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Chapter I: The Riemann integrals 

1-Riemann sums 
Riemann was led to the development of the integral by trying to characterize 

which functions were integrable according to Cauchy’s definition.  

In the process, he modified Cauchy’s definition and developed the theory of 

integration which now bears his name. One of his achievements was that he 

was able to provide necessary and sufficient conditions for a real-valued 

bounded function to be integrable. 

Upper and Lower Sums:  

Let 𝐼 = [𝑎, 𝑏], 𝑎 < 𝑏, be a given closed and bounded interval in ℝ. A partition 𝑃 

of [𝑎, 𝑏] is specified by a sequence 𝑃 = {𝑥0, 𝑥1, … , 𝑥𝑛} of points 𝑥0, 𝑥1, … , 𝑥𝑛 ∈

[𝑎, 𝑏] with 𝑎 = 𝑥0 < 𝑥1 < 𝑥2 …𝑥𝑛−1 < 𝑥𝑛 = 𝑏, here 𝑛 ∈ {1,2,3,… }. 

Then, [𝑎, 𝑏] = ⋃ [𝑥𝑘−1, 𝑥𝑘]𝑛
𝑘=1 . 

Definition: (Uniform partition) 

Given a partition 𝑃 = {𝑎 = 𝑥0, 𝑥1, … , 𝑥𝑛 = 𝑏}, 𝑃 is called a uniform partition of 

[𝑎, 𝑏] if  𝑥1 − 𝑥0 = 𝑥2 − 𝑥1 = 𝑥3 − 𝑥2 = ⋯ = 𝑥𝑛 − 𝑥𝑛−1 =
𝑏−𝑎
𝑛

. 

Example: The uniform partition of [1,5] is 𝑃 = {1,2,3,4,5}.   

Set ∆𝑥𝑘 = 𝑥𝑘 − 𝑥𝑘−1, which is equal to the length of the interval [𝑥𝑘−1, 𝑥𝑘]. 

Suppose 𝑓: [𝑎, 𝑏] → ℝ is a bounded real-valued function. 

For each 𝑘 = 1,2,3, … , 𝑛, let 

𝑀𝑘 = sup
𝑡∈[𝑥𝑘−1,𝑥𝑘]

𝑓(𝑡) , 𝑚𝑘 = inf
𝑡∈[𝑥𝑘−1,𝑥𝑘]

𝑓(𝑡). 

𝑀𝑘 = sup{𝑓(𝑡): 𝑥𝑘−1 ≤ t ≤ 𝑥𝑘} , 𝑚𝑘 = inf{𝑓(𝑡): 𝑥𝑘−1 ≤ t ≤ 𝑥𝑘}. 
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The upper Riemann sum 𝑈(𝑓, 𝑃) is defined by: 

𝑈(𝑓, 𝑃) = ∑𝑀𝑘∆𝑥𝑘.
𝑛

𝑘=1

 

Similarly, the lower Riemann sum 𝐿(𝑓, 𝑃) is defined by: 

𝐿(𝑓, 𝑃) = ∑𝑚𝑘∆𝑥𝑘
𝑛

𝑘=1

. 

Remark: Since 𝑚𝑘 ≤ 𝑀𝑘 for all 𝑘 = 1,2,3,… , 𝑛, for every partition 𝑃, we always 
have  𝐿(𝑃, 𝑓) ≤ 𝑈(𝑃, 𝑓).   

 
                                                        𝐿(𝑓, 𝑃)             ≤              𝑈(𝑓, 𝑃) 

 Upper and Lower Integrals:  

Let  𝐼 = [𝑎, 𝑏] be a given closed and bounded interval in ℝ and let 𝑓: [𝑎, 𝑏] → ℝ  

be a bounded function.  

If the function 𝑓 satisfies 𝑚 ≤ 𝑓(𝑡) ≤ 𝑀, for all 𝑡 ∈ [𝑎, 𝑏], then we have  

𝑚(𝑏 − 𝑎) ≤ 𝐿(𝑃, 𝑓) ≤ 𝑈(𝑃, 𝑓) ≤ 𝑀(𝑏 − 𝑎), 

for any partition 𝑃 of [𝑎, 𝑏]. Since 𝑀𝑘 ≤ 𝑀 for all 𝑘 = 1,2,3, … , 𝑛,  

𝑈(𝑓, 𝑃) = ∑𝑀𝑘∆𝑥𝑘 ≤ ∑𝑀(𝑥𝑘 − 𝑥𝑘−1) ≤
𝑛

𝑘=1

𝑛

𝑘=1

𝑀(𝑏 − 𝑎). 

Similarly, 𝐿(𝑃, 𝑓) ≥ 𝑚(𝑏 − 𝑎). 
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Definition:(Upper and Lower Integrals) 

Let 𝐼 = [𝑎, 𝑏] be a given closed and bounded interval in ℝ and let 𝑓: [𝑎, 𝑏] → ℝ  

be a bounded function. Then, the upper integral of 𝑓 on 𝐼 is defined by:   

𝑈(𝑓) = ∫𝑓
𝑏

𝑎

(𝑥) 𝑑𝑥 = inf
𝑃∈𝑃(𝐼)

𝑈(𝑓, 𝑃), 

Similarly, the lower integral of 𝑓 on 𝐼 is defined by:          

𝐿(𝑓) = ∫𝑓
𝑏

𝑎

(𝑥) 𝑑𝑥 = sup
𝑃∈𝑃(𝐼)

𝐿(𝑓, 𝑃). 

Lemma:  Let 𝑓: [𝑎, 𝑏] → ℝ  be a bounded real-valued function on [𝑎, 𝑏]. Then, 

𝐿(𝑓) = ∫𝑓
𝑏

𝑎

(𝑥) 𝑑𝑥 ≤ 𝑈(𝑓) =  ∫ 𝑓
𝑏

𝑎

(𝑥) 𝑑𝑥. 

2- The Riemann integral 
If 𝑓: [𝑎, 𝑏] → ℝ is bounded, then the lower and upper integrals of 𝑓 on [𝑎, 𝑏] 
always exist and satisfy 𝐿(𝑓) ≤ 𝑈(𝑓). 

Definition:(Riemann integral) 

Let  𝐼 = [𝑎, 𝑏] and let 𝑓: [𝑎, 𝑏] → ℝ be a bounded real-valued function on [𝑎, 𝑏]. 
Then, 𝑓 is said to be Riemann integral on 𝐼 if 𝐿(𝑓) = 𝑈(𝑓) = 𝐴, or  

∫𝑓
𝑏

𝑎

(𝑥) 𝑑𝑥 = ∫𝑓
𝑏

𝑎

(𝑥) 𝑑𝑥 

and this number is denoted by 𝐴 = ∫ 𝑓(𝑥)𝑑𝑥𝑏
𝑎    or    𝐴 = ∫ 𝑓𝑏𝑎 . 

We denote by ℛ([𝑎, 𝑏]), the set of all Riemann integral functions on [𝑎, 𝑏].  

In addition, if 𝑓 ∈ ℛ([𝑎, 𝑏]), we define 

∫ 𝑓 = −∫ 𝑓.
𝑎

𝑏

𝑏

𝑎
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If 𝑓: [𝑎, 𝑏] → ℝ satisfies 𝑚 ≤ 𝑓(𝑥) ≤ 𝑀 for all 𝑡 ∈ [𝑎, 𝑏] then, 

𝑚(𝑏 − 𝑎) ≤ ∫𝑓
𝑏

𝑎

≤ ∫𝑓
𝑏

𝑎

≤ 𝑀(𝑏 − 𝑎). 

If in addition, 𝑓 ∈ ℛ([𝑎, 𝑏]), then  

𝑚(𝑏 − 𝑎) ≤ ∫  
𝑏

𝑎
𝑓 ≤ 𝑀(𝑏 − 𝑎). 

If 𝑓(𝑥) ≥ 0, for all 𝑥 ∈ [𝑎, 𝑏], then ∫  𝑏𝑎 𝑓 ≥ 0.  

If 𝑓 ∈ ℛ([𝑎, 𝑏]), is non-negative, then the quantity ∫  𝑏𝑎 𝑓 represents the area of the 
region bounded above by the graph 𝑦 = 𝑓(𝑥), below by the 𝑥-axis, and the lines 
𝑥 = 𝑎 and 𝑥 = 𝑏. 

Example of non-integrable functions: 

Example:  

Let 𝐼 = [𝑎, 𝑏], and let the Dirichlet function 𝐷(𝑥) = { 1     , 𝑥 ∈ ℚ0    , 𝑥 ∉ ℚ .Prove that 𝐷(𝑥) 

is not Riemann integrable. 

Proof. Let 𝑃 = {𝑥0, 𝑥1, 𝑥2, … , 𝑥𝑛} be partition which divide [𝑎, 𝑏], 𝑎 < 𝑏. 
Since 𝑚𝑘 = 0  𝑀𝑘 = 1, then 

𝐿(𝑃, 𝐷) = ∑  0 (
𝑛

𝑘=1

𝑥𝑘 − 𝑥𝑘−1) = 0, 

𝑈(𝑃,𝐷) =  ∑   (
𝑛

𝑘=1

𝑥𝑘 − 𝑥𝑘−1) = ( 𝑥𝑛 − 𝑥0) = (𝑏 − 𝑎). 

Since 𝑃 is any partition then, 

𝐿(𝐷) = ∫𝑓
𝑏

𝑎

𝑑𝑥 = 0 ,      𝑈(𝐷) = ∫𝑓
𝑏

𝑎

𝑑𝑥 = 𝑏 − 𝑎. 

That is 𝐿(𝐷) ≠ 𝑈(𝐷) which means that the function 𝐷(𝑥) is not integrable. 
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Example of integrable functions: 

Example:  

Let 𝑓(𝑥) = 𝑐 be constant function on 𝐼 = [𝑎, 𝑏], then 𝑓 is Riemann integrable and 

∫ 𝑐 𝑑𝑥
𝑏

𝑎
= 𝑐(𝑏 − 𝑎). 

Proof. Let 𝑃 = {𝑥0, 𝑥1, 𝑥2, … , 𝑥𝑛} be any partition of  𝐼. Since 𝑚𝑘 = 𝑀𝑘 = 𝑐 , then 

𝐿(𝑃, 𝑓) = ∑  𝑚𝑘∆𝑥𝑘
𝑛

𝑘=1

=  𝑐 ∑  (
𝑛

𝑘=1

𝑥𝑘 − 𝑥𝑘−1)    

                                         =  𝑐 [(𝑥1 − 𝑥0) + (𝑥2 − 𝑥1) + ⋯+ (𝑥𝑛 − 𝑥𝑛−1)]                    

=  𝑐 ( 𝑥𝑛 − 𝑥0) = 𝑐(𝑏 − 𝑎).   

Similarly, 𝑈(𝑃, 𝑓) = ∑  𝑀𝑘∆𝑥𝑘𝑛
𝑘=1 = 𝑐(𝑏 − 𝑎). Consequently, 𝑓(𝑥) = 𝑐 is 

integrable on [𝑎, 𝑏] and 

∫𝑓
𝑏

𝑎

𝑑𝑥 = ∫𝑓
𝑏

𝑎

𝑑𝑥 = ∫ 𝑐 𝑑𝑥
𝑏

𝑎
= 𝑐(𝑏 − 𝑎). 

 

Example:  

Let 𝑓(𝑥) = 𝑥 on 𝐼 = [0,1], then 𝑓 is Riemann integrable and ∫ 𝑥 𝑑𝑥1
0 = 1

2
. 

Proof. Let 𝑃𝑛 be partition which divide [𝑎, 𝑏] into 𝑛 equal subintervals given by   

𝑥𝑘 = 𝑎 +
𝑘
𝑛
(𝑏 − 𝑎),       ∀ 0 ≤ 𝑘 ≤ 𝑛. 

For 𝐼 = [0,1], 𝑥𝑘 =
𝑘
𝑛
,   ∀ 0 ≤ 𝑘 ≤ 𝑛. Then, 𝑃𝑛 = {0,

1
𝑛
 , 2
𝑛
, … 𝑛−1

𝑛
, 1} .  

Since 𝑓(𝑥) is increasing, so on each interval [𝑘−1
𝑛
, 𝑘
𝑛
], we have 

𝑚𝑘 = 
𝑘−1
𝑛
,      𝑀𝑘 =  

𝑘
𝑛
  

Moreover, ∆𝑥𝑘 = 𝑥𝑘 − 𝑥𝑘−1 =  
𝑘

𝑛
−

𝑘−1

𝑛
=  

1

𝑛
. 
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Recall that, ∑ (𝑘 − 1) =  (𝑛(𝑛−1)
2

)  =𝑛
𝑘=1 (𝑛

2−𝑛
2
) and ∑ 𝑘 =  (𝑛(𝑛+1)

2
)  =𝑛

𝑘=1 (𝑛
2+𝑛
2
). 

Now we find, 

𝐿(𝑃𝑛, 𝑓) = ∑  𝑚𝑘∆𝑥𝑘
𝑛

𝑘=1

= ∑  𝑥𝑘−1∆𝑥𝑘
𝑛

𝑘=1

=  ∑
𝑘 − 1
𝑛 (

1
𝑛) =

1
𝑛2

𝑛

𝑘=1

∑(𝑘 − 1);
𝑛

𝑘=1

 

𝐿(𝑃𝑛, 𝑓) =
1
𝑛2 (

𝑛2 − 𝑛
2 ) = (

1
2 −

1
2𝑛), 

𝑈(𝑃𝑛, 𝑓) = ∑  𝑀𝑘∆𝑥𝑘
𝑛

𝑘=1

= ∑  𝑥𝑘∆𝑥𝑘
𝑛

𝑘=1

=  (
1
2 +

1
2𝑛). 

Thus, sup
𝑛
𝐿(𝑃𝑛, 𝑓) =

1
2
 and inf

𝑛
𝑈(𝑃𝑛, 𝑓) =

1
2
. 

Since the collection {𝑃𝑛 ∶ 𝑛 ∈ ℕ} is a subset of the set of all partitions of [0,1], 
1
2 = sup𝑛

𝐿(𝑃𝑛, 𝑓) ≤  sup
𝑛
𝐿(𝑃, 𝑓) = 𝐿(𝑓), 

1
2 = inf𝑛 𝑈

(𝑃𝑛, 𝑓) ≤  inf𝑛 𝑈(𝑃, 𝑓) = 𝑈(𝑓). 

Therefore 𝑓(𝑥) = 𝑥 is integrable on [0,1] with ∫ 𝑥 𝑑𝑥1
0 = 1

2
. 

Example:  

Let 𝑓(𝑥) = 𝑥2 on 𝐼 = [0,1], then 𝑓 is Riemann integrable and ∫ 𝑥2 𝑑𝑥1
0 = 1

3
. 

Proof. Let 𝑃𝑛 be partition which divide [0,1] into 𝑛 equal subintervals given by   

𝑥𝑘 = 𝑎 +
𝑘
𝑛
(𝑏 − 𝑎),       ∀ 0 ≤ 𝑘 ≤ 𝑛. 

For 𝐼 = [0,1], 𝑥𝑘 =
𝑘
𝑛
,   ∀ 0 ≤ 𝑘 ≤ 𝑛. Then, 𝑃𝑛 = {0,

1
𝑛
 , 2
𝑛
, … 𝑛−1

𝑛
, 1} .  

Since 𝑓(𝑥) is increasing on [0,1], so on each interval [𝑘−1
𝑛
, 𝑘
𝑛
], we have  

𝑚𝑘 = (
𝑘 − 1
𝑛 )

2

,𝑀𝑘 = (
𝑘
𝑛)

2

 

Moreover, ∆𝑥𝑘 = 𝑥𝑘 − 𝑥𝑘−1 =  
𝑘

𝑛
−

𝑘−1

𝑛
=  

1

𝑛
. 
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Recall that, ∑ (𝑘 − 1)2 = ∑ (𝑘 − 1)2 = 1
6
 (𝑛 − 1)𝑛(2𝑛 − 1) =𝑛

𝑘=1 (2𝑛
2−3𝑛+1
6

)𝑛
𝑘=1  and 

∑ 𝑘2 = 1
6
𝑛(𝑛 + 1)(2𝑛 + 1) =  (2𝑛

2+3𝑛+1
6

)𝑛
𝑘=1 . 

Now we find, 

𝐿(𝑃𝑛, 𝑓) = ∑  𝑚𝑘∆𝑥𝑘
𝑛

𝑘=1

=  ∑ (
𝑘 − 1
𝑛 )

2

(
1
𝑛) =

1
𝑛3

𝑛

𝑘=1

∑(𝑘 − 1)2;
𝑛

𝑘=1

 

𝐿(𝑃𝑛, 𝑓) =
1
6(
𝑛(𝑛 − 1)(2𝑛 − 1)

𝑛3 ) =
1
3 (
1 −

1
𝑛) (

1 −
1
2𝑛)

, 

𝑈(𝑃𝑛, 𝑓) =
1
6 (
𝑛(𝑛 + 1)(2𝑛 + 1)

𝑛3 ) =
1
3 (1 +

1
𝑛) (1 +

1
2𝑛). 

Thus, sup
𝑛
𝐿(𝑃𝑛, 𝑓) =

1
3
 and inf

𝑛
𝑈(𝑃𝑛, 𝑓) =

1
3
. 

Since the collection {𝑃𝑛 ∶ 𝑛 ∈ ℕ} is a subset of the set of all partitions of [0,1], 
1
3 = sup𝑛

𝐿(𝑃𝑛, 𝑓) ≤  sup
𝑛
𝐿(𝑃, 𝑓) = 𝐿(𝑓), 

1
3 = inf𝑛 𝑈

(𝑃𝑛, 𝑓) ≤  inf𝑛 𝑈(𝑃, 𝑓) = 𝑈(𝑓). 

Therefore 𝑓(𝑥) = 𝑥2 is integrable on [0,1] with ∫ 𝑥2 𝑑𝑥1
0 = 1

3
. 

 

Exercises: 

1- Let 𝑓(𝑥) = 1 − 𝑥2 on [−1,2], then find 𝐿(𝑃, 𝑓) and 𝑈(𝑃, 𝑓) for a partition 

 𝑃 = {−1,0, 1,2} of [−1, 2]. 

2- Let 𝑓(𝑥) = 1 − 𝑥2 on [−1,2], then find 𝐿(𝑃, 𝑓) and 𝑈(𝑃, 𝑓) for a partition 

 𝑃 = {−1,− 1
2
, 0, 1

2
, 1, 3

2
, 2} of [−1, 2]. 

3- If 𝑓(𝑥) = 1 − 𝑥2 on 𝐼 = [0,1], prove that 𝑓 is integrable and find ∫ 𝑓 𝑑𝑥1
0 . 

4- If ℎ(𝑥) = 3𝑥 + 1 on 𝐼 = [0,1], prove that ℎ is integrable and find ∫ ℎ 𝑑𝑥1
0 . 
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3-Properties of the Riemann Integral 
Theorem:  

Let 𝑓: [𝑎, 𝑏] → 𝑅 be bounded function on [𝑎, 𝑏].Then, 𝑓(𝑥) is integrable on [𝑎, 𝑏] if 

and only if for each 𝜀 > 0, there is a partition 𝑃 of [𝑎, 𝑏] such that  

𝑈(𝑃, 𝑓) − 𝐿(𝑃, 𝑓) < 𝜀. 

Theorem:  

Let 𝑓 be a real-valued function on [𝑎, 𝑏]. 

(I) If 𝑓 is continuous on [𝑎, 𝑏], then  𝑓 ∈ ℛ([𝑎, 𝑏]).  

(II) If 𝑓 is monotone (increasing or decreasing) on [𝑎, 𝑏], then  𝑓 ∈ ℛ([𝑎, 𝑏]). 

Theorem:  

Let 𝑓, 𝑔: [𝑎, 𝑏] ⟶ 𝑅 be integrable functions on [𝑎, 𝑏]; 𝑓, 𝑔 ∈ ℛ([𝑎, 𝑏]). Then,  

(I) 𝑘𝑓 ∈ ℛ([𝑎, 𝑏]), for all 𝑘 ∈ ℝ. 

(II)  𝑓 + 𝑔 ∈ ℛ([𝑎, 𝑏]), with ∫ (𝑓 + 𝑔𝑏
𝑎 ) = ∫ 𝑓𝑏𝑎 + ∫ 𝑔𝑏𝑎 . 

(III)  𝑓𝑔 ∈ ℛ([𝑎, 𝑏]). 

Corollary:  

Let 𝑓: [𝑎, 𝑏] ⟶ 𝑅 be integrable functions on [𝑎, 𝑏]; 𝑓 ∈ ℛ([𝑎, 𝑏]). Then,   

(I)  |𝑓| ∈ ℛ([𝑎, 𝑏]), with |∫ 𝑓𝑏𝑎 | ≤ ∫ |𝑓|𝑏
𝑎 . 

(II)  𝑓2 ∈ ℛ([𝑎, 𝑏]). 

Theorem:  

Let 𝑓: [𝑎, 𝑏] ⟶ 𝑅 be a bounded real-valued function on [𝑎, 𝑏], and suppose that 

𝑎 < 𝑐 < 𝑏 where 𝑐 ∈ ℝ. Then, 𝑓 ∈ ℛ([𝑎, 𝑏]) if and only if 𝑓 ∈ ℛ([𝑎, 𝑐]) and 𝑓 ∈

ℛ([𝑐, 𝑏]). If this is the case, then   

∫ 𝑓
𝑏

𝑎
= ∫ 𝑓

𝑐

𝑎
+ ∫ 𝑓

𝑏

𝑐
. 
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Example: Show that the following functions are integrable or not. 

a)  𝑓(𝑥) = 𝑥7 + 5𝑥 on [−1,6]      b)  𝑓(𝑥) = 1 − 𝑥2 on the interval [0,2] 

c) 𝑓(𝑥) = cos 𝑥 + 5𝑥 + 𝑒𝑥 on the interval [0, 𝜋] 

Solution: 

a) Since 𝑓′(𝑥) = 7𝑥6 + 5 > 0, for all 𝑥 ∈ [−1,6], then the function 𝑓(𝑥) = 𝑥7 + 5𝑥 
is increasing, and by the previous theorem it is integrable on [ −1,6 ]. 

b) Since 𝑓′(𝑥) = −2𝑥 < 0, for all 𝑥 ∈ [0,2], then the function 𝑓(𝑥) = 1 − 𝑥2 is 
decreasing, and by the previous theorem it is integrable on [ 0,2 ]. 

c) We know from calculus that the function 𝑓(𝑥) = cos 𝑥 + 5𝑥 + 𝑒𝑥 is continuous 
on the interval [0, 𝜋], then by the previous theorem it is integrable on [0, 𝜋]. 

Riemann’s Definition of the Integral 
Definition:  

Let 𝑓: [𝑎, 𝑏] → 𝑅 be bounded function. If 𝑃 = {𝑥0, 𝑥1, … . , 𝑥𝑛} is a partition of [𝑎, 𝑏]. 

Choose numbers 𝑡𝑘 ∈ [𝑥𝑘−1, 𝑥𝑘], for 𝑘 = 1,2,3,… . 𝑛. The sum 

𝑆(𝑃, 𝑓) =  ∑𝑓(
𝑛

𝑘=1

𝑡𝑘)∆𝑥𝑘 

is called a Riemann sum for 𝑓, with respect to 𝑃 and the points {𝑡𝑘}.  

Definition:  

For a partition 𝑃 = {𝑥0, 𝑥1, … . , 𝑥𝑛} of [𝑎, 𝑏], we set 

‖𝑝‖ = 𝑚𝑎𝑥
1≤𝑘≤𝑛

∆𝑥𝑘 = max{(𝑥𝑘 − 𝑥𝑘−1): 𝑘 = 1,2,3, … . 𝑛}. 

The quantity ‖𝑝‖ is called the norm or the mesh of the partition 𝑃.  
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Theorem:  

Let 𝑓: [𝑎, 𝑏] ⟶ 𝑅 be a bounded real-valued function on [𝑎, 𝑏]. If Riemann sum 

𝑆(𝑃, 𝑓) =  ∑ 𝑓(𝑛
𝑘=1 𝑡𝑘)∆𝑥𝑘 exists, where 𝑡𝑘 ∈ [𝑥𝑘−1, 𝑥𝑘]. Then, 𝑓 ∈ ℛ([𝑎, 𝑏]) and  

lim
‖𝑝‖→0

𝑆(𝑃, 𝑓) = lim
‖𝑝‖→0

∑𝑓(
𝑛

𝑘=1

𝑡)∆𝑥𝑘 = ∫ 𝑓(𝑥)𝑑𝑥.
𝑏

𝑎
 

Conversely, if 𝑓 ∈ ℛ([𝑎, 𝑏]), then lim
‖𝑝‖→0

𝑆(𝑃, 𝑓) exists and  

lim
‖𝑝‖→0

𝑆(𝑃, 𝑓) = ∫ 𝑓.
𝑏

𝑎
 

Remark: We can use the integral Riemann sum to prove the following property: 

If 𝑓 ∈ ℛ([𝑎, 𝑏]), then  

(I) 𝑘𝑓 ∈ ℛ([𝑎, 𝑏]), for all 𝑘 ∈ ℝ. 

(II)  𝑓 ± 𝑔 ∈ ℛ([𝑎, 𝑏]), with ∫ (𝑓 ± 𝑔𝑏
𝑎 ) = ∫ 𝑓𝑏𝑎 ± ∫ 𝑔𝑏𝑎 . 

(III)  𝑓𝑔 ∈ ℛ([𝑎, 𝑏]). 

Proof. For any partition 𝑃 = {𝑥0, 𝑥1, … . , 𝑥𝑛} of [𝑎, 𝑏], set ‖𝑝‖ = 𝑚𝑎𝑥
1≤𝑘≤𝑛

∆𝑥𝑘. Let 

𝑓, 𝑔: [𝑎, 𝑏]  → 𝑅 be integrable functions. Then, for any 𝑡𝑘 ∈ [𝑥𝑘−1, 𝑥𝑘]  

(𝐼)     ∫ 𝑐𝑓(𝑥)𝑑𝑥 =
𝑏

𝑎
lim
‖𝑝‖→0

∑𝑐𝑓(
𝑛

𝑘=1

𝑡𝑘)∆𝑥𝑘                                         

 = 𝑐 lim
‖𝑝‖→0

∑𝑓(
𝑛

𝑘=1

𝑡𝑘)∆𝑥𝑘 =  𝑐 ∫ 𝑓(𝑥)𝑑𝑥
𝑏

𝑎
.                     

(II)  

lim
‖𝑝‖→0

𝑆(𝑃, 𝑓) =  lim
‖𝑝‖→0

∑𝑓(
𝑛

𝑘=1

𝑡𝑘)∆𝑥𝑘 = ∫ 𝑓(𝑥)𝑑𝑥 ,
𝑏

𝑎
 

lim
‖𝑝‖→0

𝑆(𝑃, 𝑔) =  lim
‖𝑝‖→0

∑𝑔(
𝑛

𝑘=1

𝑡𝑘)∆𝑥𝑘 = ∫ 𝑔(𝑥)𝑑𝑥.
𝑏

𝑎
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Consider 

lim
‖𝑝‖→0

𝑆(𝑃, 𝑓 ± 𝑔) =  lim
‖𝑝‖→0

∑(𝑓 ± 𝑔)(
𝑛

𝑘=1

𝑡𝑘)∆𝑥𝑘

=  lim
‖𝑝‖→0

∑𝑓(
𝑛

𝑘=1

𝑡𝑘)∆𝑥𝑘 ± lim
‖𝑝‖→0

∑𝑔(
𝑛

𝑘=1

𝑡𝑘)∆𝑥𝑘

=   ∫ 𝑓(𝑥)𝑑𝑥 
𝑏

𝑎
± ∫ 𝑔(𝑥)𝑑𝑥 .

𝑏

𝑎
 

(III) Since 𝑓𝑔 = 1
2
 [(𝑓 + 𝑔)2 − 𝑓2 − 𝑔2], then 

lim
‖𝑝‖→0

𝑆(𝑃, 𝑓𝑔) =
1
2 lim‖𝑝‖→0

∑[(𝑓 + 𝑔)2 − 𝑓2 − 𝑔2](
𝑛

𝑘=1

𝑦𝑘)∆𝑥𝑘   

=  
1
2 lim
‖𝑝‖→0

∑(𝑓 + 𝑔)2(
𝑛

𝑘=1

𝑡𝑘)∆𝑥𝑘 − 
1
2 lim
‖𝑝‖→0

∑𝑓2(
𝑛

𝑘=1

𝑡𝑘)∆𝑥𝑘

− 
1
2 lim
‖𝑝‖→0

∑𝑔2(
𝑛

𝑘=1

𝑡𝑘)∆𝑥𝑘 

= 
1
2∫

[𝑓2 + 𝑔2 + 2𝑓𝑔 − 𝑓2 − 𝑔2](𝑥)𝑑𝑥 
𝑏

𝑎
= ∫ 𝑓𝑔(𝑥)𝑑𝑥.

𝑏

𝑎
 

Example:  
Use the method of Riemann sums to evaluate ∫ 𝑥 𝑑𝑥.𝑏

𝑎  
Solution: 

Let 𝑓(𝑥) = 𝑥, since 𝑓 ∈ ℛ([𝑎, 𝑏]), for any partition 𝑃 = {𝑥0, 𝑥1, … . , 𝑥𝑛} of [𝑎, 𝑏], 
then  

∫ 𝑥 𝑑𝑥
𝑏

𝑎
= 𝑙𝑖𝑚

‖𝑝‖→0
𝑆(𝑃, 𝑥). 

Since the limit exists for any 𝑡𝑘 ∈ [𝑥𝑘−1, 𝑥𝑘], we can take 𝑡𝑘 =
1
2
(𝑥𝑘−1 + 𝑥𝑘).  

With this choice of 𝑡𝑘, we have  

𝑆(𝑃, 𝑥) =
1
2 ∑

(𝑥𝑘−1 + 𝑥𝑘)
𝑛

𝑘=1

(𝑥𝑘−1 − 𝑥𝑘)  =
1
2 ∑

(𝑥𝑘−1)2 −
𝑛

𝑘=1

(𝑥𝑘)2 =
1
2 
(𝑏2 − 𝑎2).  
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Example:  
Use the method of Riemann sums to evaluate ∫ 𝑥2 𝑑𝑥𝑏

𝑎 . 
Solution: 

Let 𝑓(𝑥) = 𝑥2, since 𝑓 ∈ ℛ([𝑎, 𝑏]), for any partition 𝑃 = {𝑥0, 𝑥1, … . , 𝑥𝑛} of [𝑎, 𝑏], 
then  

∫ 𝑥2  𝑑𝑥
𝑏

𝑎
= lim

‖𝑝‖→0
𝑆(𝑃, 𝑥2 ). 

Since the limit exists for any 𝑡𝑘 ∈ [𝑥𝑘−1, 𝑥𝑘], we can take  

𝑡𝑘 = √
[(𝑥𝑘−1)2 + (𝑥𝑘)2 + 𝑥𝑘𝑥𝑘−1]

3 . 

With this choice of 𝑡𝑘, we have  

𝑆(𝑃, 𝑥2) =
1
3 ∑

[(𝑥𝑘−1)2 + (𝑥𝑘)2 + 𝑥𝑘𝑥𝑘−1]
𝑛

𝑘=1

(𝑥𝑘−1 − 𝑥𝑘)  

=
1
3 ∑

(𝑥𝑘−1)3 −
𝑛

𝑘=1

(𝑥𝑘)3 =
1
3 
(𝑏3 − 𝑎3).  

 

Theorem: Let 𝑓: [𝑎, 𝑏] → ℝ be a Riemann integral function on [𝑎, 𝑏] and  

𝑆𝑛 =
𝑏 − 𝑎
𝑛 ∑𝑓(𝑎 +

𝑘(𝑏 − 𝑎)
𝑛 ) .

𝑛

𝑘=1

 

Then,   

lim
𝑛→∞

𝑆𝑛 = lim
𝑛→∞

𝑏 − 𝑎
𝑛 ∑𝑓(𝑎 +

𝑘(𝑏 − 𝑎)
𝑛 )

𝑛

𝑘=1

= ∫ 𝑓(𝑥)𝑑𝑥.
𝑏

𝑎
 

Remark: If [𝑎, 𝑏] = [0,1], then  

lim
𝑛→∞

𝑆𝑛 = lim
𝑛→∞

1
𝑛∑𝑓 (

𝑘
𝑛)

𝑛

𝑘=1

= ∫ 𝑓(𝑥)𝑑𝑥.
1

0
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Example: Write the following limits as an integral on [0,1].  

(Evaluate the limit lim
𝑛→∞

𝑆𝑛 ).   

1) lim
𝑛→∞

∑ 1
𝑛+𝑘

𝑛
𝑘=1            2) lim

𝑛→∞

1
𝑛3
∑ 𝑘2𝑛
𝑘=1               3) lim

𝑛→∞
∑ 𝑛

𝑛2+𝑘2
𝑛
𝑘=1 . 

Solution: 

1)       lim
𝑛→∞

∑
1

𝑛 + 𝑘

𝑛

𝑘=1

= lim
𝑛→∞

1
𝑛∑

1

1 + 𝑘
𝑛

= ∫ 𝑓 (
𝑘
𝑛)
𝑑𝑥 = ∫

1
1 + 𝑥

𝑑𝑥
1

0

1

0

𝑛

𝑘=1

; 

∫
1

1 + 𝑥 𝑑𝑥
1

0
= [ln(1 + 𝑥)]01 = ln(2). 

2)                lim
𝑛→∞

1
𝑛3∑𝑘2

𝑛

𝑘=1

= lim
𝑛→∞

1
𝑛∑

𝑘2

𝑛2

𝑛

𝑘=1

= ∫ 𝑥2𝑑𝑥
1

0
= [

𝑥3

3 ]0

1

=
1
3. 

3)               lim
𝑛→∞

∑
𝑛

𝑛2 + 𝑘2 = lim
𝑛→∞

1
𝑛∑

1

1 + (𝑘
𝑛
)
2 =

𝑛

𝑘=1

𝑛

𝑘=1

∫
1

1 + 𝑥2 𝑑𝑥;
1

0
 

∫
1

1 + 𝑥2 𝑑𝑥
1

0
= [tan−1(𝑥)]01 =

π
4. 

Exercise:  

Write the following limits as an integral. (Evaluate the limit lim
𝑛→∞

𝑆𝑛 ).  

1)   lim
𝑛→∞

∑
𝑘

𝑛2 + 𝑘2                                2)      
𝑛

𝑘=1

lim
𝑛→∞

1
𝑛5∑𝑘4

𝑛

𝑘=1

 

3)    lim
𝑛→∞

1
𝑛8  ∑𝑘7

𝑛

𝑘=1

                              4)     lim
𝑛→∞

1
𝑛∑sin (

𝑘𝜋
2𝑛)

𝑛

𝑘=1
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4-Fundamental Theorem of Calculus 
Definition: 

Let 𝑓 be a real-valued function on an interval [𝑎, 𝑏]. A function 𝐹 on [𝑎, 𝑏] is 
called an antiderivative of 𝑓 on [𝑎, 𝑏] if 𝐹′(𝑥) = 𝑓(𝑥) for all 𝑥 ∈ [𝑎, 𝑏]. 

Theorem: Fundamental Theorem of Calculus (First Form) 

Let 𝑓: [𝑎, 𝑏] → ℝ be an integral function on [𝑎, 𝑏] and let 𝐹: [𝑎, 𝑏] → ℝ be an 
antiderivative of 𝑓 on [𝑎, 𝑏], then 

∫ 𝑓(𝑥)𝑑𝑥
𝑏

𝑎
= 𝐹(𝑥)]𝑎𝑏 = 𝐹(𝑏) − 𝐹(𝑎). 

Proof. Let 𝑃 = {𝑥0, 𝑥1, 𝑥2, … , 𝑥𝑛} be any partition of [𝑎, 𝑏]. If 𝐹 is an antiderivative 
of 𝑓 on [𝑎, 𝑏], then by the Mean Value Theorem of Calculus 

𝐹(𝑏) − 𝐹(𝑎)
𝑏 − 𝑎 =  𝐹′(𝑐), 𝑐 ∈ [𝑎, 𝑏]. 

 Then, for each 𝑘 = 1,… , 𝑛, there exists 𝑡𝑘 ∈ (𝑥𝑘−1, 𝑥𝑘) such that  

𝐹(𝑥𝑘) − 𝐹(𝑥𝑘−1) =  𝐹′( 𝑡𝑘)(𝑥𝑘 − 𝑥𝑘−1) = 𝑓( 𝑡𝑘)∆𝑥𝑘. 
Therefore, 

∑𝑓(𝑡𝑘)∆𝑥𝑘 = ∑𝐹(𝑥𝑘) − 𝐹(𝑥𝑘−1)
𝑛

𝑘=1

 =
𝑛

𝑘=1

  𝐹(𝑏) − 𝐹(𝑎). 

Since, 

𝐿(𝑃, 𝑓) ≤ ∑𝑓(𝑡𝑘)∆𝑥𝑘

𝑛

𝑘=1

≤ 𝑈(𝑃, 𝑓), 

we have 

𝐿(𝑃, 𝑓) ≤ 𝐹(𝑏) − 𝐹(𝑎) ≤ 𝑈(𝑃, 𝑓). 

Thus, if 𝑓 is Riemann integrable on [𝑎, 𝑏], 

∫ 𝑓(𝑥)𝑑𝑥
𝑏

𝑎
= 𝐹(𝑏) − 𝐹(𝑎). 
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Example: Find an antiderivative of the function 𝑓(𝑥) = 𝑥𝑛, 𝑛 ∈ ℕ. 

Solution: For any 𝑎, 𝑏 ∈ ℝ, 𝑎 < 𝑏 we have  

𝐹(𝑥) = ∫ 𝑥𝑛𝑑𝑥
𝑏

𝑎
=
𝑥𝑛+1

𝑛 + 1]𝑎

𝑏

=
𝑏𝑛+1 − 𝑎𝑛+1

𝑛 + 1 . 

Example: Consider the function 𝐹 on [0,1] defined by 

𝐹(𝑥) = {𝑥
2 sin (

1
𝑥)
, 𝑥 ≠ 0,

0,                          𝑥 = 0.
 

Find the function 𝑓(𝑥) with antiderivative 𝐹(𝑥). 
Solution:  
A straightforward computation gives 

𝑓(𝑥) = 𝐹′(𝑥) = {2𝑥 sin (
1
𝑥) − cos (

1
𝑥) , 𝑥 ≠ 0,

0,                                             𝑥 = 0.
 

Then, 𝑓 is bounded on [0,1] and continuous everywhere except 𝑥 = 0.  

Thus, 𝑓 ∈ ℛ([0,1]), and by the previous theorem 

∫ 𝑓
1

0
= 𝐹(1) − 𝐹(0) = sin 1. 

Example: Find an antiderivative on [0,2] of the function 𝑓  is defined on [0,2] by  

𝑓(𝑥) = {1,                0 ≤ 𝑥 ≤ 1,𝑥 − 1, 1 < 𝑥 ≤ 2. 

Solution: let 𝐹(𝑥) be defined by 𝐹(𝑥) = ∫ 𝑓(𝑡) 𝑑𝑡𝑥
0 .  

If 0 ≤ 𝑥 ≤ 1, then 𝐹(𝑥) = ∫ 1 𝑑𝑡𝑥
0 = 𝑥. On the other hand, if 1 < 𝑥 ≤ 2, then 

𝐹(𝑥) = ∫ 1 𝑑𝑡
1

0
+ ∫ (t − 1) 𝑑𝑡

1

1
=
𝑥2

2 − 𝑥 +
3
2. 

Thus,  

𝐹(𝑥) = {
𝑥,                            0 ≤ 𝑥 ≤ 1,
𝑥2

2 − 𝑥 +
3
2 , 1 < 𝑥 ≤ 2.
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Example: Find the function 𝑓 with an antiderivative defined by 𝐹(𝑥) = 𝑥|𝑥|
2

  on ℝ. 
Solution: Since 

𝐹(𝑥) = {𝑥
2/2                𝑥 ≥ 0,        

−𝑥2/2              𝑥 < 0.        
 

Then, 

𝑓(𝑥) = 𝐹′(𝑥) = {𝑥,           𝑥 ≥ 0,−𝑥,        𝑥 < 0. 

Example: Find an antiderivative of the function 𝑓(𝑥) = 𝑥−4  on ℝ\{0}. 

Solution: Since 𝑓(𝑥) = 𝑥−4 is defined on ℝ\{0}. So, the antiderivative is   

𝐹(𝑥) =

{
 

 −
𝑥−3

3 + 𝑐1          𝑥 > 0, 𝑐1  ∈ ℝ,

  −
𝑥−3

3 + 𝑐2           𝑥 < 0, 𝑐2  ∈ ℝ.  
        

Observe that 𝑓(𝑥) = 𝑥−4 has no antiderivative on [−1,1] . Moreover, it has no 

antiderivative on any interval containing 𝑥 = 0. 

 
Example: Let 𝑓 be continuous function on [𝑎, 𝑏] ,and let 𝐻: [𝑎, 𝑏] → ℝ be 

defined by 𝐻(𝑥) = ∫ 𝑓(𝑡)𝑑𝑡𝑏
𝑥  for all 𝑥 ∈ [𝑎, 𝑏]. Then, find  𝐻′(𝑥) for 𝑥 ∈ [𝑎, 𝑏]. 

Solution: Since 𝐻(𝑥) = ∫ 𝑓(𝑡)𝑑𝑡𝑏
𝑥 = − ∫ 𝑓(𝑡)𝑑𝑡𝑥

𝑏 , then  𝐻′(𝑥) =  −𝑓(𝑥). 
 

Theorem: The Fundamental Theorem of Calculus (Second Form) 

Let 𝑓: [𝑎, 𝑏] → ℝ be an integral function on [𝑎, 𝑏]. Define 𝐹 on [𝑎, 𝑏] by  
𝐹(𝑥) = ∫ 𝑓(𝑡)𝑑𝑡

𝑥

𝑎
. 

Then, 𝐹 is continuous on [𝑎, 𝑏]. Furthermore, if 𝑓 is continuous at a point 𝑐 ∈

[𝑎, 𝑏], then 𝐹 is differentiable at 𝑐 and 

𝐹′(𝑐) = 𝑓(𝑐). 



Jazan University, Faculty of Science MATH417: Real analysis 2  
Mathematics Department  Chapter I: The Riemann integrals 

 

Dr. Mahmoud Ali Bakhit Page 17 
 

  

Example: Let 𝑓 be continuous function on [𝑎, 𝑏]. If 𝐼 = [𝑐, 𝑑] let 𝑢: 𝐼 → ℝ be 

differentiable function on [𝑐, 𝑑] and satisfy 𝑢(𝐼) ⊆ [𝑎, 𝑏].  

If 𝐺(𝑥) = ∫ 𝑓(𝑡)𝑑𝑡,𝑢(𝑥)
𝑎  for 𝑥 ∈ 𝐼. Find 𝐺′(𝑥) for 𝑥 ∈ 𝐼.  

Solution: We can write 

𝐺(𝑥) = ∫ 𝑓(𝑡) 𝑑𝑡
𝑢(𝑥)

𝑎
= (ℎ ∘ 𝑢)(𝑥), 

where ℎ(𝑥) = ∫ 𝑓(𝑡)𝑑𝑡𝑥
𝑎 .  

Now if we apply the chain rule, we have    

𝐺′(𝑥) =  ℎ′(𝑢(𝑥)) 𝑢′(𝑥) = 𝑓(𝑢(𝑥))𝑢′(𝑥). 

Exercise: Find 𝐹′(𝑥), when 𝐹 is defined on [0,1] as follows: 

a) 𝐹(𝑥) = ∫ sin 𝑡2𝑥
0 𝑑𝑡          b) 𝐹(𝑥) = ∫ (1 + 𝑡3)−1𝑥2

0 𝑑𝑡  

c) 𝐹(𝑥) = ∫ √1 + 𝑡2𝑥
𝑥2 𝑑𝑡     d)  𝐹(𝑥) = ∫ 𝑐𝑜𝑠𝑡𝑠𝑖𝑛𝑥

0 𝑑𝑡 .  

 

5- Methods of Integration  
Theorem: Mean Value Theorem for Integrals 

Let 𝑓: [𝑎, 𝑏] → ℝ be a continuous real-valued function on [𝑎, 𝑏]. Then, there 
exists 𝑐 ∈ [𝑎, 𝑏] such that 

∫ 𝑓
𝑏

𝑎
= 𝑓(𝑐)(𝑏 − 𝑎). 

Proof. Let 𝐹(𝑥) = ∫ 𝑓𝑥𝑎 . Since 𝑓 is continuous on [𝑎, 𝑏], 𝐹′(𝑥) = 𝑓(𝑥), for all 𝑥 ∈

[𝑎, 𝑏]. Thus, by the mean value theorem, there exists 𝑐 ∈ [𝑎, 𝑏] such that  

∫ 𝑓(𝑥)𝑑𝑥
𝑏

𝑎
= 𝐹(𝑏) − 𝐹(𝑎) = 𝐹′(𝑐)(𝑏 − 𝑎) = 𝑓(𝑐)(𝑏 − 𝑎). 
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Theorem: Substitution Theorem 

Let 𝜑: [𝑎, 𝑏] → ℝ be a deferrable on [𝑎, 𝑏] and 𝜑′ ∈ ℛ([𝑎, 𝑏]). If 𝑓 is continuous 
on an interval 𝐼 = 𝜑([𝑎, 𝑏]), then  

∫ 𝑓(𝜑(𝑡))
𝑏

𝑎
 𝜑′(𝑡) 𝑑𝑡 =  ∫ 𝑓(𝑥)𝑑𝑥

𝜑(𝑏)

𝜑(𝑎)
. 

Proof.  

For 𝑥 ∈ 𝐼 define 

 𝐹(𝑥) =  ∫ 𝑓(𝑡)𝑑𝑡
𝑥

𝜑(𝑎)
. 

Since 𝑓 is continuous, 𝐹′(𝑥) = 𝑓(𝑥) for all 𝑥 ∈ 𝐼. By the chain rule  
𝑑
𝑑𝑡
𝐹(𝜑(𝑡)) = 𝐹′(𝜑(𝑡))𝜑′(𝑡) = 𝑓(𝜑(𝑡))𝜑′(𝑡),      ∀  𝑡 ∈ 𝐼.  

 
Therefore, 

∫ 𝑓(𝜑(𝑡))
𝑏

𝑎
𝜑′(𝑡) 𝑑𝑡 = [𝐹(𝜑(𝑡))]𝑎

𝑏 = 𝐹(𝜑(𝑏)) − 𝐹(𝜑(𝑎)) =  ∫ 𝑓(𝑥)𝑑𝑥
𝜑(𝑏)

𝜑(𝑎)
. 

Example: Evaluate  ∫ (1 + 2𝑥)2𝑑𝑥1
0 .  

Solution: Let 𝑢 = 1 + 2𝑥 ⟹ 𝑑𝑢
𝑑𝑥
= 2 ⟹ 𝑑𝑥 = 1

2
𝑑𝑢, when 𝑥 = 0 ⟹ 𝑢 = 1, and 

when 𝑥 = 1 ⟹ 𝑢 = 3. Then,  

∫ (1 + 2𝑥)2𝑑𝑥
1

0
=
1
2∫ 𝑢2𝑑𝑢 =  

1
2

3

1
 
𝑢3

3 ]1

3

=  
1
2 ( 

33

3 −
1
3) =

8
6.   

Example: Evaluate  ∫
√1+√𝑡
√𝑡

 𝑑𝑡4
1 .  

Solution: Let 𝑢 = 1 + √𝑡 ⟹ 𝑑𝑢
𝑑𝑡
= 1

2√𝑡
⟹ 𝑑𝑡 = 2√𝑡𝑑𝑢, when 𝑡 = 1 ⟹ 𝑢 = 2, and 

when 𝑡 = 4 ⟹ 𝑢 = 3. Then, 

∫
√1 + √𝑡
√𝑡

 𝑑𝑡
4

1
= ∫

√𝑢
√𝑡
 2√𝑡𝑑𝑢 =

3

2
 2∫ √𝑢 𝑑𝑢 =  2∫ 𝑢

1
2 𝑑𝑢 =  

4
3

3

2
 

3

2
𝑢
3
2]
1

3
     

=
4
3  (3√3 −  2√2 ). 
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Example: Evaluate  ∫ 𝑡
1+𝑡2

 𝑑𝑡2
0 .  

Solution: Let 𝑢 = 1 + 𝑡2 ⟹ 𝑑𝑢
𝑑𝑡
= 2𝑡 ⟹ 𝑑𝑡 = 1

2𝑡
𝑑𝑢, when 𝑡 = 0 ⟹ 𝑢 = 1, and 

when 𝑡 = 2 ⟹ 𝑢 = 5. Then, 

∫
𝑡

1 + 𝑡2  𝑑𝑡
3

0
=
1
2∫

1
𝑢  𝑑𝑢 =

5

1

1
2 ln 𝑢]1

5

=
1
2 ln 5. 

 

Exercise: Evaluate the following integrals: justify each step 

a) ∫ 𝑡√1 + 𝑡21
0  𝑑𝑡           b) ∫ 𝑡2√1 + 𝑡31

0  𝑑𝑡        c) ∫ 𝑡
√1+𝑡2

 𝑑𝑡3
0  

Theorem: Integration by Parts 

Let 𝑓, 𝑔 be deferrable functions on [𝑎, 𝑏] and have antiderivatives 𝑓′, 𝑔′ on [𝑎, 𝑏] 

then, 

∫ 𝑓(𝑥)𝑔′(𝑥)𝑑𝑥 =
𝑏

𝑎
𝑓(𝑥)𝑔(𝑥)]𝑎𝑏 − ∫ 𝑓′(𝑥)𝑔(𝑥)𝑑𝑥

𝑏

𝑎
. 

Proof.  

Since (𝑓𝑔)′ = 𝑓′𝑔 + 𝑓𝑔′ and the function (𝑓𝑔)′ is integrable on [𝑎, 𝑏] then, 

𝑓(𝑏)𝑔(𝑏) − 𝑓(𝑎)𝑔(𝑎) = ∫ (𝑓𝑔)′
𝑏

𝑎
=  ∫ 𝑓′𝑔

𝑏

𝑎
+ ∫ 𝑓𝑔′

𝑏

𝑎
. 

Thus,  

∫ 𝑓(𝑥)𝑔′(𝑥)𝑑𝑥 =
𝑏

𝑎
𝑓(𝑥)𝑔(𝑥)]𝑎𝑏 − ∫ 𝑓′(𝑥)𝑔(𝑥)𝑑𝑥

𝑏

𝑎
. 

Example: Evaluate  ∫ 𝑥 ln 𝑥 𝑑𝑥𝑒
1 .  

Solution:   

∫ 𝑥 ln 𝑥  𝑑𝑥
𝑒

1
= ∫ (

𝑥2

2 )
′

ln 𝑥 𝑑𝑥
𝑒

1
=  
𝑥2

2 ln 𝑥]1

𝑒

− ∫
𝑥2

2  
(ln 𝑥)′ 𝑑𝑥

𝑒

1
 

=
𝑒2

2 − 
1
2∫ 𝑥 𝑑𝑥

𝑒

1
 =

𝑒2

2 − 
1
2 
𝑒2

2 =
𝑒2

4  .   
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Exercises:  Evaluate the following integrals: 

(a)  ∫ ln 𝑥  𝑑𝑥
𝑒

1
          (𝑏)  ∫ tan−1( 𝑥) 𝑑𝑥          (𝑐)

𝜋
4

0
∫ 𝑥2 cos 𝑥 𝑑𝑥
𝜋

0
 

(𝑑)   ∫ 𝑒𝑥 sin 𝑥 𝑑𝑥
𝜋

0
         (𝑒)∫ 𝑒𝑥 cos 𝑥 𝑑𝑥

𝜋

0
. 

  

6-Improper Riemann integral 
Definition3:(Improper Integral)  

An integral is an improper integral: 

 if either the interval of integration is not finite (improper integral of type 1)  

 if the function to integrate is not continuous (not bounded) in the interval of 

integration (improper integral of type 2).  

Examples: 

1) ∫ 𝑒−𝑥𝑑𝑥∞
0  is an improper integral of type I since the upper limit of integration is 

infinite. 

2) ∫ 𝑥−1𝑑𝑥1
0  is an improper integral of type II because 1

𝑥
 is not continuous at 0. 

3) ∫ 1
𝑥−1

𝑑𝑥∞
0  is an improper integral of type 1 since the upper limit of integration 

is infinite. It is also an improper integral of type 2 because 1
𝑥−1

 is not continuous 

at 1and 1 ∈ [0,∞). 

4) ∫ 1
𝑥2−1

𝑑𝑥2
−2  is an improper integral of type 2 because 1

𝑥2−1
 is not continuous at 

{1,−1}. 

5) ∫ tan(𝑥) 𝑑𝑥𝜋
0   is an improper integral of type 2 because  tan(𝑥)  is not 

continuous at  𝜋
2
  and  𝜋

2
∈ [0, 𝜋]. 
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Definition 3: Improper Riemann Integral of type I   

1 – Let 𝑓: [𝑎,∞) → ℝ. If 𝑓 ∈ ℛ([𝑎, 𝑐]) for any  𝑐 ∈ (𝑎,∞). The Improper 
Riemann integral of  𝑓 on [𝑎,∞) defined to be  

∫ 𝑓 
∞

𝑎
= lim

𝑐→∞
∫ 𝑓.
𝑐

𝑎
 

2 – Let  𝑓: [−∞, 𝑏] → ℝ. If  𝑓 ∈ ℛ([𝑐, 𝑏))  for any 𝑐 ∈ (−∞, 𝑏). The Improper 
Riemann integral of  𝑓 on (−∞, 𝑏]  defined to be  

∫ 𝑓 
𝑏

−∞
= lim

𝑐→−∞
∫ 𝑓.
𝑏

𝑐
 

3 – Let  𝑓: [−∞,∞) → ℝ. If  𝑓 ∈ ℛ([𝑐, 𝑏])  for any 𝑐 ∈ (−∞,∞). The Improper 
Riemann integral of  𝑓on (−∞,∞)defined to be  

∫ 𝑓 
∞

−∞
= ∫ 𝑓 

𝑎

−∞
+∫ 𝑓 

∞

𝑎
= lim

𝑐→−∞
∫ 𝑓 + 
𝑎

𝑐
lim
𝑐→∞

∫ 𝑓.
𝑐

𝑎
 

Definition 4: Improper Riemann Integral of type II  

1 – Let  𝑓: [𝑎, 𝑏] → ℝ. If  𝑓 ∈ ℛ([𝑐, 𝑏]) for any  𝑐 ∈ (𝑎, 𝑏). The Improper Riemann 
integral of 𝑓on (𝑎, 𝑏] defined to be  

∫ 𝑓 
𝑏

𝑎
= lim

𝑐→𝑎+
∫ 𝑓.
𝑏

𝑐
 

2- Let 𝑓: [𝑎, 𝑏] → ℝ. If  𝑓 ∈ ℛ([𝑐, 𝑏])  for any  𝑐 ∈ (𝑎, 𝑏). The Improper Riemann 
integral of 𝑓on (𝑎, 𝑏] defined to be  

∫ 𝑓 
𝑏

𝑎
= lim

𝑐→𝑏−
∫ 𝑓.
𝑐

𝑎
 

3- Let 𝑓: (𝑎, 𝑏) → ℝ. If  𝑓 ∈ ℛ((𝑎, 𝑏)) for any  𝑑 ∈ (𝑎, 𝑏). The Improper Riemann 
integral of 𝑓on (𝑎, 𝑏)defined to be  

∫ 𝑓 
𝑏

𝑎
= ∫ 𝑓 +∫ 𝑓 = 

𝑏

𝑑

𝑑

𝑎
lim
𝑐→𝑎+

∫ 𝑓 + lim
𝑐→𝑏−

∫ 𝑓.
𝑐

𝑑

𝑑

𝑐
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Theorem 3: 

 If the limit exists as a finite number. In this case, the Improper Riemann 
integral ∫ 𝑓𝑏𝑎  is said to be convergent.  

 Otherwise, ∫ 𝑓𝑏𝑎  is said to be divergent. 

Theorem 4: 

 The Improper Riemann integral ∫ 1
𝑥𝛼
𝑑𝑥1

0  converge if and only if 𝛼 < 1. 

 The Improper Riemann integral ∫ 1
𝑥𝛼
𝑑𝑥∞

1  converge if and only if 𝛼 > 1. 

Example: Study the convergence of the following integrations: 

   1)     ∫ 1
𝑥2
𝑑𝑥∞

1             2)  ∫ 1
𝑥
𝑑𝑥∞

1           3)     ∫ 1
𝑒𝑥
𝑑𝑥∞

1           4)        ∫ 𝑥
1+𝑥2

𝑑𝑥∞
−∞  

Solution: 
1)  ∫ 1

𝑥2
𝑑𝑥∞

1 = lim
𝑐→∞

∫ 1
𝑥2
𝑑𝑥 = lim

𝑐→∞
[−1
𝑥
]
1

𝑐
= lim

𝑐→∞
[−1
𝑐
+ 1] = 1 𝑐

1  

Then, ∫ 1
𝑥2
𝑑𝑥∞

1  converges. 

2) 

∫
1
𝑥 𝑑𝑥

∞

1
= lim

𝑐→∞
∫
1
𝑥 𝑑𝑥 = lim

𝑐→∞
[ln(𝑥)]1𝑐 = lim

𝑐→∞
[ln(𝑐)] = ∞ 

𝑐

1
 

Then  ∫ 1
𝑥
𝑑𝑥∞

1  diverges. 
3)    

∫
1
𝑒𝑥 𝑑𝑥

∞

1
= lim

𝑐→∞
∫ 𝑒−𝑥𝑑𝑥 = lim

𝑐→∞
[
−1
𝑒𝑥 ]1

𝑐

= lim
𝑐→∞

[
−1
𝑒𝑐 +

1
𝑒] =

1
𝑒 

𝑐

1
 

Then    ∫ 1
𝑒𝑥
𝑑𝑥∞

1  converges. 
4) 

∫
𝑥

1 + 𝑥2 𝑑𝑥
∞

−∞
= ∫

𝑥
1 + 𝑥2 𝑑𝑥

0

−∞
+ ∫

𝑥
1 + 𝑥2 𝑑𝑥

∞

0
 

∫
𝑥

1 + 𝑥2 𝑑𝑥
0

−∞
= lim

𝑐→−∞
∫

𝑥
1 + 𝑥2 𝑑𝑥 = lim

𝑐→∞
[ln(1 + 𝑥2)]𝑐0

0

𝑐
 

                     = lim
𝑐→−∞

[ln(1) − ln(1 + 𝑐2)] = −∞. 
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And 

∫
𝑥

1 + 𝑥2 𝑑𝑥
∞

0
= lim

𝑐→∞
∫

𝑥
1 + 𝑥2 𝑑𝑥 = lim

𝑐→∞
[ln(1 + 𝑥2)]0𝑐 = ∞ 

𝑐

0
 

Then  ∫ 𝑥
1+𝑥2

𝑑𝑥∞
−∞  diverges. 

H. W:  Discus the convergence of the following integrations:   

                1)    ∫ 1
𝑥3
𝑑𝑥3

−2                          2)    ∫ 1
2𝑥
𝑑𝑥∞

1    

                3)    ∫ 1
𝑒𝑥
𝑑𝑥∞

1                          4)    ∫ 1
√3−𝑥

𝑑𝑥0
−∞  

Exercise: Study the convergence of the following integrations:   

                1)    ∫ 1
𝑥2
𝑑𝑥5

−3                                 2)    ∫ 1
2𝑥
𝑑𝑥∞

1         

                3)   ∫ 1
𝑒𝑥
𝑑𝑥0

−∞                                 4)    ∫ 𝑥 𝑒−𝑥2𝑑𝑥∞
−∞   

                5)    ∫ 1
𝑥 ln𝑥

𝑑𝑥2
1                                 6)    ∫ ln 𝑥 𝑑𝑥1

0         

                7)   ∫ 𝑥 ln 𝑥 𝑑𝑥1
0                                 8)    ∫ 1

√𝑥−1
2
1 𝑑𝑥  

                9)    ∫ 𝑒−𝑥∞
0 𝑑𝑥                                10)    ∫ ln𝑥

𝑥
∞
2 𝑑𝑥             

                11)   ∫ 𝑒−𝑥∞
−∞ 𝑑𝑥                                12)    ∫ 1

𝑥2
∞
1  𝑑𝑥  

 

 

 


