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Chapter I: The Riemann integrals

1-Riemann sums

Riemann was led to the development of the integral by trying to characterize

which functions were integrable according to Cauchy’s definition.

In the process, he modified Cauchy’s definition and developed the theory of
integration which now bears his name. One of his achievements was that he
was able to provide necessary and sufficient conditions for a real-valued

bounded function to be integrable.

Upper and Lower Sums:

LetI =[a,b], a < b, be a given closed and bounded interval in R. A partition P
of [a, b] is specified by a sequence P = {x,, x4, ..., x,} of points x,, x4, ..., x,, €
[a,b] wWitha = x; < x; < x5 ..xp_1 <X, =b,heren € {1,2,3,..}.

Then, [a, b] = Uk [xk_1, Xk -

Definition: (Uniform partition)

Given a partition P = {a = x,, x4, ..., x, = b}, P is called a uniform partition of
[a,b] if X1 —Xxg =Xy —X; =X3— Xy =" =X — Xp_q =b%a.

Example: The uniform partition of [1,5] is P = {1,2,3,4,5}.

Set Ax;, = x;, — x}—1, which is equal to the length of the interval [x;_1, x].
Suppose f:[a, b] = R is a bounded real-valued function.

Foreach k =1,2,3,...,n, let

M, = sup f(t), m, = _inf _f(¢t).
te[xp—1,xkl t€[xg—1,xk]
Mk = Sup{f(t):xk_l <t< Xk}, my = lnf{f(t) Xi—1 <t< xk}.
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The upper Riemann sum U(f, P) is defined by:
n

U(f, P) = z MkAxk.
k=1

Similarly, the lower Riemann sum L(f, P)_is defined by:
n

L(f,P) = Z meAx;,.
k=1

Remark: Since m;, < M,, for all k = 1,2,3, ..., n, for every partition P, we always
have L(P,f) < U(P,f).

f(x)

/ »X X X

v |a b b a b
Area of Lower Sum Upper Sum

region
L(f,P) < u(f,P)
= Upper and Lower Integrals:

Let I = [a, b] be a given closed and bounded interval in R and let f: [a, b] - R

be a bounded function.

If the function f satisfies m < f(t) < M, for all t € [a, b], then we have
mb—a) <L(P,f)<UP,f) <M —a),
for any partition P of [a, b]. Since M,, < M for all k = 1,2,3, ..., n,
n n
U(f,P) = z M, Ax;, < ZM(Xk — Xk—1) <M(b — a).
k=1 k=1

Similarly, L(P, f) = m(b — a).
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Definition:(Upper and Lower Integrals)

LetI = [a, b] be a given closed and bounded interval in R and let f: [a,b] » R

be a bounded function. Then, the upper integral of f on I is defined by:

b
u(s) = f fCodx = inf ULP)

PeP(I

Similarly, the lower integral of f on I is defined by:

pPeP(D)

b
L(f) = j fG)dx = sup L(f,P).

Lemma: Let f:[a,b] » R be a bounded real-valued function on [a, b]. Then,

b b
L(f) = j £ () dx < U(F) = j f () dx.

2- The Riemann inggral

If f:[a, b] = R is bounded, then the lower and upper integrals of f on [a, b]
always exist and satisfy L(f) < U(f).

Definition:(Riemann integral)

Let I =[a,b] and let f:[a, b] —» R be a bounded real-valued function on [a, b].
Then, f is said to be Riemann integral on [ if L(f) = U(f) = A4, or

b b
ff(x)dx=ff(x)dx

and this number is denoted by A = fff(x)dx or A= f;f.

We denote by R([a, b]), the set of all Riemann integral functions on [a, b].

In addition, if f € R([a, b]), we define

[r==]r
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If f:[a, b] = R satisfies m < f(x) < M for all t € [a, b] then,

b b
m(b—a)ijijSM(b—a).
If in addition, f € R([a, b]), then o
b
m(b—a)Sf f<M( —a).

If f(x) > 0, for all x € [a,b], then [’ f > 0.

If f € R([a, b]), is non-negative, then the quantity f: f represents the area of the
region bounded above by the graph y = f(x), below by the x-axis, and the lines

x =aandx =b. Q\Q m)
‘ \
Example of non-integrable functions: J o G
< \ _ 5\ 7 \
Example: \5/\;

Let I = [a, b], and let the Dirichlet function D(x) @ Q" Prove that D(x)

is not Riemann integrable.

Proof. Let P = {x,, x1, x5, ..., X, } be partition which divide [a, b],a < b.
Sinc hen

2
oS L(PD)—ZO(xk—xk D=0,
m;\
ﬁ% :*A)na - /ﬂ/ﬁkqﬁ—( n =

U(P,D) = % (i = %) = (Xn = %0) 2 (b= @), U =
.

Since P is any partition then, Vopor ‘ake/l wob (emv
b N T?C
‘ \/C{@ 0\ j?[f/uj dgg_,@
b
— i v[8) U D6

That is L(D) # U(D) which means that the function D(x) is not integrable.
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Example of integrable func@

@ Example:
Let f(x) = ¢ be constant function on I = [a, b], then f is Riemann integrable and

b
j cdx =c(b—a).
a
Proof. Let P = {xg, x1, x5, ..., x,} be any partition of I. Since m; = M, = c, then

n

L(P,f) = Z mAx, = ¢ Z (Xk — Xk—1)
k=1

k=1
= C [(xl — XO) + (.X'Z - xl) + o+ (xn - xn—l)]
= c(x,—xy) =c(b—a).

Similarly, U(P, f) = Y;x=1 MyAx, = c(b — a). Consequently, f(x) =c is
integrable on [a, b] and

a

ffdxzf_fdxszcdxzc(b—a).

Example:
1

Let f(x) =x on I =10,1], then f is Riemann integrable and folx dx = >

Proof. Let P, be partition which divide [a, b] into n equal subintervals given by
k
Xy =a+E(b—a), VO<k<n.

For I =[0,1], x, ==, VO<k<n. Then, B, = {0,% = "—‘11} .

. .. . . k-1 k
Since f(x) is increasing, so on each interval [TZ] we have

k-1 k
my = T, Mk = ;
-1

Moreover, Axy, = x;, — x4 =
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Recall that, ¥7_,(k — 1) = (n(n—l)) _ (n2_n

_ (n(n+1)\ _ (n*+n
. 2)and}]’,}=1/lc—( . )_(2)_
Now we find,
0 c Sk-1/1y 1w
R R Y O
k=1 k=1 k=1 k=1

wn = 77)=G5)

n n 1 1
k=1 k=1
1

Thus, sup L(B,, f) = = and infU(P,, f) =
n 2 n 2

Since the collection {P, : n € N} is a subset of the set of all partitions of [0,1],

5= 51111p L(P,f) < s%p L(P,f) = L(f),
S = InfU(P, ) < nfUCP,f) = UCP).

Therefore f(x) = x is integrable on [0,1] with folx dx = %
Let f(x) = x? on I = [0,1], then f is Riemann integrable and fol x?dx = ;
Proof. Let P, be partition which divide [0,1] into n equal subintervals given by

xk=a+£(b—a), VO<k<n.
For I =[01], % ==, ¥0<k<nThen, B ={0,,2, .= 1}.

Since f(x) is increasing on [0,1], so on each interval [%%] we have

k — 1\2 N
me= (=) =)
-1

n
Moreover, Ax), = x;, — x4 =

1

S I =
=

n

*|
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Recall that, Tj_,(k — 1) = 3, (k= 1)* == (n— Dn2n - 1) = (= ‘63““) and
a9, e Wﬁj\
&zﬂ k? = %n(n +1)(2n+1) = (2n;+63n+1). oS #et
Now we find,
Lowns i n k—1\2 /1 1 n
LGP =Y mbsy - > (= ) (5)= FZ(" — 1)
k=1 =1
L(Op/ﬂ) _1/mn-1)2n-1)\ 1(1 1) (1 )
nf n3 K n
(ol nn+1DC2n+1)\ 1 1
UGk f) = ( 2t D) (e 2) (1450)

Thus, sup L(P,, f) = = and infU(P,, f) = -.
n 3 n 3
Since the collection {P, : n € N} is a subset of the set of all partitions of [0,1],
1
5= supL(R, ) < supL(P,f) = L(),
n n
1
3= infU(P,, f) < infU(P, f) = U(f).
n n

Therefore f(x) = x? is integrable on [0,1] with folxz dx = %

xercises: Jow
Let f(x) = 1 —x? on [—1,2], then find L(P, f) and U(P, f) for a partition

\.xf@—{ 1,0,1,2} of [-1, 2].
'63‘ 2-Let f(x) =1 —x%on [—1,2], then find L(P, /) and U(P, f) for a partition

P={-1,-2,03,122}of [-1,2].

3-If f(x) =1 —x% on I = [0,1], prove that f is integrable and find folf dx.

4-If h(x) =3x+ 1 on I =[0,1], prove that h is integrable and find folh dx.
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3-Properties of the Riemann Integral

Theorem:

Let f:[a, b] = R be bounded function on [a, b].Then, f(x) is integrable on [a, b] if

and only if for each € > 0, there is a partition P of [a, b] such that
UP,f)—L(P,f) <e.

Theorem:

Let f be a real-valued function on [a, b].

() If f is continuous on [a, b], then f € R([a, b]).

(I1) If f is monotone (increasing or decreasing) on [a, b], then f € R([a, b]).

Theorem:

Let f, g: [a, b] — R be integrable functions on [a, b]; f, g € R([a, b]). Then,

() kf € R([a, b)), forall k € R.

() f+g € R(a,bD, with [[(f +9) = [ f+ ], g

() fg € R([a, b]).

Corollary:

Let f:[a, b] — R be integrable functions on [a, b]; f € R([a, b]). Then,

(1) 1] € R(la, b]), with |[7 ] < [1If).

(I f* € R([a, bD.

Theorem:

Let f:[a,b] — R be a bounded real-valued function on [a, b], and suppose that
a <c<bwhereceR. Then, f € R([a,b]) if and only if f € R([a,c]) and f €
R([c, b]). If this is the case, then

_Cf=£}+£?.

Dr. Mahmoud Ali Bakhit Page 8



Jazan University, Faculty of Science MATHA417: Real analysis 2
Mathematics Department Chapter I: The Riemann integrals

Example: Show that the following functions are integrable or not.
a) f(x)=x"+5xon[-1,6] b) f(x)=1-x?on the interval [0,2]
C) f(x) = cosx + 5x + e* on the interval [0, ]

Solution:

a) Since f'(x) = 7x®+5 > 0, for all x € [-1,6], then the function f(x) = x” + 5x
Is increasing, and by the previous theorem it is integrable on [ —1,6 ].

b) Since f'(x) = —2x < 0, for all x € [0,2], then the function f(x) =1 —x? is
decreasing, and by the previous theorem it is integrable on [ 0,2 ].

c) We know from calculus that the function f(x) = cosx + 5x + e* is continuous
on the interval [0, ], then by the previous theorem it is integrable on [0, ].

Riemann’s Definition of the Integral

Definition:

Let f:[a,b] = R be bounded function. If P = {x,, x4, ...., x, } is a partition of [a, b].

Choose numbers t;, € [xj_q,xx], for k = 1,2,3,....n. The sum

S = ) f(t)Ax
k=1

is called a Riemann sum for f, with respect to P and the points {t;}.

Definition:

For a partition P = {x,, x4, ...., X} Of [a, b], we set

lIpll = 1ml§1xAxk = max{(x;, — x,_1):k =1,2,3,....n}.
<K<n

The quantity ||p|| is called the norm or the mesh of the partition P.
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(\(‘/y ) Theorem:

(‘)9\/ Let f:[a, b] — R be a bounded real-valued function on [a, b]. If Riemann sum

S(P,f) = Y . f(t)Ax, exists, where t, € [x,_1, x,]. Then, f € R([a, b]) and

‘/%‘ - B b
© m, S f) = lim Zf(t)Axk—faf(X)dx-

Conversely, if f € R([a, b]), then hm S(P f) exists and

@7’/ @ 5(p,f)=ff.

2 Remark: We can use the integral Riemann sum to prove the following property:
If f € R([a, b]), then
() kf € R([a,b]), for all k € R.

() f+geR(abD,with [(F+)=["f+[ g
() fg € R([a, b]).

Proof. For any partition P = {x,, x4, ...., x,,} of [a, b], set ||p|| = max Axy,. Let
<Kksn

f,g:[a,b] — R be integrable functions. Then, for any t, € [x;_1, x)]

b n
€] jcf(x)dxz lirgoch(tk)Axk

Zf(tkmxk = ¢ f F)dx.

IlpII -0

(I1)

i, S f) = lim Zf(tk)Axk —j f(x)dx,
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Consider

Jlim S(P,f +g) = HlillrgOZUig)(tk)Axk

2}‘( toAx & lim Eg(tmxk

IIpII -0

. f F)dx + j g@x)dx.

(1) Since fg =§ [(f + 9)% — f2 — g?], then

n

m S(P,fg) =5 lim > [(f +9)* = £ = g2 (y) b,

k—

= = llm z(f+g) (tx)ldxy — 2” im Zf (ti)Axy

2 lIpli-0

£)A
2||p||eozg (i) Axie

b
- f 72+ g%+ 29 = f* = g21C0dx = [ fgGodr

@(ample:

Use the method of Riemann sums to evaluate f;x dx.
Solution:

Let f(x) = x, since f € R([a, b]), for any partition P = {x,, x4, ...., x,} of [a, b],
then

b
f xdx = lim S(P,x).
. Ipii—0

Since the limit exists for any t;, € [x;_4, xx], we can take t;, = %(xk_l + x3.).

With this choice of t,, we have
n n
1 1 2 2 1 2 2
S(P.2) =5 D (e + 1) (ea = 1) =5 ) (60)* = (@)% =5 (b —a?),
k=1 k=1
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Z_/Example:

Use the method of Riemann sums to evaluate ff x? dx.
Solution:

Let f(x) = x2, since f € R([a, b]), for any partition P = {x,, x4, ...., x,} of [a, b],
then

b
j x? dx = lim S(P,x?).
. Ipli-0

Since the limit exists for any t;, € [x;_4, x|, we can take

) j [(te-1)? + (62 + XX 1]
t, = z .

With this choice of t;, we have

1 n
S(P,x%) =3 Y [061)? + ()% + s Geis = )
k=1

1% 1
=2 ) ()~ (m)* =5 0P =),
k=1

Theorem: Let f:[a, b] - R be a Riemann integral function on [a, b] and

_b- . k(b — a)
ng - f(a+—n >
k=1
Then, A

n
_  b—a k(b —a) b
lim S, = lim fla+—=|=| f(x)dx.
k=1
Remark: If [a, b] = [0,1], then

Com ST "%

I~k 1
V6 & lim S, = lim - f(ﬁ) _ fo F(x)dx.

n—oo n—-oon

()_’_C/AQ\ ? k=1
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Example: Write the following limits as an integral on [0,1].

(Evaluate the limit lim S,, ).

n—-oo

D lim T3 2) lim = ¥R, K

3) lim e

NnN>L

Solution: ﬁ@\g /ma g ;’(k\ S?(Wc/@

\

S e Qo[
nl—rE}o n+k n—»oon 1_|_ Ofn x_01+x X

*@

T = = [In(1 + )]} = In(2).
0

@ ;hm—ZkZzhm i:j de—— =l
—os N3 1 ' 3

n—-oo n 2

n n
_ n o1 1 |
3) lim TR lim — —sz dx;
P + (= 0

1+ x2

Exercise:

Write the following limits as an integral. (Evaluate the limit lim S,, ).
n—oo

n

k

W lim D e ALI%Z"“
k=1
n
I ZW 4 i 12 i (k”>
nl—rfslong ) nl—>nolon s 2n

k=1
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ﬁ-Fundamental Theorem of Calculus

Definition: ECWOAIN &, 62 W Ot

—

Let f be a real-valued function on an interval [a, b]. A function F on [a, b] is
called an antiderivative of f on [a, b] if F'(x) = f(x) for all x € [a, b].

? l heorem: Fundamental Theorem of Calculus (First Form)

Let f:[a, b] = R be an integral function on [a, b] and let F: [a, b] —» R be an
antiderivative of f on [a, b], then b
C 3y do = F60) ~fto)
d

b
j f(x)dx = F(x)]2 = F(b) — F(a). = f"(my,ftm}
a
Proof. Let P = {x,, x4, x5, ..., x,} be any partition of [a, b]. If F is an antiderivative
of f on [a, b], then by the Mean Value Theorem of Calculus
F(b) — F(a)
b—a

= F'(c), ¢ € [a,b].

Then, for each k = 1, ..., n, there exists t;, € (x;_1,x;) such that

F(xg) — F(xg—1) = F'(tp)(xg — xp—1) = f(t)Axy.

Therefore, i i
D Ft0Ax, = Y Flx) = Fxis) = F(b) —F().
k=1 k=1
Since,
L(P,) < Z F(tAx, < UG, f),
we have -

L(P,f) < F(b)—F(a) < U(P,).
Thus, if f is Riemann integrable on [a, b],
b
f f(x)dx = F(b) — F(a).
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Example: Find an antiderivative of the function f(x) = x™,n € N.

Solution: Forany a,b € R, a < b we have

n+11b bn+1 _ an+1

X
n+1

F(x) = fbx”dx =

n+1

a

Example: Consider the function F on [0,1] defined by

2 o 1
F(x) = {x sin (;) x#0,
0, x =0.
Find the function f(x) with antiderivative F(x).

Solution:
A straightforward computation gives

1 1
2x sin (—) — COS (—), x #0,

X X
0, x = 0.
Then, f is bounded on [0,1] and continuous everywhere except x = 0.

f) =F'(x) ={

Thus, f € R([0,1]), and by the previous theorem
1
f f=F()—F(0) =sinl.
0

Example: Find an antiderivative on [0,2] of the function f is defined on [0,2] by

1, 0<<x<1,
f(x)_{x—l, 1<x<2.

Solution: let F(x) be defined by F(x) = [ f(¢) dt.

If0 <x <1,then F(x) = [, 1dt = x. On the other hand, if 1 < x < 2, then

1 2

1 x 3
F(x)=j1dt+f(t—1)dt=——x+—.
0 1 2 2

Thus,
X, 0<x<1,
2 2’ x
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x|x|

@gample: Find the function f with an antiderivative defined by F(x) = — OnR.
Solution: Since

x2/2 x>0,
F = -
%) {—xZ/Z x < 0.
Then,
! xl X 2 Or
f(x)=F(x)={_x x <O0.

Example: Find an antiderivative of the function f(x) = x~* on IR{M

Solution: Since f(x) = x~* is defined on R\{0}. So, the antiderivative is ~ ~*
S - = i w it

-3 3

o 6

x=3
—T+c1 x>0, c; €ER,
F(X)ZJ x~3

k—T+CZ x <0, c, €ER.

Observe that f(x) = x~* has no antiderivative on [—1,1] . Moreover, it has no

antiderivative on any interval containing x = 0.

Example: Let f be continuous function on [a, b] ,and let H: [a, b] - R be
defined by H(x) = [, f(t)dt for all x € [a, b]. Then, find H'(x) for x € [a, b].

Solution: Since H(x) = fxbf(t)dt =— fbxf(t)dt, then H'(x) = —f(x).

Theorem: The Fundamental Theorem of Calculus (Second Form)

Let f: [a, b] » R be an integral function on [a, b]. Define F on [a, b] by

T x

- Fe = [ o

B 77777;/,,,,ﬁ a

Then, [Fis continuous on [a, b]; Furthermore, if f is continuous at a point ¢ €
[a, b], then F is differentiable at ¢ and

F'(c) = f(0).
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{"”Zfﬁxampﬂl\e:t,;J_et f be continuous function on [a,b]. If I = [c,d] letu:] —» R be

\\

~ differentiable function on [c, d] and satisfy u(I) < [a, b].

J=on Vzo
If G(x) = [ f(e)d, for x € I. Find 6’ (x) for x € 1. “y = ey
Solution: We can write :?‘((M _|-J v) . \;g L Cwtm) ¥ (x
( U
u(x) ,2( ‘
G(x) =f f(@®) dt = (houw)(x), L) (n)

where h(x) = [ f(t)dt.
Now if we apply the chain rule, we have
G'(x) = h'(u()) ' (x) = f(u@)u'(x).

Exercise: Find F'(x), when F is defined on [0,1] as follows:

(a)F(x) = [ sint?dt GyF (x) = foxz(l +t3)1dt

©F(x) = fxe\/1 + t2dt (x) = fosmx costdt .

ﬁ- Methods of Integration

Theorem: Mean Value Theorem for Integrals

Let f:[a,b] — R be a continuous real-valued function on [a, b]. Then, there
exists ¢ € [a, b] such that

b
[ r=r@0-w.
Proof. Let F(x) = f;‘f. Since f is continuous on [a,b], F'(x) = f(x), forall x €

[a, b]. Thus, by the mean value theorem, there exists ¢ € [a, b] such that

b
f F()dx = F(b) — F(a) = F'()(b — a) = £(&) (b — a).
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Theorem: Substitution Theorem

Let ¢:[a, b] —» R be a deferrable on [a, b] and (p e R([a b]). If f is continuous

on aninterval I = ¢([a, b]) then .
@(b)

f flo®) o®dt= [ feodx.
a @(a)

Proof. v

For x € I define
F(x) = f f(t)dt.
p(a)

Since f is continuous, F'(x) = f(x) for all x € I. By the chain rule
d
—Flo®) =F(p®)'®) = flp®)¢'(®), V tEL

Therefore,
@(b)

b
[ £lo@) 0@ de = [F(o@)]] = Fo®) - Flo@) = [ fax

¢(a)
%Example: Evaluate fol(l + 2x)?dx.

Solution: Letu =1+ 2x = Z—Z=2=>dx=%du,whenx=0 = u =1, and

whenx =1 = u = 3. Then,

f11+2 2y _1f3 > C1uwd] 13 1\ 8
420 T2 T 23 T 2\(373) 76

Example: Evaluate f “1+‘F dt.
Solution: Letu=1+\/_=> %:7=dt—2fdu whent=1 = u = 2, and

whent =4 = u = 3. Then,

]m_d—f—zx/_d —Zf \/_du—Zj uZdu—gw]

2

3
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X

Example: Evaluate f02 1+tt2 dt.

Solution: Letu =1+4t? = 2—1:=2t=>dt=%du,whent=0=>u=1,and

whent =2 = u = 5. Then,
f3 Lot 1f51d L ]5 s
=-| —du=zlnu|l ==In5.
0 1 2 1 2

1+t2 2), u
T R
ot

2+ _
Exercise: Evaluate the following integrals: justify each step S ’ ‘JM
t=° wu=I S i P di
1 2 1.2 3 3 t t:-3 w=le © e 2t
fot\/1+t dt b) [, t?V1+t3 dt cfoﬁdt )
;—,;_— _g kl‘f G’(L \o
Theorem: Integration by Par@ LA m]
N P

Let f, g be deferrable functions on [a, b] and have antiderivatives f’, g’ on [a, b]

then,

b b
[ re0g @aax =g - | g

Proof.
Since (fg)' = f'g + fg' and the function (fg)' is integrable on [a, b] then,

b b b
F9®) - f@s@ = [ Goy= [ ra+ | ra

Thus,
b

b
[ £eogwdx =gt - [ F@gGdx

a a

Example: Evaluate [ xInx dx.

Solution:
e 7 € [y2 ! x2 e € 52
J x\In x dx=f <—) Inxdx = —lnx] —J — (Inx)' dx
; =) \2 2] )2
e? 1Jed _e? 1e? €7
—22) T T2 T
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= Am

;/A/[/N:wa JVU:- ey
ﬁ(erases Evaluate the following integrals: - ot bom (2 G
=Cetre- l/»/ll -LnsE

s
‘f In x dx ‘f tan~1(x) dx (c)f x?% cosx dx
0
f e*sinx dx @j e* cosx dx.
0 0

6-Improper Riemann integral

Definition3:(Improper Integral)

An integral is an improper integral:
o if either the interval of integration is not finite (improper integral of type 1)
¢ if the function to integrate is not continuous (not bounded) in the interval of

integration (improper integral of type 2).

x
Examples: L genes
1) ?e‘xdx is an improper integral of type | since the upper limit of integration is

infinite. =7 M@ (]

f x~1dx is an improper integral of type Il because is not continuous at 0.
g ( S Lol ieRetie @

j@— dx is an improper integral of type 1 since the upper limit of integration
_ imPrtr T3te (© oA )

is infinite. It is also an improper integral of type 2 because — |s not continuous
atland 1 € [0, ).

4) 7, iy

{1,—1}.  iroreie wwaijv«- ®

5) fon tan(x) dx is an improper integral of type 2 because tan(x) is not

continuous at % and % € [0,m]. Wi e\ B @
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Definition 3: Improper Riemann Integral of type |

1—-Letf:[a,0) > R.If f € R([a,c]) forany c € (a, »). The Improper
Riemann integral of f on [a, o) defined to be \

Efjf —EL%J@J

2 —Let fi[-oo,b] » R.If f€R([c,b)) forany c € (—oo,b). The Improper
Riemann integral of f on (—oo b] defined to be

=11ml i
7C—)OO

3—Let f:[—00,0) > R.If f€R([c,b]) forany c € (—oo,00). The Improper
Riemann m?egrai of fon (—oo, )defined to be

Cc
ff ff+ff hm f+11mff.
a
Zﬁeﬁnition 21? Improper Riemann Integral of type |l

1-Let f:[a,b] > R.If f€R(c,b]) forany c € (a,b). The Improper Riemann
integral of fon (a, b] defined to be

o fr e

2-Letf:[a,b] » R.If f € R([c,b]) forany c € (a,b). The Improper Riemann
integral of fon (a, b] defined to be

[r-tm]r

3- Let f:(a,b) » R.If f € R((a, b)) forany d € (a,b). The Improper Riemann
integral of fon (a, b)defined to be

f:f i fadf i Lbf = Ldf vl [ 7
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Theorem 3:

¢ |If the limit exists as a finite number. In this case, the Improper Riemann

integral ff f is said to becconvergent. >
o Otherwise, f:f is said t6_be divergent.

Theorem 4:

Q ¥
e The Improper Riemann integral folxiadﬁ convergé if and only i@
—_—— T

e The Improper Riemann integral flooxiadx converge if and only@

__ —_— ;1;\
?Z Examgle} Study the convergence of the following integrations:
o 1 o 1 o 1 (o] X

1) fl ;dx 2) fl ;dx 3) fl e—xdx 4) f_oo 1422

Solution: N § uctebw
© 1 . 1 IO o § N o | _
D e = lim fide o lim [, = lim [+ 1] = 1
<)

Then, floox—lzdx CONVErgES. - -\ . _ .= [Groer)
2)

00 Cc 1
f —dx = lim | —dx = lim[In(x)]{ = lim[In(c)] = o
1 X X c—00 c—00

CcC—00 1
Then [ % dx diverges.

3)
” [ -1 -1 o171
j — dx = lim e *dx = lim —x] = lim [—+—] = —
1 e 1 e

coo )y cooo | e c—-ow | e€ e

1
Then [”— dx converges.

I)

0 X 0 x
-[;oo 1+ x? dx = Cl—1>r—noo c 14+ x2 dx = Ch_)n;)[ln(l + x )]C

= Cllrpm[ln(l) —In(1 + ¢?)] = —o.
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@
And _ g_\_glﬂb L 5
X ¢ X ) e 2
jo T+ dx—ClLr£10 i 1+xzdx=C11_>r£10[1n(1+x )]§ =
o X
Then [, % d¥ diverges.
H. W: Discus the convergence of the following integrations: Cs\ y S dn g; da
o Borma T
(L hee b S
3) [ dx H Lo

Exercise: Study the convergence of the following integrations: = [ s et =+ &= @720

LASH OIS e plen Tl enthre
1y fg;dx 2) f —dx B LV el s
3) f —dx 4) [ xe ™ dx
1

5) f1 ——d 6) J, Inxdx
7) flxlnxdx 8) [P—dx -

0 R O o
9) foooe—x dx 10) J-001nx TPl M g ©
1) [ e *dx 12) [ = dx

b [T ;wgfc\&
TP

[ fzfs/ -2 ff@»ﬂ

>

=

JZMSL.:,
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