 2E + F = 0
A+   4C-D-2E+F=0

64A+     C+8D+   E+F=0
4A + 25C - 2D - 5E + F = 0

Since there are four equations but five unknowns, we cannot solve for all of
them; but let us solve for four of the unknowns in terms of the fifth. First let us
subtract the second equation from the other three, eliminating F.

48A             + 8D           -0
63A -   3C + 9D + 3E = 0
3A + 21C -   D - 3E = 0
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Adding the last pair, we get:
48A              +8D-0
66A  +  18C + 8D = 0.

Finally we subtract the first from the second.

18A  +  18C = 0
0r

C--A
Substituting back, we get:

D - -6A
E - -4A
F - -llA.

Thus the desired equation is
A£ -4y2 - 64x - 4Ay - llA = 0

~'                   J      r       ~            .,`~

Or
£ _ y2 -6er -4y - 11 = 0.

Its graph is shown in Figure 6.9.                 .

-

J'

Figure 6.9
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EXAMPLE  6

SOLUTION
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®

When u;ing a graphing calculator, we again have a choice of our usual three
methods of graphing; namely, use the quadratic formula to solve for );, complete
the square and solve for y, or use the conic graphing program.  Generally, either
the second or the third method is the most reasonable choice.

If we want merely the graph of the equation without locating vertex, center,
foci,  directrices,  and. so  forth,  the  graphing  program  is  the  most  reasonable
choice. The one additional thing the graphing program gives us is the graph of the
asymptotes  of  the  hyperbola.  While  certain  other  things,  such  as  vertices  and
covertices, can be determined from the graph, a more in-depth discussion requires
another method. In that case, completing the square is the method of choice. The
calculations  of the  special  characteristics  of the  conics,  which  we  have  already
discussed in this section, give us this information.

The grapning program is based on the quadratic formula. Thus the use of this
formula gives uS nothing that we cannot get with the program.  Moreover, using
the quadratic formula reintroduces a tedious exercise that the program is designed
to eliminate.  So the use of the quadratic formula is not a good choice here when
the equation is more complicated than the standard forms of Chapter 5.

Use a graphing calculator to sketch and discuss the hyperbola 9x2 - 4y2 -  |&¥ -
2fty - 63 - 0.

The  simplest  method of graphing is  by the  graphing program.  In that case,  we
have                  -

A=9                                8-0                                C--4
D=-18                              E=-24                              F=-63,

giving the graph of Figure 6.10. This graph includes the asymptotes.
However, we cannot determine much about the hyperbola from this method

of graphing. To determine other things, we must resort to completing the square.
This wias done in Example 2, giving
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(I-1)2      0,+3)2____________________

49
-1.

We can use the equations of translation to determine the center,  vertices,  foci,
length of the latera recta,  and the equations of the asymptotes,  as was done in
Example 2. Finally, to get the graph from this equation, we must first solve for y.

dr=L-1
94

0, + 3)2 - 9
a - 1)2

y + 3 - ±3 ¢ - 1)2I-1
y - -3 ± 3 a - 1)2`.t'

We now have the two equations to enter into the calculator. Of course the result
is the same as that of Figure 6.10 except the asymptotes are not graphed unless
they are entered separately.

PROBLEMS

In Problerus 1-cO, translate so that the ceriter or vertex of the conic section is at the origin of
the new coordinate system.  Sketch the curve showing both the old and new axes.

A      I.a-3)2=8fy-2)
3.  16¢ + 3)2 + 25y2 = 4oo

5.  9¢ + 2)2 + 4fy +  1)2 = 36

a       7.y2-4x-2y+9=0
9.  4x2 + y2 + 24x - 2y + 21 = 0     .

ii.  9x2 - 4y2 + 9Or + 32y +  125 = o

|3.  9Lr2 + 4y2 - 72r +  16y +  160 = 0

15.  4x2 - 4x - 4y - 5 = 0
|7.  4x2 -  |6y2 +  12x +  16y + 69 = 0

i9.  25j¥2 + 4y2 -  i5Or + 4fty + 35o = o

2.  16¢ - 3)2 + 907 +  1)2 =  144

4.  (y - 4)2 - 2x
6.  9(I + 2)2 -16fy -1)2 =  -144

8.  x2 - &¥ - fry + 8 = 0

io.  jr2 + 9y2 -  lou + 3dy + 52 = 0

12.  9[r2 -  1dy2 +  72x + 9dy +  144 = 0

i4.  4x2 - y2 - 4Or + dy + 91 = o

|6.  |6*2 + 36y2 + 48x -  18fty + 257 = 0

18.  y2 - 5y + 6 - 0
20.  4x2 - y2 - 2r - y = 0

In Problems 2l-sO, find an equalon(s) of the conic secti`on(s) described.\

21.  Parabola with focus (3, 5) and directrix I =  -1

(
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22.  Ellipse with vertices (-1, 8) and (-1, -2), containing (1, 0)

23.  Hyperbola with vertices (4, 1) and (0, 1), and focus (6, 1)

24.  Parabola with axis parallel to the y axis and containing (0, 6), (3,  -6), and (8, 14)

25.  Hyperbola with vertex (6, -1) and asymptotes 3jr -2y -6 = 0 and 3:r + 2y -2 = 0
26.  Ellipse with 'covertices (-5, 0) and (1, 0) and having latera recta of length 9/2

27.  Ellipse with  axes parallel to the coordinate  axes  and containing  (6,  -1),  (-4,  -5),
(6, -5), and (-12, -3)

28.  Hyperbola with axes parallel to the coordinate axes and containing (2,  -2),  (-3, 8),
(-1, -1), and (2, 8)

29.  Hyperbola with foci (4, 0) and (-6, 0) and eccentricity 5/2

30.  Ellipse with vertex (8,  -1), focus (6, -1) and eccentricity 3/5

C      31.  Ifa parabola with a vertical axis contains the points (xo, yo), (xi, yi), and (x2, y2), show
that its equation can be put into the form

-0.

GRAPHING
CALCULATOR

E

A„=O„5

32.  What happens to the determinant of Problem 31 if the three given points are collinear?
(Hi.#f: See Problem 33, page 148.]

qrapfa  _the  equatio_pr  in  Problerus  33-S8.   Determine  the  following  from  your  graph.
Parabola.. vertex,. ellipse.. ceriter, vertices, covertices; kyperbola.. ceriter, vertices , asymptotes.

33.  ¢ +  1)2 = 4(y - 3)
34.  9(I + 2)2 +  16(y -  1)2 =  144

35. y2 - dr + 4y + io = o
36.  x2 + 4y2 - 4x + 2dy + 24 = 0

37.  2r2 - );2 + &r + fry - 8 = 0

38.  idr2 - 9y2 - 64# - 54y + 127 = 0

39.  A comet on  a parabolic orbit comes to within 30 million  miles of the  sun.  Give  an
equation of the comet's orbit when the axes are placed with the jr axis on the axis of
the parabola and the sun at the origin.

40.  A ball  is  thrown  upward  and  outward from  the  top edge  of a  100-foot building.  It
reaches  its highest  point  20  feet  out  from  and  30 feet  above  the  building.  Give  an
equation for its path with the I axis along the ground and the y axis along the side of
the building.

41.  A parabolic arch spans a width of 50 feet and is 70 feet high. Give an equation of the
arch if the I axis joins the feet of the arch and the origin is halfway between them.

42.  A suspension bridge has towers 600 feet apart and extending 120 feet above the road.
The center of the main cable is 20 feet above the road. Find an equation for the cable
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With the I axis along the road surface and the origin halfway between the towers. What
is its equation if the origin is at the left tower?

• 43.  Give  an  equation  for  the  orbit  of the .planet Mercury  (see  the  table  on  page  172),
where the I axis is the major axis and the origin is the sun.

44.  A bridge consists of vertical pillars with semiellipses between them.  Each semiellipse
spans a width of 50 feet, is 10 feet high at the pillars, and is 20 feet high at the center of
the span.  Given an equation for the semiellipse if the I axis is along the ground with
the origin at the middle of the span.

45.  A Cassegrain focus telescope (see page 180) has a parabolic mirror with focus 10 feet
from the vertex and a hyperbolic mirror with 12 feet between foci; it is placed 9 feet
from the vertex of the parabola. Give equations for both mirrors if the x axis is the axis
of the parabola (and the transverse axis of the hyperbola) and the origin is the vertex
of the parabola.  Give their equations if the origiri is midway between the foci of the
hyperbola.

46.  A comet approaches the sun on a hyperbolic orbit, starting from a path that is inclined
at an angle of 30° with the transverse axis and approaching to within 40 million miles of
the sun. Find an equation for its orbit with the I axis the transverse axis and the origin
at the sun.

EXAMPLE  I

SOLUTloN

TRANSLATION    OF    GENERAL    EQUATIONS

The method of completing the sqtlare is simple to use, but it is rather limited in
scope. It can be used only on second-degree equations with no :ry term. If there is
an  xy  term  or  if  the  equation  is  not  of  the  second  degree,  another  method,
illustrated by the following examples, can be used.

Translate axes so that the constant and the I term of :¥2 - 2xy + y2 + 4x - 6y +
10 = 0 are eliminated.

Since we have  an jry term, completing the square will never give us one of the
forms of Theorems 6.1-6.3. Thus we cannot determine fo and k before translating.
Our only alternative is to use the equations of translation,

+
>

x=x'+fr        and        y=y'+A,

and  see  what  values  of fe  and  k  are  needed  tb  eliminate  the  specified  terms.
Substituting the equations of translation into the given equation, we have

(xJ  + fr)2 - 2(x'  + fr)ty'  +  k)  +  fyi + k)2 + 4(x'  + fr)  - 6o7'  +  k)  +  1Q = Q
x'2.+ 2:hx'  + h2-2x'y'  -2,ki'  -2:ky'  i 2:hk + y'2 + 2,ky'  + k2

+4r'+4fa-6y'-6k+11=0   `          `                               -`-

jr'2 - 2r'y'  + y'2 + (2fe - 2k + 4)I,'  + (-2fo + 2k - 6)y'
+  (fr2 - 2frk +. # + 4fe - 6k +  1o)  = o.

(
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\

Since.>.we  want  the constant  term  and the  coefficient  of x'  to  be zero,  we  must
choose fe and k so that

h2 - 2hk + # + 4h. - 6k + 10 -- 0
2fo  - 2k + 4 = 0.

Solving the second equation for fa in terms of k and substituting into the first, we
have

h -- k - 2
(A - 2)2 - 2(A - 2)A + k2 + 4(A - 2) - 6k +  10 = 0

k2 - 4k + 4 - 2k2 + 4k + k2 + 4* - 8 - 6k + 10 = 0
-2k + 6 - 0

k--3
h -- k - 2 - 1 .

Thus the equations of translation are

jr=jr'+1        and        y=y'+3,

and the result in the new coordinate system is

jr'2 - 2r'y' + y'2 - 2y'  = 0.

The  graph  of  the  given  equation  (or  equivalently  of  the  new  equation)
showing both sets of coordinate axes is given in Figure 6.11. The graph appears to

•,',,,.®
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EXAMPLE  2

SOLUTION
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be that of a parabola. Is it really a parabola, or is it some other curve that is only
similar to a parabola? As we shall see in Section 6.4, any second-degree equation
represents a conic or degenerate conic.. This is really a parabola.  Later we shall
see how to identify some of its special characteristics,  such as the vertex,  axis,
focus, and so on.

Translate axes to eliminate the first-degree terms of £ - 4ny + 3* - 2y + 4 = 0.

Substituting the equations of translation,

jr=jr'+fa        and        )J=y'+k,

into the given equation, we have

(x'  + fr)2 - 4(x'  + 4)ty'  + k) + 3(x'  + fr) - 2o7'  + k) + 4 = o
:r'2 + 2ho'  + fr2 - 4x'y' - 4dr'  - 4ky'  - 4frk + 3jr' + 3fo - 2y'  - 2k + 4 = 0
jr'2 - 4x'y' + (2fo - 44 + 3)jr' + (-4fo - 2)y' + (fr2 - 4fok + 3fr - 2k + 4) = 0.

Setting the coefficients of x' and y' equal to zero and solving, we have

2fr - 4k + 3 = 0
-4A - 2 - 0

giving

A--:      and      A-:.

Thus the equations of translation are

1
Jr - JX' - -

2
Jr-JX'-i       and       y-y'+i

and the equation in the new coordinate system is
L=

x'2-4x,y,+i--o
Or

4xJ2 -  idr'y'  +  11  ± o.

The result is shown graphically in Figure 6.12.
Both of these examples carried out translations on a general second-degree

equation
1               ca*`.    ',

A£ + Bxy + Cy2 + Dx + Ey + F = 0.

(
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EXAMPLE  3

SOLUTION
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Figure 6.12
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Several things might be noted here. Except for multiplying through by a constant,
as we did in Example 2 to eliminate a fraction, the translations did not change the
values of A, 8,  and C. A, 8, and C are said to be I.#v¢rz.a!#f under a translation.
Of the  remaining  three  coefficients,  we  may  dictate  the  values  of only  two  of
them. This does not mean that we may dictate the values of ¢ny two of the three;
we could not have eliminated both first-degree terms in Example 1.

It might als.o be noted that, when 8 i 0, we may #of use AC to determine the
type  of conic  section  we  have.  In  Example  1  it  was  seen  that  the  graph  is  a
parabola although 4C is positive  (not zero).  In Example 2 we had a hyperbola
although AC = 0. Thus the table on page 194 is valid only when 8 = 0.

The method that we have used here is more generally applicable-its use is
not restricted to second-degree equations.

Translate axes so that the constant and the I term of y = :¥3 - 5x2 + 7x - 5 are
eliminated.

Since  we  do  not  know  what  values  of fa  and  k  to  choose,  we  simply  use  the
equations of translation ,

x=x'+fe        and        y=y'+A,
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and see what values of fa and k are needed to eliminate the terms specified.

yJ  +  k =  (xJ  + fo)3  - 5(x'  +  fr)2 + 7(¥'  + fr)  -- 5
y'  = x'3 + (3h - S)x'2 + (3h2 - |0h + 7)x'  + (h3 - Sh2 + 7h - 5 - k)

Now we must choose fo and k so that

3fr2 -  loft + 7 = o
h3 - Sh2 + 7h -5 - k = 0.

The first of these two equations gives

h=1       or       h--7/3.

Substituting these values into the second, we have

k =  -2,       or        k =  -&6/2;I.

Using fr =  1 and k =  -2, we get

y'  - Jr'3 - 2r,2.

Using fr = 7/3 and k =  -86/27, we get

y'  - x,3 + 2x,2.

The graphs of both .the cases described in Example 3 are given in Figure 6.13.
While  there  are  two  different  translations  giving  two  different  equations,  both

yy,

Figure 6.13
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graphs are the same when referred. to the original xy system. As an added bonus,
this method has located the local maximum, (1, -2), and minimum, (7/3, -86/27).
This method can also be used on second-degree equations with no xy term, but
completing the square is so much simpler that most would prefer to use it.

equa:iroanpshi:8t£:I:get::Se:nhde::a£Ftfhno8u?rt:g:asra:i:::VEe::act:on:se:]feE[efof::a::i::
®

in Example 3 are very easily graphed, since they can be entered with no change.
Only slightly more difficult is the equation of Example 2. Because it is linear in y,
it is relatively easy to solve for y as a function of jr:

x2 - 4xy + 3x - 2y + 4 = 0
4xy + 2y = x2 + 3x + 4

(4x + 2)y = jr2 + 3jr + 4
Jr2 +  3jr  +  4

4x+2

Equations of the type given in Example  1 give the most difficulty.  We must
look upon the equation as quadratic in y, using the quadratic formula to solve:

x2 - 2ry + y2 + 4x - dy + 10 = 0
y2 -(2r'+ 6)y + (x2 + 4x +  10) = 0.

This is now in the form ay2 + by + c = 0, with & =  1, b  =  -(2x + 6), and c =
# + 4x +  10. By the quadratic formula, we have

2x + 6 ± (2x + 6)2 - 4(£ + 4x +  10)

There is no need to siinplify this expression-the computer can handle it with no.
difficulty.

Since  any one of the given equations in the problems can be graphed elec-
tronically, no separate graphing calculator problems are given here. Nevertheless,
you  are  invited  to  graph  any of these  equations  with  a  graphing  calcrilator  or
Program.

PROBLEMS

8     In problerus 1-14, translate to eliminate the terrrs indicated.

1.  # - 2ry + 4y2 + 8x -' 26y + 38 = 0; first-degree terms
2.  2r2 - xy - y2 + 5x - fry - 3 = 0; first-degree terms

3.  x2 + 4ny - y2 - 2x -  14y - 3 = 0; first-degree terms
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4.  3jr2 + jry + y2 -  1dr -  1fty + 30 = 0; first-degree terms

5.  xy - 5x + dy - 4 = 0; first-degree terms

6.  jr2 + xy + 9* + 5y + 20 = 0; first-degree terms

7. y = x3 - dr2 + llx - 8; constant, £ term
8.  y = j¥3 - fro + 6; constant, I term

g.  y = x3 - 3j¥2 + fro + 5; constant, I term

io.  y = x3 - 9*2 + 24x + 3; constant, I term

ii.  y = x4 - &r3 + 24x2 - 28x + 7; constant, I term
|2.  y = x4 -  |Or3 + 37x2 -  12Or +  138; constant, I term

|3. x2y - 2r2 + 2ry + y - 4x - 6 = 0; second-degree terms
|4.  x2y + x2 + 2ry + 2r - 3y - 1 = 0; second-degree terms

C      15.  Prove that any translation on

Ar2 + Bjry + Cy2 + Dx + Ey + F = 0
iE

leaves A,  8, and C invariant.

16.  Prove  that  any  translation  on  y  =  P¢),  where  P¢)  is  a  polynomial  in I,  leaves
invariant the coefficient of the highest degree term of P¢).

ROTATION

The second transformation of the axes that we wish to consider is a rotation of the
axes about the origin (see Figure 6.1b). If the axes are rotated through an angle 0,
then  every  point  of  the  plane  has  two  representations:  (I,  y)  in  the  original
coordinate system and ¢', y') in the new coordinate system. Alternatively, every
vector  v  in  the  plane  has  two  representations:  v  =  xi  +  )i  in  the  original
coordinate system and v  = jr'i'  + y'j' in the new coordinate system (see Figure
6.14).  In order to find the relationships between the I and y of one coordinate
system and the :r' and y' of the other, let us consider the relationships of i and j
with i' and j'. Remembering that i, j, i', and j' are all unit vectors, rye see from
Figure 6.15 that

i'  = cosoi + sinoj

j' = -sinoi + cosoj.
Thus

v - jr,i, + y'j,
= j¥'(cosoi + sinoj) + y'(-sinoi + cosGj)

•  = ¢'cosO -y'sino)i + ¢'sino + y'cosO)i.

Sincev =ri +}T.,wehave     -.

(
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Figure 6.14

and

207

Figure 6.15

I = x'cos 0 - y'sin 0

y  = jr'sino + }J'cosO,

called the equations of rotation.
An alternative method of finding the above equations of rotation without the

use of vectors is the following. Recalling again that every point P of the plane has
two representations,  ¢, y) in the original coordinate system and ¢', y') in the
new system, we see from Figure 6.16 that

Figure 6.16
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EXAMPLE  I

SOLUTION

ahalptor  6   TRANSFORMATION  OF CoORDINA;TES

x=OQ,       x'  =OR,

y -- I 6Q ,  .    y I  = I ER .

Let us now consider the relations between I and )7, and x' and y'. Noting first
of all that

4:ROQ=4:RPQ--a,

we find from triangle ORS

7E5sin 0 - -
OR

OScoso--6ER'

ESS = O-R stm o         tJf;S = O-R cos 0
= x'sino,                      = j¥'cosO,

and from triangle PRr

sin 0 - #        coso-#,
TR=   PRstmo           PT --PRcosO

Now
- y' sin 0,

x -- O_Q
--6Esis-f5Esis
-- 6 fsis - i ER

-y' cos 0.

y -- P tQ5Q
= i 6Q + I fT
-- I i ss + i TT

= :r'cosO  -y'sinG;             = j¥'sino + y'cosG.

Thus we have the equations of rotation

jr = x' cos G -}i' sin G,

y = x' sin a + y' cos G.

Find the new representation of

£ - try + y2 - 2 - 0

after rotating through an angle of 45°. Sketch the curve, showing both the old and
new coordinate systems.

Since sin45° = cos45° =  1/vi, the equations of rotation are

EI
X#   arid   y-_X#.
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Substituting into the original equation, we have

....               209
tfo
`,

i _ x± . xLL± + fl _ 2 = o
2              VF2         VF2   `         2

jr,2 - 2r,y,  + y'2_  jrJ2  + yJ2  + jrJ2  +  2xJyJ  + yJ2

2

Figure 6.17 shows the final result.

Figure 6.17

EXAMPLE  2

SOLUTION

-2

jr,2  + 3y,2 - 4.

Find a new representation of x2 + 4xy  -  2y2 -  6 =  0 after rotating through an
angle 0 = Arctan 1/2. Sketch the Curve, showing both the old and new coordinate
Systems.

Since  0  =  Arctan  1/2,  0  is  the  first-quadrant  angle  whose  tangent  is  1/2.  This
results in the triangle of Figure 6.18. From that figure we can easily determine the
sine and cosine of 0:

J'

v9
I      -

0 -
2                          .,

Figure 6.18
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1sin a - vi

giving equations of rotation

and       cosO=±,

and      y -

Substituting into the original equation, we have

(2r' - y')2
S          '  I      V7:S            V7:S

Jr,  +  fry,_rfeF  .

+ 4 2i± . JLr± - 2-   r=-                        r=-
¢, + 2y,)2- 6 - 0'

4¥,2                                                                    -2r,2-4x'y'  + }7'2 + 8x'2 +  |2r'y'  -fty'2              -8x'y'  -fty'2

5
-6,

2x'2 - 3y'2 = 6.

Figure 6.19 shows the final results. Note that Figure 6.18 can be used to determine
the position of the new coordinate axes;  the x'  axis contains the origin and the
point (2,  1).

F.Igure 6.19

'*

In both of these examples, we have seen that the given rotation has e.liminated
the-*y term; . Of .cour.se, not every rotation will do so-the angle`of rotation must
be Spe.cially ch6Sen. We shall see in the next section how to choose G to eliminate
the Jay- term. -

-,

(
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PROBLEMS

In Problerrs 1-ro, find a new representation of the given equation after rotating through the
given angle.  Sketcir the curve, showing both the old and new coordinate systerus.

A       I.2¥+3y=6;    O=Arctan3/2                    2.3jr-y=5;    G=Arctan3

3.xy=4;    0=45°                                              4.  2x2-A:y+2y2-|5=0;O=45°

a        5.x2-2ry+y2+I+}7=0;    0=45°

6.  31x2 +  lot/5Lry + 21y2 -  144 = 0;    a = 30°

7.  jr2 + 2\/5jry + 3y2 + 8`/3Lr - fry = 0;    a = 60°

8.  11x2 - 50\/5jry - 39y2 + 576 = 0;   . 0 = 60°

9.  &f2 + 5ny - dy2 - 4 = 0;    0 = Arctan 1/5

10.  dr2 -5xy -dy2 + 26 = 0;    0 = Arctan (-1/5)

In Problems 11-16, find a new represerttation of the given equation after rotating through
the given angle.

*

i|.  3j¥2 -.3xy -y2 + 4 = 0;    0 = Arctan (-1/2)
12.  4* + 3ny - 5 = 0;    a = Arctan 1/2
13.  4#2 + 3ny - 5 = 0;    0 = 450

14.  x2 - 3ny + y2 + 5  = 0;    a = 300

15.  3Lr2 -  3ny  - }i2 +  4 = o;    a =  6oo

16.  * - 5jry + 2 = 0;    0 = Arctan 1/3.

C      17.  Show that x2 + y2 = 25 is invariant under rotation through any angle.

18.  Show that a second form for the equations of rotation is

x'  = xcosO + ysino
and

y'  =  -xsino + ycosG.

+.

THE    GENERAL    EQUATION    OF    SECOND    DEGREE

We have seen that any conic section with axes parallel to the coordinate axes can
be  represented  by  a  second-degree  equation  with  8  =  0;  furthermore,  any
second-degree equation with 8  = 0 represents a conic or degenerate conic with
axes parallel to the coordinate axes. We now ext.end this concept to conic sections
in any position. It is an easy matter to see that any conic can be represented by a
second-degree  equation,  starting  from  our  standard  forms  and  translating  and
rotating.
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Suppose, given a second-degree equation with 8 ± 0, we rotate axes through
an angle a. If our assumption that this equation represents a conic or degenerate
conic is correct, then a rotation of axes through some positive angle less than 90°
should edve us a conic with axis (or axes) on or parallel to the coordinate axes.
Thus such a rotation should eliminate the fry term, and we shall assume through-
out this .discussion that 0° < 0 < 90° and

\

Ar2 + Bxy + Cy2 + Dx + Ey + F = 0.

Substituting the equations of rotation,

I = :r' cos 0 -y' sin a,
y = :r' sin 0 + );' cos 0,

we have
A(x' cos 0 - y' sin 0)2 + B(x' cos a - y' sin O)(x' sin a + y' cos 0)

+  C(x' sin 0 + y' cos a)2 + D¢' cos 0 - )J' sin a)
+ E(x' sin G + y' cos 0) + F = 0.

After carrying out the  multiplication and combining similar terms,  we find that
the coefficient of j¥'y' is

(C -A)2sinocoso + B(cos20 -sin20)  =  (C -A)sin20 + Bcos20.

We want this coefficient to be zero for the proper choice of 0. Let us set it equal
to zero and see what 0 should be.

(C -A)sin20 + Bcos20 = 0

At this point we divide the argument into two cases.
C¢sc J.. If A  =  C, then

Bcos20 = 0
cos20 -0

20 - 900
0 - 450.

C¢sc JJ.. If 4 i C, then

(A -Osin20 = 8 cos20

(A -C,g -B
(4 -C)tan20 = 8

(4 - C)
2 tan a

1 -tan20
= 8    (by a trigonometric identity)

2(A -C)tanG = 8 -Btan2G
Btan20 + 2(A -C)tano -8 = 0

(

ife.,3±.i-.-=
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THEOREM  6.5
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This is a quadratic equation in tan.a. Solving by the quadratic formula, we have

tan G -
2tc - Aj ± vi-{a _ cj2 + 482

28

(C -A) ± vie---A)2-i--52

Now we have two values of tan 0. Which one do we want? It is not difficult to see
(refer to Problem 17) that the values of 0 that we get from them must differ by an
odd multiple of 90° and that the two values of 0 have opposite signs. Thus either
value should eliminate the xy term. Since we are assuming that 0° < G < 90°, we
want the positive value of tan 6. Since

\/(C-i 'A)2`-I+-:52  > \/(C -jA')2 = |C -A|

(that  is  to  say,  the  radical  in  the  numerator  is  always  numerically  larger  than
C -A), it follows that the sign of the numerator corresponds to the sign on the
radical. By taking the sign on the radical to agree with the sign of 8, we can be
sure that the result is always positive. Once we have tan 0 it is a simple matter to
find sinG and cos 0 and substitute them into the equations of rotation.  Thus we
are always able to rotate axes to eliminate the xy term.  The resulting equation
must then represent a conic or degenerate conic.

Any conic section can be represented by the second-degree equation

Ax2 + Bxy + Cy2 + Dx + Ey + F = 0

where A, 8, and C are not all zero. Any second-degree equation represents either a
conic o; a degenerate conic.

Let us sum up the results of the previous discussion. If 8 i 0, then the axes may
be rotated to eliminate the xy term as follows:                                                              ®'
If A = C, then a = 45°. If A ± C, then

tan a - (C - A)  ±  V(C --i A)2 + 82.

where the sign on the radical is taken to agree with the sign of 8.
An alternative approach for Case 11 is the following:

(A -C)sin20 = Bcos20
sin 2G           8tan20 -           -
cos20     A-C.

From the identity

tan220 +  1  = sec220 =
1

iiiiiE
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EXAMPLE  I

SOLUTION

Chalpher  6  TRANSFORMATION  OF COORDINATES

We get

cos20 - ±1

VTii;-fi-Z35

Because 0° < 20 < 180°, the signs of cos20 and tan20 must agree. Finally, using
the half angle formulas

sino  -

cos0--

with I = 20, we get

which can be used in the equations of rotation.

*.

Rotate axes to eliminate the xy term of :r2 + 4ny - 2y2 - 6 = 0. Sketch, showing
both sets of axes.

tan a - (C - A) ± VFAj2-TE
8

= (-2 - 1) + VFZ--i i)-2TTF
4

-3 +  V9__+1_6

4
1F=-
2

Using the triangle of Figure 6.20, we have

1sin 0 - vi and       cosO=±.
+..,

Thus the equations of rotation are

x-_2#J#arAVAy-_XiJ#
(

Figure 6.20
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EXAMPLE  2

SOLUTION
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Substituting into the original equation (see Example 2 of the previous section), we
have

2x'2 - fty'2 = 6.

The sketch is igiven in Figure 6.19 on page 210.

Rotate axes to eliminate the Lry term of

2x:2 - xy + 2y2 - 2 = 0.

Sketch, showing both sets of axes.

Since A  = C, 0 = 45° and the equations of rotation are

Jr
X#     arAvrd     y-_XL#.

Substituting these into the original equation, we have the following.

TivFk_xi#+Tivife_2-_O
2r'2 - 4x'y'  + 2y'2 - jr'2 + y'  + 2r'2 + 4x'y'  + 2y'2

3Lr'2  +  5y'2  =  4

JX'2

IE.#
The sketch is given in Figure 6.21.

Figure 6.21
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EXAMPLE  3

SOLUTION

cJhaptoi 6  TRANSFORMATION OF cOORDINAIEs

Rotate axes to eliminate the xy term bf

21x2 + 50ry - 99y2 + 6\/Z6Lr - 82\/Z6y - 494 = 0.
\

Sketch, showing both sets of axes.

tan a - (C - A) ± V(C - A)2 + a-2
--                                                      8                _                            -___.__             ______________

(-99 - 21) + (-99 - 21)2 + 5o2
50

-120 +  V12o2 + 5o2

50
-12o + 1oVTF#

50
-120 +  130

50

From Figure 6.22 we have

1sin 0 - vi

giving the equations of rotation

I 5x'  - y'____    Vifj£__

5cos 0 - vi,

Jr'  +  5y,
V7f jr .

Figure 6.22
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Substituting into our original equation, we have

21 (5x'  - y')2
26

x'  + 5y'+ yfj= .x= - eyA
VFfffj           VTff.

¢,  + 5y,)2
26

217

i                     + 6;rfij;5± -grifrfuf rx± -prD4 --o
VTff \        U-Y "N     VTff.

21(25jr'2 -  1Or'y'  + y'2)  + 50(5jr'2 + 24x'y'  - 5y'2)
26

99¢'2 -  iorJyJ  + 25y'2)
26

+ 6(5jr'  -y') - 82(x'  + 5y') - 494 = 0

2dr'2 - |04y'2 - 52r' - 416y' - 494 = 0

:rJ2 - 4y'2 - 2r'  -  1dy'  -  19 = 0.

Now let us put this into standard form by completing the square on the :r' and y'
terms.

(r'2 - 2x') - 4(y'2 + 4y') .=  19
(x'2 - 2r'  +  1) - 4ty'2 + 4y'  + 4) =  19 +  1  - 4 . 4

¢' - 1)2 - 4(y' + 2)2 = 4
a,-1)2      (y,+2)2

__     __   _                                                                 _   __   _                     __    _

41

The graph is shown in Figure 6.23.

y,J,

=1

Figure 6.23
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There is a method of determining which conic we have before we rotate the
axes. It is based on the fact that certain expressions are invariant under rotation;
that is, they have the same value before and after any rotation.  Although there
are several such expressions (see Problem 15), the one in which we are interested
is 82 - 4AC for the equation

Ar2 + Bxy + Cy2 + Dx + Ey + F = 0.

If we substitute the equations of rotation,

I = :r' cos a - y' sin a
and

y = :x' sin 0 + y' cbs 0,

into this equation, we get a new second-degree equation,

A'x'2 +  B'x'y'  +  C'y'2 +  D'x'  +  E'y'  + F'  = 0,
with

4'  = Acos20 + Bsinocoso +  Csin20,
8'  =  -2Asinocoso + B(cos20 -sin2G) + 2Csinocoso,

and
C'  = Asin20 -Bsinocoso +  Ccos20.

From  this,  we  find  that  the  expression  for  8'2  -  44'C'  then  simplifies  to
82 - 4AC. This gives the following theorem.

THEOREM 6.6       If the equation

Ax2 + Bxy + Cy2 + Dx + Ey + F = 0

is transformed into the equation

A'x`2 +  B'x'y'  +  C'y'2 +  D'x`  +  E'y'  + F'  -- 0

by rotating the axes, then

82 -4AC = 8'2 -44'C'.

That is,  82 - 4AC is invariant under rotations.

If we choose the angle of rotation properly, 8' i= 0 and the type of conic can
be determined by looking at A' and C' (see the table on page 194). Thus we have
the following results.

THEOREM 6.7        The equation

Ax2 + Bjry + Cy2 + Dx + Ey + F = 0
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r?presents a kyperbola,  an ellipse,. or a parabola (or a degenerate case of one of
these) according to the value of 82  - 4AC, as indicated in-the following irable.

Hyperbola             Positive
Parabola                  Zero
Ellipse                   Negative

'„
\

•®

Let us apply this to the foregoing examples. In Example 1, the equation

x2 + 4xy - 2y2 - 6 = 0
gives

82 - 4AC = 16 - 4 .1. (-2) = 24,

indicating that the conic is a hyperbola, which we have seen to be the case.. After
rotation we have

2x'2 - 3y'2 = 6,
giving

8'2 -4A'C' = 0 -4 . 2 . (-3) = 24.
\,

In Example 2, the equation

2r2 - jry + 2y2 - 2 = 0
gives

82 -4AC =  1 -4 . 2 . 2 =  -15.

This shows the conic to be an ellipse, which again is what we have already found.
It might be noted that, after rotation, we get the result

:x'2+:y'2-2

provided we do not multiply both sides by some constant. This again gives

B'2-4A'C'=0-4.3.:=-15.

For the result

3Lr'2  + 5y'2 =  4,

we get a different value of 8'2 -4A'C', wAz.ch is Sfz.// #cgaJz.vc. If, at some stage,
we multiply both sides by some nonzero number k, 82 - 44C is then multiplied
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by k2. Since k2 must be positive, the sign of 82 -44C is not changed, no matter
what number A is.

Finally, in Example 3,

82 -44C = 502 - 4 . 21(-99)  =  10,816.

Since this is positive, the conic is a hyperbola. It is really not necessary to carry
out  all  of the  arithmetic  in  this case.  It  is  necessary  only  to  observe  that  both
terms  are  positive,  giving  a  positive  result.  This  is  sufficient  to  tell  us  that the
conic is a hyperbola.

This use of 82 - 4AC is helpful here and will be used again in Section 7.6.
As we can see from the above examples, rotating the axes is not a barrel of

fun. It is long, tedious, and very error prone. Graphing calculators and programs
are  a  welcome  alternative.  The  only  question is  the  method  used  to  enter the
equation. When there is an :ry term, we cannot use the method of completing the
square.  Thus  using  the  quadratic  formula  or  using  the  graphing  program  are
the  only  alternatives.   Once  again  the  program  is  much  simpler  to  use  than
the quadratic formula; it is the method recommended.

PROBLEMS

In Problerm 1-14, r.otate ares to eliminate the xy term.  Sketch, showing both sets of ares.

8       1.x2+xy+y2+4\r2x-4\/zy=0           2.  5£+6ny+5y2-8=0
3.  7£+dry-y2-32=0                           4.  4x2+4xy +y2+8\/3x-i6\/3y=0
5.  8x2-12ry+  17y2=20                                6.  9£+&ry -dy2= 70

7.  5jr2-4xy +fty2-36=0                             8.  x2+  12xy  +dy2= 30

9.  4x2 +  12ry + 9y2 + 8\/13x +  12\/13y - 65 = 0
io.  dr2 +  |2r}7  +  11y2 = 240

11.  9* - 6ny + y2 - i2\/15L¥ - 36\/Icy = o

.  .    i2.  x2 + 8ry + 7y2 - 36 = 0
13.  8x2+  Idly -fty2-4O= 0                  '

i4. .5j¥2 - dry + 5y2 = 72

C      15.  Given the equation

Ar2 + Bxy + Cy2 + Dx + Ey + F = 0,
which yields

A'x'2 + B'x'y'  +  C'y'2 + D'j¥'  + E'y'  + F'  = 0

after rotation through the angle a, show that A' + C' = 4 + C for any value of 0; that
is, A + C is invariant under rotation.
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16.  It can  easily be seen graphically that two conic sections have  at most four points in
common. But

2r2 + :ry - y2 + 3y - 2 = 0
and

2r2 + 3jry + y2 - dr - 5y + 4 = 0
I

have the five points (1, 0), (-.2, 3), (5,  -4), (-6, 7), and (10,  -9) in common. Why?

17.  Suppose

tan 02 -

tano1 -

and

tc -4i -v{c---i-ai2 +`b2
8

(C - A) + V'(C - A)2 + 82
8

Show  that  tanoi . tan02  =  -1.  Use  this  result  to  show  that  tanoi  and  tan02  have
opposite signs and Oi and 02 differ by an odd multiple of 90°.

18.-23.  Use the graphing program to graph the equations of Problems 1-6.

APP£/CAT/OW5     24.  Three loran stations, A, 8, and C, at (-500, 0), (0, 0), and (300, 500), respectively,
send out simultaneous impulses. A ship receiving the impulses has determined that it is
450 miles closer to 8 than to 4 and 100 miles closer to C than to 8. What is the ship's
position?

REVIEW    PROBLEMS

In Problerus 1-9, sketch and discuss.

A       1.4x2+y2-8x+dy+9=0
3.  }i2 - 8r + dy + 28 = 0

5.  9x2 + 25y2 +  18r +  lofty -  116 = 0

7.  x2 - 4x - dy = 0
9.  4a£ - 9y2 - 1dr - 54y - 65 = 0

2. y2 - I + 2y + 4 - 0
4.  9£ - idy2 + 3dr - i2fty - 364 = 0
6.  9nr2 -  16y2 +  1&r -  16y  -  139 = 0

8.  3# + 4y2 + 3Or -  i6y + 91 = o

8      lo.  Find an equation(s) of the ellipse(s) with center (-4,1), axes parallel to the coordinate
axes, and tangent to both coordinate aLxes.

11.  Find  an  equation(s)  of the pa.rabola(s) with  axis parallel to  a coordinate  axis,  focus
(3, 5) and directrix I =  -1.

12.  Find an equation(s) of the hyperbola(s) with asymptotes 5r - 4y + 22 = 0 and 5x +
4y -  18 = 0 and containing the point (32/5, -7).

13.  Find an equation(s) of the parabola(s) with horizontal or vertical axis, vertex (2,  -.3);
and coritaining (6, -  1).
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14.  Find an equation(s.) of the ellipse(s)  with axes parallel to the coordinate  axes, focus
(-1.,-- 1), and covertex (3, 2).

15.  Find an equation(s) of the hyperbola(s) with vertices  (1,  -1) and (7,  -1)  and focus
(-1' -1).

16.  Translate axes to eliminate the constant and second-degree terms of

y - £ + 6£ + 3x - 14.

17.  Translate axes to eliminate the first- and third-degree terms of

y = jr4 -  |dr3 + 88r2 -  192x +  140.

18.  Rotate axes to eliminate the xy term of 3£ +  12ry - 2y2 + 42 = 0.  Sketch, showing
both sets of axes.

19.  Rotate axes to eliminate the :ry term of 2]P -  \/5xy + y2 -  10 = 0.  Sketch, showing
both sets of axes.

20.  Rotate axes to eliminate the xy term of dr2 - 4xy  + y2 +  \/3x +  2\/3y  -  10 = 0.
Sketch, showing both sets of axes.

C     21.  Show that 2]r2  -  2ry  + y2  -  9  =  0 is an equation of an ellipse.  This equation is a

quadratic equation in y.  Rearranging the terms, we have y2 - 2ny +  (2£ - 9)  = 0,
vihich can  be  solved by the  quadratic formula to dive ;  =  x  ±  vi-I?.  Sketch
y = I and y =  ±\/5-I-;i (square both sides first in the latter equation) on the same
set of axes.  For each value-of I,  add the y  coordinates for these two  curves to get
points on the original curve. Use this method to find the graph of the given curve.






















































































































































































































































































































































































































































































































