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PATTERN RECOGNITION

“* Typical application areas
» Machine vision
» Character recognition (OCR)
» Computer aided diagnosis
» Speech recognition
> Face recognition
» Biometrics
» Image Data Base retrieval
» Data mining
» Bionformatics

“* The task: Assign unknown objects - patterns - into the
correct class. This is known as classification.



* Features: These are measurable quantities obtained
from the patterns, and the classification task is based on

their respective values.

“*Feature vectors: A number of features
xl ,. [ I ] , XI ,

constitute the feature vector
T
X I[xl,...,xl] R’

Feature vectors are treated as random vectors.



An example:




“* The classifier consists of a set of functions, whose
values, compXited at , determine the class to which
the corresponding pattern belongs

** Classification system overview
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* Supervised - unsupervised pattern recognition:
The two major directions

» Supervised: Patterns whose class is known a-priori
are used for training.

» Unsupervised: The number of classes is (in
general) unknown and no training patterns are
available.



CLASSIFIERS BASED ON BAYES DECISION
THEORY

“* Statistical nature of feature vectors

il /I
x _I:x],xZ,...,xl:I

“* Assign the pattern represented by feature vector
to the most probable of the available classes

Wy, W5 ..., W,

ThatisX — @, :P(a)l.|§)
maximum



** Computation of a-posteriori probabilities
» Assume known
* a-priori probabilities

P(,), P(,).... P(,))

. plxlw),i =12..M

This is also known as the likelihood of
X wr. o ..



> The Bayes rule (M=2)

p(X)P(w,)x) = p(x|w) P(w,) =

p(l‘a)i )P(w,)

P(w,;|x) = T

where

p(x) =Z p(x|w)P(w,)



“* The Bayes classification rule (for two classes M=2)
> Given gjassify it according to the rule

If P(wx)>P(w,)x) x— o,
If P(w,|x)>P(w,)x) x— o,

» Equivalently: classify according to the rule
X

p(xja,) P(w,)(><) p(x|o,) P(w,)

» For equiprobable classes the test becomes

p()_c‘a)l )(><)P()_C‘w2)

10



p(x|w)

Ly

R(~ @) andR,(> w,)
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** Equivalently in words: Divide space in two regions

I[f xER, = xmm o,

If xER, = x1nw,

* Probability of error
> Total shaded area

- 3= fp(x‘wz Jdx + fp(x‘wz )dx

** Bayesian classifier is OPTIMAL with respect to

minimising the classification error probability!!!!
12



p(x|w)

» Indeed: M

R,
ov

X

|ng the threshold the t

RZ
otal shaded

area INCREASES by the extra “grey” area.

|
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“* The Bayes classification rule for many (M>2) classes:
> GivenX classify it to w; if:

P(w,

x) > P(w,|x) Y #i

> Such a choice also minimizes the classification error
probability

“* Minimizing the average risk
» For each wrong decision, a penalty term is assigned
since some decisions are more sensitive than others

14



> For M=2
* Define the loss matrix

=

A %2)

1’21 A’ZZ

P

» Risk with respect to Q

r=hA, J‘p(ﬁ‘aﬁ)dl"'
Ry

penalty term for deciding cla 2 ,
although the pattern belongsto™! , etc.

Ay fp@‘aﬁ )d x

15



> Risk with respect to w,

7| =y fp(i‘wz)d)_c + Ay fp(ﬁ‘wz)dic
R, R,

> —,  Probabilities of wrong decisions,
weighted by the penalty terms

» Average risk
r =nP(w,) +nP(w,)

16



“* Choose Rand Rso that r is minimized

“* Then assign xto )i

£, =2, p(xlo)P(w) + Ay, p(,) P(w,)

t E)Hzp(ic‘wl)P(aﬁ) +)Lzzp(3_c‘wz)P(w2)

“* Equivalently:
assign x in if
w, (@,)

le

p(l‘aﬁ)

p(xw,)

> (<)

P(w,) Ay - A,

P(w,) Ay, - Ay

. likelihood ratio

12
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o 1
i P(w,) =P(w,) =~and A, =4,, =0

9
x> o if P(zw1>>P<a_cwz>%
D

¥ o i POj;) > Plajoy) 22

21

it A,, =A,, ® Minimum classification

error probability
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- p(xlw) =ﬁexp<- )

- p(xlw,) =ﬁexp<- (x- 1)
oy i
- P(w) =P(w,) —2

1.0 O

0 0.5]

19



> Then the threshold value is:
x, for minimum P :

X, exp(- x*) =exp(- (x- 1)*) =

xO =

2

» Threshold ),eofor minimum r
X, exp(- x*) =2exp(- (x- 1)*) =
. 1- th2) 1
b :( tn2) il
2 2

20



p(x|w)

Thus )ACO moves to the left of
(WHY?)
—p(xjw,)
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DISCRIMINANT FUNCTIONS
DECISION SURFACES

*If R, RJ. are contiguous:g()_c) EP(CU-

l

R,: P(o)x) > P(o)]x)

g(x) =0
R, : P(w,[x) > P(w)|x)

is the surface separating the regions. On one
side is positive (+), on the other is negative (-). It
is known as Decision Surface

x)- P(w,|x)

=()

22



** If L) monotonic, the rule remains the same if we use:

x5 02 f(Pf0)> f(Pv) ¥i#]

X)) is a discriminant function

+ g(x) =/ (P(o,

“* In general, discriminant functions can be defined
iIndependent of the Bayesian rule. They lead to
suboptimal solutions, yet if chosen appropriately, can
be computationally more tractable.

23



BAYESIAN CLASSIFIER FOR NORMAL

DISTRIBUTIONS
“* Multivariate Gaussian pdf
1 1 i
p(xlw) =———exp| - —(x- 1) E (x- p)
(r) |52

u =E [)_c] {' X{ matrix in w,

—1

>, =El(§- U )(x- gi)T]

called covariance matrix

24



]n(s.)'nonotonic. Define:

g:(x) =In(p(xjw,)P(w,)) =
., Inp(xw,)+In P(w,)

&) = (- 1) % (- 1)+ P(@) +C

2i

t 1
G =Ny =l
: (2)11”(2)11

o’ 0

2

2. =

l

0 o ‘.



|
20°

e =

1
20°

1
(x12 + xzz) ol (U, x, + u,x,)
O

(xuiZI 3 Mzzz) +In(Pw,) +C,

Thatgid,X) is quadratic and the
surfaces  g,(x)- g;(x) =0

quadrics, ellipsoids, parabolas, hyperbolas,

pairs of lines.

Xo

Fa w, ol BN /
S \\ 1] \
N w, -.‘:| w, | w,
\\ /
~— 2 / w, \
3t |
- -5
3 2 1 0 x, -10 5 5 ,

(b)

26



“* Decision Hyperplanes
. 7 Sy
> Quadratic terms: X 2 "X

If ALL 2, =2Xthe same) the quadratic terms
are not of interest. They are not involved
in comparisons. Then, equivalently, we can

write:
g,(x) =w, x+w,
w, =27 ¢,
w,, =In P(w,) - %ETZ-Z'IEZ,

Discriminant functions are LINEAR



Let in addition:
- > =0*I. Then
|
g,(x) :?ﬁj§+wﬂ)

g; (%) =g;(x)- g,(x) =0

=w' (x- x,)

28



» Nondiagonal: X #o~°1
T
© g () =w (x- x,) =0

VRIS )
iR

2

P(w,-))

= :
EO _Z(Ei-l-ﬁj) fn(P(a)J) ‘

Z'l

“
1
5! E(J_CTZ_IE)Z

&

» Decision hyperplane < not normal to u_ - U

normal to Z'l(ﬁi - ﬂj)
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“* Minimum Distance Classifiers

> equipiobable

5 P(a)i) :H

| :
R A e W) N (x- u)
Euclidean Distance:

smal :
$'=0"1: Assignx— , :

Mahalanobis Distance: dE _Hz Ei
smaller

> #0°]: Assignx— . :
1

d, =(x- 1) 2= )

30



(b)
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Given w,, w, : P(w,) =P(w,) and p(x|w)) =N(u,, ),

( ‘ i 0 3 1.1 0.3
XD — : . — A — b —
AR A et )| i A 03 1.9
. 1.0 . : x )
classify the vector x = using Bayesian classification :
" 0.95 -0.15
XY =¥
- 0.15 0.55
e Compute Mahalanobis d,, from w,, u, : d’m, 2[1.0, 2.2]
iSO 3 iyl
|| =2.952, d* =[- 2.0, -08|= o| =3672

e Classify x — w,. Observethatd,, <d,,

32



ESTIMATION OF UNKNOWN PROBABILITY
DENSITY FUNCTIONS

“* Maximum Likelihood

>
>

Let x,, x,,...., X,, known and independent
Let p(x) known within an unknown vector
parameter 0: p(x) =p(x;0)

X :{Elalzr"fN}

p(X;0) =p(x,,Xx,,.Xy;0)

V VYV

N
_g P(Eka@

which i1s known as the Likelihood of 8 w.r. to X
The method :

33



B N
O @ arg el kf}l p(x;0)

N
L(9) =In p(X;0) =2 In p(x;;0)

NOIAQ) T 10 TGP e
Lo Uk plan . 88) 7 &

| D>

34



p(X;0)

35



If, indeed, there is a 8, such that
p(x) =p(x;0,), then

I\lIimE:QML] =0,
A 2
11IIIIlf; QML - QO =0)

Asymptotically unbiased and consistent

36



p(x): N(u,2): yunknown, x,,x,,....xy p(x;)=p(x;;u)

N 1 N ]
L(w) =1 p(x,;;p) =C- = 2 (x, - W 2 (x - W)
1 1 I
P(x; ) =———F——exp(- ~(x, - 1) 27 (x,- W)
Lo 0 2
(27)2|2)2
o
ou,
oL . N N
ME :22-1(£k-M)ZQ:>M :ing
a(ﬂ) k=l — ML N kA
oL
0w, |

o(a’ Aa)
oo

Remember: if 4 =4" =

=2Ax



“* Maximum Aposteriori Probability Estimation

» In ML method, 8 was considered as a
parameter

» Here we shall look at 8 as a random vector
described by a pdf p@), assumed to be known

> .
Given X :{EJ’Ezw-’IN}

Compute the rBE(WT of

> From Ba%e@fﬁ%@y: p(X)p(6|X) or

_p(@)p(X|0)
p(X) 2

p(01X)




> The method:

éMAP —arg mQaX P(Q\X) or

- | i
O rap 30 (P(Q)p(X‘Q))

If p(6)is uniform or broad enough é oap =



_pX]0)

__p(0)

(2)

(b)
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p(x): N(u,2), u unknown, X:{Ep---&N}

%)
L) e
P S i e e
(2n)?o, ¢
0 1y el
Oap * = -I0(IL plx, i) p()) =0 o 3 —(x, - 0)-
o. N
1 1 e 2 X o’
u, = 5 For —->>1,0r for N - oo
_MAP ol O
RV
o)
” . !
Hoar = Mo :N k{:lzk

1

2
u

(u-u)=0=

41



* Bayesian Inference

>  ML,MAP = a single estimate for 6.

Here a different root is followed.
Given: X ={x,,...,x,}, p(x|6) and p(0)
The goal : estimate p()_c‘X )

How??

42



p(x|X) =[p(x|0)p(0|X)d

p(6)X) _p(X|9)p©) _ p(X]0)p(0)
§ pX)  [p(X|e)p(0)do

p(X|0) =}N}1p(zkiﬁ)

A bit more insight via an example

* Let p(xju) > N(u,0%)

* p(u)— N(uy,0,)

e It turnsout that: p(ulX)— N(uy,0r)
o’o;

Nol +0”’

- 2
_Noyx+0°u,
No; +o°

gl I
) GN_

Uy



» The above is a sequence of Gaussiansas N — oo

“* Maximum Entropy
> Ent
WY H = [p(x)In p(x)dx

>
p(x): maximum H subject to the

available constraints 44



x is nonzero in the interval  x <x <x,
and zero otherwise. Compute the ME pdf

* The constraint:

» Lagrange Multipliers
H, =H + A( fp(x)dx- 1)

p(x) =exp(A- 1)

5ol ==
p(x) =ix, - x,

0 otherwise

45



** Mixture Models

> J
p(x) =2 p(x[/)P

j=

M
2, P =L [p(x]/)dx =1
Jj= X

» Assume parametric modeling, i.e., p(x

» The goal is to estimate N D
19

given a set _{ oy Jl
X S 51,52,...,51\[

» Why not ML? As before?

N

J:0)

5 6

max HP(Ek:Q:B::B)

G S

46



» This is a nonlinear problem due to the missing
label information. This is a typical problem
with an incomplete data set.

» The Expectation-Maximisation (EM) algorithm.

* General formulation
- ythecompletedataset ye ¥ < R", with p, (:0),

which are not observed directly.

We observe

=g(y)€X,, SR',[<m with P.(x;0),

a many to one transformation
47



* Let Y(x) Y all y's — toaspecific x

p.(x0)= [p,(y:0)dy

Y(x)

* What we need is to compute

A Oln(p,(y ;0))
O, Z ==t =0
p 00
* But , are not observed. Here comes the EM.

Maximiz& xheé expectation of the loglikelihood
conditioned on the observed samples and the current
iteration estimate of

48



» The algorithm:
FEstepr 0(6;0(1) =E[ D, In(p,(y,;0
k

0t +1): 8Q(%9Q(t)) 0

> Application to the mixture modeling problem

+ Completedata  (x,, j, ),k =1,2,...,. N

X;0(1))]

* M-step:

* Observed data X k :1,2,..., N

p(x, Ji:0) =p(x |J: )P,

* Assuming mutual independence

L(©) =3 n(p(x,|ji:0)Py)

49



* Unknown parameters
B 1R (R 2 oA

* E-step

0(8;0(1)) E21n<p<xk\fk,9>f;k>] ==

k=
5‘
k=

i

M-

iLL

P (jix:00) In(p(x,]j,.OP )

00 _ o0 _ 0 -
*Mstep 59 T 5P B e A
1 O()) P, i
P(jlx;;0(2)) ZP(;C(XJ ,@(( r)))) J p(x,;0(2)) =Z: p(x,|j;0(2))P,

50



“* Nonparametric Estimation

p(x) p(x)
AN
an
/
(a) ’ (b) )
>
Pmk—N< k,mh
> N Ntotal 5&- 4 5& 5&+h
A R T o B P P
> P =pE) = - <2 ikt

If p(x)continuous , p(x)— p(x)as N — oo, if
k

ULt )

N 51

hN—> 0, kN—> 00,



“* Parzen Windows

> Divide the multidimensional space in hypercubes

52



> Define .
1

j L

1

S_

@(x;) =1 0 2%
» Thatis, it is 1 insidela UWQ@WED%?C be centered at 0

7 [ -1 vl
T = e = =
p) =50 (5 X o2
| L number of points inside
Volufge_ N

* The erﬁ?— Srir;l{e hypercube centered at X

* Parzen windows-kepr(@ig-p%(?@rjim]ilﬂ}ﬁ%tions

@(.) discontinuous

@(x) 1s smooth

p(x) 20, [p(x)dx =1



> Mean value
1 N

x = )C
[P(x)] = N,ZE p(=—)]) = fhl Cﬁ(‘ ‘)p(x )d x'
h— 0, %—) 00
h— 0 thewidthofgp(’—:l’—c) 0
L =X g
o eamie o

h— 0 Y fﬂ( )= 0(x)

Hence u#r[és(exd) n:thlgélg‘?—%if xX)p(x')dx'=p(x)

54



p(x)

0.12 |

0.06 |

» Variance
* The smaller the # the higher the variance

h=0.1, N=1000

p(x)

0.12 ¢

0.06

h=0.8, N=1000

10 20

(b)

55



p(x)

0.12 |

0.06 |

h=0.1, N=10000

fioq
.“"': &\\\"\ f
;I:TI'I I :II:'. ;r\j JI
oy
;'I \\ 1
[ \. /
.f 4y
i W
/
||l|i
/
/
.-'“Ih
/
y
~ |
10
(b)

»The higher the N the better the accuracy

56



» If
h— 0

N — o©

hN—>oo

mnfnhr::“\l inhiacad
UI ITJVITUJOGCU

QC\/
UJyIIIPLU _y

> The method
« Remember:

I p()—c‘wl) (><) P(w,) A, - Ay, &
(x‘wz P(w,) A, - Ay
N h, Zcp(—l =)

N, h’ Z(p(_l _

(><)6?

57



** CURSE OF DIMENSIONALITY

» In all the methods, so far, we saw that the highest

the number of points, N, the better the resulting
estimate.

» If in the one-dimensional space an interval, filled
with N points, is adequately (for good estimation),
in the two-dimensional space the corresponding
square will require N? and in the ¢-dimensional
space the ¢-dimensional cube will require M points.

» The exponential increase in the number of
necessary points in known as the curse of
dimensionality. This is a major problem one is
confronted with in high dimensional spaces.

58



“* NAIVE - BAYES CLASSIFIER

> Let ,cgid the goalis to estimate | w,)

i=1,2,...,M. For a “good” estimate of the pdf one
would need, say, M points.

» Assume x, x,, ..., x, mutually independent. Then:

p(§|wi):1i[p(xj |a)z)

> In this case, one would réquire, roughly, N points for
each pdf. Thus, a number of points of the order N-¢
would suffice.

» It turns out that the Naive - Bayes classifier works
reasonably well even in cases that violate the
independence assumption.

59



“* K Nearest Neighbor Density Estimation

> In Parzen:
* The volume is constant
* The number of points in the volume is varying

> Now:

+ Keep the number of pointd, =k
constant

* Leave the volume to be varying

NV b
.p(z)—NV()_C)

60
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“* The Nearest Neighbor Rule

> Choose k

out of the N training vectors, identify the &

nearest ones 1o x

» Out of these k identify k, that belong to class o,

> Assignx — o, - k, >k, Vi#j

» The simplest version

k

Al

» For large N this is not bad. It can be shown that:
if P, is the optimal Bayesian error probability, then:

M

P, <P, <P,(2- ——P,) <2P,

M -1

62



R
k

> PB S})kNN S})B-l-

815 —9800] IDkNN_)PB

» For small P,
Py =25,
Py =Py +3(5)’
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“* Voronoi tesselation

R =|x:d(x,x,) <d(x,x,)i # ]

64



BAYESIAN NETWORKS
** Bayes Probability Chain Rule

DXy %55, Xp) =P(Xp [ Xppeis Xp) D (Fpy | Xppoens X))

op(xy [ X)) p(x;)

» Assume now that the conditional dependence for
each x, is limited to a subset of the features

appearing in each of the prodfuct terms. That is:
P(X), X550, X)) =p(X;) 'Hp(xi 1 4,)
i=2

where

l IS e

A E{x X xl}

65



» For example, if £=6, then we could assume:

P(X [ X550 %) = P(Xg | X5, X,)

Then:
Aq :lx59x4} g[xsr"ﬁﬁ}

» The above is a generalization of the Naive -

Bayes. For the Naive - Bayes the assumption is:

A=0,for1=1,2, ..., ¢

66



» A graphical way to portray conditional
dependencies is given below

Xy Lo » According to this figure we
® have that:

* x, is conditionally dependent
on x,, x

* x.0Nx
2, o, o,

x, 0N x, x,

* x,0Nx,

Ls * x,, X, are conditionally
‘ independent on other
Lg variables.

> For this case:
P(x;, %y, %) =p(Xg | X5, %) -p(x5 | X,) -p(x5 | X,) -p(x,) -p(x,)

67



** Bayesian Networks

» Definition: A Bayesian Network is a directed
acyclic graph (DAG) where the nodes correspond
to random variables. Each node is associated with
a set of conditional probabilities (densities), p(x|
A,), where x, is the variable associated with the

node and 4, is the set of its parents in the graph.

> A Bayesian Network is specified by:
* The marginal probabilities of its root nodes.

* The conditional probabilities of the non-root nodes,
given their parents, for ALL possible combinations.

68



» The figure below is an example of a Bayesian
Network corresponding to a paradigm from the

medical applications field.

P(S)
True | False
0.40 0.60
P(H]S) N P(CIS)
S | True | False I' _8_/\ S | True | False
True | 0.40 | 0.60 / . True | 0.20 | 0.80
False | 0.15 | 085 | \Fakse] 0.11 | 0.89
-
IL‘}HJ”I \®
=Y kY
f{ \ K’ H’x
\ ‘..
P(H1[H) \ P(C1|C) \
H | True @ False :'!__ C | True | False )
True | 095 | 005 | (] HZH‘:- True | 0.99 | 0.0l @
False| 001 | 099 | 2/ |False| 0.10 | 0.90
P(H2|H) P(C2|C)
H | True | False C | True | False
True | 0.98 0.02 True 0.98 0.02
False | 0.05 0.95 False | 0.03 0.95
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» Once a DAG has been constructed, the joint
probability can be obtained by multiplying the
marginal (root nodes) and the conditional (non-
root nodes) probabilities.

» Training: Once a topology is given, probabilities
are estimated via the training data set. There are
also methods that learn the topology.

» Probability Inference: This is the most common
task that Bayesian networks help us to solve
efficiently. Given the values of some of the
variables in the graph, known as evidence, the
goal is to compute the conditional probabilities
for some of the other variables, given the
evidence.
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“ Example: Consider the Bayesian network of the

figure:

P(x1)=0.60 P(y1|x1)=0.40

P(z1|y1)=0.25

P(wl|z1)=0.45

Piyl|x0)=030 P(z1|y0)=0.60 P(wl|z0)=0.30
@ @ @ @
P(x0)=0.40 P(y0|x1)=0.60 P(z0|y1)=0.75  P(w0|z1)=0.55
P(y0|x0)=0.70 P(0|y0)=040  P(w0|z0)=0.70
P(y1)=0.36 P(z1)=047 P(wl)=0.37
P(y0)=0.64 P(z0)=0.53 P(uw0)=0.63

a) If x is measured to be x=1 (x1), compute P(w=0|

x=1) [PWO[x1)].

b) If w is measured to be w=1 (wl) compute P(x=0|

w=1) [ P(xOlwl)].



» For a), a set of calculations are required that
propagate from node x to node w. It turns out that
P(wO0lx1) = 0.63.

» For b), the propagation is reversed in direction. It
turns out that P(x0|wl) = 0.4.

» In general, the required inference information is
computed via a combined process of “message
passing” among the nodes of the DAG.

“** Complexity:
» For singly connected graphs, message passing

algorithms amount to a complexity linear in the
number of nodes.
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