Integration Techniques

I) Antiderivatives and Indefinite Integrals
Definition 1.1 A function F 15 called an antiderivative of f on an interval 7 if
Fr{x} = fix) forevery x < I
Example 1.1

(1) Let F(x) =x>+3x+ 1 and fix) = 2x+3.
Since F (x) = f(x). then the function F(x) is an antiderivative of f{x).
(2) Let Gix)=sinx+xand g(x)=cos x+ 1.
Since G (x) = cos x+ 1, then the function G{x) is an antiderivative of g(x).

Definition 1.2 Let f be a continuous function on an interval 7. The indefinite integral of f is the general antiderivative of f on I:
[f(x) dv=F(x)+c.

The function f is called the integrand, the symbol / 15 the tntegral sign, x is called the variable of the integration and c is the
constant of the integration.

Now, by using the previous definition, the general antiderivatives in Example 1.1 are

1 Jf[zr+3;| dex=x*+3x+c.
2 f[CDS x+1)de=sinx+x+c

Basic Integration Rules

B Ruke 1: Power of x.

%x’”’l =(n+1)", so f[rr+ 12" dr ="+ e

Generally, forn £ —1,

In words, to integrate the function x", we add 1 to the power and divide the function by n+ 1. If n = 1, we have a special case

fldx=.t+c.



M Rule 2: Trigonometric functions.

Therefore, fsin xdx = —C0s x4+ C.

o .
J_SIH X =C08 x, S50 fC'D'S xdfx=5N x+c
T

o . .
d—cn5x=—5mx, S0 f—sm xdx=0C08 x4
X

The other trigonometric functions with the previous rules are listed in the following table:

[ Indefinite Integral D

AN
\ Derivative \
/

(x)=1

= =

i
() =x"n# -1

= =

(sin x) = cos x

= =

(—cos x)=sinx

Bym

(tan x) = sec? x

=

(—cot x) =csc? x

Bm

(sec x) =sec x tan x

= =

(—csc x) =csc x cot x

=3 =

ldx=x+c

no. !

¥ odx= H—H+c
cos xdx=sinx+c

siNxdr=—cosx+c¢

,
" xdr=tanx+c V

5
C5C* xdx=—colx+c \I//
sec x tan x dx =sec x+c /
Cscx colxdy=—C8C x+¢

Example 1.4 Evaluate the integral.

Solution:

(1) [x_i dx = IT;--I-E' = _F]' +c.

1
(2) [ dx = [EJ.":E:E xdx=1an x+c.

cos? x

gpp= ]
T x = I o 1

(5eC X
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Theorem 1.2 Assume f and g have antiderivatives on an interval 7, then
o :
1. Efﬁx} dx — fix).
2 fi{F(r}}dr=F[r}+c.
ol i i )

3 [ (s +a) dx= [ i) ax+ [ alx) dx.

4. fkj'[x} dx = .{-fj'(_t} dx, where k£ 1s a constant
Example 1.5 Ewvaluate the integral.

(1) f(4x+ 3) dx
(2) f[z sin x + 3Cc08 x) dx
(3) f[-._.-’_?+5a:2 x) dx

d

(4) fE{sm x) d

5) if-,..-"'x+ T dx
dx

Solution:
(1) f[4x+3;|dx=—4§+3x—.:=1r2+3x+c_
(2) f[?sin x+3c08 x) de = —2cos x+ 3s5in x+c.
(3) f[g’_?+5ec3 x}dx=§§z+lanx+c=?'—r_q,i+tﬂnx—c.
(4) f%{sin x) dx — sin x4 c.

o
(5) Efﬁ.-"x+]d_r=1...-'x—l.

Example 16 If f ) dr==2 4+ ¢y and f ole)d =t v+ 3, find [ (310 - X)) d

Solution;

From the thirdand fourth properts, / (310 - Jg)) do=3 [ i) dr-2 [ oft) dy = 322~ tan x-+ ., where ¢ = 3y - oy



I1) Integration by Substitution

Theorem 1.3 Let g be a differentiable function on an mierval I where the dervatwve s continuous. Le £ be contimuous on the
interval J contains the range of the function g. If F 15 an antidersvatve of the function f on J, (hen

[t =P <, s
Example 1.10 Evaluate the integral [ (e +1) dr.

Solution;

We can use the previous theorem as follows:

let f(x) = and g(x) =x"+ 1, then f(g(x)) = (x+1)°. Since g (x) = 2x, then from Theorem 1.3, we have

2, 1\
fll'{xl—ljlsdl'={x :1) tc.
—1

Example 1.12 Evaluate the imegralf o i_jt_ B dx.

Solution:
Letu—=r —3x+ 1. then du = 3(_1—} — 1} dx. By substitution, we have
1 6 1 1 —1
— = = — _ e
3.[” R Y 7 B 17 g ey b B

Corollary 1.1 Ifjlrf[x]l dx = F(x) + c, then for amy a # 0,

jrj'[mr:l:b]- dx = %F[Eﬂ.’ +b)+c.



Example 1.13 Ewvaluate the integral.

(1) fﬁfizr—ﬁdx (2) fms (3x 4+ 4) dx

Solution:

From Corollary 1.1, we have
(1) fvlt—ﬁdx — %&3_—5-__;3—:+c _ (Ex—5p7 + c.
(2) fc-:s. (3x +4) dx — Lsin (3x +4) + c.

I11) Integration by Parts

Integration by parts 1s a method to transfer the original integral to an easier one that can be evaluated. Practically, the integration by parts
divides the original integral into two parts u and dv, then we find the du by deriving u and v by integrating dv.

Theorem 5.1 If u= f{x) and v = g(x) such that {" and g" are continuous, then

fum’:uv—/vdu.

Example 5.1 Evaluate the integral [ x €08 x dr.

Solution:
LetI = | x cos x dx. Let u = x and dv = cos x dx. Hence,

Try to choose
u=cos xand dv=xdx
Do you have the same result?

W= x=du=dx,

dv=cos xdr=v= [cns x dx = sin x.
From Theorem 5.1, we have

I=xsinx— [Sin xdx=x 5N x+Ccos x+c.

Example 5.2 Evaluate the integral f xé dr.

Solution;
Letl= [ x & dv. Letu =x and dv = ¢* dx. Hence, Try to choose u = ¢* and dv =x dx
. We will obtain
U=x=du=dx, i ;f‘—f;f‘dr.

dv=€rdx=}-v=fe‘rdx=fr. 2
However, the integral f ?E’t dr is more

From Theorem 5.1, we have difficult than the original one [ xe® dx.

I=.1'Er—[cfr dr=xé —¢& +c.




Example 5.2 Evaluate the integral J,‘rlnx dx.

Solution: Letd = J'l‘rlrl_vr dx. Let w = Inx and ov = ox. Hence,

1
u=Inxr = du = — dx
x

dr=dx=‘n—r=f]dx=x.

) 1
meTha:rremS.Lwe-:rbtamf=_r]nx—fx— ir=x]nx—f|dx=xlnx—x+c'.
x

Example 5.4 Evaluate the integral j ¢ c0s x d.
Solution: Let] = / ¢"cos xdx. Letu= ¢ and dv=cos x d.

u=¢ = du=¢"dr,

dv=cus.rdx:-r=[cns:rdr=sinx.

HEIIEEJ=EISiIIx—[ErSinIdx.

The integral [ ¢"sin x dx cannot be evaluated. Therefore, we use the integration by parts again where we assume J = [ ¢'sin xd. Let
u=¢ and dv=sin x dx. Hence,

u=¢=du=¢ dr,

dr=sinxdx:-v=/sinxdx=—cus.r.

Hence, J = —¢"cos x4 [ ¢" cos xdx. By substituting the result of J into I, we have

[=ésinx-J
=EI5iHI—fICDEI—[fICDSIdI
This implies

2 =¢"sin I+EIEEIE-I=}I=%[EISiHI—E’ICDS I}#IEIEDEI&’I= gisinx—cns x)+e.



Example 5.6 Evaluate the integral ),‘;]' tan~ ! x dx.

Solution:
Leti = flan—] vdv. Letu=tan—! x and dv = dx. Hence,

-1

= tan t;‘—dﬂ——-g.—dr,

“4+1
dv=dr=v= [1d.‘l’=.‘l’.

By applying Theorem 5.1, we oblain

etan—! o [ o tan—"x— Linte® 4
I=xtan™ " x .[mdx xtan” ' x 21I|[.1c 1) +c.

Therefore,

1 1 1 1 1 o
—1 _ -1 * 2, _ —1 . T - _r
L tan~! xdx = [ tan~! S Inx 1)]u (tan~"(1) — 53 n2) — (0~ 5in1) = 7 ~Inv2

V1) Integrals of Rational Functions

In this section, we study rational functions of form g(x) = —':— where f{x) and g(x) are polynomials. The previous techniques are not

suitable o evaluate some integrals that consist of rational funclmns. Therefore, we need to introduce a new technique to integrate the
rational functions. This technique 1s called decomposition of rational functions into a sum of partial fractions.
The practical steps to evaluate integrals of the rational functions can be summarized as follows:

» Siep 1: If the degree of g(x) is less than the degree of f{x), we do polynomial long-division; otherwise we move to step 2.

From the long division shown on the right side, we hix)
have ) . glx) ) fix)
X rix -
I=—=hlx)+—.
0= ="
where h(x) 1s the quotient and r(x) 1s the remainder. rlx)

» Step 20 Factor the denominator g(x) into irreducible polynomials where the factors are either linear or trreducible quadratic
fate |
polynomials.

» Siep 3 Find the partial fraction decomposition. This siep depends on the result of siep 2 where the fraction —[U or '—H can be
written as a sum of partial fractions:
qlx) = Pi(x) + Pylx) 4 P3(x) + ... + Falx) ,
each P(x) = 'IE?W n€NorAx) = ﬁ%ﬁ*ﬁ if b* — dac < 0. The constants A, and By are real numbers and computed
later.

» Siep 4 Integrate the result of step 3.



Example 5.12 Evaluate the integral [ —-}m dx.

Solution:
Step 1: This step can be skipped since the degree of f(x) = x+ 1 is less than the degree of g(x) =x* —2x— &
Step 2: Factor the denominator g(x) into irreducible polynomials

glx) =x* —2x—8=(x+2){x—4).

Step 3: Find the partial fraction decomposition.

x+1 A B _,4.1'—444—.&1'—13
2_%-8 x+2 x-4  (x+2)x—4)

We need to find the constants A and B. )
[Nustration

) Multiply eguation Ir’?‘ by 4 and add the
Coefficients of the numerators: Py equation’,_J

result to equation | I'f_\'
a+8=1-(D) U 4B =4
—4a+28=1-02) ~4+28=1
By doing some calculation, we obtain A = é and B = %. o _6;_ ;_ R

Step 4: Integrate the result of step 3.

x+1 1/6 5/6 , 1 5
[md f dx +[ Eln|x+2|+Eln|x—4 +c.

3 a2 185y
Example 5.13 Evaluate the integral f i sl B dx.
24342

Solution:

Step 1 Do the polynomaal long—division.

Since the degrese of the denominator gix) is less than the degres of
the nemerator fix), we do ithe polynomiial long-division given omn
the right side. Then. we hawe

11lx + 25
gilx} = (2 — 10) + o y——

Step 2: Factor the denominator g(x) into irreducible polynomials
glx) =x" +3x+2=(x+1)(x+2).

Step 3: Find the partial fraction decomposition.

11x+25 A B Av+24+Bx+B
——— = (-0 +—+ = (- 10)+ Y

iilI:'T}:{h_]I:l]'_1r3+_’:.vr+1_ x+1 7 x+2

We need to find the constants A and B.



Coefficients of the numerators:

A+B=11-(1)

Mustration
i Ty
~2x()+(2)

—24—28=-22
24+B=125(2) o n o
By doing some calculation, we have A = 4and 8=-3. T oo~
-8=3

Step 4: Integrate the result of step 3.

14 3
[ayax= [e-10yav+ [ — axer [ = ax
—x? —10x+14In|x+ 1| —3In |x+2 | +c.

Example 5.14 Evaluate the integral f 1r+ ]m ?;JT.
T

Solution:

Steps 1 and 2 can be skipped in this example.

Step 3: Find the partial fraction decomposition.
Since the denominator g(x) has repeated factors, then

W-d-B A B € AN -&-5)+B-5)+ 0+ 2+

IS R Py A =)
Coefficients of the numerators; S
A—C=?—}® w("ﬂ“u ﬁ}
~4+B+20=-25-(2) 25+ 1 =158 ()
“a-58+0=-3-()) 5x(1D)+(4)

_ _ 360 = —108= €= -3
By solving the system of equations, we haveA =5, B=land C=-3.

Step 4: Integrate the result of step 3.

2l —25:—33 5 I -3
dyr= | — dv+ | ——= d. — .
f(x+1}1(x-5} * fx—1 * .[[x-n? T+fx—5 )

S [x+ 1 —[(x+1}-3dx—3m x5

1
=5I|x+1|———3I|x—5 | +e.
| i) |



41
Example 5.15 Evaluate the inte alJ,Ir—.ir.
p eral [ ———

Solution:
Sieps | and 2 can be skipped in this example.
Siep 3: Find the partial fraction decomposition.

x+1
o{x? 1)
Coefficients of the numerators:
Wehave A=1. A= —land C= L.
Siep 4 Infegrate the result of step 5.
x+1
xlxr + 1)

+C A A+ B4 Cx
1 oxl = 1)

o [ [ 2L
=m|:|—f;!ﬁdr+f}!%dr

|
=In |x | —Eln{rz+ 1) +tan—! x+c.

V) Integration of Powers of Trigonometric Functions

Example 5.7 Evaluate the integral.

(1) fsinj xdx

(2) fﬂﬂs4 xdx

(3 fsm x cost xdx

(4) fsiI'lE x cost xdx



Solution:
- . . P . .
(1) Write sin” x = sin® x sin x = (1 —cos? x) sin x. Hence,

fsin3 xdx = [[] — cos” x) sin x dx.

Let u = cos x, then du = — sin x dx. By substitution, we have
w
—[{I—nzjdu= —u+ = +c.
: 3
This implies
[sin3 = ! cos®
x dx = —Cos x+§cns X+

(2) Write cos® x = (cos? x)? = (122202 Hence,

.[CEE“ .tdx=f£1_c—gsh)z dx

= %f[] +2c0s 2x+cos” 2x) dx

1 2
—E(f]dx—flcnslrdr—.[cns lrcir)

1 1
— H(I_Ein 1T+E [{I +cos dx) d.t)

1 . 1 sin 4x
= E(x—sm 2x+ E(-H' 1 :I] +r.

(3) Write sin® x cos? x = sin® x cos* x sin x= (1—cos? x)* cos* x sin x.

Let u = cos x, then du = —sin x dy. Thus, the integral becomes

w2 W

—[{I — )t du = —[{u4—2uﬁ+n3]ldu = —[?— T-l_?] +c.

Jeos 1 cos’ X

This implies _[sinE x cos? xdx = —ﬂﬁ;—x L e s

(4) The integrand sin® x cos® x = (1=ege 2y Legs Iy _ Tooow & sim & _ 1ploeos dn) Hepce,

- -

. 3 7 1 1 sin 4x
fsm X COS 'de:E[[]_m54'T]d'T=§['T_ 1 )+e.




Integration of Forms sin wx cos vx, sin ux sin vr and cos wx cos vx

We deal with these integrals by using the following formulas:

SN 1y COS vy = {Sin (u—v)x+sin (u+v) x)

sin ux sin vx = = (€08 (u—v) x—cos (u+v)x)

b — b2l = pa—

coS ux ¢08 wr = (€08 (u—v)x+cos (utv) x)

Example 5.10 Evaluate the integral.

(1) f sin 5x sin 3r dx (3) f cos 5x sin 2x dx
(2) fsin Tx cos 2x dx (4) fcns fx cos dx dx
Solution:

i1} From the previous formulas, we have sin Sx sin 3x = %{cus 2x —cos Ex]. Hence,

fsin Sx sin 3x dx = %f[cns 2x —cos 8x) dx

= %ﬁin lt—%ﬁil] Bx 4.

(2) Since sin Tx cos 2x — 3 (sin 5x+sin 9x), then

1
[ain Tx cos 2y dy = Ef{sin 3x +sin 9x) dx

1 1
= —ﬁcﬂs 5x — ﬁcns Ox +c.

(3) Since cos 5x sin 2x = %{sin 3x+sin Tx). then

/ms Sy sin 2 d — % f[sin 3x + sin Tx) dx

1

1
= _ECDS 3x— H-::ns Tx+ec.

(4) Since cos 6x cos 4dx = %[cns 2x + cos lll}x], then

fn:us 6x cos dx dy = %[{cus 2x+cos 10x) dx

1 . 1 .
=Esm 1T+ESII'I 10x +c.



VI) Trigonometric Substitutions

In this section, we are going to study integrals containing the following expressions va? —x7, v/ + % and Va2 —a? where a = 0. To
oet rid of the square roots, we convert them using substitutions involving trigonometric functions. In the following, we explain the
conversion of the square roots:

B I=acosBifx=asin.

If x=a sin O where 8 € [-1/2,7/2], then
v{ﬂl—xz = \/ui_ﬁlsmlg X

= /a*(1-sin’ 8)

= /gl cosl
=y a-cos- 8 L

=a cos 6.
If the expression v/a” - is in a denominator, then we assume —F < 8 < J.

BVl =asechifx=atan .
If x=a tan B where 8 € (—1/2,1/2), then

\/f13+.r3 = \/HE+H1|,EI139 P

=/ a¥(1+1an? B)
=V atsec? 8 a

=g sec 0.

B2 —af =atan Bif x = asec 0.

If x = a sec @ where 8 € [0,%/2)U [r,3n/2), then
\/Iz—ﬂ1=\//{125ﬁ.‘3 B—a’ T u

—1/a*(sect B-1)
—Valtan? 0 4

=g lan .




The previous discussion can be summarized in the following table:

Expression Substitution Identity

Va7 r=asin®, -F<8<3 1 —sin® 8 =cos’ @
Vat +x7 x=alan, —F<B8<3 l+tan’ B =sec? @
Vil —al x=asech, DgB«::%urn*‘_:Ehz:%_’l sin? 8 — 1 =tan® @

Example 5.11 Evaluate the integral.
3
) [ dr
v1—x=

(2) 'T__zjd-
Sy T

3) f Vil 19 dx

Solution:
(1) Letx =sin @where ® € (—x/2,m/2), thus dx = cos 8 40. By substitution, we have

?
x sin®
— dx= [ cm; B 48
[ V1 —x= . 1.,,-“] — sin-
[ sin® Bcos EI
B cos @ i
- [ sin @ 4o *

=%[(1—cus 26) o

PR
=§{Ei—;sm bEi}+a:
=%{B—Sinﬂcus B) +ec.

MNow, we must return to the original variable x:

1 . T
x = j[ﬁm‘1 x—xv1-x2)+e

(2) Letx=3 sec 0 where 0 € [0,1/2) U[r,3n/2), thus dx = 5 sec 6 tan 8 6. After substitution, the integral becomes



5 sect -15 | rtan’ g
jwﬂ—ﬁmcﬂtanﬂdrﬂ:E/de — x
] ’ Wﬁ [
= /sin2 B cos B db .
=%sin5 B+e, j

return to the original variable x;

I ! e/l
/ -1 0 (-1}
v T5r

Hence,

[ﬂ\/;?-_zs 1¢jx?-,5)3.-"1r |
j

d.=—. ==
0 TTJ R

(3) Letx="3tan S where® € (~n/2m/2). This implies d = 3sec” 6 . By substituton, we have

/ x9+9a‘x=/ Otan? §+9 (3sec” 6) df

w0
g X
= >(se0 8 an B-+1n|sec B+tan )
This implies ]
- N AT
[ﬂdﬂr—j( — DH.




VII) Improper Integrals
In this section, we deal with integrals over infinite itervals or with integrals that involve discontinuous integrands. In such cases, the
integrals are called improper.

b
Definition 6.2 The integral [ flx) dx 1s called a proper integral if

L. the interval |a, b] is finite and closed, and

2. f(x) is defined on a, B].

If condition 1 or 2 is not satisfied, the integral is improper. In the following, we discuss the improper integrals.

Infinite Intervals

0] h — i)
In this section, we study integrals of forms [ flx) dx, [ flx) dx, [ flx) dx where f is a continuous function.
< S — i o)

Definition 6.3 .
. Let f be a continuous function on |a,e). The improper integral [ flx) dx 1s defined as follows:
4

[ f(x)dx=tim [ £(x) dx if the limit exists.
4

1= fg

b
2. Let f be a continuous function on (—oe, b|. The improper integral |  f(x) dx is defined as follows:

o =

b b
f f(x)dv— lim [ f(x) dx if the Timit exists
i Jr

[——u0

The previous integrals are convergent (or to converge) 1f the limit exists as a finite number. However, if the limit does not
exist or equals +oo, the integral is called divergent (or to diverge).

o

3. Let f be a continuous function on B and a £ B. The improper integral |  f(x) dx 15 defined as follows:

— ]

f T di= [ ) et [ " fx) d.

The integral 15 convergent if both integrals on the right side are convergent; otherwise the integral 1s divergent.




Note:
1. If an improper integral is convergent, the value of the integral is the value of the limit.
2. If both integrals in item 3 converge, then the value of the improper integral is the sum of values of the two integrals.

Example 6.5 Determine whether the integral converges or diverges.

=] x =
1 f L ) f L 3 [ .
[. ] {T+2}|3 g { . A0 ]+.T' dx l:. } — ].—."I.'E d
Sulutiun:m ] e
The mtegral

| ! , -1 s 1 1
= AN = | —— = —| — — —
fu[x-z)?f“ fu{'““} ‘“ L-z]u (277

Thus,

Y . 1 1 1 1
1 dy=—1 )= (0 =) ==
lmfﬂ ¥ im ( 2) ( 2]-

e fy r 22 T st

This implies that the integral converges and has the value %

(L) T ) T
(2) dy = lim f dx.
o 1+xl 1= fg |4+ x2

The integral
T ox 1 27" B 1 7 1 B 1 7
fn e i[lm(l +x }]D_ Sin(1+8) = 3In(1) = 3In(1+1%)
Thus,
: X 1. 7
,IL.“E;./E: ]-|-—1-3 dx = E:]lﬂ!c-m(l +—1i ]I = ¥,
The improper integral diverges.

= ] . I . |
(3) f dx= lim [ﬂ dx+ lim [ dx.
i t——ofy 1+x2 pareey [/ TR

1
We know Lhatfm dx — tan—! X+ ¢, 50

. 1 . ; _ ] . -
lim — dx+ lim = = lim [[]—Lan l[fj + lim |tan 11—0]
r——e fp I—|—t r—ee fif ]+_'|_'— F——o = [—oo
— — lim tan~ ' ¢+ limtan~" ¢
§— — o j———
( 11} bt
=—(—5)+5=m
2 2

The integral is convergent and has the value w.



Discontinuous Integrands

Definition 6.4

L. If f is continuous on |a, b) and has an infinite discontinuity at bie., lim f(x) = oo, then
I—

b
[ £(x)dx=lim f £(x) dx i the fimit exists.
Jd 1—+b-Jg

2. If £ is continuous on (a. b and has an infinite discontinuity ataie., im f(x) = 4, then
' 1—at

b i
[ £(x) dr= lim [ £(x) dx if the limit exists.
4 o

1=t

Initems 1 and 2, the integral is convergent if the limit exists as a finite number; otherwise the integral s divergent.

b
3. 1f f is continuous on [a, b exceptal ¢ € (a,b) such that limi flx) = oo, the improper integral [ flx) dx is defined as
I—= i
follows:

]:}f(ﬂ dr = ./';Ej'[x} de+ [:ﬂf[x} dr.

The integral 1s convergent if both integrals on the right side are convergent; otherwise the integral s divergent.

Example 6.6 Determine whether the integral converges or diverges.

1 1 cosx I
(1) f dx (2) [ _ d (3) [ dx
0 [4-1}% Jo y/sinx J3xt
Solution:
(1) Since IiT H—lr=mand the integrand is continuous on [0,4), then from Definition 6.4,
I—+ -1)1
1 . . _3 .
- dv = lim f (4—x)"Tdx llustration
0 (4-x)7 1—+4-J0
. 2 I [ 1
=11n1[ ] W) = — [~ 4y
=4 Ly/d—xl0 ; /
. 2 Ad-x 4
= lim ( - ]] ;
1—+4 4t £ _ic

Thus, the integral diverges.

(2) The limit ]inﬂlI f,-'i% = oo and the integrand is continuous on (0, 3, thus
a0t W



1' . 71' EDST

lustration
S10 X Hﬂ' 5N x
=1 linll ["*Sm -T] [ kE dx [ cos x sin % xdr
10 ! I sinx
. 1 : T
=2 1lim (— — /8N rj 2sm S x+tc
1= {'@
2
4_'
. ﬂ 1
The integral converges and has the value il
(3) Since |III'i 7= 1im L = oo and the integrand is continuous on [~3,0) L (0, 1, then
1 -0t
W
I 01 I
SFHIT— —Iif.'l'— . Tdt :r'—f'[!:I—Il
lim s
HE" /‘E;E-I-Hﬂl [ = —

—-tm[;] - ,aw{l]]
I

i [y+5]- g -]

=,

The integral diverges.

Figure 6.1



