
Chapter 12:  
Kinematics of a 

Particle
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Objectives:

▪To introduce the concepts of position, displacement, velocity, and acceleration.

▪ To study particle motion along a straight line and represent this motion graphically.

▪To investigate particle motion along a curved path using different coordinate systems.

▪To present an analysis of dependent motion of two particles.

▪To examine the principles of relative motion of two particles using translating axes.
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Introduction:
▪Mechanics is a branch of the physical sciences that is concerned with the state of rest or motion of bodies 
subjected to the action of forces. 

▪Engineering mechanics is divided into two areas of study:

1-  Statics      2- Dynamics. 

▪Statics is concerned with the equilibrium of a body that is either at rest or moves with constant velocity. 

▪Dynamics, which deals with the accelerated motion of a body. The subject of dynamics will be presented in two 
parts: 

▪Kinematics, which treats only the geometric aspects of the motion, Relates displacement, velocity, acceleration, 
and time without reference to the cause of motion.

▪Kinetics, which is the analysis of the forces causing the motion. study of the relations existing between the forces 
acting on a body, the mass of the body, and the motion of the body.  Kinetics is used to predict the motion caused 
by given forces or to determine the forces required to produce a given motion.
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Rectilinear Kinematics: Continuous 
Motion
Rectilinear Kinematics. The kinematics of a particle is characterized

by specifying, at any given instant, the particle’s position, velocity, and acceleration. Kinematics 
of a particle that moves along a rectilinear or straight-line path. Recall that a particle has a mass 
but negligible size and shape.
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Position The straight-line path of a particle will be defined using a single 

coordinate axis s . The origin O on the path is a fixed point, and from 

this point the position coordinate s is used to specify the location of 

the particle at any given instant. The magnitude of s is the distance 

from O to the particle, usually measured in meters (m) or feet (ft), 

and the sense of direction is defined by the algebraic sign on s.
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Displacement The displacement of the particle is defined as the

change in its position. For example, if the particle 

moves from one point to another, the displacement is
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Displacement In this case Δs is positive since the particle’s final position is to the 

right of its initial position. Likewise, if the final position were to the left 

of its initial position, Δs would be negative.

The displacement of a particle is also a vector quantity, and it should 

be distinguished from the distance the particle travels. Specifically, the 

distance traveled is a positive scalar that represents the total `length of 

path over which the particle travels.
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Velocity If the particle moves through a displacement Δs during the time 
interval, the average velocity of the particle during this time interval 
is: 

If we take smaller and smaller values of Δt, the magnitude of Δs 

becomes smaller and smaller. Consequently, the instantaneous 
velocity is a vector
defined as:
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Velocity Since Δt or dt is always positive, the sign used to define the sense of the 
velocity is the same as that of Δ s or ds.

The magnitude of the velocity is known as the speed, and it is generally 
expressed in units of m/s or ft/s.

The average speed is always a positive scalar and is defined as the total 
distance traveled by a particle, sT , divided by the elapsed time t; i.e.,
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Acceleration

CH12: KINEMATICS OF A PARTICLE 10

Provided the velocity of the particle is known at two points, the 

average acceleration of the particle during the time interval t is 

defined as

The instantaneous acceleration at time t is a vector that is found by 

taking smaller and smaller values of t and corresponding smaller and 

smaller values of v, 



Acceleration
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Both the average and instantaneous acceleration can be either 

positive or negative. In particular, when the particle is slowing 

down, or its speed is decreasing, the particle is said to be 

decelerating.

Units commonly used to express the magnitude of acceleration are m/s2 or 

ft/s2.



Acceleration
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Finally, an important differential relation involving the 

displacement, velocity, and acceleration along the path may be 

obtained by eliminating the time differential dt between



Acceleration
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Constant Acceleration, a = ac . 

When the acceleration is constant, each of the three kinematic 

equations ac = dv/dt, v = ds/dt,

and ac ds = v dv can be integrated to obtain formulas that relate 

ac , v, s, and t.



Acceleration
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Constant Acceleration, a = ac . 

When the acceleration is constant, each of the three kinematic 

equations ac = dv/dt, v = ds/dt,

and ac ds = v dv can be integrated to obtain formulas that relate ac 

, v, s, and t.



Acceleration
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Constant Acceleration, a = ac . 

When the acceleration is constant, each of the three kinematic equations 

ac = dv/dt, v = ds/dt,

and ac ds = v dv can be integrated to obtain formulas that relate ac , v, s, 

and t.

Velocity as a function of position:



Acceleration

The algebraic signs of s0 , v0 , and ac , used in the 
above three equations, are determined from the 
positive direction of the s axis as indicated by the 
arrow written at the left of each equation. Remember 
that these equations are useful only when the 
acceleration is constant and when t = 0, s = s0 , v = v0 .

 A typical example of constant accelerated motion 
occurs when a body falls freely toward the earth. If air 
resistance is neglected and the distance of fall is short, 
then the downward acceleration of the body when it is 
close to the earth is constant and approximately

9.81 m/s2 or 32.2 ft/s2
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Acceleration is
 constant



Ex1:
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Ex1:
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Ex1:
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NOTE: The formulas for constant acceleration cannot be used to solve this problem, 

because the acceleration is a function of time.



Ex1:
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Ex1:
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Ex2:
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Ex2:
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Ex2:
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Ex3:
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Ex3:
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Ex3:
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Ex3:
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Chapter 12.4:  
Curvilinear 

Motion
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Objectives:

▪To introduce the concepts of position, displacement, velocity, and acceleration.

▪ To study particle motion along a straight line.

▪To investigate particle motion along a curved path using different coordinate systems.

▪To present an analysis of dependent motion of two particles.

▪To examine the principles of relative motion of two particles using translating axes.
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Curvilinear Motion
Curvilinear motion occurs when a particle moves along 

a curved path. Since this path is often described in 

three dimensions, vector analysis will be used to 

formulate the particle’s position, velocity, and 

acceleration. In this section the general aspects of 

curvilinear motion are discussed, and in subsequent 

sections we will consider three types of coordinate 

systems often used to analyze this motion.
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Curvilinear Motion
Position: Consider a particle located at a point on a 

space curve defined by the path function s(t). The 

position of the particle, measured from a fixed-point O, 

will be designated by the position vector r = r(t). Notice 

that both the magnitude and direction of this vector 

will change as the particle moves along the curve.
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Curvilinear Motion
Displacement: Suppose that during a small time interval Δt the 

particle moves a distance Δs along the curve to a new position, 

defined by :      r’ = r + Δr, 

The displacement Δr represents the change in the particle’s position 

and is determined by vector subtraction: Δr  = r’ - r 

Velocity: During the time Δr, the average velocity of the particle is:

The instantaneous velocity is:
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Ԧ𝑣 =
𝑑(Ԧ𝑟)

𝑑𝑡



12.5 Curvilinear Motion: Rectangular
Components
Occasionally the motion of a particle can best be described along a 

path that can be expressed in terms of its x, y, z coordinates.

If the particle is at point (x, y, z) on the curved path s shown in, then 

its location is defined by the position vector:

 When the particle moves, the x, y, z components of r will be 

functions of time; i.e., x = x(t), y = y(t), z = z(t), so that r = r(t).

At any instant the magnitude of r is defined as:
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12.5 Curvilinear Motion: Rectangular
Components
Velocity: The first-time derivative of r yields the velocity of the particle. 
Hence:

The velocity has a magnitude that is found from

 

CH12: KINEMATICS OF A PARTICLE 7



12.5 Curvilinear Motion: Rectangular
Components
Velocity: Acceleration. The acceleration of the particle is obtained by 
taking the first-time derivative of velocity(or the second time 
derivative of position:

The acceleration has a magnitude:
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EXAMPLE
At any instant the horizontal position of the weather balloon in

is defined by x = (8t) ft, where t is in seconds. If the equation of the 
path is y = x2/10, determine the magnitude and direction of the 
velocity and the acceleration when t = 2 s.

Solution:
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EXAMPLE
At any instant the horizontal position of the weather balloon in

is defined by x = (8t) ft, where t is in seconds. If the equation of the 
path is y = x2/10, determine the magnitude and direction of the 
velocity and the acceleration when t = 2 s.

Solution:
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EXAMPLE
At any instant the horizontal position of the weather balloon in

is defined by x = (8t) ft, where t is in seconds. If the equation of the 
path is y = x2/10, determine the magnitude and direction of the 
velocity and the acceleration when t = 2 s.

Solution:
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EXAMPLE
For a short time, the path of the plane is described by y = (0.001x2) 
m. If the plane is rising with a constant upward velocity of 10 m/s, 
determine the magnitudes of the velocity and acceleration of the

plane when it reaches an altitude of y = 100 m.
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EXAMPLE
For a short time, the path of the plane is described by y = (0.001x2) 
m. If the plane is rising with a constant upward velocity of 10 m/s, 
determine the magnitudes of the velocity and acceleration of the

plane when it reaches an altitude of y = 100 m.
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EXAMPLE
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12.6 Motion of a Projectile
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𝑣𝑥

𝑣𝑦

𝑔



12.6 Motion of a Projectile
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12.6 Motion of a Projectile
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Horizontal Motion. Since ax = 0, application of the constant acceleration equations, yields



12.6 Motion of a Projectile
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Vertical Motion. Since the positive y axis is directed upward, then ay = -g. we get



12.6 Motion of a Projectile
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A man on the edge of a 719m slope shoots an arrow at a velocity of 100m/s 

at an angle of 30o. Calculate,

 a) the maximum height the arrow will reach, 

b) the velocity of the arrow as it passes the line of where it was first shot and 

the distance between the arrow and the man, 

c) Calculate the velocity at which the arrow hits the ground and the linear 

distance between it and the man.719m

1m

30o

y



Solution:
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Figure 1.2.6

A man on the edge of a 719m slope 

shoots an arrow at a velocity of 100m/s 

at an angle of 30o. Calculate,

 a) the maximum height the arrow will 

reach, 

b) the velocity of the arrow as it passes 

the line of where it was first shot and the 

distance between the arrow and the man, 

c) Calculate the velocity at which the 

arrow hits the ground and the linear 

distance between it and the man.



A man on the edge of a 719m slope shoots an arrow at a velocity of 100m/s 

at an angle of 30o. Calculate,

 a-) the maximum height the arrow will reach, 

b-) the velocity of the arrow as it passes the line of where it was first shot 

and the distance between the arrow and the man, 

c-) Calculate the velocity at which the arrow hits the ground and the linear 

distance between it and the man.
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Solution:

719m

1m

30o

D

B

y

x

xB

𝑦𝑚𝑎𝑥

hmax

C

𝑣𝐵

𝑣𝐷
At peak D, the velocity is in the horizontal direction : 𝑣𝑦 = 0 = 𝑣0𝑦 − 𝑔𝑡

𝑣0𝑦 = 𝑣0. sin30
0 = 100sin300 = 50 Τ𝑚 𝑠

𝑣𝑦 = 0 = 50 − 10𝑡 → 𝑡 = 5𝑠𝑛 = 𝑡𝐷

𝑦𝑚𝑎𝑥 = 𝑦𝐷 = 𝑦0 + 𝑣0𝑦𝑡𝐷 −
1
2
𝑔𝑡𝐷

2 = 50𝑥5 − 1
2
10𝑥52 = 125𝑚

ℎ𝑚𝑎𝑥 = 719 + 1 + 125 → ℎ𝑚𝑎𝑥= 845𝑚

a-) ℎ𝑚𝑎𝑥 =?

b-)

𝑦𝐵 = 0 = 𝑦0 + 𝑣0𝑦𝑡 −
1
2𝑔𝑡

2 = 50. 𝑡 − 1
210𝑡

2

→ 𝑡 50 − 5𝑡 = 0 → 𝑡 = 𝑡𝐵 = 10𝑠𝑛

𝑣𝑦𝐵 = 𝑣0𝑦 − 𝑔𝑡𝐵 = 50 − 10𝑥10 = −50 Τ𝑚 𝑠

𝑣𝑥𝐵 = 𝑣0𝑥 = 100cos300 = 86.6 Τ𝑚 𝑠

𝑥𝐵 = 𝑥0 + 𝑣0𝑥𝑡𝐵 = 86.6𝑥10

O

→ 𝑥𝐵= 866𝑚

𝑣𝐵 = 𝑣𝑦𝐵
2 + 𝑣𝑥𝐵

2 → 𝑣𝐵= 100 Τ𝑚 𝑠

𝑣𝐵 =?, 𝑥𝐵 =?

50 − 5𝑡 = 0 →

Figure 1.2.6



719m

1m

30o

D

B

y

x

C
𝑣𝑐

𝑦𝑐 = −720 = 𝑦0 + 𝑣0𝑦𝑡 −
1
2𝑔𝑡

2 = 0 + 50𝑡𝐶 −
1

2
10𝑡𝐶

2

5𝑡2 − 50𝑡 − 720 = 0

c-) 𝑣𝐶 =? , 𝑂𝐶 =?

𝑡1,2 =
50 ± (−50)2−4𝑥5𝑥(−720)

2𝑥5

𝑡1 < 0

𝑡2 = 18 = 𝑡𝐶

𝑣𝑦𝐶 = 𝑣0𝑦 − 𝑔𝑡𝐶 = 50 − 10𝑥18 = −130 Τ𝑚 𝑠

𝑣𝑥𝐶 = 𝑣0𝑥 = 86.6 Τ𝑚 𝑠

𝑣𝐶 = 𝑣𝑦𝐶
2 + 𝑣𝑥𝐶

2 → 𝑣𝐶= 156.2 Τ𝑚 𝑠

𝑥𝐶 = 𝑥0 + 𝑣0𝑥𝑡𝐶 = 0 + 86.6𝑥18 = 1558.8𝑚

𝑂𝐶 = 𝑥𝐶
2 + 7202

→ 𝑂𝐶 ≅ 1717𝑚

= 1558.82 + 7202

O

xC
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Chapter 12.7:  
Curvilinear 
Motion_
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Nornal and Tangential Components



Objectives:

▪To introduce the concepts of position, displacement, velocity, and acceleration.

▪ To study particle motion along a straight line.

▪To investigate particle motion along a curved path using different coordinate systems.

▪To present an analysis of dependent motion of two particles.

▪To examine the principles of relative motion of two particles using translating axes.

CH12: KINEMATICS OF A PARTICLE 2



Curvilinear Motion: Normal and
Tangential Components
When the path along which a particle travels is known, 

then it is often convenient to describe the motion 

using n and t coordinate axes which act normal and 

tangent to the path, respectively, and at the instant 

considered have their origin located at the particle.
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Normal and Tangential Components
The normal axis can be made by noting that geometrically the curve 

is constructed from a series of differential arc segments ds,. Each 

segment ds is formed from the arc of an associated circle having a 

radius of curvature ρ (rho) and center of curvature O’ The normal 

axis n is perpendicular to the t axis with its positive sense directed 

toward the center of curvature O’. This positive direction, which is 

always on the concave side of the curve, will be designated by the 

unit vector un . 
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Normal and Tangential Components
Velocity: Since the particle moves, s is a function of time. The 

particle’s velocity v has a direction that is always tangent to the path, 

and a magnitude that is determined by taking the time derivative of 

the path function s = s(t), i.e., v = ds>dt 

Hence:
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𝒗 =  ሶ𝒔 =
𝒅𝒔

𝒅𝒕

V =  𝝊 𝒖𝒕



Normal and Tangential Components
Acceleration: The acceleration of the particle is the time rate of change of the 

velocity. Thus, 

In order to determine the time derivative 
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𝑎 =
𝑑𝑣

𝑑𝑡
 = ሶ𝑣 𝑢𝑡 + 𝑣 ሶ𝑢𝑡

𝒖𝒕

𝑠 = 𝜌𝜃 →  𝑑𝑠 = 𝜌𝑑𝜃 → ሶ𝑠 = 𝜌 ሶ𝜃 𝑢𝑡
′ = 𝑢𝑡 + 𝑑𝑢𝑡

infinitesimal arc of radius ut = 1. 𝑑𝑢𝑡 = 1 𝑑𝜃 → 𝑑𝑖𝑟𝑒𝑐𝑡𝑖𝑜𝑛 𝑢𝑛

𝑑𝑢𝑡 = 𝑑𝜃 𝑢𝑛 → ሶ𝑢𝑡 = ሶ𝜃𝑢𝑛  → ሶ𝑢𝑡 = ሶ𝑠

𝜌
𝑢𝑛 → ሶ𝑢𝑡 =

𝑣

𝜌
𝑢𝑛



Normal and Tangential Components
Acceleration: The acceleration of the particle is the time rate of change of the 

velocity. Thus, 

In order to determine the time derivative 
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𝑎 =
𝑑𝑣

𝑑𝑡
 = ሶ𝑣 𝑢𝑡 + 𝑣 ሶ𝑢𝑡

𝒖𝒕

𝑠 = 𝜌𝜃 →  𝑑𝑠 = 𝜌𝑑𝜃 → ሶ𝑠 = 𝜌 ሶ𝜃𝑢𝑡
′ = 𝑢𝑡 + 𝑑𝑢𝑡

infinitesimal arc of radius 𝑢𝑡 = 1. 𝑑𝑢𝑡 = 1 𝑑𝜃 → 𝑑𝑖𝑟𝑒𝑐𝑡𝑖𝑜𝑛 𝑢𝑛

𝑑𝑢𝑡 = 𝑑𝜃 𝑢𝑛 → ሶ𝑢𝑡 = ሶ𝜃𝑢𝑛  → ሶ𝑢𝑡 = ሶ𝑠

𝜌
𝑢𝑛 → ሶ𝑢𝑡 =

𝑣

𝜌
𝑢𝑛



Normal and Tangential Components
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𝒂 =
𝒅𝒗

𝒅𝒕
 = ሶ𝒗 𝒖𝒕 + 𝒗 ሶ𝒖𝒕        where at = ሶ𝑣 𝑜𝑟 𝑎𝑡𝑑𝑠 = 𝑣𝑑𝑣 

𝒂 =
𝒅𝒗

𝒅𝒕
 = 𝒂𝒕 𝒖𝒕 + 𝒂𝒏𝒖𝒏 where a𝑛 =

𝑣2

𝜌

𝒂 =
𝒅𝒗

𝒅𝒕
 = ሶ𝒗 𝒖𝒕 +

𝒗𝟐

𝝆
𝒖𝒏

𝒂 = 𝒂𝒕
𝟐 + 𝒂𝒏

𝟐



Normal and Tangential Components
So:  

1- If the particle moves along a straight line, then 𝜌 → ∞ and from an = 0. Thus a = at 

= ሶ𝑣 , and we can conclude that the tangential component of acceleration 

represents the time rate of change in the magnitude of the velocity.

2-  If the particle moves along a curve with a constant speed, then

     at = ሶ𝑣  = 0 and 𝑎𝑛 =
𝑣2

𝜌
 .Therefore, the normal component of 

     acceleration represents the time rate of change in the direction of the velocity. 
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Normal and Tangential Components
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𝒂 =
𝒅𝒗

𝒅𝒕
 = ሶ𝒗 𝒖𝒕 + 𝒗 ሶ𝒖𝒕        where at = ሶ𝑣 𝑜𝑟 𝑎𝑡𝑑𝑠 = 𝑣𝑑𝑣 

𝒂 =
𝒅𝒗

𝒅𝒕
 = ሶ𝒗 𝒖𝒕 +

𝒗𝟐

𝝆
𝒖𝒏

𝒂 = 𝒂𝒕
𝟐 + 𝒂𝒏

𝟐

𝒗 =  ሶ𝒔 =
𝒅𝒔

𝒅𝒕
V =  𝝊 𝒖𝒕



Normal and Tangential Components
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If at is constant,at=atc,using integration like rectilinear motion, yield:

If the path is expressed as y = f(x), the radius of curvature r, ρ at any point on the path is 

determined from the equation:



EX1
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Starting from rest, a motorboat travels around a circular path of  = 50 m at 

a speed that increases with time, v = (0.2 t2) m/s. Find the magnitudes of 
the boat’s velocity and acceleration at the instant t = 3 s.
Solution:



EX1
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Starting from rest, a motorboat travels around a circular path of  = 50 m at 

a speed that increases with time, v = (0.2 t2) m/s. Find the magnitudes of 
the boat’s velocity and acceleration at the instant t = 3 s.
Solution:

The velocity vector is v = v ut , where the magnitude is given by v = (0.2 t2) 

m/s. At t = 3s:   v = 0.2 t2  = 0.2(3)
2
= 1.8 m/s



EX1
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Starting from rest, a motorboat travels around a circular path of  = 50 m at 

a speed that increases with time, v = (0.2 t2) m/s. Find the magnitudes of 
the boat’s velocity and acceleration at the instant t = 3 s.
Solution:

The velocity vector is v = v ut , where the magnitude is given by v = (0.2 t2) 

m/s. At t = 3s:   v = 0.2 t2  = 0.2(3)
2
= 1.8 m/s

The acceleration vector is a = 𝑎𝑡 𝑢𝑡 + 𝑎𝑛 𝑢𝑛 =  ሶ𝑣𝑢𝑡 +
𝑣2

𝜌
𝑢𝑛

Tangential component: at = v = d(v)/dt = 0.4t m/s2

At t = 3s: at = 0.4t = 0.4(3) = 1.2 m/s2

Normal component: an = 𝑣2 / = (0.2t2)2/() m/s2

At t = 3s: an = [(0.2)(9)]2/(50) = 0.0648 m/s2

The magnitude of the acceleration is

𝑎 =  [ 𝑎𝑡
2

 + 𝑎𝑛
2 0.5 = 1.2 2

 + 0.0648 2 0.5
 =  1.20 𝑚/𝑠2
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The automobile has a speed of 80 ft/s at point A and an acceleration a having a 

magnitude of 10 ft/s2, acting in the direction shown. Determine the radius of 

curvature of the path at point A and the tangential component of acceleration.

Solution:
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The automobile has a speed of 80 ft/s at point A and an acceleration a having a 

magnitude of 10 ft/s2, acting in the direction shown. Determine the radius of 

curvature of the path at point A and the tangential component of acceleration.

Solution:

Acceleration: The tangential acceleration is:

𝑎𝑡 = 𝑎 cos 30 = 10 cos 30 = 8.66
𝑓𝑡

𝑠2

𝑎𝑛 = 𝑎 sin 30 = 10 sin 30 = 5
𝑓𝑡

𝑠2

ρ =
𝑣2

𝑎𝑛
=

802

5
= 1280𝑓𝑡



EX3

CH12: KINEMATICS OF A PARTICLE 17

When the skier reaches point A along the parabolic path he has a 

speed of 6 m/s which is increasing at 2 m/s2. Determine the

direction of his velocity and the direction and magnitude of his

acceleration at this instant. Neglect the size of the skier in the 

calculation.
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When the skier reaches point A along the parabolic path he has a 

speed of 6 m/s which is increasing at 2 m/s2. Determine the

direction of his velocity and the direction and magnitude of his

acceleration at this instant. Neglect the size of the skier in the 

calculation.
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When the skier reaches point A along the parabolic path he has a 

speed of 6 m/s which is increasing at 2 m/s2. Determine the

direction of his velocity and the direction and magnitude of his

acceleration at this instant. Neglect the size of the skier in the 

calculation.



EX3

CH12: KINEMATICS OF A PARTICLE 20

When the skier reaches point A along the parabolic path he has a 

speed of 6 m/s which is increasing at 2 m/s2. Determine the

direction of his velocity and the direction and magnitude of his

acceleration at this instant. Neglect the size of the skier in the 

calculation.
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When the skier reaches point A along the parabolic path he has a 

speed of 6 m/s which is increasing at 2 m/s2. Determine the

direction of his velocity and the direction and magnitude of his

acceleration at this instant. Neglect the size of the skier in the 

calculation.
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An automobile is traveling on a curve having a radius of 800 ft. If the acceleration 

of the automobile is 5
𝑓𝑡

𝑠2, determine the constant speed at which the automobile is

traveling.

Solution:
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An automobile is traveling on a curve having a radius of 800 ft. If the acceleration 

of the automobile is 5
𝑓𝑡

𝑠2, determine the constant speed at which the automobile is

traveling.

Solution:
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The automobile is originally at rest s = 0. If it then starts to increase its speed at ሶ𝑣 = 0.05t2 ft/s2 

where t is in seconds, determine the magnitudes of its velocity and acceleration at s = 550 ft. 

Solution:
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The automobile is originally at rest s = 0. If it then starts to increase its speed at ሶ𝑣 = 0.05t2 ft/s2 

where t is in seconds, determine the magnitudes of its velocity and acceleration at s = 550 ft. 

Solution:
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The automobile is originally at rest s = 0. If it then starts to increase its speed at ሶ𝑣 = 0.05t2 ft/s2 

where t is in seconds, determine the magnitudes of its velocity and acceleration at s = 550 ft. 

Solution:
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If the car passes point A with a speed of 20 m/s and begins to increase its speed at a constant rate of at = 

0.5 m/s2, determine the magnitude of the car’s acceleration when s = 100 m and x = 0.

Solution:
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If the car passes point A with a speed of 20 m/s and begins to increase its speed at 

a constant rate of at = 0.5 m/s2, determine the magnitude of the car’s acceleration 

when s = 100 m and x = 0.

Solution:
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If the car passes point A with a speed of 20 m/s and begins to increase its speed at 

a constant rate of at = 0.5 m/s2, determine the magnitude of the car’s acceleration 

when s = 100 m and x = 0.

Solution:
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If the car passes point A with a speed of 20 m/s and begins to increase its speed at 

a constant rate of at = 0.5 m/s2, determine the magnitude of the car’s acceleration 

when s = 100 m and x = 0.

Solution:
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The box of negligible size is sliding down along a curved path defined by the 

parabola 𝑦 = 0.4 𝑥2 . When it is at A(𝑥𝐴 = 2 𝑚, 𝑦𝐴 = 1.5 𝑚), the speed is and the

increase in speed is  𝑣 = 8 𝑚/𝑠  . Determine the magnitude of the acceleration of 

the box at this instant.

Solution:
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The box of negligible size is sliding down along a curved path defined by the 

parabola 𝑦 = 0.4 𝑥2 . When it is at A(𝑥𝐴 = 2 𝑚, 𝑦𝐴 = 1.5 𝑚), the speed is and the

increase in speed is  𝑣 = 8 𝑚/𝑠  . Determine the magnitude of the acceleration of 
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Solution:
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The box of negligible size is sliding down along a curved path defined by the 

parabola 𝑦 = 0.4 𝑥2 . When it is at A(𝑥𝐴 = 2 𝑚, 𝑦𝐴 = 1.5 𝑚), the speed is and the

increase in speed is  𝑣 = 8 𝑚/𝑠  . Determine the magnitude of the acceleration of 

the box at this instant.

Solution:
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The boxes travel along the industrial conveyor. If a box as in Fig. 

starts from rest at A and increases its speed such that

at = (0.2t) m/s2, where t is in seconds, determine the magnitude of its

acceleration when it arrives at point B.

Solution:
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The boxes travel along the industrial conveyor. If a box as in Fig. 

starts from rest at A and increases its speed such that

at = (0.2t) m/s2, where t is in seconds, determine the magnitude of its

acceleration when it arrives at point B.

Solution:
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The car travels around the circular track having a radius of r = 300 m such that when it is 

at point A it has a velocity of 5 m/s, which is increasing at the rate of v = (0.06t) m/s2, 

where t is in seconds. Determine the magnitudes of its velocity and acceleration when it 

has traveled one-third the way around the track.

Solution:
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The car travels around the circular track having a radius of r = 300 m such that when it is 

at point A it has a velocity of 5 m/s, which is increasing at the rate of v = (0.06t) m/s2, 

where t is in seconds. Determine the magnitudes of its velocity and acceleration when it 

has traveled one-third the way around the track.

Solution:



Chapter 12.10: 
Relative Motion 
of two Particles
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Objectives:

▪To introduce the concepts of position, displacement, velocity, and acceleration.

▪ To study particle motion along a straight line.

▪To investigate particle motion along a curved path using different coordinate systems.

▪To examine the principles of relative motion of two particles using translating axes.
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Relative-Motion of Two Particles
Using Translating Axes
Position. Consider particles A and B, which move along the arbitrary 

paths. The absolute position of each particle, rA and rB, is measured 

from the common origin O of the fixed x, y, z reference frame. The 

origin of a second frame of reference x’,y’z’ is attached to and moves 

with particle A. The axes of this frame are only permitted to translate 

relative to the fixed frame. The position of B measured relative to A is 

denoted by the relative-position vector rB/A. Using vector addition, the 

three vectors shown in Fig. 12–42 can be related by the equation
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Relative-Motion of Two Particles
Using Translating Axes
Using vector addition, the three vectors shown in Fig. 12–42 can be 

related by the equation:
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Velocity. An equation that relates the velocities of the particles is
determined by taking the time derivative of the above equation; i

Here vB = drB/dt and vA = drA/dt refer to absolute velocities



Relative-Motion of Two Particles
Using Translating Axes

Acceleration. The time derivative velocity yields a similar vector relation 
between the absolute and relative accelerations of

particles A and B.

Here aB/A is the acceleration of B as seen by the observer located at A 

And translating with the x, y, z reference frame.
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Chapter 13:  
Kinetics of a 

Particle
(Friction)
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Objectives:

▪To state Newton’s Second Law of Motion and to define mass and weight.

▪ To analyze the accelerated motion of a particle using the equation of motion with different coordinate 

systems.

▪ To investigate central-force motion and apply it to problems in space mechanics.
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13.1: Newton’s Second Law of Motion
▪ Kinetics is a branch of dynamics that deals with the relationship between the change in motion of 

a body and the forces that cause this change.

▪ T he basis for kinetics is Newton’s second law, which states that when an unbalanced force acts 
on a particle, the particle will accelerate in the direction of the force with a magnitude that is 
proportional to the force.

▪ If the mass of the particle is m, Newton’s second law of motion may be

written in mathematical form as:

   𝑭 = 𝒎𝒂
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13.1: Newton’s Second Law of Motion
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13.1: Newton’s Second Law of Motion
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Example1:
Determine the initial acceleration of the 15 (kg) block if:
 (a) T = 23 (N) 
 (b) T = 26 (N). 
The system is initially at rest with no slack in the cable, and the mass and friction of 
the pulleys are negligible.
Solution:
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Solution:
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-Given data: m = 15 (kg), μs = 0.5 and μk = 0.4

– required: a at (a) T = 23 (N) and (b) T = 26 (N)
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Example1:
Determine the initial acceleration of the 15 (kg) block if:
 (a) T = 23 (N) 
 (b) T = 26 (N). 
The system is initially at rest with no slack in the cable, and the mass and friction of the pulleys are negligible.
Solution:

If we continue the solution:

ax = (-Ffric + T * cos(30) + 2T)/ m  =  (- 67.825 + 65.92)/15  = - 0.127  m/s2
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Example1:
Determine the initial acceleration of the 15 (kg) block if:
 (a) T = 23 (N) 
 (b) T = 26 (N). 
The system is initially at rest with no slack in the cable, and the mass and friction of the pulleys are negligible.
Solution:
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-Given data: m = 15 (kg), μs = 0.5 and μk = 0.4

– required: a at (a) T = 23 (N) and (b) T = 26 (N)



Example2:
The 75-kg man pushes on the 150-kg crate with a horizontal force F. If the coefficients of static and kinetic 
friction between the crate and the surface are μs = 0.3 and μk = 0.2, and the coefficient of static friction 
between the man’s shoes and the surface is μs = 0.8,

 show that the man can move the crate. What is the greatest acceleration the man can give the crate?
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Example2:
The 75-kg man pushes on the 150-kg crate with a horizontal force F. If the coefficients of static and kinetic 
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Example2:
The 75-kg man pushes on the 150-kg crate with a horizontal force F. If the coefficients of static and kinetic 
friction between the crate and the surface are μs = 0.3 and μk = 0.2, and the coefficient of static friction 
between the man’s shoes and the surface is μs = 0.8.

 Show that the man can move the crate.  What is the greatest acceleration the man can give the crate?

Solution: Assuming the crate is about to move:

Ffc = μs Nc  = 0.3 Nc

FBD for the crate 
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Example2:
The 75-kg man pushes on the 150-kg crate with a horizontal force F. If the coefficients of static and kinetic 
friction between the crate and the surface are μs = 0.3 and μk = 0.2, and the coefficient of static friction 
between the man’s shoes and the surface is μs = 0.8.

 Show that the man can move the crate.  What is the greatest acceleration the man can give the crate?

Solution: Assuming the crate is about start moving:
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Example3:
If blocks A and B of mass 10 kg and 6 kg respectively, are placed on the inclined plane 
and released. The coefficients of kinetic friction between the blocks and the inclined 
plane are μA = 0.1 and μB = 0.3. Neglect the mass of the link.

Determine the force developed in the link.

Solution:
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Example3:
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Example4:
If the force exerted on cable AB by the motor is  F = (100t 3/2) N, where t is in seconds. Determine the 50-kg 
crate’s velocity when t = 5 s. The coefficients of static and kinetic friction between the crate and the ground are   
μS =  0.4 and  μK =  0.3, respectively. Initially the crate is at rest.

Solution:
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Example5:

Solution:
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Solution:
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Example6:
The conveyor belt is designed to transport packages of various weights. Each 10-kg package has a coefficient of

kinetic friction μK = 0.15. If the speed of the conveyor is 5 m/s, and then it suddenly stops, determine the distance 

the package will slide on the belt before coming to rest.
Solution:
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Example6:
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Example6:
Block A has a weight of 8 lb and block B has a weight of 6 lb. They rest on a surface for which the coefficient

of kinetic friction is μK = 0.2. If the spring has a stiffness of k = 20 lb/ ft, and it is compressed 0.2 ft, determine the

acceleration of each block just after they are released.

Solution:
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Example7:
The motor lifts the 50-kg crate with an acceleration of 6 m/s2. Determine the components of force reaction and

the couple moment at the fixed support A.

Solution:
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Chapter 13: Kinetics of 
a Particle

13.5: Normal and 
Tangential 

Coordinates
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Objectives:

▪To state Newton’s Second Law of Motion and to define mass and weight.

▪ To analyze the accelerated motion of a particle using the equation of motion with 

different coordinate systems.

▪ To investigate central-force motion and apply it to problems in space mechanics.
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13.5: Equations of Motion: Normal and Tangential          
          Coordinates
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13.5: Equations of Motion: Normal and Tangential          
          Coordinates
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When a particle moves along a curved path which is 

known, the equation of motion for the particle may be 

written in the tangential, normal, and binormal 

directions.



13.5: Equations of Motion: Normal and Tangential          
          Coordinates
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Procedure for Analysis

Free-Body Diagram.

▪ Establish the inertial t, n, b coordinate system at the particle and draw the 

particle’s free-body diagram.

▪ The particle’s normal acceleration an   always acts in the positive n  direction.

▪ If the tangential acceleration at is unknown, assume it acts in the positive t 

direction.

▪ There is no acceleration in the b direction.

▪ Identify the unknowns in the problem.



13.5: Equations of Motion: Normal and Tangential          
          Coordinates
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Procedure for Analysis

Equations of Motion.

▪  Apply the equations of motion

Kinematics.
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The 3-kg disk D is attached to the end of a cord. The 
other end of the cord is attached to a ball-and-socket 
joint located at the center of a platform. If the platform 
rotates rapidly, and the disk is placed on it and released 
from rest as shown, determine the time it takes for the 
disk to reach a speed great enough to break the cord. 
The maximum tension the cord can sustain is 100 N, and 
the coefficient of kinetic friction between the disk and 
the platform is μk = 0.1.
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The 3-kg disk D is attached to the end of a cord. The other end of the cord 
is attached to a ball-and-socket joint located at the center of a platform. If 
the platform rotates rapidly, and the disk is placed on it and released from 
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The 3-kg disk D is attached to the end of a cord. The other end of the cord 
is attached to a ball-and-socket joint located at the center of a platform. If 
the platform rotates rapidly, and the disk is placed on it and released from 
rest as shown, determine the time it takes for the disk to reach a speed 
great enough to break the cord. The maximum tension the cord can sustain 
is 100 N, and the coefficient of kinetic friction between the disk and the 
platform is μk = 0.1.
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Design of the ski jump shown in the photo requires knowing the 
type of forces that will be exerted on the skier and her 
approximate trajectory. If in this case the jump can be 
approximated by the parabola shown , determine the normal force 
on the 150-lb skier the instant she arrives at the end of the jump, 
point A, where her velocity is 65 ft/s. Also, what is her acceleration 
at this point?
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Design of the ski jump shown in the photo requires knowing the type of 
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Design of the ski jump shown in the photo requires knowing the type of 
forces that will be exerted on the skier and her approximate trajectory. 
If in this case the jump can be approximated by the parabola shown , 
determine the normal force on the 150-lb skier the instant she arrives at 
the end of the jump, point A, where her velocity is 65 ft/s. Also, what is 
her acceleration at this point?
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Design of the ski jump shown in the photo requires knowing the type of 
forces that will be exerted on the skier and her approximate trajectory. 
If in this case the jump can be approximated by the parabola shown , 
determine the normal force on the 150-lb skier the instant she arrives at 
the end of the jump, point A, where her velocity is 65 ft/s. Also, what is 
her acceleration at this point?
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The 2-kg spool S fits loosely on the inclined rod for which the 
coefficient of static friction is μs = 0.2. If the spool is located 0.25 
m from A, determine the minimum constant speed the spool 
can have so that it does not slip down the rod.

Solution
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The 2-kg spool S fits loosely on the inclined rod for which the 
coefficient of static friction is μs = 0.2. If the spool is located 0.25 
m from A, determine the minimum constant speed the spool 
can have so that it does not slip down the rod.

Solution
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The 2-kg spool S fits loosely on the inclined rod for which the 
coefficient of static friction is μs = 0.2. If the spool is located 0.25 
m from A, determine the minimum constant speed the spool 
can have so that it does not slip down the rod.
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The 2-kg spool S fits loosely on the inclined rod for which the coefficient of static 
friction is ms = 0.2. If the spool is located 0.25 m from A, determine the maximum 
constant speed the spool can have so that it does not slip up the rod.
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The 2-kg spool S fits loosely on the inclined rod for 
which the coefficient of static friction is ms = 0.2. If the 
spool is located 0.25 m from A, determine the 
maximum constant speed the spool can have so that it 
does not slip up the rod.
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Objectives:

▪To develop the principle of work and energy and 

   apply it to solve problems that involve force, velocity, and displacement.

▪To study problems that involve power and efficiency.

▪To introduce the concept of a conservative force and 

   apply the theorem of conservation of energy to solve kinetic problems..
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14.1: The Work of a Force
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In this chapter, we will analyze motion of a particle using the 
concepts of work and energy. The resulting equation will be useful 
for solving problems that involve force, velocity, and displacement. 
Before we do this, however, we must first define the work of a force. 
Specifically, a force F will do work on a particle only when the 
particle undergoes a displacement in the direction of the force.

If the force F  causes the particle to move along the path s from 
position 𝒓 to a new position 𝒓′, the displacement is then dr = 𝒓 −  𝒓′. 
The magnitude of dr is ds, the length of the differential segment 
along the path. If the angle between the tails of dr and F is θ , then 
the work done by F is a scalar quantity, defined by:

dU= F ds cos(θ)
Or simply                               dU = F . dr                              (dot product)
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If the force F  causes the particle to move along the path s from 
position r to a new position r’, the displacement is then dr = r - r. 
The magnitude of dr is ds, the length of the differential segment 
along the path. If the angle between the tails of dr and F is θ , then 
the work done by F is a scalar quantity, defined by:

dU= F ds cos(θ)
Or simply                               dU = F . dr                              (dot product)

Note that:

if 0     ≤  θ >   90 → work is positive

if 90  > θ ≤   180 → work is negative

Work is 
zero

▪ if the force is perpendicular to displacement (cos(90) = 0)

▪ if the force is applied at a fixed point (no motion)
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▪ Work of a Variable Force:
If the particle acted upon by the force F undergoes a finite 
displacement along its path from r1 to r2 or s1 to s2 , the work of 
force F is determined by integration. Provided F and u can be 
expressed as a function of position (s), then:
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▪ Work of a Variable Force:
If the particle acted upon by the force F undergoes a finite 
displacement along its path from r1 to r2 or s1 to s2 , the work of 
force F is determined by integration. Provided F and u can be 
expressed as a function of position (s), then:
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▪ Work of a Constant Force Moving Along a Straight Line:

1-   NO  Friction 

2- With Friction
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▪ Work of a Weight:
Consider a particle of weight W, which moves up along the path 
s from position s1 to position s2 . At an intermediate point, the 
displacement     dr = dxi + dyj + dzk. Since W = - Wj,  we have: 
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▪ Work of a Spring Force:
If an elastic spring is elongated a distance ds, 
then the work done by the force that acts on then 
attached particle is       dU = -Fsds = -ks ds. 
The work is negative since Fs acts in the opposite 
sense to ds. If the particle displaces from s1 to s2, 
the work of Fs is then:

𝑈1−2 =
1

2
 𝑘 𝑆1

2  − 𝑆2
2  
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▪ Work of a Spring Force:
If an elastic spring is elongated a distance ds, 
then the work done by the force that acts on then 
attached particle is       dU = -Fsds = -ks ds. 
The work is negative since Fs acts in the opposite 
sense to ds. If the particle displaces from s1 to s2, 
the work of Fs is then:

𝑈1−2 =
1

2
 𝑘 𝑆1

2  − 𝑆2
2  
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Procedure for Analysis:
Work (Free-Body Diagram).
• Establish the inertial coordinate system and draw a free-body diagram of the particle to account for all 

the forces that do work on the particle as it moves along its path.

Principle of Work and Energy.
• Apply the principle of work and energy, 𝑇1 +  σ 𝑈1−2 = 𝑇2 .

• The kinetic energy at the initial and final points is always positive.

• A force does work when it moves through a displacement in the direction of the force.

• Work is positive when the force component is in the same sense of direction as its displacement, 

otherwise it is negative.

• Forces that are functions of displacement must be integrated to obtain the work. Graphically, the work 

is equal to the area under the force-displacement curve.

• The work of a weight is the product of the weight magnitude and the vertical displacement, UW = {±Wy. 

It is positive when the weight moves downwards.

• The work of a spring is of the form Us = ½ kx2, where k is the spring stiffness and s is the stretch or 

compression of the spring.
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If the particle has a mass m and is subjected to a 
system of external forces represented by the resultant 
𝐹𝑅 = σ 𝐹, then the equation of motion for the particle in 
the tangential direction is σ 𝐹 = 𝑚𝑎𝑡  . Applying the 
kinematic equation 𝑎𝑡 =  υdυ/dsand integrating both 
sides, assuming initially that the particle has a position 
s = s1 and a speed v = v1 , and later at s = s2 , v = v2 , 
we have:
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The particle’s initial 

kinetic energy plus the 

work done by all the 

forces acting on the 

particle as it moves from 

its initial to its final 

position is equal to the 

particle’s final kinetic 

energy.



14.3: Principle of Work and Energy for a System of    
          Particles:

CH14 : KINETICS OF A PARTICLE WORK AND ENERGY 14

The initial kinetic energy of the system plus 
the work done by all the external and internal 
forces acting on the system is equal to the
final kinetic energy of the system.
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The initial kinetic energy of the system plus 
the work done by all the external and internal 
forces acting on the system is equal to the
final kinetic energy of the system.



EX1:
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The 10-kg block rests on the smooth incline. If the spring is originally 
stretched 0.5 m, determine the total work done by all the forces acting on 
the block when a horizontal force P = 400 N pushes the block up the plane    
s = 2 m.
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The 10-kg block rests on the smooth incline. If the spring is originally 
stretched 0.5 m, determine the total work done by all the forces acting on 
the block when a horizontal force P = 400 N pushes the block up the plane    
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The 10-kg block rests on the smooth incline. If the spring is 
originally stretched 0.5 m, determine the total work done by
 all the forces acting on the block when a horizontal force 
P = 400 N pushes the block up the plane    s = 2 m.

Horizontal Force P.

Spring Force Fs.
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The 10-kg block rests on the smooth incline. If the spring is 
originally stretched 0.5 m, determine the total work done by
 all the forces acting on the block when a horizontal force 
P = 400 N pushes the block up the plane    s = 2 m.

Weight W:

Total Work:

Normal Force NB. This force does no work since it is always 
perpendicular to the displacement
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The crate, which has a mass of m = 100 (kg), is subjected to the action 
of the two forces. If it is originally at rest, determine the distance (s) it 
slides to attain a speed of v = 6 (m/s). The coefficient of kinetic friction 
between the crate and the surface is μk = 0.2.
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The crate, which has a mass of m = 100 (kg), is subjected to the action 
of the two forces. If it is originally at rest, determine the distance (s) it 
slides to attain a speed of v = 6 (m/s). The coefficient of kinetic friction 
between the crate and the surface is μk = 0.2.
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The crate, which has a mass of m = 100 (kg), is subjected 
to the action of the two forces. If it is originally at rest, 
determine the distance (s) it slides to attain a speed of v = 
6 (m/s). The coefficient of kinetic friction between the 
crate and the surface is μk = 0.2.
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The platform P, has negligible mass and is tied down so that the 0.4-m-long cords 
keep a 1-m-long spring compressed 0.6 m when nothing is on the platform. If a 2-kg 
block is placed on the platform and released from rest after the platform is pushed 
down 0.1 m, determine the maximum height h the block rises in the air, measured 
from the ground.
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The platform P, has negligible mass and is tied down so that the 0.4-m-long cords 
keep a 1-m-long spring compressed 0.6 m when nothing is on the platform. If a 2-kg 
block is placed on the platform and released from rest after the platform is pushed 
down 0.1 m, determine the maximum height h the block rises in the air, measured 
from the ground.
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When the driver applies the brakes of a light truck traveling 40 km/h, it skids 3 m 
before stopping. How far will the truck skid if it is traveling 80 km/h when the brakes 
are applied?
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When the driver applies the brakes of a light truck traveling 40 km/h, it skids 3 m 
before stopping. How far will the truck skid if it is traveling 80 km/h when the brakes 
are applied?
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The force of F = 50 N is applied to the cord when s = 2 m. If the 6-kg collar is originally 
at rest, determine its velocity at s = 0. Neglect friction.
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The force of F = 50 N is applied to the cord when s = 2 m. If the 6-kg collar is originally 
at rest, determine its velocity at s = 0. Neglect friction.
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The force of F = 50 N is applied to the cord when s = 2 m. If the 6-kg collar is originally 
at rest, determine its velocity at s = 0. Neglect friction.
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If the cord is subjected to a constant force of F = 300 N and the 15-kg smooth collar 
starts from rest at A, determine the velocity of the collar when it reaches point B.
Neglect the size of the pulley.
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If the cord is subjected to a constant force of F = 300 N and the 15-kg smooth collar 
starts from rest at A, determine the velocity of the collar when it reaches point B.
Neglect the size of the pulley.



EX5:

CH14 : KINETICS OF A PARTICLE WORK AND ENERGY 32

If the cord is subjected to a constant force of F = 300 N and the 15-kg smooth collar 
starts from rest at A, determine the velocity of the collar when it reaches point B.
Neglect the size of the pulley.

Principle of Work and Energy: only N does no work since it always acts 

perpendicular to the motion. When the collar moves from position A to B

  W displaces vertically upward a distance:                h = 0.3+0.2 = 0.5 m
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The 8-kg block is moving with an initial speed of 5 m>s. If the coefficient of kinetic 
friction between the block and plane is 𝜇𝑘= 0.25, determine the compression in the 
spring when the block momentarily stops.
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The 8-kg block is moving with an initial speed of 5 m>s. If the coefficient of kinetic 
friction between the block and plane is 𝜇𝑘= 0.25, determine the compression in the 
spring when the block momentarily stops.
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The 8-kg block is moving with an initial speed of 5 m>s. If the coefficient of kinetic 
friction between the block and plane is 𝜇𝑘= 0.25, determine the compression in the 
spring when the block momentarily stops.
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The 5-lb cylinder is falling from A with a speed vA = 10 ft>s onto the platform. 
Determine the maximum displacement of the platform, caused by the collision. The 
spring has an unstretched length of 1.75 ft and is originally kept in compression by 
the 1-ft long cables attached to the platform. Neglect the mass of the platform and 
spring and any energy lost during the collision.
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The 25-lb block has an initial speed of v0 = 10 ft/s when it is midway between springs 
A and B. After striking spring B, it rebounds and slides across the horizontal plane
toward spring A, etc. If the coefficient of kinetic friction between the plane and the 
block is 𝜇𝑘 = 0.4, determine the total distance traveled by the block before it comes to 
rest.
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The 25-lb block has an initial speed of v0 = 10 ft/s when it is midway between springs 
A and B. After striking spring B, it rebounds and slides across the horizontal plane
toward spring A, etc. If the coefficient of kinetic friction between the plane and the 
block is 𝜇𝑘 = 0.4, determine the total distance traveled by the block before it comes to 
rest.
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Objectives:

▪To develop the principle of linear impulse and momentum for a particle and apply it to 

solve   

    problems that involve force, velocity and time.

▪To study the conservation of linear momentum for particles.

▪To analyze the mechanics of impact.

▪To introduce the concept of angular impulse and momentum.

▪To solve problems involving steady fluid streams and propulsion with variable mass.
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In this section we will integrate the equation of motion with respect 
to time and thereby obtain the principle of impulse and 
momentum. The resulting equation will be useful for solving 
problems involving force, velocity, and time.

where a and v are both measured from an inertial frame of 
reference. Rearranging the terms and integrating between the limits 
v = v1 at t = t1 and v = v2 at t = t2 , we have
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This equation is referred to as the principle of linear impulse and
momentum.

It provides a direct means of obtaining the particle’s final velocity v2 after a specified 
time period when the particle’s initial velocity is known and the forces acting on the 
particle are either constant or can be expressed as functions of time.
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Linear Momentum.  L = mv     particle’s linear momentum.  (kg.m/s, or slug .ft/s.)
Since m is a positive scalar, the linear-momentum vector has the same direction as v.

Linear Impulse. The integral I = ׬𝑡1
𝑡2 𝐹 dt                 the linear impulse.  (N . s  or  lb . s)

This term is a vector quantity, the impulse acts in the same direction as the force.
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Principle of Linear Impulse and Momentum: The initial momentum of the particle at 
time t1 plus the sum of all the impulses applied to the particle from t1 to t2 is equivalent
to the final momentum of the particle at time t2
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Procedure for Analysis: 
Free-Body Diagram.
▪  Establish the x, y, z inertial frame of reference and draw the particle’s free-body diagram to 

account for all the forces that produce impulses on the particle.
▪ The direction and sense of the particle’s initial and final velocities
     should be established.
▪ If a vector is unknown, assume that the sense of its components is in the direction of the positive 

inertial coordinate(s).
Principle of Impulse and Momentum.
▪ In accordance with the established coordinate system, apply the principle of linear impulse and 

momentum, 
▪ If motion occurs in the x–y plane, the two-scalar component equations can be formulated by 

either resolving the vector components of F from the free-body diagram, or by using the data on 
the impulse and momentum diagrams.

▪ Realize that every force acting on the particle’s free-body diagram will create an impulse, even 
though some of these forces will do no work.

▪ Forces that are functions of time must be integrated to obtain the impulse. Graphically, the 
impulse is equal to the area under th force–time curve.



Ex:1
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The 100-kg crate shown is originally at rest on the 
smooth horizontal surface. If a towing force of 200 N, 
acting at an angle of 45°, is applied for 10 s, determine 
the final velocity and the normal force which the surface 
exerts on the crate during this time interval.
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The 100-kg crate shown is originally at rest on the 
smooth horizontal surface. If a towing force of 200 N, 
acting at an angle of 45°, is applied for 10 s, determine 
the final velocity and the normal force which the surface 
exerts on the crate during this time interval.
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The 100-kg crate shown is originally at rest on the 
smooth horizontal surface. If a towing force of 200 N, 
acting at an angle of 45°, is applied for 10 s, determine 
the final velocity and the normal force which the surface 
exerts on the crate during this time interval.
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The 100-kg crate shown is originally at rest on the smooth horizontal 
surface. If a towing force of 200 N, acting at an angle of 45°, is applied for 
10 s, determine the final velocity and the normal force which the surface 
exerts on the crate during this time interval.
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The 50-lb crate shown in is acted upon by a force having a variable 
magnitude P = (20t) lb, where t is in seconds. Determine the 
crate’s velocity 2 s after P has been applied. The initial velocity is 
v1 = 3 ft/s down the plane, and the coefficient of kinetic friction 
between the crate and the plane is μk = 0.3.



Ex:2

CH15 : KINETICS OF A PARTICLE: IMPULSE AND MOMENTUM 13

The 50-lb crate shown in is acted upon by a force having a variable magnitude P 
= (20t) lb, where t is in seconds. Determine the crate’s velocity 2 s after P has 
been applied. The initial velocity is v1 = 3 ft/s down the plane, and the 
coefficient of kinetic friction between the crate and the plane is μk = 0.3.
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The 50-lb crate shown in is acted upon by a force having a variable 
magnitude P = (20t) lb, where t is in seconds. Determine the crate’s 
velocity 2 s after P has been applied. The initial velocity is v1 = 3 ft/s 
down the plane, and the coefficient of kinetic friction between the crate 
and the plane is μk = 0.3.
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Crates A and B weigh 100 lb and 50 lb, 
respectively. If they start from rest, determine their 
speed when t = 5 s. Also, find the force exerted by 
crate A on crate B during the motion. The 
coefficient of kinetic friction between the crates and 
the ground is μk = 0.25.
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Crates A and B weigh 100 lb and 50 lb, 
respectively. If they start from rest, determine their 
speed when t = 5 s. Also, find the force exerted by 
crate A on crate B during the motion. The 
coefficient of kinetic friction between the crates and 
the ground is μk = 0.25.
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Crates A and B weigh 100 lb and 50 lb, 
respectively. If they start from rest, determine their 
speed when t = 5 s. Also, find the force exerted by 
crate A on crate B during the motion. The 
coefficient of kinetic friction between the crates and 
the ground is μk = 0.25.
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Crates A and B weigh 100 lb and 50 lb, respectively. If they start from rest, 
determine their speed when t = 5 s. Also, find the force exerted by crate A 
on crate B during the motion. The coefficient of kinetic friction between the 
crates and the ground is μk = 0.25.
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The 200-kg crate rests on the ground for which the coefficients of static and 
kinetic friction are μs = 0.5 and μk = 0.4, respectively. The winch delivers a 
horizontal towing force T to its cable at A which varies as shown in the 
graph. Determine the speed of the crate when t = 4 s. Originally the 
tension in the cable is zero.
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The 200-kg crate rests on the ground for which the coefficients of static and 
kinetic friction are μs = 0.5 and μk = 0.4, respectively. The winch delivers a 
horizontal towing force T to its cable at A which varies as shown in the 
graph. Determine the speed of the crate when t = 4 s. Originally the 
tension in the cable is zero.
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The 200-kg crate rests on the ground for which the coefficients of static and 
kinetic friction are μs = 0.5 and μk = 0.4, respectively. The winch delivers a 
horizontal towing force T to its cable at A which varies as shown in the 
graph. Determine the speed of the crate when t = 4 s. Originally the 
tension in the cable is zero.
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The 200-kg crate rests on the ground for which the coefficients of static and 
kinetic friction are μs = 0.5 and μk = 0.4, respectively. The winch delivers a 
horizontal towing force T to its cable at A which varies as shown in the 
graph. Determine the speed of the crate when t = 4 s. Originally the 
tension in the cable is zero.
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The 2.5-Mg van is traveling with a speed of 100 km/h
when the brakes are applied and all four wheels lock. If the
speed decreases to 40 km/h in 5 s, determine the coefficient
of kinetic friction between the tires and the road.
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The 2.5-Mg van is traveling with a speed of 100 km/h
when the brakes are applied and all four wheels lock. If the
speed decreases to 40 km>h in 5 s, determine the coefficient
of kinetic friction between the tires and the road.
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The 2.5-Mg van is traveling with a speed of 100 km/h
when the brakes are applied and all four wheels lock. If the
speed decreases to 40 km>h in 5 s, determine the coefficient
of kinetic friction between the tires and the road.
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For a short period of time, the frictional driving
force acting on the wheels of the 2.5-Mg van is FD = (600t2) N,
where t is in seconds. If the van has a speed of 20 km/h when
t = 0, determine its speed when t = 5 s.
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For a short period of time, the frictional driving
force acting on the wheels of the 2.5-Mg van is FD = (600t2) N,
where t is in seconds. If the van has a speed of 20 km/h when
t = 0, determine its speed when t = 5 s.
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For a short period of time, the frictional driving
force acting on the wheels of the 2.5-Mg van is FD = (600t2) N,
where t is in seconds. If the van has a speed of 20 km/h when
t = 0, determine its speed when t = 5 s.
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The towing force acting on the 400-kg safe varies as shown on the graph. Determine 
its speed, starting from rest, when t = 8 s. How far has it traveled during this time?



Ex: 7

CH15 : KINETICS OF A PARTICLE: IMPULSE AND MOMENTUM 30

The towing force acting on the 400-kg safe varies as shown on the graph. Determine 
its speed, starting from rest, when t = 8 s. How far has it traveled during this time?
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The towing force acting on the 400-kg safe varies as shown on the graph. Determine 
its speed, starting from rest, when t = 8 s. How far has it traveled during this time?
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The towing force acting on the 400-kg safe varies as shown on the graph. Determine 
its speed, starting from rest, when t = 8 s. How far has it traveled during this time?
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The initially stationary 20-kg block is subjected to the time-varying horizontal force 
whose magnitude P is shown in the plot. Note that the force is zero for all times
greater than 3 s. Determine the time ts at which the block comes to rest.



Ex:9

CH15 : KINETICS OF A PARTICLE: IMPULSE AND MOMENTUM 34

The initially stationary 20-kg block is subjected to the time-varying horizontal force 
whose magnitude P is shown in the plot. Note that the force is zero for all times greater 
than 3 s. Determine the time t at which the block comes to rest.
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