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Preface

Analytic Geometry, Sixth Edition, designed for students with a reasonably sound
backgroundin algebra, geometry, and trigonometry, contains more than enough ma-
terial for a three-semester-hour or five-quarter-hour course in analytic geometry.

As in previous editions, my aim has been to write a text that students find to
be interesting, clear, and readable and that instructors find will enhance their
presentations of the material. Let us consider the distinctive features of this text
and this edition under the following general headings: the presentation of the
material, problems and their answers, and the coverage of the subject.

 THE PRESENTATION

1. Historical Notes. Historical notes are included to portray those who have
helped to develop analytic geometry as well as to show the position of
analytic geometry in the general framework of mathematical development.
These take two forms: brief comments within the text itself, and longer
notes presented in a sidebar. These.notes have been updated and expanded
slightly.

2. Applications. Although-analytic geometry lays a foundation for the study
of calculus, it also has many direct applications in physical situations.
Some of the most important applications are considered in the text as well
as in the problems. This is especially true in the case of the conic sections
with their important reflective properties, orbits of heavenly bodies, and
engineering applications.

3. Graphing Calculators. The introduction of graphing calculators and com-
puter graphing programs has.had an influence upon the way that mathe-
matics is taught, and we can,only expect that this influence will increase
considerably in the next féw years. The treatment of graphmg by means of
a graphing calculator has been expanded considerably in the present edition
with many examples and problems. A graphing calculator introduction has
been added to acquaint the student with these calculators generally.
However, with one exception, individual keystrokes are not included in
this introduction or in the examples; this allows the student to use any such
calculator with this text. The exception mentioned above is in the graphing
of conic sections. Since they are represented by second-degree equations
rather than functions, a program is needed in order to graph them. Such a
program has been included for three of the most frequently used graphing
calculators: Texas Instruments TI-82, Sharp EL-9300C, and Casio fx-
9700GE. These programs graph the conic section and its asymptotes where

\'



vi

PREFACE

appropriate. Although the graphing calculator can be used on any problem
requiring a graph, those specified for it are those that take advantage of its
special characteristics, allowing us to make comparisons among several
graphs. There has been no attempt to designate (nongraphing) calculator
problems, because it has been my experience that almost all students have
calculators and regard all problems as calculator problems.

. Functions. Although analytic geometry, with its emphasis on the conic

sections, tends to ignore the important topic of functions, they are con-
sidered in some detail in Section 1.7.

. Important Results. As in previous editions, important results have been

given in theorems, most of which are proved in the text.

. Vectors. As in the previous editions, a vector approach is used in those

places in which the presentation is enhanced by it. Since it is recognized
that some prefer a nonvector approach, the vector arguments and solutions
are supplemented by nonvector ones. Thus the instructor has the option of
taking either approach without having to depart from the text. More
examples of vector proofs have been included in this edition.

. Examples. The examples include illustrations of all (or almost all) of the A

and B type problems. They are given in some detail, usually with a figure,
so that the student will have little difficulty following them.

. Other Changes in the Sixth Edition: The explanation of analytic proofs

has been expanded and clarified. The idea that three conditions deter-
mine a circle has also been expanded and clarified. A second, alternate
approach to equations of rotation has been given. The approach to radicals
and their restriction on the domain of a function has been simplified.
Simultaneous, rather than sequential, graphing of a pair of polar equations
is used to clarify the idea that two curves intersect by crossing a given
point at different “times.” The section on quadric equations in three
dimensions has been expanded to cover more general equations, with a
graphing calculator used to find traces in the coordinate planes and in
planes parallel to them. In order to prevent the book from growing longer
with every revision, the former Section 9.7 on the distance from a point to
a line or plane, and the angles between two lines or planes, has been
eliminated. The distance portion has been absorbed into the previous
section. Finally, the numeric tables have been eliminated from the
appendices. It is felt that the widespread use of calculators has made them
unnecessary. Their place has been taken by a brief review of trigonometry,
which some students may need before considering Chapter 8 on polar
coordinates.

Y



PREFACE vii

PROBLEMS AND ANSWERS

While many  students skip the exposition and some skip the examples, they
must, of necessity, spend a great deal of time on the problems. Thus the
problems, which some authors look upon as unimportant, are in reality the
most important part of the text.

1. Organization of the Problems. The problem sets have been divided into
five sections labeled A, B, C, GRAPHING CALCULATOR, and APPLICATIONS.
Section A consists of routine problems that every student can be expected
to master. Those of section B are less routine but still not a great challenge.
The average student can be expected to master most of them. The C
problems present something of a challenge; only the better students can be
expected to work them. Of course, such a system of classification is quite
subjective; individual instructors can gauge their students’ abilities much
more precisely. Thus it should be taken as a rough guide only. The
remaining two sections are self-explanatory. Although there has been no
attempt to classify them with regard to their degree of difficulty, the
GRrAPHING CALCULATOR problems tend to be at the A and B levels while
the AppLICATIONS problems are mostly at the B and C levels.

2. Answers. Answers to the odd-numbered problems are provided at the
back of the book. There are two exceptions to this odd-number rule. The
first of these occurs when there are many parts to consecutive problems (as
in the first few problems of Section 8.2). In this case, answers are given
for the first half of all such problems, rather than for all parts of one
problem and no part of the next. The other exception is the answers to the
review problems. Since many students use these problems to prepare for
examinations, answers are given for all of them. The answers have been
independently checked for accuracy.

3. Instructor’s Answers Manual. An answers manual, consisting of answers
to all problems in the book, is available to instructors upon adoption of
the text.

4. Students’ Solutions Manual. A manual providing complete solutions to
- odd-numbered exercises is available for student purchase.

COVERAGE

Finally, some attempt has been made to hold in check the tendency for textbooks
to grow larger in each successive edition. Those sections and chapters that users
have indicated that they do not cover have been deleted from the text. In many
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such cases, problems, with short explanations, have been taken from the deleted
sections and incorporated into other sections so that students can still get a taste
of some of this material. In particular, the section on the reflective properties of
conics has been deleted; but these properties are discussed in the applications of
the various conic sections. Thus, what seemed to be of only theoretical importance
in past editions is shown to be quite significant outside of mathematics. In spite of
these omissions, there is still more material here than can be covered in a three-
semester-hour or five-quarter-hour course. The following is one suggested outline
of what may realistically be covered:

Chapter Sections
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Chapter 1 ' Plane Analytic Geometry

THE CARTESIAN PLANE

Analytic geometry provides a bridge between algebra and geometry that makes it
possible for geometric problems to be solved algebraically (or analytically). It also
allows us to solve algebraic problems geometrically, but the former is far more
important, especially when numbers are assigned to essentially geometric
concepts. Consider, for instance, the length of a line segment or the angle
between two lines. Even if the lines and points in question are accurately known,
the number representing the length of a segment or the angle between two lines
can be determined only approximately by measurement. Algebraic methods
provide an exact determination of the number.

The association between the algebra and geometry is made by assigning
numbers to points. Suppose we look at this assignment of numbers to the points
on a line. First of all, we select a pair of points, O and P, on the line, as shown in
Figure 1.1. The point O, which we call the origin, is assigned the number zero,
and the point P is assigned the number one. Usmg OP as our unit of length,* we
assign numbers to all other points on the line in the following way: Q on the P
side of the origin is assigned the positive number x if and only if its distance from
the origin is x. A point Q on the opposite side of the origin is assigned the
negative number —x if and only if its distance from the origin is x units. In this
way every point on the line is assigned a real number, and for each real number
there corresponds a point on the line.

Thus, a scale is established on the line, which we now call a coordinate line.
- The number representing a given point is called the coordinate of that point, and
the point is called the graph of the number.

Just as points on a line (a one-dimensional space) are represented by single
numbers, points in a plane (a two-dimensional space) can be represented by pairs
of numbers. Later we shall see that points in a three-dimensional space can be
represented by triples of numbers.

* We shall use the notation AB for the lme segment joining the points A and B, and AB
for its length.
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O P 0
—X 0 1 X o
—
Unit of
length
%,—A_W__J

Distance x Distance x

Figure 1.1

In order to represent points in a plane by pairs of numbers, we select two
intersecting lines and establish a scale on each line, as shown in Figure 1.2.
The point of intersection is the origin. These two lines, called the. axes, are
distinguished by identifying symbols (usually by the letters x and y). For a given
point P in the plane, there corresponds a point P, on the x axis. It is the point of
intersection of the x axis and the line containing P and parallel to the y axis. (If P
is on the y axis, this line coincides with the y axis.) Similarly, there exists a point
P, on the y axis which is the point of intersection of the y axis and the line
through P that parallels (or is) the x axis. The coordinates of these two points on
_the axes are the coordinates of P. If a is the coordinate of P, and b is the
coordinate of P, then the point P is represented by (a, b). In this example, a is
called the x coordinate, or abscissa, of P and b is the y coordinate, or ordinate,
of P.

In a coordinate plane, the following conventions normally apply:

1. The axes are taken to be perpendicular to each other.

2. The x axis is a horizontal line with the positive coordinates to the right of
the origin, and the y axis is a vertical line with the positive coordinates
above the origin. ‘

3. The same scale is used on both axes.
These conventions, of course, need not be followed when others are more

convenient. We shall violate the third rather frequently when considering figures
that would be very difficult to sketch if we insisted upon using the same scale on

P(a, b)

— X

: /_V__IPX
a

Figure 1.2



Section 1.2 DISTANCE FORMULA 3

both axes. In such cases, we shall feel free to use different scales, remembering
that we have distorted the figure in the process. Unless a departure from conven-
tion is specifically stated or is obvious from the context, we shall always follow the
first two conventions.

We can now identify the coordinates of the points in Figure 1.3. Note that all
points on the x axis have the y coordinate zero, while those on the y axis have the
x coordinate zero. The origin has both coordinates zero, since it is on both axes.

The axes separate the plane into four regions, called quadrants. It is
convenient to identify them by the numbers shown in Figure 1.4. The points on
the axes are not in any quadrant. '

y
A
34 (0,3)
(-1L,2)e 24 *(2,2) y
\
1401 «(,1) ‘
(3,0 ©0,0 (20
¢ f f ; ¢ F—>x II I
-3 -2 -1 0 1 2 3
-1+ — X
(3,72 240, -2)
° 2¢O, —
. 11 v
(—2,-3)e -3+ *(2,-3)
Figure 1.3 Figure 1.4

The coordinates of a point determined in this way are sometimes called
cartesian coordinates, after the French mathematician and philosopher René
Descartes. In the appendix of a book published in 1637, Descartes gave the first
description of analytic geometry. From it came the developments that eventually
led to the invention of the calculus. See the historical note on page 97.

DISTANCE FORMULA

Suppose we consider the distance between two points on a coordinate line. Let P,
and P, be two points on a line, and let them have coordinates x; and x,,
respectively. If P; and P, are both to the right of the origin, with P, farther right
than P, (as in Figure 1.5a on page 4), then ’

P1P2=0P2"0P1=XZ"X1.



Chapter 1 PLANE ANALYTIC GEOMETRY

X X2 x
O P, P,
(a)
X X2 - X
~ (b)
no B,
P, O P,
(c)
Figure 1.5

Expressing the distance between two points is only slightly more complicated if
the origin is to the right of one or both of the points. In Figure 1.5b,

P1P2=P10'_P20=_xl_(_x2)=x2_xla>

and in Figure 1.5c,

P1P2=P10+0P2=—x1 + X = x5 — Xq.

Thus, we see that P;P, = x, — x; in all three of these cases in which P; is to the
right of P;. If P, were to the left of P;, then

PiP; = x1 — x3,

as can be easily verified. Thus, PP, can always be represented as the larger
coordinate minus the smaller. Since x, — x; and x; — x, differ only in that one

is the negative of the other and since distance is always nonnegative, we see that
PP, is the difference that is nonnegative. Thus, :

PP, = |x; — x4l

This form is especially convenient when the relative positions of P; and P, are
unknown. However, since absolute values are sometimes rather bothersome, we
will avoid them whenever the relative positions of P, and P, are known.

Let us now turn our attention to the more difficult problem of finding the
distance between two points in the plane. Suppose we are interested in the
distance between P; = (x;, y;) and P, = (x5, ¥,) (see Figure 1.6). A vertical line is
drawn through P, and a horizontal line through P, intersecting at a point O =
(x¥1, ¥2). Assuming P; and P, are not on the same horizontal or vertical line,
P.P,Q forms a right triangle with the right angle at Q. Now we can use the
Theorem of Pythagoras to determine the length of P;P,. By the previous discussion,

OP, = |x; — x4 and P00 = |y, — ¥
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y
)
P,(x, y1)
\\ - X
Q(x,, y,) P,(xa, y2)
Figure 1.6

(the absolute values are retained here, since we want the resulting formula to hold
for any choice of P; and P,, not merely for the one shown in Figure 1.6). Now by
the Pythagorean Theorem,

PP, = \/lxz - xif + lya —

But, since [x; — x> = (x2 = x)” = (x; — x,)%, the absolute values may be
dropped and we have

PP, = V(x, - x1)? + (2 — y)>

Thus we have proved the folloWirig theorem.

- THEOREM 1.1 The distance between two points Py = (x;, y;) and P, = (x,, y,) is

PP, = \/(xz —x)? + (2 — y)*

In deriving this formula, we assumed that P, and P, are not on the same
horizontal or vertical line; however, the formula holds even in these cases.
For example, if P; and P2 are on the same horizontal line, then y; = y, and
Y2 — y1 = 0. Thus,

PP, = V(x, _x1)2 = lxz -—x1|.

Note that V(x, — x;)* is not always x, — x,. Since the symbol V indicates the

nonnegative square root, we see that if x, — x; is negative, then V(x, — x1)? is
not equal to x, — x; but, rather, equals |x, — x,|. Suppose, for example, that
X, —x; = —5. Then\/(xz——xl) —\/( ~5)2 = 5—5—|x2—x1[ ‘
Theorem 1.1 depends upon the convention that the axes are perpendicular. If
this convention is not followed, Theorem 1.1 cannot be used, but another more
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SOLUTION

EXAMPLE 2

SOLUTION

Chapter 1 PLANE ANALYTIC GEOMETRY

general formula based on the law of cosines can be derived. However, we shall
not derive it here, since the convention of using perpendicular axes is so widely
observed.

Find the distance between P; = (1, 4) and P, = (=3, 2) (see Figure 1.7).

PP, = V(=3 — 1%+ (2 — 4)?
=V'13T‘=\/B:2\/§

4‘y Py
0,49
2V5 _~1
P,
2__
(—3,2)
} } } + i X
-4 -2 0 2
Figure 1.7

If P, = (x,0), P, = (2, 5), and P,P, = 5V2, find x (see Figure 1.8).

PP =V(x—2?2+(0-5?%=5V2
Vi —4x + 4+ 25=5V2
x> —4x +29=50
¥ —4x-21=0
x+3)(x-7=0

x= -3 or x=7
y
J v
61+ P
(2,5)

5\/2 5V2
P1/ Py
o ———t—x

~4 0 4 8

Figure 1.8
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EXAMPLE 3 Determine whether A = (1,7), B = (0, 3), and C = (-2, —5) are collinear.

SOLUTION AB=V(0-12+@-72=VTJ
BC=V(-2-07 + (-5 -3)2= V68 = V& 17 = 2VvTJ
CACE V(=212 4+ (=572 = VI3 = VO T = 3VDT

Since AC = AB + BC, the three points must be collinear (Figure 1.9a). If they
were not, they would form a triangle and any one side would be less than the sum
of the other two (Figure 1.9b).

—— F——x }
-4 =2 -4
+—4
Cc —+
AC=A4B + BC

Figure 1.9

EXAMPLE 4 Show that (1, 2), (4,'7), (=6, 13), and (-9, 8) are the vertices of a rectangle.

SOLUTION The points are plotted in Figure 1.10. Let us check lengths.

PP=V@ -1+ (7 -272=V3
PP, = V(=9 +6)2 + (8 — 13) = V34
PP = V(-6 — 4> + 13 — 7)* = V136
PPi=V(1+92+(2-82=VI3%
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Although PP, = P3P, and P,P; = PP,
we are not justified in saying that we P, (—6,13)
have a rectangle; we can merely conclude -
that we have a parallelogram. But if the
diagonals of a parallelogram are equal,
then the parallelogram is a rectangle (see
Problem 30). Let us then consider the
lengths of the diagonals.

o <

P,(4,7)

[ B T O B I 4 G S B

}

i
T T Fv 1T 17T 1 1’ AL

PP = V(=6 — 1)? + (13 = 2)? = VTI0
PP, =V(=9-4>+8-72=VII0 =~ —tttt+t+t

Since the parallelogram has equal diagonals,
we may conclude that it is a rectangle. Figure 1.10

A second method of verifying that the parallelogram is a rectangle is to
establish that one of the interior angles is a right angle. We can do this by the

converse of the Pythagorean Theorem, which states that if AB> + BC* = AC?,
then ABC is a right triangle with right angle at B. Thus, instead of finding the
lengths of both diagonals, we find only one, say P;P; = V170. It is then a simple
matter to verify that P,P5? = P;P,* + P,P5?, showing that the angle at P, is 90°.

When we use the methods of analytic geometry to prove geometric theorems,
such proofs are called analytic proofs. When carrying out analytic proofs, we
should recall that a plane does not come fully equipped with coordinate axes—
they are imposed upon the plane to make the transition from geometry to
algebra. Thus, we are free to place the axes in any position we choose in relation
to the given figure. We place them in a way that makes the algebra as simple as
possible. However, we must be careful not to make additional assumptions about
the figure.

y y
C(0, c) , 40, 0)
¢—— > > » > X
Aa, 0) | B(b, 0) | @@, 0) B, 0)
@ ) . ®

Figure 1.11
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For example, if we are dealing with a triangle, we may put the x axis on one
side, AB, of the triangle and the. y axis through the third vertex, C, as shown in
Figure 1.11a. When the picture is drawn in this way, there is a temptation to
assume that a is negative. However, a can be zero or positive as shown in Figure
1.11b. The assumption that it is negative may invalidate your proof. Be aware of
such dangers. '

Prove analytically that the diagonals of a rectangle are equal.

First we place the axes in a convenient Y

position. Let us put the x axis on one side

of the rectangle and the y axis on another,

as illustrated in Figure 1.12. Since we D(0,b) (a,b)
have a rectangle, the coordinates of B and -

D determine those of C.

AC=V@-02+ b -0>%= Vi + p
BD=V(0-a?+ (b-07°7=Va+ b2

A(0,0) | B(a,0)

. —— — . F. i
Since AC = BD, the theorem is proved. Igure 1.12

Note that we have made no assumption here except that the sides of the
rectangle meet at a right angle. Be careful that you do not make any additional
assumption. For example, we have considered points B and D with coordinates
(a, 0) and (0, b), respectively. We assumed neither that @ = b nor that a % b.

PROBLEMS
In Problems 1-8, find the distance between the given points.
1. (1’ —-3)7 (2a 5) 2. (4a 13)1 (_17 5) : 3. (3’ _2), (3, _4)
4. (-5, 1), (0, —10) 5. (172, 3/2), (=512, 2) 6. (2/3, 1/3), (—4/3, 4/3)

7. (V2, 1), 2V2, 3) 8. (V3, -V2), (-3V3, V2)

In Problems 9-14, determine whether the three given points are collinear.
9. (2,1),(4,3), (-1, =3 : 10. (3, 2), (4, 6), (0, —8)
11. (-2,3), (7, -2), (2, 5) 12. (2, -1), (-1, 4), (5, —6)
13' (1, '—1)’ (3’ 3), (0’ —3) ‘ 14. (11 \/j)’ (47 3\/5)7 (103 6\/5)
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In Problems 15-18, determine whether the three given points are the vertices of a right |

triangle.
15. (0, 2), (=2, 4), (1, 3) ‘ 16. (-1, 3), (4,6), (-3, 1)
17. (9, 6), (-5, 4), (7, 10) 18. (9, —2), (8, 0), (=6, =7)

In Problems 19-22, find the unknown quantity.

19.
20.
21.
22.

g B R

27.

29.

Pi=(Q,5),P,(,2),PP,=5

Py =(-3,y),P,=(9,2), PP, = 13
P, = (x,x), P, = (1, 4), PP, =V5
Py = (x, 2x), P, = (2x, 1), PP, = V2

. Show that (5, 2) is on the perpendiculai bisector of the segment AB where A = (1, 3)

and B = (4, —-2).

. Show that (-2, 4), (2, 0), (2, 8), and (6, 4) are the vertices of a square.‘

Show that (1, 1), (4, 1), (3, —2), and (0, —2) are the vertices of a parallelogram.
Find all possible values for y so that (5, 8), (—4, 11), and (2, y) are the vertices of a
right triangle.

Determine whether each of the following points is inside, on, or outside the circle with
center (—2, 3) and radius 5: (1, 7), (=3, 8), (2, 0), (=5, 7), (0, —1), (-5, —1), (=6, 6),
4,2). |

. Find the center and radius of the circle circumscribed about the triangle- with vertices

(5, 1), (6, 0), and (-1, =7).
Show that a triangle with vertices (x;, y;), (x2, ¥2), and (x3, y3) has area

1
Sz + X2y + xay1 — x1ys = X1 = x3y3]

1 X1 N 1
x y2 1.
x3 y3 1

[Hint: Consider the rectangle with sides parallel to the coordinate axes and containing
the vertices of the triangle.]

Prove analytically that if the diagonals A
of a parallelogram are equal, then the
parallelogram is a rectangle. [Hint:
Place the axes as shown in Figure 1.13 D C
and show that AC = BD implies that :
A is the origin.]

- ' Figure 1.13
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31. Prove analytically that the sum of the lengths of two sides of a triangle is greater than
the length of the third side. '

APPLICATIONS  32. Locations on maps are often determined by grid lines, as shown in Figure 1.14.
Suppose that there is a network of streets running along the grid lines together with a
diagonal street as shown. If each grid square is 1 mile on a side, find the distance from
XtoY. :

A B CDETFGHTI J K
i ' Y

P
/

/

© NN W N
N

-

Figure 1.14

33. Suppose that, in Figure 1.14, the portion of the road from X to Z is closed for repairs.
What is the distance from X to Y along existing roads?

34. Suppose that, in Figure 1.14, the road from Y to Z is closed for repairs. What is the
shortest distance from X to Y along existing roads?

POINT-OF-DIVISION FORMULAS

Suppose we want to find the point which is some fraction of the way from A to B.
Is it possible to express the coordinates of the point we want in terms of the
coordinates of A and B? Let A = (x;, y;) and B = (x,, y,) be given and let

P = (x, y) be the point we are seeking. If we let
" AP
AB

r =

(see Figure 1.15), then P is 1/3 of the way from A to B when r = 1/3, P is 4/5 of
the way from A to B when r = 4/5, and so on. Thus we generalize the problem to
one in which x and y are to be expressed in terms of x;, y;, x,, y2, and r. The
- problem can be simplified considerably by working with the x’s and y’s separately.
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Chapter 1 PLANE ANALYTIC GEOMETRY

If A, B, and P are projected onto
the x axis (see Figure 1.15) to give the
points A,, B,, and P,, respectively, we
have, from elementary geometry,

_ ZP- _ AxPx _ X — X1
r= E - AxBx _xz—xl'
Solving for x gives
x =x; + r(x, — x1).

By projecting onto the y axis, we have
y =y +ry2— y)
These two results, known as point-of-

division formulas, are stated in the
following theorem.

® B(x,, yz)

§P(x, y)

éA(xn.)’l)

& » - > X
A,(x,0) P,(x,0) B,(x,0)

Figure 1.15

If A = (x1, y1), B = (x2, y2), and P is a point such that r = AP/AB, then the

coordinates of P are

x=x; + r(x; — x1) and

P(x,))

y=y-+ r()’z‘)ﬁ)-

B(x3, y2)

: Xz —X%,
Yo DY
N N— ———

Figure 1.16

Figure 1.16 gives a geometric interpretation of the terms in the point-of-
division formula for x. A careful examination of this figure will help you to
understand and remember the formulas. Note that if B is to the left of A, x, — x;
is negative, but it has the same absolute value as the distance between projections
of A and B on the x axis. You might sketch this and compare your sketch with
Figure 1.16. Of course, a similar figure can be used to interpret the y terms of the

point-of-division formula.

{
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SOLUTION

EXAMPLE 2
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Find the pofnt one-third of the way from A = (2,5) to B = (8, —1).
AP 1 y
T 71_7 "3 $
A(2,5)

1+ ’(xz - x1) T

44+

=2+ (8 -2) 4

=4 2r

y=y1+r(y2—y1) 4 }
0

1 <+
=5+=-(-1-5
5+3(-1-3)

=3 Figuie. 1.17

Thus the desired point is (4, 3) (see Figure 1.17).

So far we have tacitly assumed that r is between 0 and 1. If r is either 0 or 1,
the point-of-division formulas would give us P = A or P = B, respectively, a
result that r = AP/AB would lead us to expect. Similarly, if » >.1, then r =

AP/AB indicates AP > AB, which is exactly what the point-of-division formulas
give. Thus if we wanted to extend the segment AB beyond B to a point P which is
r times as far from A as B is, we could still use the point-of-division formulas.

If the segment AB, where A = (=3, 1) y
and B = (2, 5), is extended beyond B '
to a point P twice as far from A as B
is (see Figure 1.18), find P.

<
[(S X o
-t
H—t—
—t—
 J

Figure 1.18
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SOLUTION

EXAMPLE 3

SOLUTION
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AP
r=3p =2
x=x1 + r(x; — x1) y=y1+r(y2—y1)
= -3 +2[2 - (-3)] =1+205-1)

Thus P = (7, 9).

IfA = (2, -4), P = (8, —1), and AP/AB = 3/5, find B.

In this case, we use A and P to find B, rather than using A and B to find P. We
still use the same point-of-division formulas; we simply solve for (x;, y,) rather
than for (x, y).

x=x +r(x; —xq) y'=)’1+’()’2—)’1)

3 : 3
=24 g(xz-—Z) " —-1=—4+‘§(y2+4)

6 =2 -2) 3=20,+4)
30=3x, -6 15 =3y, + 12
3x, =36 3y, =3

x =12 y2=1

Thus B = (12, 1) (see Figure 1.19).

=51 4@, —4)

Figure 1.19
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SOLUTION

EXAMPLE 5
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If A= (-1,5), B=(7,1), AP/PB = 3, find P.

Note that we are not given the ratio AP/AB = r; we are given AP/PB. Neverthe-
less, it is a simple matter to find r from the ratio that we are given. Let us assume

that AP = 3 and PB = 1 to give AP/PB = 3. Then AB = AP + PB =
3+ 1= 4and AP/AB = 3/4. Of course, we do not know that AP = 3 and PB
= 1; but we do know that AP = 3PB. Thus if PB = k, then AP = 3k. This gives

AB = 4k; and AP/AB = 3/4, as before. We now proceed as we did in the
previous examples.

x=x1+r(x;—x1) y=y +r(y;—y)
3 3
=-1+5(7+1) =5+3(1-5)

Thus P = (5, 2).

While negative values of r do not make sense in r = AP/AB, we find that
their use in the point-of-division formulas has the effect of extending the segment

.AB in the reverse direction—that is, from B through A to P. Suppose, for

example, that r = —2. Then AP is twice AB, and P and B are on opposite sides
of A. However, we can get the same result by reversing the roles of A and B and
using a positive value of r.

Given the segment AB, where A = (=3, 1) and B = (2, 5), is extended beyond A
to a point P twice as far from B as A is (see Figure 1.20); find P.

~«

Figure 1.20



16

SOLUTION

ALTERNATE
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1.3

EXAMPLE 6

SOLUTION
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Suppose we use a negative value of r. Since AP = AB with A between P and B,

A
r = ~—A—‘——'= -1
Therefore
x=x; + r(x; — x1) y=y1+r(y2—y1)
=-3-12-(-3)] =1-15-1)

= -8 | = -3
Thus P = (-8, —3). |

Reversing the roles of A and B, we have

BP
r= _B__Z— = 2, B = (xla yl) = (2, S)a and A = (.X'z, y2) = (_3’ 1)
x=x+rx;—x) y=yt r(yz —'_)’1)
=2+2(-3-2) =5+2(1-5)
= —§ = -3

and P = (—8, —3), as before.

One very important special case of the point-of-division formulas arises when
r = 1/2, which gives the midpoint of the segment AB. Using the point-of-division
formulas, we have the following theorem.

If P is the midpoint of AB, then the coordinates of P are

Xt x . Nty

X=—— and y —
Thus, to find the midpoint of a segment AB, we merely average both the x
and y coordinates of the given points. A moment of thought will reveal the

reasonableness of this; the average of two grades is halfway between them, the
average of two temperatures is halfway between them, and so forth.

Find the midpoint of the segment AB, where A = (1, 5) and B = (-3, —1).

x; tx nty
=T s
1-3 5-1
T2 T2

=—1 =2

Thus P = (-1, 2).

{
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Prove analytically that the segment joining the midpoints of two sides of a triangle
is parallel to the third side and one-half its length.

'

Let us place the axes as indicated in Figure 1.21 y

and let D and E be the midpoints of AC and BC, C(, ¢)
respectively. By the midpoint formula, D =
(a2, c/2) and E = (b/2, c/2). Since D and E D E
have identical y coordinates, DE is horizontal

and therefore parallel to_ilB. Finally DE = b2 40.0) B0 0) > X
—a/2 = (b - a)2 and AB = b — a; thus DE =
AB2. Figure 1.21

Using the normal range for your calculator (see page xi) and the DRAW or
PLOT facility, graph the line segment from (—4, —2) to (3, 1). Estimate the
midpoint. Compare your estimate with the computed value.

For the TI-82, the normal range is —9.4 < x < 9.4, —6.2 < y < 6.2. (For the TI-
8litis —9.6 = x = 9.4, —6.4 < y < 6.2.) Next we clear all functions from the
function menu and graph. The result is a screen that is clear except for the axes.
Now we select Line from the DRAW or PLOT menu. Using the cursor keys and
ENTER or EXE, we select the two endpoints of the segment. The result is shown
in Figure 1.22.

—6.2

Figure 1.22
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From this graph we might estimate the midpoint to be (—0.2, —0.4). The
computed value is (—0.5, —1). This difference between the estimated and com-
puted value illustrates the need to solve this problem algebraically rather than
geometrically.

PROBLEMS

In Problems 1-6, find the point P such that APIAB =r.

A=@3,4,B=(1,0),r=1/4 2. A=(4,-2),B=(~2,-5),r=23
3. A=(5,-1),B=(—4,-5),r=1/55 4. A=(2,4),B=(-52),r=25
5, A=(-4,1),B=(3,8),r=3 6. A=(-6,2), B=(4,4),r=52

In Problems 7-10, find the midpoint of the segment AB.

7. A= (5, -2), B=(-1,4) 8. A=(-3,3),B=(1,5)
9. A=(4,-1), B=(3,3) 10. A =(-1,4),B=(0,2)

1. fA = (3, 5), P = (6, 2), and AP/AB = 1/3, find B.
12. f P = (4,7), B = (2, —1), and AP/AB = 2/5, find A.
13. If P = (2, -5), B = (4, —3), and AP/AB = 172, find A.
14. fA = (3,3), P = (5, 2), and AP/AB = 3/5, find B.

In Problems 15-18, find the point P between A and B such that AB is divided in the given
ratio.

15. A = (5, -3), B = (-1,6), AP/PB =12

16. A = (-1, -3), B = (-8, 11), AP/PB = 3/4

17. A= (2, -1), B= (4,5), AP/PB=2/3

"18. A= (5,8), B= (2, -1), AP/PB = 5/1

19. If P = (4, —1) is the midpoint of the segment AB, where A = (2, 5), find B.

20. Find the center and radius of the circle circumscribed about the right triangle with
vertices (1, 1), (1, 4), and (7, 4).

21. Find the point of intersection of the medians of the tnangle with vertices (5, 2), (0, 4),
and (-1, —1). (See Problem 26.)

22. Prove analytically that the diagonals of a parallelogram bisect each other.

{
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25.

27.

29.

31

. Find the point of intersection of the diagonals of the parallelogram with vertices 1, 1),

@4, 1), 3, =2), and (0, =2). =~

. Prove analytically that the midpoint of the hypotenuse of a right triangle is equidistant

from the three vertices.

Prove analytically that the vertex and the midpoints of the three sides of an isosceles
triangle are the vertices of a rhombus.

Prove analytically that the medians of a triangle are concurrent at a point two-thirds of
the way from each vertex to the midpoint of the opposite side.

The point (1, 4) is at a distance 5 from the midpoint of the segment joining (3, —2) and
(x, 4). Find x.

The midpoints of the sides of a triangle are (-1, 3), (1, —2), and (5, —3). Find the
vertices. )
Three vertices of a parallelogram are (2, 5), (=7, 1), and (4, —6). Find the fourth
vertex. [Hint: There is more than one solution. Sketch all possible parallelograms using
the three given vertices.]

Show that if a triangle has vertices (x;, y;), (x2, ¥2), and (x3, y3), then the point of
intersection of its medians is

(x1+x2+x3 y1+y2+y3)
3 ’ 3

Prove analytically that the sum of the squares of the four sides of a parallelogram is
equal to the sum of the squares of the two diagonals.

In Problems 32-35, use the DRAW or PLOT facility to graph the line segments joining
the given points. Estimate the midpoint and compare it with the computed value.

36.

37.

39.

32. (3,5), (-1, 2)
33. (-7, 4), 2, -5)
4.

35. (-7, -2), (=3, 3)

(6’ 3): (_4’ 4)

Suppose that, in Figure 1.14 on page 11, two cars drive toward each other at the same
speed from X and Y. On what grid square will they meet? Suppose we use 2.3 to mean
three-tenths of the way down grid band 2 and B.4 to mean four-tenths of the way
across grid band B. At what point will the two cars meet?

Suppose that, in Problem 36, the car from X is traveling twice as fast as the one from
Y. At what point will they meet?

. Suppose that, in Problem 36, the car from X is traveling at 30 miles per hour and the

one from Y is traveling at 40 miles per hour. Where will the two cars meet? At what
time?

Suppose that, in Problem 38, the car from X starts 15 minutes later than the one from
Y. Where will they meet? At what time? -

Suppose that, in Problem 38, the car from X starts 5 minutes earlier than the one from
Y. Where will they meet? At what time?
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DEFINITION

DEFINITION

INCLINATION AND SLOPE

An important concept in the description of line and one that is used quite
extensively throughout calculus has to do with the inclination of a line. First let us
recall the convention from trigonometry which states that angles measured in the
counterclockwise direction are positive, while those measured in the clockwise
direction are negative. Thus we have the following definition.

The inclination of a line that intersects the x axis is the measure of the smallest

-nonnegative angle which the line makes with the positive end of the x axis. The

inclination of line parallel to the x axis is 0.

We shall use the symbol 6 to represent an inclination. The inclination of
a line is always less than 180°, or = radians, and every line has an inclination.
Thus, for any line,

0°=6<180° or 0=6<nm.

Figure 1.23 shows several lines with their inclinations. Note that the angular
measure is given in both degrees and radians. Although there is no reason to
show preference for one over the other at this time, radian measure is the
preferred way of representing an angle in more advanced courses.

While the inclination of a line may seem like a simple representation, we
cannot, in general, find a simple relationship between the inclination of a line and
the coordinates of points on it without resorting to tables of trigonometric func-
tions. Thus, we consider another expression related to the inclination—namely,
the slope of a line. ‘

120°= 5

o __ T o 37
*\90—2 ’\135—4
- \ = x

Figure 1.23
&_

The slope m of a line is the tangent of the inclination; thus,

m = tand.
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While it is possible for two different angles to have the same tangent, it is not
possible for lines having two different inclinations to have the same slope. The
reason for this is the restriction on the inclination, 0° < 6 < 180°. Nevertheless,
one minor problem does arise from the use of slope since the tangent of 90° is not
defined. Thus vertical lines have inclination 90° but no slope. Do not confuse “no
slope” with “Zero slope.” A horizontal line definitely has a slope and that slope is
the number 0, but there is no number at all (not even 0) which is the slope of a
vertical line. Some might object to this nonexistence of tan 90° by saying that it is
“infinity,” or *“‘c.” However, infinity is not a number. Also, while the symbol «
is quite useful in calculus when dealing with limits, its use in algebra or in an
algebraic development of trigonometry leads to trouble.

While the nonexistence of the slope of certain lines is somewhat bothersome,
it is more than counterbalanced by the simple relationship between the slope and
the coordinates of a pair of points on the line. Recall that if § is as shown in either
of the two positions in Figure 1.24, then

tan@d = X.
. X
y y
1 Pxy) 1
P(x, y) |
| y ya; 6
I
6 | R
X X
(a) (b)
Figure 1.24

Unfortunately, the lines with which we are dealing are not always so conveniently
placed. Suppose we have a line with a pair of points, P; = (x,, y1) and P, =
(x2, y2), on it (see Figure 1.25). If we place a pair of axes parallel to the old axes,

y : y
A y
Py (x,, ¥2) r
[ Py(xy, ;)
I
. i
Y2 — ¥ : }})’2“)’1
| 7] Py(xy, y1) 6 {
I‘ >rP1(xp Y ,
;\/,—_/ x2 - xl
. v /ﬁ ' | ‘ x
- —» X - —3-
N -~ .
(@) (b)

Figure 1.25
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EXAMPLE 1

SOLUTION
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with P; as the new origin, then the coordinates of P, with respect to this new
coordinate system are x = x, — x; and y = y, — y;. Now @ is situated in a position
that allows us to use the definition of tan @ and state the following theorem.

A line through P, = (x1, y;) and P, = (x3, y,), where x; # x,, has slope

Y2—Y1_Y1— )2
X—Xx; X=X

m=

Note the agreement of the subscripts in the numerator and denominator. The
slope of the line joining two points is the difference of the y coordinates divided
by the difference of the x coordinates taken in the same order. The numerator and
denominator are signed (or directed) vertical and horizontal distances.

One description of the slope of a line is that it is the vertical rise of the line
divided by the horizontal run, or simply, rise over run. When the “run” is to the
left, it is negative, giving a negative slope. This description of the slope as rise
over run is one that is often used to describe the pitch of a roof or the grade of a
road. They are often given as percentages, where a 1% grade corresponds to a
slope of 0.01.

Find the slope of the line containing
Pl = (1, 5) and P2 = (7, _7).

_y2~y1_~7—5_—12_
m_xz—xl_ 7-1 6

-2

Since _
m =tanf = -2,
@ = arctan(—2) = 117°

The line through P; and P, is shown in
Figure 1.26. A slope of —2 means that, as we
move a unit distance to the right on the line,
we move down (because of the minus) a
distance 2.

Figure 1.26




EXAMPLE 2

SOLUTION
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Graph the line through (2, 1), with slope 3/2.

Remember that the numerator and denom-
inator of the slope represent vertical and
horizontal distances. Starting at the point
(2, 1), we proceed horizontally a distance 2
in the positive direction (to the right) and
vertically a distance 3, again in the positive
direction (upward). This takes us to the
point (4, 4). The desired line is the line
joining the given point (2, 1) and the point
(4, 4) as shown in Figure 1.27.

23
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Figure 1.27
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Note that if the slope had been —3/2, then, putting the minus with the
numerator, the only difference would be that the vertical distance would be in the
negative direction or downward.

Since a vertical line has no slope, Theorem 1.4 does not hold in that case;
however, x; = x, for any pair of points on a vertical line, and the right-hand side
of the slope formula is also nonexistent. Thus there is no slope when the right-
hand side of the slope formula does not exist. :

Use DRAW or PLOT to draw the line through (5, 1) and (-2, 5).

Since DRAW or PLOT adds to an existing graph, we must clear the function
screen and graph. This gives us a screen that is blank except for the axes. DRAW
or PLOT easily allows us to draw a segment from (5, 1) to (=2, 5). This segment
can be extended across the entire screen by the following method: To extend
downward, again use DRAW or PLOT Line and anchor one end at the higher of
the two given points, that is, at (—2, 5). Now move the cursor downward and to
the right to the bottom or right edge of the screen. In this case, move it to the
right edge as shown in Figure 1.28. Now move the cursor along the edge until the
new line segment completely hides the first one. When this occurs, anchor the end
on the right edge. This method can be repeated to extend the segment to the top
or left edge.

—6.2

Figure 1.28

s

Because we have no equation we cannot use ZOOM or TRACE or change
the Window settings. Any attempt to do so will result in a blank screen (except
for the axes). Neverthless, the drawn line will be remembered if the calculator is
turned off or if we do other things that do not involve graphing.

1
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Use DRAW or PLOT to draw the line through (—4, 2) with slope —3.

Given a point and a slope, it is important that we have the same scale on both
axes, such as we have using the normal range (but not the standard range). Once
again we clear the function menu and graph. Then, using DRAW or PLOT Line,
we anchor the line at the given point (—4, 2). Now we move the cursor 1 pixel to
the right and 3 pixels down (down because the slope is negative). This may be
repeated as often as necessary to reach the edge or to come close to the edge.
Figure 1.29 shows the result after this much has been done.

This technique may be repeated at the other end by anchoring at (—4, 2)
and reversing both directions in moving the cursor—in this case, by repeatedly
moving 1 space to the left and 3 spaces up.

6.2

Figure 1.29

PARALLEL AND PERPENDICULAR LINES

If two nonvertical lines are parallel, they must have the same inclination and, =

thus, the same slope (see Figure 1.30). If two parallel lines are vertical, then
neither one has slope. Similarly, if m; = m, or if neither line has slope, then the
two lines are parallel. Thus, two lines are parallel if and only if m; = m, or
neither line has slope.

If two nonvertical lines /; and /, with the respective inclinations #; and 6, are
perpendicular (see Figure 1.31), then (assuming /; to be the line with the larger
inclination) '

0, — 6, = 90°,
and
01 = 02 + 90°. -
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/
Figure 1.30 Figure 1.31
Thus
1
tanf; = tan (6, + 90°) = —cotf, = —
_ an o, an (6, ) 2 tan 6,
or :
m o= — L
1 my’
On the other hand, if m; = —1/m,, the argument can be traced backward to

show that the difference of the inclinations is 90° and the lines are perpendicular.
Therefore we have the following theorem.

The lines I, and I, with slopes m, and m;, respectively, are

(a) parallel or coincident if and only if m; = m,,
(b) perpendicular if and only if mim, = —1.

Find the slopes of /; containing (1, 5) and (3, 8) and /; containing (—4, 1) and
(0, 7); determine whether /; and I, are parallel, coincident, perpendicular, or
none of these. '

_8-5_3
™ME=3T1T2
and
7-1 6 3
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We now know that /; and /, are either parallel
or coincident. While it is clear from Figure
1.32 that they are parallel rather than coin-
cident, this would not be so obvious if the
lines were closer together. Let us show it
analytically. We begin by finding the slope of
the line /5 joining (1, 5) on /; and (-4, 1) on
L.

W

ot

m; = ——=

1+

S
wnis

If /; and [, were coincident, then /5 would be
coincident to both of them; therefore it
would have the same slope as /; and /,. Since
its slope is 4/5 rather than 3/2, /; and [, are
not coincident; they are parallel.

27

Figure 1.32

EXAMPLE 2

SOLUTION

If the line through (x, —3) and (3, 1) is perpendicular to the line through (x, —3)

and (—1, —2), find x (see Figure 1.33).

The slope m; of the line through (x, ?-3) and (3, 1) is

_-3-1_ —4

m =
x—3

The slope m, of the line through (x, —3) and (-1, —-2) is

Figure 1.33 :
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m _—3+2 -1
2T x+1 x+1
Since the lines are perpendicular, m;m, = —1.
—4 —_
1 I
x—3x+1
4
Z-2x-3 !
x>+ 2x+3=4
¥ -2+1=0
x—12=0
x=1

PROBLEMS

In problems 1-8, find the slope (if any) and the inclination of the line through the given
points.

1. (2,3),(5,8) 2. (-1,4), (4,2 3.(-2,-2),4,2)
4. (3,-95),(1, -1 5. (—4,2),(-4,95) 6. (2,3),(—-4,3)
7. (a, a), (b, b) 8. (a, a), (—a, 2a)

In Problems 9-14, graph the line through the given point and having the given slope.

9. (5, -2),m=2 10. (-2,4),m = 3/4
11. 3,1),m = —1/3 12. (0,4),m = -3
13. 4,2),m=0 14. (-3, 1), no slope

In Problems 15-24, find the slopes of the lines through the two pairs of points; then
determine whether the lines are parallel, coincident, perpendicular, or none of these.

15. (1, =2), (=2, —11); (2, 8), (0, 2) 16. (1, 5), (=2, -7); (7, -1), (3, 0)
17. (1, 5), (-1, =1); (0, 3), (2,7) 18 (1, 3), (=1, —1); (0,2), (4, ~2)
19. (1, 1), (4, -1); (-2, 3), (7, =3) 20. (1, -4), (6, 1); (2, 3), (-1, 6)
21. (1,2), 3,2); (4, 1), (4, -2) 22. (1,5), (1,1); (=2,2), (-2, 4)
23. (2, 1), 5, -1); (3,3), (12, =3) 24. (1, -1), 5, 2); (9,5), (-3, —4)

25. If the line through (x, 5) and (4, 3) is parallel to a line with slope 3, find x.
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26.
27.

28.

29.
30.

31.

32.

33.
3.
3s.

36.

If the line through (x, 5) and (4, 3) is perpendicular to a line with slope 3, find x.

If the line through (x, 1) and (0, y) is coincident w1th the line through (1, 4) and
(2, —3), find x and y.

If the line through (=2, 4) and (1, y) is perpendicular to one through (-2, 4) and
(x, 2), ﬁnd a relationship between x and y.

If the line through (x, 4) and (3, 7) is parallel to one through (x, —1) and (5, 1), find x.

Show by means of slopes that (1, 1), (4, 1), (3, —2), and (0, —2), are the vertices of a
parallelogram.

Show by means of slopes that (-2, 4), (2, 0), (6, 4), and (2, 8) are the vertices of a
square.

A certain section of railroad roadbed rises 100 feet per mile of track. What is the
percentage grade for this section of track?

Prove analytically that the diagonals of a square intersect at right angles.
Prove analytically that one median of an isosceles triangle is an altitude.

Prove analytically that the diagonals of a rhombus intersect at right angles.

Prove analytically that the medians of an equilateral triangle are altitudes.

In Problems 37-44, use DRAW or PLOT to draw the line described.
37. Through (-7, 1) and (5, 3)

38.

Through (4, 2) and (-3, 4)

39. Through (3.2, 5.6) and (0, —2.2)
40. Through (5.3, 4.9) and (2.2, —-0.3)

41.

Through (5, 4) with slope 5

42. Through (-2, —3) with slope —2

43.

Through (2, 3.4) with Slope -1.5

44. Through (—1.3, 4.2) with slope 2.7

45. Find the pitch (slope) of the roof shown in Figure 1.34.

Figure 1.34

46. Find the percentage grade of the section of road shown in Figure 1.35.
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Figure 1.35

47. The direction, or bearing, of an aircraft or sailing vessel is usually expressed in the
form N 30°E, which means 30° east of north. If a ship is steaming toward a lighthouse
that is 10 miles north and 4 miles east of the ship, what is the ship’s bearing?

48. Suppose that, in Problem 47, the ship changes its course when it has steamed halfway
to the lighthouse. At that point, it steams toward a waiting ship that is 4 miles due east
of the lighthouse. What is the bearing for this second leg?

THEOREM 1.6

PROOF

ANGLE FROM ONE LINE TO ANOTHER

If [; and L, are two intersecting lines, then an
angle from /; to I, is any angle measured
from /; to L. If the measurement is in the
counterclockwise direction, then the angle is
positive; if it is in the clockwise direction,
the angle is negative. While there are many
angles from [; to [, all are related (see
Figure 1.36) in that, if a is one of them, all
can be expressed in the form

a + n-180°,

Figure 1.36

where 7 is an integér (positive, negative, or zero). Since any two of these angles
differ from each other by a multiple of 180°, they all have the same tangent.

If I, and 1, are nonperpendicular lines with slopes m, and m,, respectively, and a is
any angle from 1, to 1,, then '

m; — m

tang = ————.
1+ myms

Let 6, and 6, be the inclinations of the lines /; and L, respectively. Figure 1.37
shows that
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a=6, -6, " y

o
e
Ty
[
Ty

for one of the angles a from /; to ,. Thus

tan 8, — tan 6, P
. 0 2
1 + tan 6, tan6, !

tana =

But, since m; = tan 8, and m, = tan 6,, we have /{

m, —m 7
1+ mlmz'

tana = 6, |'6,

Figure 1.37

We have assumed in this argument that /; and L, intersect. If they do not, then
m; = my. Using m; = m; in Theorem 1.6, we find that tana = 0 and a = 0°. Thus
we shall use the convention that a = 0° if /; and I, are parallel. This is in
agreement with the convention that m = 0 for horizontal lines.

The trigonometric identity used in this pro~f is, of course, true only when
tana and (m, — m;)/(1 + mym,) both exist. Tan a does not exist if a = 90°, but
then m, = —1/m; and 1 + mym, = 0, which gives the one case in which
(my; — my)/(1 + mym;) does not exist. Thus Theorem 1.6 holds for all values of a
except a = 90°, for which case neither side of the equation exists.

The angle from |, to I, is the smallest nonnegdtive angle froml, to L,.

If I, and [, have slopes m; = 3 and m, = —2, respectively, find the angle from
ll to 12.

m; — m _ -2-3 _
1+ mim; 1+ 3(—2)

tana = 1

Thus a = arctan 1 = 45°. See Figure 1.38.

E= =8

Figure 1.38
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Theorem 1.6 assumes that both /; and [, have slopes. If one of the two lines is
vertical, it has no slope; but it does have an inclination of 90°. If the inclination of
the other line is 6, then we have one of the four situations shown in Figure 1.39.
From (a) and (b) of this figure we see that when /; is vertical, the angle a from /,
to [, is either & + 90° or & — 90°. Since these two values differ by 180°, which is
the period of the tangent, it follows that '

tana = tan(6 + 90°) = tan(6 — 90°)

where m is the slope of .

Similarly, when [, is vertical, we see from (c) and (d) of Figure 1.39 that a =
90° — 0 or a = 270° — 6. Again they differ by 180°; again their tangents are equal.
Thus when [, is vertical,

1 1
= °—60) =cot = —— =—,
tana = tan (90 ) = co ot - m

> ‘<
R

0
@

]
3

ll 12 12 11

)
a=90°+8 \
/‘ 8 X = X

(©) 0

Figure 1.39
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Find the angle frpm L, to L, where [, is a vertical line and L, has slope 1/2.

S N

The inclination of [, is 90°; the inclina- y

tion of , is 6, where tan8 = 1/2 (see 7 ,

Figure 1.40). Since we want the angle L .
a from [ to I, we see that one angle

from,tol, i '
omil;tol1s a=0+90° L

a' =6+ 90° |
and 3
tana = tana’ = tan (9 + 90°) :
= —cot @
1 1

=——=————_2

tan 6 12

Figure 1.40

* Thus the angle we want is the smallest-positive angle whose tangent is —2. Using

tables or a pocket calculator, we see that a is approximately 117°.

SOLUTION

Find the slope of the line bisecting the angle from /;, with slope 7, to L, with
slope 1.

Let m be the slope of the desired line. Since a; = a, (see Figure 1.41), we have

tana, = tana,
and
m-m _ m-—m
1+mm 1+ mom

m-—7 1—-m
1+7m=1+m
(m-71+m) =0+ Tm)(1 - m)

m* —6m~17=—-Tm?>+ 6m + 1
8m* — 12m - 8 =0
42m + 1)(m —2) =0

m=-12 or m = 2.

 Figure 1.41
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We have two answers, but obviously we want only one. Which one? Since
one of them is the negative reciprocal of the other, they represent slopes of
perpendicular lines, one of which is the bisector of the angle from /; to /,, while
the other bisects the angle from /, to /;. An inspection of Figure 1. 41 shows that
the answer we want is m = —1/2.

Find the slope of the line bisecting the angle from /;, with slope 2, to l,, with no
slope.

Let m and 6 be the slope and inclination, respectively, of the desired line. Since [
has no slope, it is a vertical line (see Figure 1.42). Thus a, = 90° — 6 and

1 a——

tana, = cot@ = -1—
2 tanf m’

Since / and /; have slopes m and m; = 2',

tan g = m-m m-=2
Y 14 mm 1+2m

Finally, the equality of a; and a, gives

tana, = tana,
m-—2 1
1+2m m
m*-2m=1+2m
m—4m—-1=0
4+V16+4 4+2V5
- 2 )
=2+ V5.

) Figure 1.42

Again we have two answers, representing the slopes of the bisectors of the
angle from /, to /; as well as that from /; to /. It is easily seen from Figure 1.42

that the one we want is m = 2 + V5.

LN
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PROBLEMS

In Problems 1-8, find the angle from I, to I, with slopes m, and m,, respectively.

1. ml=—2$m2=3 2°’nl=1,'nz=4 3.m1=-—3,m2=2
4. m=5m;= -1 5. m; = 10, m, does not exist 6. m=0,m,=-1
7. my = 2/3, my does not exist 8. m; does not exist, m, = —2

In Problem 9-16, find the angle from I, to l,, where |, and I, contain the points indicated.
9. Il: (11 4)v (3’ _1); 12: (3’ 2)1 (5 —1) 10. Il: (21 5)’ (_3’ 10); 12: (—1! _3)’ (3’ 3)

11. Il: (4a 5)’ (1’ 1); 12: (3’ _3)s (0’ 4) 12. Il: (17 1)’ (0’ 5); 12: (4, 3)’ (—1’ 2)

13. Il: (3’ 4)’ (35 —1); 12: (2’ 5)7 (_19 2) 14. Il: (_1’ 2)9 (—17 —1); 12: (_37 4)’ (17 O)

15. ;: 5,1),(3,-3); L:(5,1),(5,-3) 16. l;:(3,-4),(2,3); b:(2,-3),(2,4)

In Problems 17-24, find the slope of the line bisecting the angle from L, to I, with slopes m,
and my, respectively.

m1=3,m2=-—2 18.m1=1,m2=—7 19.m1=2,m2=3

m1=—1,m2=2 21. m1=—3,m2=5 22. m1=2,m2=0
m; = 3/4, m, does not exist 24. m, does not exist, m, = 1

Find the interior angles of the triangle with vertices A = (1, 5), B = (3, —1), and

C= (-1, -1).

Find the interior angles of the triangle with vertices A = (3, 2), B = (4, 5), and
= (-1, -1).

27. Find the slope of the line /| such that the angle from [, to [, is Arctan 2/3, where [,

contains (2, 1) and (—4, -5).

28. Find the slope of the line /; such that the angle from /; to /, is 45°, where the slope of [,
is —2.

?!3!3.'5?-

29. Find the slope of the line /, such that the tangent of the angle from /; to /, is —1/2,
where /; is a vertical line.

30. A line with slope 1 bisects the angle from /; to l,, where /, has slope 2. What is the

. - slope of [;?

31. A line with slope 3 + V10 bisects the angle from /; to l,, where /; has slope 1. What is
the slope of /,?

32. Show by means of angles that A = (—1, 0), B = (4, 6), and C = (10, 1) are the vertices
of an isosceles triangle. .

33. Lines /; and /, have slopes m and 1/m, respectively. What is the slope of the line
bisecting the angle from /; to 5,2,

34. If lines /; and /, have slopes 1 and m, respectively, what is the slope of the line
bisecting the angle from /j to ,? -
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EXAMPLE 1

SOLUTION

EXAMPLE 2

SOLUTION

GRAPHS AND POINTS OF INTERSECTION

The graph of an equation in two variables x and y is simply the set of all points
(x, y) in the plane whose coordinates satisfy the given equation. The determina-
tion of the graph of an equation is one of the principal problems of analytic
geometry. Although we shall consider other methods in Chapter 7, we consider
only point-by-point plotting here. To do this, we assign a value to either x or y,
substitute the assigned value into the given equation, and solve for the other.

Graph 2x + 3y = 6.

x y
-6 6
-3 4
0 2
3 0
6 | —2

Plotting these points and joining them,
we have the line of Figure 1.43.

LI | | 1 |

—6 -

Figure 1.43

!
Graph x? + y* = 25.

x y

0 x5
+1 +2V6
x2 +V21
+3 | +4 '
*4 x3
x5 0

Figure 1.44

Plotting these points and joining them, we have the circle of Figure 1.44.
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One obvious question that arises is how many points must be plotted before
drawing the graph. There is no specific answer—plot as many as are needed to get
a reasonable idea of the appearance of the graph.

Since each point of a graph satisfies the given equation, a point of intersection
of two graphs is simply a point that satisfies both equations. Thus, any such point
can be found by solving the two equations simultaneously.

Find all points of intersection of x* + y> = 25and x + y = 2.

Solving the second equation for y and substituting into the first, we have

x>+ (2-x?2=25
22 — 4y —21=0

4+ Vi6 + +V
v = 6+168 2 46:111\/1'6
4 - 2 2
y=2—x=1¢%V%.
Thus, the two points of intersection are y
A
1 1 5
1+§V46,1—‘2'V46 '\
apd . . \ .1
@—EV%J+EV%) AN >
-5
These are shown in Figure 1.45.
’ Figure 1.45

Closely related to equations is the idea of a function; in fact, equations are
often used to represent functions. A function is an association, or pairing, of the
values of one set, called the domain of the function, with those of another (not
necessarily different) set, called the range, such that no value in the domain is
associated with more than one value in the range.

We have used the word “value” of a set to emphasize the fact that, although
the domain and range are often sets of real numbers, they need not be so. For
example, we might'take the domain to be the set of all circles in the plane and

- associate its area with each circle. Nevertheless, the functions that we shall

consider here all have domains and ranges consisting entirely of real numbers.
As noted above, equations are often used to represent functions. For example,
the equation y = x* describes a pairing of x values with the corresponding y
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values. Furthermore, a single value of x gives only one y—there is no way to get
two values of y from a single x. Thus, this equation describes y as a function of x.
When, as in this case, the domain and range are not specified, the domain is taken
to be the set of all real numbers x for which there is a corresponding y; the range
is the set of all possible y values. In this case, the domain is the set of all real -
numbers and the range is the set of all nonnegative real numbers.

In order to emphasize the fact that y is function of x, the above equation is
often written f(x) = x2. This says that, for each number x, the corresponding
functional value is the square of x. This notation was invented by the Swiss
mathematician Leonhard Euler (pronounced OY-ler). Other benefits come with
this notation, but they do not concern us and will not be considered here.

The restriction that “no value in the domain is associated with more than one
value in the range” implies that a function must be single-valued. Wh11e y =x*
defines y as a function of x, y* = x does not. For the equation y*> = x, x = 4
corresponds to both y = 2 and y = —2. Thus, y? = x does not deﬁne yasa
function of x; it does, however, define x as a function of y. When we consider
equations involving x and y, we shall consider only the possibility of y as a
function of x— not that of x as a function of y. This implies that functions, which
must be single-valued, are easily recognized from their graphs; no vertical line can
contain more than one point of the graph. Figure 1.46 shows the difference
between y = x? and y> = x. In Figure 1.46a, every vertical line contains only one
point of the graph. On the other hand Figure 1.46b shows that some vertical lines
contain two points of the graph of y* = x, implying that y is not a function of x. It
might be noted that there are some lines (those to the left of the y axis) that
contain no point of the graph and one line (the y axis) that contains. exactly one
point. These facts are immaterial in deciding whether we have a function; the only
thing that matters is that there is at least one vertical line containing two or more
points of the graph.

Why do we have this preoccupation with single-valuedness? The answer is
that the ideas of limits and continuity, which are central to calculus, are much
more difficult if we allow multiple-valued functions. Calculus is where the idea of
a function is most useful. In fact, functions were invented by Gottfried Wilhelm

<

@y=x b))y =x

Figure 1.46
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Leibniz (pronounced LIBE-nits), who, along with Sir Isaac Newton, gave the
initial development of calculus.

One problem that we have with point-by-point graphing is the amount of
tedious arithmetic that is required. Fortunately, we are relieved of this work by
graphing programs on computers and by the recent introduction of graphing
calculators. Nevertheless, computers and graphing calculators have their
drawbacks.

The principal problem is that they do not graph equations—they graph
functions. Furthermore, these functions must be given explicitly. What does that
mean? Equations such as 2x — 3y = 5 and x* + y? = 25 imply that y is a function
(or a combination of functions) of x. Such a function (or functions) is called an
implicit function. If we solve these equations for y, giving

_x-5
Y 3

y =2V25 - £,

we have y given explicitly as a function (or, in the second case, as a pair of
functions) of x. Thus, in order to have 2x — 3y = 5 graphed for us, we must give
it as

and

y = (2x — 5)/3.
In order to have x* + y* = 25 graphed, we must give the two functions

y1= V(@5 -3
y2==V(25 - ).

Therefore, our first step in using a computer or graphing calculator is to solve our
equation for y. Some of the most powerful computer programs can do that for us,
but many do not.

A second problem is that calculators or computers have troubles with portions

“of graphs that are nearly vertical, especially if the function is undefined for values
of x near the steep portion of the graph. Thus, in graphing the circle x2 + y? = 25,
the two halves of the circle might not meet because the nearly vertical portions
are not graphed. -

Still another disadvantage is their inability to graph discontinuous functions.
This is a relatively minor problem, since most of the commonly used functions are
continuous. It can be overcome (at least partially) by using Dot rather than
Connected MODE.

Other problems are associated with computers and graphing calculators. We
shall consider them when we take up curve sketching in more detail in Chapter 7.

We have already mentioned the greatest advantage of calculators and com-
puters—namely; relief from arithmetic computation. Another advantage is the
ability to plot several graphs on the same set of axes. This is what allows us to
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graph an entire circle rather than having to be satisfied with either the top half or
the bottom half. Furthermore, it provides a convenient way of comparing certain
graphs.

A second advantage is their ability to zoom in on certain portions of the
graph. In this way, the graphical determination of points of intersection, which is
quite impractical when working by hand except for very rough approx1mat10ns
can now be used as a practical method.

%,

Use a graphing calculator to graph x> + y?> = 25 and x*> + y* = 20 using the
normal range. Change the window so that —10 < x < 10 and regraph.

As noted above, we must solve the given equations for y. Thus the two equations
are entered as the four functions

Y,=V(25 - X?) Y;=V(20 — X?)
=—V(25 - X?) Y.=—V(20 - X?)

Figure 1.47

Using the normal range, we have the graphs shown in Figure 1.47. Notice
that the two halves of the outer circle, representinig x*> + y*> = 25, meet; the two
halves of the inner circle, representing x> + y* = 20, do not. What is the reason
for this? If we do a TRACE, we see that the leftmost point of Y; is (-5, 0),
which is a pixel value. Other pixels are turned on to connect this one to the next
one on the right, which is (—4.8, 1.4). However, a TRACE of Y3 shows that the
leftmost pixel of that graph is (—4.4, 0.8); the next pixel value to the left of
this has x = —4.6 for which Y; is undefined. Y; is defined only for pixel values
—4.4 < x < 4.4 with y = 0.8. Similarly, Y, is defined only for —4.4 < x < 4.4
with y < —0.8. Thus the two halves do not meet.

Now, when we change the window so that —10 < x < 10, we see from Figure

1.48 that the situation is reversed; that is, the inner circle is connected while the
’ [4
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—6.2

Figure 1.48

outer circle is not. Again, a trace of Y; shows that its leftmost pomt is
(—4.893617, 1. 0259203) with pixel value (—4.893617, 1.0), which is well above the
x axis. On the other hand, the leftmost point of Y is (—4.468085, 0.19030367)
correspondlng to the pixel (—4.680851, 0.2), which is the first pixel value above
the x axis.

Thus we see that there is no one window setting that will make all circles con-
nected; the result depends on the equations graphed as well as the choice of the
window.

EXAMPLE 5  Use a graphing calculator to graph x* + y* = 25 and x + y = 2. Using TRACE
and ZOOM, estimate the leftmost point of intersection. If your calculator has
CALC, JUMP, or G SOLVE, use it to find the above point of intersection.
Compare its coordinates with the coordinates found in Example 3.

SOLUTION From Example 3, the leftmost 'point of intérs‘ection is

(1——\/_ 142 \/_)—( 2.391165, 4.391165) -

Graphing with the normal range and using TRACE, we have the point (—2.4, .
4.3863424) on the circle and (—2.4, 4.4) on the line. If we ZOOM In on this point
and use TRACE, we find that we do not improve upon this. Averaging the y
coordinates, our best estimate is (—2.4, 4.393), which is correct to two decimal
places and only slightly off in the third. _

On the other hand, using CALC, JUMP, or G SOLVE, we get (—2.391165,
4.391165), which is accurate to six places.
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PROBLEMS

All of the problems give-n below can be solved either with or without a graphing calculator.

Plot the graphs of the equations in Problems 1-12. Indicate which give y as a function of x.

Ly=2-1 2. x+2 =3 3. 3x~5y=2
4. 4x +2y =3 5. y=x*+1 6. y=2x—x2
Ty=x*—-x-2 8.y=x>—4x+3 9. 2 +y*=1
10. x> + y* = 16 1. y=x 12, y = x* — 22

In Problems 13—-16, find the points of intersection and sketch the graphs of the equations.

13. 3x -5y =2 4. 2x+y = -1
4 +2y=1 x+2y=0
15. 3x + 2y = —1 16. 3x — 2y = 10

x—4y=-12 6x + 6y = —1

Plot the graphs of the equations in Problems 17-24. Indicate which give y as a function of x.

17. x> —y* =4 18. 2 — y* = -4 19. 42 +y* =4
_ 2 _ =vx _x+1

20. x* .4y 4 2l. y e 2.y=

2.y =41 4. Vi +Vy =4

In Problems 25-32, find the points of intersection and sketch the graphs of the equations.

25. x—-y+2=0 26. x — 2y = -1 27.x+y=1

y=x* yV=x+4 2+y’=5
28.2c+y=1 29, y = x2 30.y=x*

2 +yr=2 x =y 2 +y2=2
31.x+2y=3 2. 2x+3y=6

X2+y'=4 2 +y?=16

In computer graphics, a graph is viewed through a particular “‘window,” or range of x and y
values. Any part of the graph that is outside such a window is discarded. In Problems
33-38, find the endpoints of the portion of the graph of each of the following equations that
is within the given window.

3. x—-y+2=0;window: -4<x=<4, —4<y<4

34.x+2y—2=0;window: -4 =x=<4,-3<y=<3

35.2x + 3y — 1 = 0; window: ~-4=x=<6,-3<y=<S35

36. y = x*; window: —2<x<4,-2=<y<S$

37.y=6—x* window: —-2<x<4,-3=<y<5

38. xy =1; window: -2 =<x=<6,-1=y=<4

4
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39.
40.

42.

43.

45.

47.

49.

50.

51.

52.

Plot the graph of x> + y? = (.
Plot the graph of x* + y? = —1. .

» Use a calculator to graph x* — y* = 4. Remember that you must first solve for y,

giving y = & Vx? — 4, which must be entered as y1=V@ -4)andy, = V(* - 4).
Graph x* — y? = —4 on the same axes.

Graph y = |x| and y = Vix? (a) on separate axes and (b) on the same pair of axes.
What do you conclude from this? :

Use the ZOOM In feature to find the points of intersection of x — y +2 =0 and
y =x%.

. Find the points of intersection of x + y = 1 and x® + y> = 5.

Graphy = x,y = x>, y = x7, and y = x'> on the same coordinate axes. What do you
think the graph of y = x% looks like? Verify by adding its graph to the others.
Graphy = x, y = x*/ y = x%, and y = x** using the same coordinate axes. What do
you think the graph of y = x'® looks like? Verify by adding its graph to the others.
Graphy = x*, y = (x ~ 1), and y = (x — 3) on the same axes. What do you expect y
= (x + 2)? to look like? Describe the result of replacing x by x — k.

Graphy = x*,y = x> + 1,y = x* + 3 on the same axes. What do you expect y = x —
2 to look like? Describe the result of replacing y = f(x) by y = f(x) + k.

The integer and fractional parts of a number are the parts to the left and right,
respectively, of the decimal point. For example, iPart 5.38 = 5 and fPart 5.38 = 0.38;
iPart — 3.87 = -3 and fPart — 3.87 = —0.87. Graph y = —iPart x using Connected
MODE and again using Dot MODE. Which is the better representation of the graph?
Repeat for y = fPart x. :

Frequently, functions are defined by several equations rather than by a single one. For
example, we may define |x| by

o= {7 ifx <o,
Tl x  ifx=0.

This would be described on a TI by Y;=(—X)(X<0)+X(X=0); on a Casio it would be
Y;=-X,[-9.4,0] Y,=X,[0,9.4]. Graph

N ifx <0,
Y= lae-2? ifx>o.

Graph

2 ifx<1,
YZloe =27 ifx>1

(see Problem 50 for entering into a calculator), using Connected MODE. Repeat using
Dot MODE. Which gives a better representation near x = 1? near x = 4?

x* + y* =5and x + y = V5 have two points of intersection. Graph and use CALC,
JUMP, or G SOLVE to find them. Repeat with y = V32 and y = —x. What problem
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53.

54.

55.

56.

do we have here? (The problem will not necessarily occur on every calculator.) What
seems to cause the problem?

Problem 24 asks for the graph of Vx + Vy = 4. If we were to graph this equation on
a calculator, we would have to solve for y first, giving y = (4 — Vx)%. Are the graphs
of these two equations identical? If not, where are they the same, and where do they
differ?

In Newtonian mechanics, the mass of an object is fixed. However, the special theory of
relativity says that the mass of an object varies with its velocity, with a moving body
having greater mass than one that is at rest. The relationship between the mass of an
object and its velocity is given by

cmg
-

where my is the rest mass and c is the velocity of light (2.998 X 10'° centimeters/
second). Graph this expression. Use multiples of ¢ on the x axis and multiples of m, on
the y axis. What does this suggest about the possibility of accelerating a subatomic
particle to the speed of light? '

m =

The profit function for the manufacture of a given item expresses the profit P in terms
of the number x of items manufactured. The profit function for a certain item has been
determined to be

P = 9x — 0.02x2,

where both x and P are in thousands. The equation

P=16+ 7.2x

was used to approximate the profit function for the range 0 < x < 100. For what values

" of x does the approximation give the exact value of the profit? What happens if we try

to extend the approximation beyond x = 100? [Hint: Graph these two equations. ]

There is a relationship between the price p of a manufactured item and the quantity g
that can be sold at price p. An equation relating these two is called a demand equation,
and its graph is called a demand curve. As the price p increases, the demand g
decreases. Similarly, there is a relationship between p and g from the point of view of
the manufacturer. In this case, g is the quantity that the manufacturer is willing to
produce when the selling price is p. An equation relating the selling price and the
amount produced is called the supply equation. In this case, ¢ increases with the
price. When the demand exceeds the supply, there is a tendency for the price to
increase; when the supply exceeds the demand, there is a tendency for the price to
decrease. The point at which the supply equals the demand is called market equilibrium.
Suppose that, for a given item, the supply equation is g = 194p — 284 and the demand
equation is ¢ = 538 — 106p, where p is the price in dollars and ¢ is the quantity in
thousands. Graph these two equations on the same set of axes and find the market
equilibrium.

57. Repeat Problem 56 with supply equation g = 20p = 70 and demand equation g =

(200/p) — 10.

{
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58. The relationship between the number n of items produced and the cost C of producing
them is called the cost equation. The relationship between the number n of items
produced and the revenue R (income) realized from their production is the revenue
equation. The point at which the cost equals the revenue is the break-even point.
Suppose that the cost equation is C = 0.0004n°> — 0.8n + 1000 and the revenue
function is R = 0.6n. Graph these two equations on the same coordinate axes and find
the break-even point(s). For what values of n does the revenue exceed the cost?

59. Repeat Problem 58 with C = 1000(» + 100)/(n + 20) and R = 22.5n.

EXAMPLE 1

SOLUTION

AN EQUATION OF A LOCUS

In the last section we considered one of the two principal problems of analytic
geometry—finding the graph of an equation. Let us now consider the other—
finding an equation of a locus. In other words, given a description of a curve, we
want to find an equation representing that curve. Since an equation of a curve is a
relationship satisfied by the x and y coordinates of each point on the curve (but by
no other point), we need merely consider an arbitrary point (x, y) on the curve
and give the description of the curve in terms of x and y. Let us consider some
examples.

Find an equation for the set of all points in the xy plane which are equidistant
from (1, 3) and (-2, 5).

Let (x, y) be one such point (see Figure 1.49). Then

Vx — 172 + (y — 3)?
=V +2>2+ (y - 52

(x = 1) + (y - 3)? | LI
=@x+27°+ (y - 57 (=2,5) :

¥ —2c+1+y* -6y +9
=x*+4x+4+y*— 10y + 25

6x — 4y + 19 = 0.

Figure 1.49
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Note in the above example that the first equation given is an equation of the
desired curve. Of course, we want the equation in as simple a form as possible. In
carrying out the simplification, however, we must be sure that the final equation is
equivalent to the original. One way to be sure of this is to simplify only by
reversible steps.

It might also be noted in the example that the first step in simplifying was
squaring  both sides of the original equation. This is not normally a reversible
operation. (If x = 5, then x? = 25; but if x> = 25, then x = %5.) However, since -
we are dealing only with positive distances, we need consider only positive square
roots in reversing the operation. Thus it is reversible. The remaining operations
are clearly reversible; the first and last equations are equivalent.

There is a second way to verify that the first and last equations are equivalent.
Clearly, any point (x, y) that satisfies the first equation must satisfy the sub-
sequent ones. The only question in doubt is: Does any point satisfying the last

~equation also satisfy the first? In order to answer this question, let us consider a-

point (x, y) which satisfies the last equation. Solving for y, we have

_6x+ 19
y— 4 *

Let us now substitute this expression for y into both sides of the first equation.
Since both sides simplify to

V52x2 + 52x + 65
4 s

we see that the first equation is satisfied by any such point (x, y). In this way, we
see that the first and last equations are equivalent.

Find an equation for the set of all points (x, y) such that the sum of its distances
from (3, 0) and (-3, 0) is 8 (see Figure 1.50).

Vix =32 +y>+ Vx+3P2 +y* =8

Vix-3)%+y* =8~ V(x + 3% + y?

X2 —6x+9+y =64 —16V(x + 3)* + y? + x*

+6x + 9 + y?

16V(x + 32 + 12 = 64 + 12x

4V(x + 3% + y* =16 + 3x

16[(x + 3)* + y?] = (16+3x)2v

1652 + 96x + 144 + 16y? = 256 + 96x + 91>
Tx% + 16y* = 112
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y
4
44
"—-l--~ (X.y)
2
’,I -~ \\.
(—_3.9)/‘/“ (3,0)
= f \ G | % — ) g } } > X
A /
e N
_4_.;..
Figure 1.50

Since d, = d,, we have

The distance from (x, y) to (=2, 4) is

di=V(x+272+ (y — 4>

dy =[x — 0] = |x].

Vix +2)° + (y — 4 = [
(x+272+(y—4)?=x
4+4x+4+y° -8y +16=x*
Yy +4x—8y +20=0

47

Again, the steps are reversible. Although we squared both sides twice, both
sides of the equation had to be positive in each instance.

Find an equation for the set of all points (x, y) that are equidistant from (-2, 4)
and the y axis.

The distance from the point (x, y) to the y axis is the shortest (perpendicular)
distance, which is the horizontal distance (see Figure 1.51). As we noted on page
4, this is the absolute value of the difference between the x coordinates of the
- point (x, y) and the point (0, y),
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Figure 1.51

A

PROBLEMS

Find an equation for the set of all points (x, y) satisfying the given conditions.

1.

AW

° ® N oA w»

10.
1.
12.
13.
14.
15.

It is equidistant from (5, 8) and (-2, 4).
It is equidistant from (2, 3) and (—4, 1).
Its distance from (5, 8) is 3.
Its distance from (3,1)is 4.

It is on the line having slope 2 and containing the point (3, —2).

It is on the line having slope —1 and containing the point (-2, 5).

It is on the line containing (3, —2) and (5, 3).

It is on the line containing (4, 2) and (2, —1).

Its distance from (0, 0) is three times its distance from (4, 0).

Its distance from (2, 5) is twice its distance from (-3, 1).

It is the vertex of a right triangle with hypotenuse the segment from (2, 5) to (-1, 4).
It is the vertex of a right triangle with hypotenuse the segment from (3, —2) to (1, 4).
It is equidistant from (4, 0) and the y axis.

It is equidistant from (2, 3) and the x axis. .

It is twice as far from (3, 0) as it is from the y axis.

{
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16.
17.
18.
19.
20.
21.
22,
23.

25.

It is twice as far from the y axis as it is from (3, 0).

The sum of its distances from (0, 4) and (0, —4) is 10.

The sum of its distances from (4, —2) and (2, 5) is 10.

The sum of the squares of its distances from (3, 0) and (-3, 0) is 50.
The sum of the squares of its distances from (4, —2) and (2, 5) is 20.
The difference of its distances from (3, 0) and (-3, 0) is 2.

- The difference of its distances from (4, 2) and (1, —3) is 4.

The product of its distances from the coordinate axes is 4.

. The product of its distances from (4, 0) and the y axis is 4.

It is equidistant from the origin and the line x + y + 1 = 0. Hint: The distance from
the point (x;, y;) to the line Ax + By +C=0is

]Ax1 + Byl + Cl

VA% + B?

REVIEW PROBLEMS

1. Find the point of intersection of 2x + y = Sand x — 3y = 7.

Use distances to determine whether or not the three points (1, 5), (=2, —1), and
(4, 10) are collinear. Check your work by using slopes.

Find the lengths of the medians of the triangle with vertices (-3, 4), (5, 5), and
3, -2).

Use distances to determine whether or not the points (1, 6), (5, 3), and (3, 1) are the
vertices of a right triangle. Check your work by using slopes.

5. Determine x so that (x, 1) is on the line joining (0, 4) and (4, -2).
6. Line /; contains the points (4, 7) and (2, 3), while /, contains (5, 6) and (-3, 4). Are /,

and /, parallel, perpendicular, coincident, or none of these?

. Find the slopes of the altitudes of the triangle with vertices ( -2, 4), (3, 3), and

(=5, ~2).

8. Find the points of trisection of the segment joining (2, —5) and (-3, 7).

9. Find an equation of the perpendicular bisector of the segment joining (5, —~3) and

10.

11.

(-1, 1). [Hmt What is the relationship between a point on the desired line and
the two given points?]

Find the points of intersection of x — 7y + 2 = 0 and x* + y* — 4x + 6y — 12 = 0.
Sketch.

The point (5, —2) is at a distance V13 from the midpoint of the segment joining (5, y)
and (—1, 1). Find y.
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12.

13.

14.

15.

16.
17.

18.

19.

Prove analytically that the lines joining the midpoints of adjacent sides of a
quadrilateral form a parallelogram. .

Find the point of intersection of the medians of the triangle with vertices (4, —3),
(=2, 1), and (0, 5). (See Problem 26, Page 19.) -

Find an equation for the set of all points (x, y) such that it is equidistant from (0, 1)
and the x axis.

Find the center of the circle circumscribed about the triangle with vertices (=1, 1),
(6, 2), and (7, —5).

Two vertices of an equilateral triangle are (a, —a) and (—a, a). Find the third.

A square has all its vertices in the first quadrant and one of its sides joins (3, 1) and
(6,-3). Find the other two vertices.

A parallelogram has three vertices (3, 4), (6, 3), and (1, 0) and the fourth vertex in the
first quadrant. Find the fourth vertex. :

Find an equation for the set of all points (x, y) such that the angle from the x axis to
the line joining (x, y) and the origin equals y.
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DIRECTED LINE SEGMENTS AND VECTORS

Since quantities such as force, velocity, and acceleration have direction as well as
magnitude, it is convenient to represent them geometrically. To do so we use the
concept of vectors, which have both magnitude and direction. Not only are
vectors important in physics and engineering, but their use can considerably
simplify geometric problems, especially in solid analytic geometry. One reason
vectors are so useful is the wide range of interpretations they may be given. Since
we are interested mainly in the geometric applications, vectors will be introduced
geometrically by means of directed line segments.

Suppose A and B are points (not necessarily different) in space. The directed

line segment from A to B is represented by ﬁ; B is called the head and A the
tail of this segment. Two directed line segments AB and CD are equivalent, AB

= —C—l_)), (1) if both are of length zero or (2) if both have the same positive length,
both lie on the same or parallel lines, and both are directed in the same way (see

Figure 2.1, in which AB = CD and EF = GH). With this information, we can
easily prove the following theorem. -

o \F
A‘/D
C G\H

Figure 2.1
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THEOREM 2.1

DEFINITION

DEFINITION
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(a) AB=AB for any directed line segment AB.
(b) If AB = CD, then CD = AB.
(c) If AB = CD and CD = EF, then AB = EF.

Now let us choose an arbitrary directed line segment AB. Let M, be the set
of all directed line segments equivalent to AB. Now let us choose another
segment CD not in M; and let M, be the set of all directed line segments

equivalent to CD. Proceeding in this way, we can partition the set of all directed
line segments into a collection of subsets, no two of which have any element in
common. These subsets are what we call vectors. Thus a vector is a certain set of
mutually equivalent directed line segments.

The set of all directed line segments equivalent to a given directed line segment is a
vector v. Any member of that set is a representative of v. The set of all directed line
segments equivalent to one of length zero is called the zero vector 0.

It might be noted that a vector has magnitude (length) and direction, but not
position. Any representative of a given vector has not only magnitude and
direction but also position. Let us now consider how vectors may be combined.

—>
Suppose u and v are vectors. Let AB be a representative of u. Let BC be that
representative of v with tail at B. The sum u + v of u and v is the vector w, having

ACasa representative.

This is represented geometrically in Figure 2.2. Since the sum of two vectors
is given in terms of representatives of those vectors, the question remains, “Is the
sum well defined—that is, is it independent of the representatives used?”
Theorem 2.1 and the congruence of triangles easily show that the sum is well
defined. ' ‘

It might be noted that this definition is equivalent to the well-known
parallelogram law for the addition of vectors (see Figure 2.2). Let us observe that
the figures given here represent vectors graphically by means of representative
directed line segments. In Figure 2.2, the vector u is represented by two
equivalent directed line segments, both of which are labeled u.

A D A D

Figure 2.2 Figure 2.3

[



DEFINITION

DEFINITION

DEFINITION

THEOREM 2.2

Section 2.1 DIRECTED LINE SEGMENTS AND VECTORS 53

4

We can now use the sum of two vectors in order to define the difference.

If u and v are vectors, then u — v is the vector w such thatu = v + w.

Geometrically, u — v can again be given by a parallelogram law; but u — v is
represented by the other diagonal. This is shown in Figure 2.3. Note that the
direction on u — v is from the head of v to the head of u. It is easily verified that
u — v.is a vector w such thatu = v + w.

When dealing with vectors, we use the term scalar for a real number. A scalar
has magnitude but not direction. In order to distinguish a scalar from a vector, we
use boldface roman type for vectors and lightface italic for scalars. This use of
boldface type for vectors is generally followed in printed works; however, in
handwritten work, a vector is usually written with an arrow over it.

If v is a vector, then |v| is the length of any representative of v. It is called the
absolute value, or length, of v.

Note that the absolute value of a vector is not a vector, but a scalar.
If k is a scalar and v a vector, then kv is a vector whose length is |k| |v| and whose

direction is the same as or opposite to the direction of v, according to whether k is
positive or negative. It is called a scalar multiple of v.

s

Figure 2.4

2v

Figure 2.4 gives several examples of scalar multiples of the vector v.
Let us take note of the fact that we are not adding and multiplying ordinary
numbers; thus it is not obvious that the rules of ordinary arithmetic hold—they

must be proved from the given definitions.

The following properties hold for arbitrary vectors u, v, and w and arbitrary scalars

a and b. .

(@) u+v=v+u f) Ov=20
b)u+(v+w)=(u+v)+w (g) a0 =

(c) (ab)v = a(bv) (h) |av| = |a] |v|

(d) (a + b)v = av + bv () Ju+ v|<|u + |v|

(e)v+0=v () a(u + v) = qu + av
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The proofs of these properties are quite simplé. For example, Figure 2.2 can
be used to prove (a). From triangle ABC and the definition of the sum of two

vectors, it follows that ACisa representative of u + v. But triangle ADC shows

that AC is also a representative of v+ u. Thusu + v = v + u.

The remaining proofs are left for the student (see Problem 44). Be careful not
to confuse the scalar O with the zero vector 0.

If we form the scalar multiple of the nonzero vector v and scalar 1 / ]vl
the result is easily seen to be the unit vector (that is, the vector of length 1) in
the direction of v. It is usually written

v

m.
Of special interest are the unit vectors along the axes.

IfO=(0,0), X =(1,0),and Y = (0, 1), then the vectors represented by OX and
OY are denoted by i and j, respectively, and are called basis vectors.

Every vector in the xy plane can be written in the form
ai + bj

in one and only one way. The numbers a and b are called the components of the
vector.

Suppose we have a vector v in the plane. Let us consider the representative of v
with its tail at the origin O (see Figure 2.5). The head is at P = (a, b). Let us

project P onto both axes, giving points A = (a, 0) and B = (0, b). Since OA
represents a vector of length |a| that is either in the direction of i or in the
opposite direction, depending upon whether a is positive or negative, it represents

ai. Similarly O —B) represents bj. It is clear that v = ai + bj.

Since the point P can be represented in rectangular coordinates by a pair
(a, b) of numbers in one and only one way, the vector v has one and only one
representation in component form.

y
A

B0, b) x—-———- P(a, b)

o Aa, 0)

Figure 2.5



THEOREM 2.4

PROOF

EXAMPLE 1

SOLUTION

Section 2.1 DIRECTED LINE SEGMENTS AND VECTORS 55

It migl{t be noted that this implies that a pair of numbers a and b defines a
vector in the plane. Thus the vector ai + bj is sometimes represented by the
ordered pair (a, b). In fact, some authors define a vector as an ordered pair of
numbers and derive their geometric properties from this. It might be argued that
the point (a, b) and the vector (a, b) are easily confused. However, since the
vector (a, b) i$ represented by a directed line segment from the origin to the point
(a, b), we may use the point as an interpretation of the vector. One of the reasons
that vectors are so useful is their wide range of interpretations. ®

If ZI_J), where A = (xy, y1) and B = (x,, y,), represents a vector v in the xy plane,
then

v =(x3 — x)i + (y2 — y1)i-

y B(xy, y)

L.
y o

A(x, y1) C(xz; )

> X

Figure 2.6

Let C be the point (x,, y,) (see Figure 2.6). Then

v=u+w,

where u is represented byR and w by C—'B-) Since u is of length |x, — x;] and is in
either the same or the opposite direction as i, depending upon whether x, — x, is
positive or negative, it follows that u = (x, — x;)i. Similarly w = (y, — y,)j.

Thus - - .
v= (2 —x)i+ (y2—y)j. ™

Find the vector v in the plane represented by the directed line segment from
(3, —2) to (-1, 5). Sketch v.

V= (xz—xl)l + (2 — y1)i
= (- 1~3)l+(5+2)j
= —4i + 7j
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EXAMPLE 2

SOLUTION

THEOREM 2.5

EXAMPLE 3
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Figure 2.7

The vector v may now be sketched as a directed line segment from (3, —2) to
(-1, 5) or from (0, 0) to (—4, 7) as shown in Figure 2.7. Of course any other
parallel displacement of either of these directed line segments is an equally valid
representation of v.

Find the unit vector in the direction of v = 3i — j.

vl=V3+ (-1)2=V10

yo Y o3i-i_ 3. 1.
M~ V0 Vio Viod

(a) (aii + b1j) + (azi + byj) = (a; + a)i + (by + by)j
(b) (ai + b1j) — (azi + byj) = (a1 — ax)i + (by — by)j
(c) d(ai + bj) = dai + dbj

(d) lai + bj| = Va* + b?

The proof is left to the student.

Hfu=3i—-2jandv= —i+ 5j, findu + v,u — v, |v|, and 2v.
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SOLUTION C utv=(G-Di+ (=24 5)j=2i+ 3]
u—v="(3—(=1))i+ (=2 — 5)j = 4i - 7j

v = V(cD)? + 5% = V36

. 2v = 2(—i + 5§) = —2i + 10

EXAMPLE ¢  Using the vectors of Example 3, give graphical representations of u, v, u + v,
u — v, and 2u.

Figure 2.8

SOLUTION u = 3i — 2j is represented by the directed line segment from the origin to (3, —2)
(see Figure 2.8). Similarly, v = —i + 5j is represented by the directed line
segment from the origin to the point (—1, 5). Now we complete the parallelogram
with u and v as two sides. The two diagonals are u + v and u — v, u + v being
directed from the origin to the opposite vertex and u — v from the head of v to
the head of u. Finally, 2u is the directed line segment from the origin, in the same
direction as u, but twice as long as u.
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EXAMPLE 5

SOLUTION

. EXAMPLE 6

SOLUTION
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o

(@ (b)

Figure 2.9

Given the vectors of Figure 2.9a, sketchu + vand u — v.

One way to handle this problem is to take a parallel displacement of v with its tail
at the origin, and then use the parallelogram law. This was done in Figure 2.9b.
However, let us first note that when the head of u and the tail of v correspond,
then u + v goes from the tail of u to the head of v. Thus there is no need to draw
the entire parallelogram; we can simply draw u + v directly. Finally, it is easily
seen that u — v = u + (—v). But —v is a vector whose length is the same as the
length of v and whose direction is opposite that of v. By sketching —v with the
same tail as v, we can then use u — v = u + (—v) to get the result we want as
shown in Figure 2.9c.

It might be noted that the two different methods gave u — v in two different
positions. Nevertheless, they have the same length and direction; they are both
u — v. It is sometimes convenient to have the tail of u — v at the origin, and
the second method above puts it in that position directly.

Find the endpoint A of v, represented by A_B), ifv=4i —2jand B = (-2, 1).

Since v = (x, — xy)i + (y2 — y1)j, where A = (x;, y;) and B = (x5, y,), it follows
that

4=-2-x —2=1-y
x1=—6 y1=3
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Figure 2.10

Thus A = (—6, 3). See Figure 2.10.

59

Ifv=AB=4i+ 6j and the midpoint of AB is (3, —1), find A and B.
Let A = (x1, y;) and B = (x, y,). Since

v=(x; —x)i + (2 — y0i

X, —x; =4 and Y2—=y1 =6

Since the midpoint of AB is ("1 Xyt YZ),

2 72
X+ x Nty
= 3 and = 1
or : ‘
X1 +x2=6 and y1_+y2=—-2.
Solving ‘
-x=4 . Y2=y1=6
and
X +x,=06 y2 + y1 = -2,

we have x; = 1,x; =5and y; = =4, y, = 2. Thus A = (1, —4) and B (5, 2).
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PROBLEMS

In Problems 1-8, give in component form the vector v that is represented by AB.

1. A=(4,3),B=(-2,1) 2. A=(2,5),B=(0,1)

3. A=(-3,2),B=(4,)3) 4. A=(-2,4),B=(0,4) -
5. A=(1,-2),B=(0,3) o 6. A=(0,2),B=(1,4)
7. A=(-3,2),B=(1, -1 . 8. A=(4,-3),B=(0,5)

In Problems 916, give the unit vector in the direction of v.

9. v=3i—j , 10. v = 2i + 4j
11. v=—i+2j 12. v = 3j
13. v=i+2j 14. v=3i—j
15. v = —4i + 3j | 16. v = 4

In Problems 17-24, find the endpoints of the representative AB of v from the given
information. .

7. v=3i—j, A =(l,4) 18. v=2i+3j,A4 =(-1,3)

19. v=—i+2j,B=(4,2) | 20, v =2i —4j, B = (0, 3)
2.v=i-j,A=(51) 2. v=2i+j,A=(-2,0)
23. v=3i—j,B=(4,2) 24. v=2i+2j,B=(1,1)

In Problems 25-32, find w + v and u — v. Draw a diagram showing u, v,u + v, andu — v.

25, u=3i—j,v=i+2j 26 u=2i+3j,v=2i—j
27.u=i—j,v=2i+2j 28. u=3i+j,v=2

29, u=1i—3j,v=2i+ 4 30 u=4i+j,v=i+2j
3. u=3i—j,v=2i-2 R2.u=i—j,v=2i+]

33. Given the vectors of Figure 2.11, sketchu + v.
34. Given the vectors of Figure 2.11, sketchu — v.

In Problems 35-38, find the endpoints of v = AB from the given information.
35. v = 3i + 5j, (4, 1) is the midpoint of AB

36. v = 4i — 6j, (2, 5) is the midpoint of AB

37. v=1i+j, (2, 0) is the midpoint of AB

38.. v = 2i — j, (0, —2) is the midpoint of AB

In Problems 39-42, find the vector indicated and sketch u, v, and the new vector.

39. u =5i + j, v=—2i + 3j; find 2u + v.

{
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(b)

(d) : (e) : )

Figure 2.11

'40.u=—2i+5j,v=3i—j;ﬁndu43v.
41, u=3i+j,v=1i-—j; find —2u + v.
42. u = —i + 2j, v = 3i — 4j; find 3u + 2v.

43. Prove Theorem 2.1. -
44. Prove Theorem 2.2.
45. Prove Theorem 2.5.

46. Show that the sum of two vectors is well defined (see the paragraph following the
definition of the sum).

47. Show thatai + bj = ci + djif andonlyifa =cand b = 4.

48. Show that if neither u nor v is a scalar multiple of the other and au + bv = 0, thena =
b=0.

THE DOT PRODUCT

We have considered the sums and differences of pairs of vectors, but the only
product considered so far is the scalar multiple—the product of a scalar and a
vector. We shall now consider the product of two vectors. There are two different
product operations for a pair of vectors, the dot product and the cross product.
We shall take up the dot product in this section but defer a discussion of the cross
product to Chapter 9 (since it requires three dimensions). In this case, we shall

e
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DEFINITION

EXAMPLE 1

SOLUTION

THEOREM 2.6

PROOF
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give a purely algebraic definition of the dot product. Its geometric significance will
be considered later.

If u = aji + b,j and v = ayi + b,j, then the dot product (scalar product, inner
product) of uand v is

' ”ll,"V_‘= aldz + b1b2.

Note that the dot product of two vectors is not another vector; it is a scalar.

Find the dot product of u = 3i — Zjandv=1i+}.
| u-v=(3)(1) + (=2)(1) = 1

If u, v, and w are vectors and k is a scalar, then
(a) u-v=v-u,

b) (+v)-w=uw+v-w,

(c) k(u-v) = (ku)-v =u-(kv),

(d) 0-u=0,

(e) u-u = |u’.

(a) Suppose u = a;i + b;j and v = a,i + b,j. Then u-v = aya, + b,b, and
V-u = a,a; + byb;, which are clearly equal. ®

The remaining statements can be proved in much the same way. These proofs
are left to the student (see Problems 43-46).

Several observations may be made here. Note that in (c) we have two vectors
and a scalar. This statement is not true if the scalar is replaced by a third vector.
Since the dot product of two vectors is a scalar, there is some question concerning
the meaning of w - u - v. Once we have taken the dot product of two of them, we
no longer have a second dot proeduct—we have a scalar multiple. Even if we
interpret the second product as a scalar multiple, it can easily be shown that
w(u - v) and (w - u)v are not identical. If w = i, u = j, and v =i + j, then w(u - v)
= i while (w-u)v = 0.

Do not confuse the statements of Theorems 2.6(d) and 2.2(f). In the one case
we have the dot product of two vectors 0 and v, giving the scalar 0,

0-v=0.

In the other case we have the scalar multiple of the scalar 0 and the vector v to
give the vector 0,

Ov=0.
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Finally we note that we can use Theorem 2. 6(a), (b), and (c) to show that vector
expressions can be multlplled (dot product) in much the same way as polynomials.
For example,
(k1v1 + kava) - (kavs + kgvy)
= (kuw1) - (ksvs + kqva) + (kav2) - (K3vs + kava) -
=(kwv1) - (k3vs) + (kavi) - (kqva) + (k2v2) - (Kavs) + (k2v2) - (Kavs)
= kykavy - V3 + kikavy - V4 + kakava - 3 + Kkokavs - v,

Now let us use these properties to consider the geometric significance of the
dot product. First we consider the angle between two vectors.

The angle between two nonzero vectors w and v is the smaller angle between the
representatives of u and v having their tails at the origin.

In Figure 2.12, we see that there are two angles, 8, and 6,, formed by the
vectors u and v. By the above definition, 6, is taken to be the angle between
them.

y
\

—-X

Figure 2.12

Note that the angle between two vectors is nondirected. That is, we do not
consider the angle from one vector to another, which would imply a preferred
direction, but rather the angle between two vectors. If 8 is the angle between two
vectors, then :

0’ =6 = 180°.

If uw and v are vectors and 0 is the angle between them, then

u-v=|uf|vjcos@
and
: vy = |v[]5
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By the law of cosines (see Figure 2.13),

o
L

Figure 2.13

v — ul® = |u? + |v|*> — 2|u| |v|cos@.
But
(v-—uw-(v-u)=v-v+u-u—2u-v
or
v—uf=|v+ [u?-2u-v.

Comparing this with our first expression for |[v — u[?, we conclude that
u-v = |ul |v|cosé.

We see that we can use the dot product to find the angle between two vectors.

Find the cosine of the angle between u = 3i — 4j and v = 5i + 12j (see Figure
2.14).

a;a, + bib,

lullv]

3)B) + (=49(12)
V9 + 16V25 + 144
33

65
= —0.5077
0 = 120.5°

cos@ =
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SOLUTION

EXAMPLE 4
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e
B
——

[ S R
o
O\ —4—

Figure 2.14

Find u - v for the vectors of Figure 2.15. (4

u-v = |ul|v| cosf
= 6 - 10 cos 60°
1

=6-10- =
0193

= 30 Figure 2.15

Ifu=1i+2j, v=ai- j,and the angle between u and v is #/3, find a.
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u-v

cosO—Iullvl

cosf = —8 72
3 V3Va+1
1__a-2
2 VEVai+1

V3iVa®+1=2a—4
5(a®> + 1) = 4a®> — 16a + 16

a®+ 16a — 11 =10
_—16+ V256 + 44 _—16 + V300 _ —16 + 10V3
“" 2 - 2 - 2
=-8%5V3

Since we squared both sides of the equation
V5Va®+1=2a—4

we must check our results. This equation requires that 22 — 4 > 0 or @ > 2. Since
neither value of a in our final result satisfies this inequality, it follows that there is
no number a satisfying the conditions of this problem.

We can use the dot product to determine when two vectors are orthogonal
(perpendicular). As we shall see later, orthogonality of vectors is an important
concept.

The vectors u and v (not both 0) are orthogonal (perpendicular) if and only if
u-v=20
(the zero vector is taken to be orthogonal to every other vector).
If u and v are orthogonal, then 8 = 90° and cos 6 = 0. Thus
u-v=|u| |v] cos® = 0. .
Conversely, let us suppose that u-v = 0. Them "

lu] |v| cos@ = 0,



Section 2.2 THE DOT PRODUCT , 67

- implying that [u| = 0, |v] = 0, or'ecos = 0. If [u| = 0 or lv| = 0, then u = 0 or
v = 0, respectively. Since the zero vector is orthogonal to every other vector, u
and v are orthogonal. If cos @ = Q, & = 90° arld the vectors are orthogonal. ®

EXAMPLE 5 Determine whether or not u = 2i — j and v = i + 2j are orthogonal.

SOLUTION u-v=0Q)D+(-1)2)=0

They are orthogonal, since u-v = 0.

Another special case of Theorem 2.7 occurs when we have parallel vectors.

DEFINITION  The nonzero vectors u and v are parallel if u = kv for some scalar k.

If u and v are orthogonal, 8 = 90° and u - v = 0, as we have seen before. If u
and v are parallel, = 0°or § = 180°and u - v = % |u] |v|.

The projection of one vector upon another is determined by the angle be-
tween them or the dot product.

DEFINITION The projection of u on v (v # 0) is a vector w such that if AB is a representative of
u and R is a representative of v, then a representative of w is a directed line

segmentAD lying on the line determined by AC with BD perpendicular to that line
(see Figure 2.16).

>0
C
J

Figure 2.16

-

The projection of u on v is defined in terr.s of representatives of these
vectors. Thus we again have the question of . hether or not the projection is well
defined. Theorem 2.1 and the congruence of triangles show that the projection of
u on v is independent of the representatives considered.
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THEOREM 2.9  If w is the projection of u on v and 0 is the angle between u and v, then

ju-v]
™

PROOF We can see from Figure 2.16 that

and w=<u.v>l oy

M/ MY

le = VI

w] = ful[cos 6]
_ ull¥lleos
v
ju-v]

= ] (by Theorem 2.7).

Now we can easily find w. Its length is |u - v|/|v|, and its direction is determined
by v, since the projection is upon v. Thus

w = i('"l;lvl) e

Now if the angle 6 between u and v is less than 7/2, u- v > 0. But w and v have
the same direction in this case and - '

o= L5 = G m

- If 6 > n/2,u-v < 0and w and v have opposite directions. This leads to
(]u'v]> v (u-v) v
w=—|——)=={—F7]—=.
vl /vl NV

EXAMPLE 6 Find the projection w of u = 3i + jon v = 3i + 4j.

SOLUTION u-v=3)3) + (1)4) = 13,

vl = V32 + 4> = 5.

<

Thus

4
3
w=(u)_v_ : )
AT 1
133i+45 39, 52, —u
=—=——=—ji+ =j T >X
5 5 25 25 2 3 4

Figure 2.17 gives a graphical representation of u, v,and w. Figure 2.17
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PROBLEMS

In Problems 1-8, find the angle 6 between the given vectors.

L u=3i—jv=i+2j 2. u=4i+jv=i+2
3. u=—i+25,v=20+j 4 u=i+jyv=2i-]
S. u=2i-jv=i+2 6. u=3i+2jv=i-j
7. u=2i—21,v=4i+] 8. u=i+jv=2i+4

In Problems 9-16, find u - v and indicate whether or not u and v are orthogonal.

9. u=i-jyv=2i+] 10. u=2+jv=i-2
11. w=3i+2j,v=2i—j 12. u=2i—-4jv=2i+j
B. u=i-jv=3i+4j 14. u=1i+j,v=2-3j
15. u=2i-3j,v=3i+j 16. u=4iy=i+]

In Problems 17-24, find the projection of u on v.

17. u=2i-jyv=i+j 18. u=i-3jv=2i+j
19. u=2i+4jv=i-2j 20, u=4i+jyv=2+]
2, u=i—-jv=2i+j 22. u=2i-3j,v=3i+2j
23. u=2i+jv=4i-2 4. u=3i-jv=2i+2

25. Find u - v for the vectors of Figure 2.18.
26. Find u - v for the vectors of Figure 2.19.

4

45°

Figure 2.18 ‘ Figure 2.19

In Problems 27-38, determine the value(s) of a so that the given conditions are satisfied.

27. w=3i-j,v=1i+ aj, uand v are perpendicular.

28. u=i+j,v=3i—aj,uandvare perpendicular.
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29. u=4i+ j,v=2i+ aj, uand v are perpendicular.

30. u=2 —j,v=ai+ j, uand v are perpendicular. .

31. u=i-2j,v=adai+ j,uand v are parallel.

32. u=uyai-j,v=2i+ aj,uand v are parallel.

33. u=i+j,v=ai— j,uandv are parallel.

34. u=ai+ 3j,v=2 + j, uand v are parallel.

35. u=uai+ 2j, v=1i— j, the angle between u and v is n/3.
36. u = 3i — aj, v=2i + j, the angle between u and v = n/4.
37. u=2+ j, v=ai~— j, the angle between u and v is 27/3.
38. u=i-—j, v=4di+ aj, the angle between u and v is n/4.

In Problems 39-42, let u be represented by AB, v by AC, and w by BC. Find the
projections of v and w on u.

39. A=(0,0), B =(1,4),C= (2, -1)
40. A=(2,3),B=(-3,-1),C=42)
41. A=(4,1),B=3,-1),C=(0,2)
42. A=(20),B=(5,5),C=(3,5)

43. Prove Theorem 2.6(b). 44. Prove Theorem 2.6(c).
45. Prove Theorem 2.6(d). 46. Prove Theorem 2.6(e).
47. Show that ju- v| < |u] |v|.

EXAMPLE 1

SOLUTION

APPLICATIONS OF VECTORS

Let us now consider some applications of vectors. Vector methods can be used in
some of the proofs of elementary geometry. Sometimes the resulting proof is
much shorter than either an analytic or a synthetic argument.

Using vector methods, prove that the line joining the midpoints of two sides of a

- triangle is parallel to and one-half the length of the third side.

Suppose D and E are the midpoints of AB and .,
BC, respectively. Let us give directions to the
line segments involved and consider them to be
representatives of vectors as shown in Figure
2.20. .

Figure 2.20
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Then
n+v=w,
it q+liyva
. 2 TATRVEW,
and
q= ) V)=WwW 2W——2w.

_Since vectors have both magnitude and direction, we have proved that q has the

same direction as w and that it is half the length of w.

One reason for the brevity of the foregoing solution is that we were interested

in both the direction and magnitude of DE. Thus a representation by vectors was
very efficient. When perpendicularity is involved, we consider the dot product.
Since this product is defined in terms of the components, it is sometimes con-
venient to give component representations of the vectors.

Prove by vector methods that the diagonals of a rhombus are perpendicular.

Suppose two sides of the rhombus represent the vectors u and v as shown in
Figure 2.21. Since a rhombus is a parallelogram, the diagonals are u + v and
u — v as we have indicated on pages 52 and 53. Now let us consider the dot
product. '

u+v)-(u—v)=u-v=|u? - |v]?

Since we are dealing with a rhombus, the sides are of equal length; that is,
lu| = |v|. Thus the above dot product is 0, implying that the diagonals aré
perpendicular.

Figure 2.21
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EXAMPLE 3  Prove the nyhagorean'Theorem by vector methods.

o4
RN

Figure 2,22

SOLUTION Taking A in Figure 2.22 to be the right angle, we have u-v = 0.

w=u+v
Wi? = Ju + v[?
=luf + |v[*+2u-v
= |uf? + |v|> (since u-v = 0)

EXAMPLE 4  Prove by vector methods that the diagonals of a square are perpendicular and
equal in length.

A A
p

u u

q

v

A »>D

Figure 2;23

SOLUTION Since we have a square, |u| = ]v[; and u-v = 0 (see Figure 2.23). Because

p = v + u, it follows that
Ipl> = [v + uf?
=|v2+ uf?+2v-u
= [v]* + [uf?.
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Similarly, ¢ = v — u implies that

lal* = [v — uf?
=|v?+ Juf? - 2v-u
: = |v|* + |ul%
Thus, |p| = |q].
P g=(v+u)(v—u
— v — o2
= v* = Jul> =0,

showing that the diagonals are perpendicular.

One of the most common uses of vectors is in analyzing the forces on an
object. If there are several forces acting on a body in different directions, each
force can be represented by a vector. A single equivalent force (resultant force) is
one that has the same effect on the body as the given forces all acting together; it
is simply the vector sum of all of the given forces.

Sometimes this problem must be worked in the other direction; that is, given
a single force, find a pair of forces satisfying certain conditions that are equivalent
to the single given: force. This is often done to find the horizontal and vertical
components of a given force.

A force of 20 pounds is directed 60° from the horizontal. What is the vector
representation for this force?

In effect we are to find the vectors v; = i
ai and v, = bj such that v = v; + v, =
ai + bj. It is easily seen from Figure 2.24
that a = |v|cos60° and b = |v|sin 60°.

Thus
v = 20c0s60°i + 20sin 60°j v .
v; = bj
= 10i + 10V3;j.
600
T > X
vy = al

Figure 2.24




74

EXAMPLE 6

SOLUTION

Chapter 2 VECTORS.IN THE PLANE

Now let us go back to the problem of finding a single force equivalent to
several forces acting on a body. As we can see in the following example, the
earlier problem is sometimes needed within this one.

The following forces are exerted on an object: 5 pounds to the right, 10 pounds
upward, 2 pounds upward and to the right, inclined to the horizontal at an angle
of 30°. What single force is equivalent to them?

The three given forces are first represented by vectors; the equivalent force is
their sum. '

v; = 5i and v, = 10j
For the third vector, we use the method of Example 5 to see that

v3 = |vs|cos 30°i + |vs|sin30°j

V3, 1,
—2'7!4‘2'5.]
= V3i +j.

This gives v; = V3i + j, and
u=v; + v, + vy =(5+ V3i+ 11j

This is the vector representation of the resultant force. Now let us use it to
compute the magnitude and direction of this force.

y

\{}

Figure 2.25
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ul = V(5 + V3)? + 112
= V149 + 10V3 = 12.9

5+ V3
cosa = = (0.5220
. V149 + 10V3
a = 58.53°

Thus the three given forces are equivalent to a single force of 12.9 pounds
directed upward to the right at an angle of 58.53° with the x axis. See Figure 2.25.

Find the resultant force if there are two forces: one with magnitude 6 and directed
120° from the horizontal, and the other with magnitude 10 and directed —135°
from the horizontal (see Figure 2.26).

vi

NZO"
> X

‘/—I3S°

V2

Figure 2.26

First we express each 6f the two forces in vecfor form as in Example 6.
vy = 6¢0s120°i + 65sin 120°§
= -3i+3V3
v, = 10cos (—135°)i + 10sin(—135°)j
= —5V2i - 5V2j
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Now the resultant force is found by adding.
v=v; + v,
= (=3i + 3V3j) + (-5V2i — 5V2j)
= (-3 - 5V2)i + 3V3 - 5V2)j

We also use vectors to analyze the conditions of static equilibrium for an
object on which several concurrent forces act. Suppose that n concurrent forces
F,,F,, ..., F, act on an object; the condition of static equilibrium is that the sum
of these forces is the zero vector.

Forces of 12 pounds, 18 pounds, and 24 pounds act on an object in the directions
shown in Figure 2.27. What additional force (magnitude and direction) is required
to produce static equilibrium?

Figure 2.27

We begin by writing each force in component form:

F, = -12i; .
F, = 18 cos60°i + 18sin 60°j
= 9i + 9V3j;
F; = 24 c0s45°i — 24sin45°
24 . 24 '

=%l —-\Ti].
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Let F4 be the additional force required to produce static equilibrium. The condition

for this is

d . . 24 24,
;Fi: —121+91+9\/§j +WI-WJ + F;= 0.

Thus '
24 \. 24 .
F, = (3 - 7?)' + (vz - M)J

= —14.0i + 1.38j.

The magnitude of this vector is

[Fs] = V(14.0)> + (1.38)% = 14.1 pounds,

and the angle it makes with the positive direction of the x axis is

' tan‘l(%) = 174.4°,

EXAMPLE 9  Find the tension in each of the three cords that support the 100-pound weight
shown in Figure 2.28.

Figure 2.28

SOLUTION The knot at the intersection of the three cords is in equilibrium under the actions
of the concurrent forces of tension in the cords.

Figure 2.29 shows the directions of the forces at the knot. Note that all forces are
pulling away from the knot. The tension in cord #3 is 100 pounds since it
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Figure 2.29

supports the 100-pound weight in equilibrium; we write the force on the knot due
to this cord as

) F3 = —100j.

If T, and T; are the tensions in cords #1 and #2, then the forces on the knot due
to them are

F, = —-Tii
and
0 e : ° T2 . T2 .
F, = T,cos45°i + T,sin45°j = 7-2-1 + v—-i].

The condition for equilibrium requires that the sum of the forces at the knot be
the zero vector:

~Tii + (\Tf.n V%j) — 100§ = 0
(14 B (G- o=

I
V2

Thus v
T

75 - 100 = 0.

—T1 + = and

SOiving these equations, we get
T, = 100V2 pounds and T, = 100 pounds.

M

Find the tension in each of the five cords that support the lOO—pound weight
shown in Figure 2.30.

¢
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Figure 2.30

Figure 2.31
SOLUTION Figure 2.31a shows the direction of the forces acting upon knot A; the forces are
F; = ~100j; |
T, T.
F; = T;c0s135°1 + T,sin135°j = —71 + \/2—1,
Ts, , V3T
F3 = T5c0s60°i + T3sin60°j,=73i+ > 3j.

For equilibrium, the sum of these forces must be the zero vector:

e (2o B+ (5 )

(G B (e B )
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Therefore,
I, Ty
-——=+ ==
V2 T, 0
T, L V3T,
=100 + —= + —— = 0.
100 V2 > 0
Adding these two equations, we have
—100 + Mﬁ =0
2
200 200(\/_ 1)
= - 1).
L=3+1~ " 3-1 = 100(V3 - 1)

Substituting this back into the first equation gives

T, 100(V3—1)
f\f2+ > =0

T, = 50V2(V3 - 1).

Now we repeat all of this at knot B. Figure 2.31b shows the direction of the
forces acting upon it. Note that the tension on a cord from A to B tends to pull it
apart. That is, external forces are pulling it toward A and B. The cord exerts
equal and opposite forces at these two points. That is why the force F, is directed
in opposite directions in the two parts of Figure 2.31. From that figure, we have

F, = T,cos (—45°)i + T,sin(—45°)j = 50(V3 — 1)i — 50(V3 — 1)j;

F, = T,cos150°i + T,sin150°j = —-—\-f;—T + %,
Ts T.
Fs = Tscos45°i + Tssind5°j = 751 + \/-%J
Again, the sum of these forces must be 0:
. o V3T, T, > ( Ts )
[50(V3 — 1)i + 50(V3 — 1)j] + (—— 51 +—=j| + \/_ \/—
V3T, Ts] [ T, Ts]
—[50(\@—1)— S st 50(\/§~1)+7+\f2 =0,
giving
50(V3 — 1) — \/_T4+—\%= ;
T5 M
—50(V3 1)+—+——=0.

V2
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Solving these two equations for T, and Ts, we have

T,=200 and Ts5=50VZ(V3+ 1).

There are many other important applications of vectors that are beyond the
scope of this book. For example, we may use vectors to analyze the forces on a
wire suspended from two points, or on the cables of a suspension bridge. Similarly,
vectors may be used to study the motion of planets, finding equations of their
paths from a knowledge of the gravitational and centrifugal forces on them.

PROBLEMS

In Problems 1-6, the given forces are acting on a body. What single force is equivalent to
them?

1. fi=4i+3j,6=i—-2j,f,=i+j
fi=2i-j,6,=3i+4j,f;=—i+2j

5 pounds to the right; 10 pounds upward

4 pounds downward; 6 pounds to the right; 2 pounds upward

U

3 pounds downward; 4 pounds to the right and inclined upward at an angle of 45° with
the horizontal

6. 4 pounds to the left; 5 pounds to the right and inclined upward at an angle of 60° with
the horizontal

In Problems 7-12, give a vector representation of the given force.

7. A force of 6 pounds directed 30° from the horizontal

8. A force of 8 pounds directed 150° from the horizontal

9. A force of 3 pounds directed —45° from the horizontal
10. A force of 10 pounds directed —120° from the horizontal
11. A force of 2 pounds directed 35° from the horizontal
12. A force of 5 pounds directed —75° from the horizontal

In Problems 1318, the given forces are acting on a body. What additional force will result
in equilibrium? (A set of forces is in equilibrium if the sum of all of them is the zero vector.)
13. f1=2i+j, b =i-3j,f;=-3i+]

4. fi=4i—j, 5, =i+ 3j,f; =2i - §j

15. 2 pounds to the left; 5 pounds upward

~ 16. 4 pounds to the right; 6 pounds upward; 6 pounds to the left
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17.

18.

3 pounds to the right; 5 pounds to the right and upward inclined at an angle of 45° with
the horizontal '

3 pounds upward; 2 pounds to the right and inclined upward at an angle of 30° with the
horizontal; 4 pounds to the left and inclined downward at an angle of 60° with the
horizontal

In Problems 19-24, find the resultant of the forces given.

19.

20.

21.

22,

23.

24,

A force of 8 pounds directed 45° from the horizontal; a force of 9 pounds directed 270°
from the horizontal

A force of 3 pounds directed 150° from the horizontal; a force of 5 pounds directed
—60° from the horizontal '

A force of 6 pounds directed 45° from the horizontal; a force of 8 pounds directed 180°
from the horizontal '

A force of 10 pounds directed 120° from the horizontal; a force of 10 pounds directed
—60° from the horizontal

A force of 10 pounds directed 120° from the horizontal; a force of 8 pounds directed
—30° from the horizontal; a force of 20 pounds directed —90° from the horizontal

A force of 8 pounds directed 135° from the horizontal; a force of 10 pounds directed
30° from the horizontal; a force of 2 pounds directed —120° from the horizontal

In Problems 25-30, find the tension in all the cords of the arrangements shown in Fig. 2.32.
In each case, the weight of the suspended object is 100 pounds.

No. 4
45° 45°

Figure 2.32
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Figure 2.32 (cont.)

In Problems 31-39, use vector methods to prove the given theorem.

31.

32.
33.
34.

3s.

36.
37.
38.

39.

The segment joining the midpoints of the nonparallel sides of a trapezoid is parallel to
and one-half the sum of the lengths of the parallel sides.

The lines joining consecutive midpoints of a quadrilateral form a parallelogram.
If the diagonals of a parallelogram are perpendicular, then it is a rhombus.

If the sum of the squares of two sides of a triangle equals the square of the third side,
then the triangle is a right triangle:

The sum of the squares of the four sides of a parallelogram is equal to the sum of the
squares of the two diagonals.

The diagonals of a rectangle are equal.
The base angles of an isosceles triangle are equal.

If one of the parallel sides of a trapezoid is twice the length of the other, then the
diagonals intersect at a point of trisection of both of them.

The medians of a triangle are concurrent at a point two-thirds of the way from each
vertex to the midpoint of the opposite side. [Hint: Let BP=r BE and AP = sAD
(see Figure 2.33) and use the result of Problem 48, page 61.]

Figure 2.33

A

REVIEW PROBLEMS

1. Find the unit vector in the direction of v = (2, =3).

2. Suppose AB is a representative of v = 2i — 5j. Find B when 4 = (1, 3).
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. Suppose AB is a representative of v = 5i — 3j, and (—2, 1) is the midpoint of AB.

Find A and B.

4. Ifu=(3,-2)andv =(1,6), findu + v,u — v, 3u, and Zﬁ + v. Sketch all the vectors.
5. fu=2i—jandv=3i-2j,findu-v.

6. Find the angle 6 between u = 2i — 3jandv =i + 5j.

7. Find the projection w of u = i + 4j upon v = 2i — 9j.

8. Find the projection w of u = 4i + jupon v = 2i — 2j.

9. Determine a so that the angle between u = 5i + j and v = ai — j is n/4.

10.
11.

12.
13.

14.

15.

16.

Determine a so that u = i — 4j and v = 3i + aj are orthogonal.

Find the resultant force if a force of 6 pounds is directed 90° from the horizontal, 8
pounds is directed 30° from the horizontal, and 10 pounds is directed —135° from the
horizontal.

Use vectors to prove that the diagonals of an isosceles trapezoid are equal.

Use vectors to prove that if the lengths of the parallel sides of a trapezoid are in the
ratio 1:n, then the point of intersection of the diagonals divides both of them in the
ratio 1:(n + 1).

The following forces are exerted on an object: 30 pounds to the left, 15 pounds
downward, 10V2 pounds upward and to the right inclined to the horizontal at an angle
of 45°. What single force is equivalent to them?

The handle of a lawnmower is inclined to the horizontal at an angle of 30°. If a man
pushes forward and down in the direction of the handle with a force of 20 pounds, with
what force is the mower being pushed forward? With what force is it being pushed into
the ground? '

Given u = 3i + 4j and v = 12i — §j, find the vectors v; and v, such that v = v; + v,,
V1=ku, and \/ N = (), .
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THEOREM 3.1

PROOF

" POINT-SLOPE AND TWO-POINT FORMS

The last section of Chapter 1 dealt with the problem of finding an equation of a
curve from a description of it. In this chapter, as well as the next two, we shall
consider this problem in more detail. Let us begin with a consideration of the line.
The two simplest ways of determining a line are by a pair of points or by one
point and the slope. Thus, if a line is described in either of these ways, we should
be able to give an equation for it. We begin with a line described by its slope and
a point on it.

(Point-slope form of a line.) A line that has slope m and contains the point (xy, y1)
has equation '

y—n =m(x—x1).

Let (x, y) be any point different from (x,, y;) on the given line (see Figure 3.1).
Since the line has slope, it is not vertical. Thus x # x;, which gives

y
A

/r,y)
> x

y

(xi, y1)

Figure 3.1
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Yy~
X — X

and
y —y1 = m(x — xp).

Although the formula was derived only for points on the line different from the
given point (x;, y1), it is easily seen that (x,, y;) also satisfies the equation. Thus,
every point on the line satisfies the equation. Suppose now that the point (%2, y2)
satisfies the equation—that is, '

Y2—=—Nn = m(x; — X1).

If x, = x;, then y, — y; = 0, or y, = y;. In this case, (x2, y2) = (x1, y1), which is
on the line. If x, # x;, then

Y2 — 1 _
X2 — X3

m.

Thus, the slope of the line joining (x;, y;) and (x,, y;) is m, and this line has the
point (x;, y1) in common with the given line. Thus, (x2, y) is on the given line
since there can be only one line with slope m containing (x;, y;). ®

-
.

Find an equation of the line through (—2, —3) with slope '1/2'(éee Figure 3.2).

Figure 3.2
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SOLUTION y —yi = m(x — x;)
’ 1 .
y= (=3 =5l - (-2)]
2y +6=x+2
' x—2y—-4=0

Of course vertical lines cannot be represented by the point-slope form, since
they have no slope. Again, remember that “no slope” does not mean “zero
slope.” A horizontal line has m = 0, and it can be represented by the point-slope
form, which gives y — y; = 0. There is no x in the resulting equation! But the
points on a horizontal line satisfy the condition that they all have the same y
coordinate, no matter what the x coordinate is. Similarly, the points on a vertical
line satisfy the condition that all have the same x coordinate. Thus, if (x;, y;) is
one point on a vertical line, then x = x;, or x — x; = 0 for every point (x, y) on
the line.

EXAMPLE 2 Find an equation of the vertical line through (3, —2) (see Figure 3.3).

D
]

p
L] L1 I R S
} T 1 T T 1 X
-2 0___ 2 4 6

-2+ $G.-2)

_..4._{._

Figure 3.3

~ SOLUTION Since the x coordinate of the given point is 3, all points on the line have x
coordinates 3. Thus,

x=3 or x—3=0.
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(Two-point form of a line.) A line through (x,, y,) and (x3, y2), X1 # X, has
equation

y =y =270 — ).

X2 — X
It might be noted that this result is often stated in the form

Yy i _Y2— N
X— Xy Xy—XxXi

While the symmetry of this form is appealing, the form has one serious defect—
the point (x;, y;) is on the desired line, but it does not satisfy this equation. It
does satisfy the equation of Theorem 3.2.

The proof of Theorem 3.2 follows directly from Theorem 3.1 and the fact that
m = (y, — y)/(x — x1), provided x; # x,. Actually, this follows so easily from
Theorem 3.1 that you may prefer to use the earlier theorem after finding the slope
from the two given points. Of course, the designation of the two points as “point
1”” and “point 2 is quite arbitrary.

Find an equation of the line through (4, 1) and (-2, 3) (see Figure 3.4).

Figure 3.4
Y= =%(x—x1)

3-1
y—l—_2_4(x—f1)

x+3y—-7=0
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The slope of the line is

- _Y2—=y1_3-1
" X2 — X1 _2“4

2 __1
-6 3

Using this with the point (4, 1) in the point-slope form, we have
y =y =mx — x1)
y—1=-3(—4)

Jy—-3=-x+14
x+3y—-7=0.

Note that we get exactly the same result if we use the slope —1/3 with the other

~ point, (-2, 3).

y—y1=m(x — x;)
y—3=—%(x+2)

Jy-9=—-x-2
x+3y—-7=0

Find the perpendicular bisector of the segment joining (5, —3) and (1, 7).

First let us find the midpoint.

541 ~3+7

x > 3 and y= = 2.

The midpoint is (3, 2).
The slope of the line joining (5, —3) and (1, 7) is

-3 -7 5
m = =

5-1 2

the slope of the pefpendicular line is m = 2/5.
Now we merely need to use the point-slope formula, using (3, 2) and
m = 2/5. : '
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Figure 3.5

The result is shown in Figure 3.5.

In Section 1.4, we used the DRAW or PLOT facility of a graphing calculator
to draw a line through two points or through a given point and with a given slope.
However, this procedure has certain limitations. We cannot use a TRACE or
ZOOM; indeed, we cannot change the viewing window in any way. The reason
for this is that DRAW or PLOT does not generate a function which can be
referred to for a TRACE or that can allow regraphing when the viewing window
changes.

Now that we can use two points or a point and a slope to get an equation, we
can use GRAPH. However, we must use a function rather than an equation. All
that means is that we must solve our equation for y as a function of x. Except for
vertical lines, whose equations have no y, this is quite straightforward.

Use a graphing calculator to graph the line through (—4, 3) with slope —2/3. Use
TRACE and ZOOM to verify that (—4, 3) is on the line and that its slope is —2/3.

We use a slightly altered form of our point-slope equation to have y as a function -
of x.

y =y +mx—x)

y=3- [~ (4]

=3—§(x+4)
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There is no need to simplify this result; the calculator can use any form of the
function. Using the normal range and Y, = 3 — (2/3)(X + 4), we get the graph of
Figure 3.6

Using TRACE, we move the cursor to the left so that x = —4. We can then
read the y coordinate, which is seen to be 3. This is illustrated in Figure 3.6.

. | 6.2

—6.2

Figure 3.6

Now let us move the cursor to x = 1.0 and ZOOM In. This gives the graph of
Figure 3.7. Again using TRACE, we identify the point on the graph with y
coordinate 0. This is the point (0.5, 0). Now we move the cursor 1 unit to the
right to the point with x = 1.5. The y coordinate (—0. 6666667) of this point is the
slope of the line. Thus, the slope is verified to be —2/3.

1.55

—-1.35

155

Figure 3.7

Find an equation of the line containing (2, 5) and (-3, 1). Use TRACE to verify
that (2, 5) and (-3, 1) are on the line.
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_s-1
T2 (-3)

m 4
5

rd

Again using our slightly altered poin‘t-slope formula with the above slope and
point (2, 5), we have

4
y=5+§(x—2).

With the normal range and Y; = 5 + (4/5)(X — 2), we get the graph shown in
Figure 3.8. -

T o ,‘
At

—94 L1 .1-"‘\ e LY

Figure 3.8

Using TRACE, we move the cursor to the right until x = 2. For this point,
y = 5 as shown in Figure 3.8. A similar method can be used to verify that (-3, 1)
is on the graph.

A

PROBLEMS
In Problems 1-16, find an equation of the line indicated and sketch the graph.
1. Through (2, —4); m = — 2 2. Through (5, 3); m = 4
3. Through (2,2):m =1 4. Through (-4, 6); m = 5
5. Through (9,0); m =1 6. Through (0, 3); m = 2
7. Through (4, =2); m =0 8. Through (2, 5); no slope
9. Through (1, 4) and (3, 5) 10. Through (2, —1) and (4, 4)
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11.
13.
15.

17.

18.
19.
20.

21.
22,
23.

25.

26.

27.

28.

29.

32.

Through (3, 3) and (1, 1) 12. Through (2, 1) and (-3, 3)
Through (0, 0) and (1, 5) 14. Through (0, 1) and (-2, 0)
Through (2, 3) and (5, 3) 16. Through (5, 1) and (5, 3)

Find equations of the three sides of the triangle with vertices (1, 4), (3, 0), and
(-1, -2). »

Find equations of the medians of the triangle of Problem 17.
Find equations of the altitudes of the triangle of Problem 17.

Find the vertices of the triangle with sidesx — S5y + 8 = 0,4x —y — 6 = 0, and
3x+4y +5=0.

Find equations of the medians of the triangle of Problem 20.
Find equations of the altitudes of the triangle of Problem 20.

Find an equation of the chord of the circle x> + y? = 25 which joins (-3, 4) and (5, 0).
Sketch the circle and its chord.

Find an equation of the chord of the parabola y = x? which joins (-1, 1) and (2, 4).
Sketch the curve and its chord.

Find an equation of the perpendicular bisector of the segment joining (4, 2) and
(=2, 6).

Find an equation of the line through the points of intersection of the circles

C+yP+2x-19=0 and x* +y? - 10x — 12y + 41 = 0.

Look over your work. Is there any easier way?

Repeat Problem 26 for the circles

PH+y +4c+2y+3=0 and ¥+ y?—6x -8y +21 =0.

What is wrong?
Find an equation of the line through the centers of the two circles of Problem 26.

What condition must the coordinates of a point satisfy in order that it be equidistant
from (2, 5) and (4, —1)?

. Find the center and radius of the circle through the points (1, 3), (4, —6), and (-3, 1).
31.

Consider the triangle with vertices A = (3, 1), B = (0, 5), and C = (7, 4). Find
equations of the altitude and the median from A. What do your results tell us about
the triangle? ’

Show that a line through points (x,, y;) and (x,, y,) can be represented by

x y 1
X1 N 1| =0.
X2 y2 1

The expression on the left-hand side of this equation is a determinant. Some authors
use the notation '
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x y 1
det X1 W 1
X2 y2 1

33. Show that the points (x;, y1), (x2, y2), (x3, y3) are collinear if and only if

- for this determinant.

x 'y 1
x2 y2 1
x3 y3 1

= 0.

34. Show that if no pair of the equations
| Aix + By + C = 0
Ax + By+ C =0
Ax + B3y + C3 =0

represent parallel lines, then the lines are concurrent if and only if

A, By (G

A, B, G
A3 By G

= 0.

35. (a) Can we graph the horizontal line through (2, 3) with a graphing calculator? If so,
what function must be given? If not, why not?

(b) Can we graph the vertical line through (2, 3) with a graphing calculator? If so,
what function must be given? If not, why not?

In Problems 36—40, graph the given lines on the same coordinate axes.

36. (a) The line through (1, 3) with slope 1
(b) The line through (1, 3) with slope 2
(c) The line through (1, 3) with slope 3
"(d) The line through (1, 3) with slope 4
How does the line change as the slope increases indefinitely?

37. (a) The line through (1, 3) with slope 1/2
(b) The line through (1, 3) with slope 1/3
(¢) The line through (1, 3) with slope 1/4
(d) The line through (1, 3) with slope 1/5
How does the line change as the slope decreases toward zero through positive
numbers? )

38. (a) The line through (1, 3) with slope —1
(b) The line through (1, 3) with slope ~2
(c¢) The line through (1, 3) with slope —3
(d) The line through (1, 3) with slope —4
How does the line change as the slope decreases indefinitely?

39. (a) The line through (1, 3) with slope 1
(b) The line through (1, 3) with slope —1
(c¢) The line through (1, 3) with slope 2
(d) The line through (1, 3) with slope —2
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" What is the relationship between a line with a positive slope and a line with the
corresponding negative slope?
40. (a) The line through (1, —3) with slope 2
(b) The line through (1, 1) with slope 2
(c) The line through (1, 5) with slope 2
(d) The line through (1, 9) with slope 2
What is the relationship between these lines?

In Problems 41-44, find an equation of the line through the given point and with the given
slope. Use TRACE to verify that the line contains the given point and has the proper slope.

a1 m = -3, (=2, —4)

42. m=2/5, (3, -4)

43. m = —3/4, (2.58, 3.17)
4. m = 3.487, (=5.43, 2.78)

In Problems 45-48, find an equation of the line through the given points. Use TRACE to
verify that the given points are on the line.

45. (-7, 3), (4, —9)

46. (2,5), (-3, 1)

47. (-1.4,5.8), (3.2, 1.6)
48. (-2.5,6.1), (4.3, 1.5)

49. The pressure within a partially evacuated container is being measured by means of an
open-end manometer. This gives the difference between the pressure in the container
and atmospheric pressure. It is known that a difference of 0 mm of mercury corresponds
to a pressure of 1 atmosphere and that if the pressure in the container were reduced to
0 atmospheres, a difference of 760mm of mercury would be observed. Assuming that
the difference D in mm of mercury and the pressure P in atmospheres are related by a
linear relation, determine what such a relation is.

§0. Knowing that water fregzes at 0°C, or 32°F, that it boils at 100°C, or 212°F, and
that the relation between the temperature in degrees centigrade C and in degrees -
Fahrenheit F is linear, find that relation. '

S1. The amount of a given commodity that consumers are willing to buy at a given price is

called the demand for that commodity corresponding to the given price; the relation-
ship between the price and the demand is called a demand equation. Similarly the
amount that manufacturers are willing to offer for sale at a given price is called the
supply corresponding to the given price, and the relationship between the price and
the supply is called a supply equation. Market equilibrium exists when the supply and
demand are equal. The demand and supply equations for a given commodity are

2p +x—100 =0 and p-x+10=0,

respectively, where p is the price of the commodity and x is its supply or demand. At
what price will there be market equilibrium? Graph both equations with p on the
vertical axis. What happens to the demand as the price increases? What happens to the
supply as the price increases?
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52. It costs the Acme Company $9500 to manufacture 100 pairs of shoes each day and
$12,250 to manufacture 150 pairs. Assuming that the cost is a linear function of the
number manufactured, find the cost as a function of the number manufactured.
Interpret the constants in your result.

53. Market research by the ZYZZ Electric Company has shown that the company can sell
60,000 lamps if it prices them at $20 and 20,000 if it prices them at $40. Assuming that
the demand D (the number that can be sold) is a linear function of the price p, find the
demand as a function of the price. For what values of the price does the result make
sense? '

54. The Consumer Price Index was 38.8 in 1970 and 113.6 in 1987. Assuming that this
index is linearly related to time, find an equation relating the Consumer Price Index to
the time given in number of years after 1970. What value for the Consumer Price
Index does this predict for 19807 (The actual value was 82.4.)

SLOPE-INTERCEPT AND INTERCEPT FORMS

The x and y intercepts of a line are the points at which the line crosses the x and y
axes, respectively. These points are of the form (a, 0) and (0, b) (see Figure 3.9),
but they are usually represented simply by a and b, since the 0’s are understood
by their position on the axes. We shall continue using the convention that the x
and y intercepts of a line are represented by the symbols a4 and b, respectively. It
might be noted that lines parallel to the x axis have no x intercept and those
parallel to the y axis have no y intercept. While a line on the x axis has infinitely
many points in common with the x axis, we shall adopt the convention that it has
no x intercept. Similarly, a line on the y axis has no y intercept. Thus no
horizontal line has an x intercept and no vertical line has a y intercept. One other
special case is that of a line through the origin which is neither horizontal nor
vertical; it has a single point (the origin) which is both its x and y intercept. In this
case a = b = 0. With these special points defined, we now introduce two more
forms of a line. '

Figure 3.9
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L ]
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HISTORICAL NOTE |

DESCARTES

THEOREM 3.3

‘PROOF

THEOREM 3.4

PROOF

(Slope-intercept form of a line.) A line with slope m and y intercept b has equation

y=mx + b.

Since the y intercept is really the point (0, b), the use of the point-slope form
gives ’ ‘

.

y—b=mkx-0) or 'y'=mx+b. L

(Intercept form of a line.) A line with nonzero intercepts a and b has equation

+

Q=
I
fl
[u—y

Since the intercepts are the points (a, 0) and (0, b), the line has slope

b
m= —-—.
a
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Using the slope-intercept form, we have

b
= —--x + b.
y e
Dividing each term by b gives .
y_—* LA A
b p + 1, or p + b 1.

It might be noted that these two forms are merely special cases of the point-
slope and two-point forms; thus, the earlier forms may be used in place of these at
any time. However, these forms, especially the slope-intercept form, are so
convenient to use that it is well to remember them. We shall see an example of
their use shortly. ®

EXAMPLE 1 Find an equation of the line with slope 2 and y intercept 5 (see Figure 3.10).

g
)
-

Figure 3.10

1

SOLUTION ' y=mx+b
y=2x+5
2x—y+5=0
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SOLUTION
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There is no commonly used special form for a line with a given slope and x
intercept. Although one can easily be derived, it has not proved to be as con-
venient as the slope-intercept form. If you know the slope and the x intercept,
simply use the point-slope form with the point (a, 0).

Find an equation of the line with x and y interceps 5 and —2, respectively (see
Figure 3.11).

Figure 3.11

QIx

y
+ =
b 1
X,y
-4+ 2 =
S -2
—2x + 5y = ~10
2x—5y—-10=0

»

Just as it was true that vertical lines could not be represented by the point-
slope form, we see that vertical lines cannot be represented by the slope-intercept

form, since vertical lines have neither slope nor y intercept. The intercept form is

even more restrictive, accommodating neither horizontal nor vertical lines,
because a horizontal line has no x intercept and a vertical line has no y intercept.
Furthermore, no line through the origin can be put into the intercept form, since
a = b = 0 gives zeros in the denominators.

In all of the examples we have considered so far, we used the special forms
only as a starting point; the final form was always Ax + By + C = 0. The
question arises whether every equation representing a lirie can be put into such a
form and if every equation in such a form represents a line.
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PROOF

EXAMPLE 3

SOLUTION

Chapter 3 THE LINE

(General form of a line.) Every line can be represented by an equation of the form

Ax+ By + C=0,
where A and B are not both zero, and any such equation represents a line.

Any line we consider either is vertical or can be put into slope-intercept form.
Thus any line can be represented by either

x=k or y = mx + b.

Thus any line is in the form

x— k=0 or mx—y+b=0.

Both are special cases of Ax + By + C = 0.
Suppose we have an equation of the form Ax + By + C = 0, where A and B
are not both 0. Let us consider two cases.
Case I: B = 0. Then
Ax+ C=0 aqd x=- |
(since B = 0 and A and B are not both 0, we know that A # 0 and we may divide

by A). This represents an equation of a vertical line.
Case II: B # 0. Solving Ax + By + C = 0 for y, we have

__A _¢C
Y B* B

(since B # 0, we may divide by B). This represents an equatibn of a line with
slope —A/B and y intercept —C/B.

Theorem 3.5 has the following implication for graphing: any equation of the
form Ax + By + C = 0 represents a line, and its graph can be determined by two
of its points. Since the intercepts are so easily found, finding the line through
these two points (if there are two) is the quickest way of sketching a line. Of
course, vertical or horizontal lines do not have two intercepts, but these are easily
sketched. The only problem comes from lines through the origin. The origin is
both the x and y intercept; so just find a second point in any convenient way. ®

*

Sketch the line 2x — 3y — 6 = 0.

When y = 0, x = 3, and when x = 0, y = —2. We did not put the equation into
intercept form in order to determine the intercepts, although we might have done
so; however, we can find the intercepts by inspection by setting y and x equal to
zero in turn and solving for the other. Actually, this represents a convenient way

{
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of putting the line into intercept form. Since a = 3
and b = -2, the intercept form of 2x — 3y — 6 = 0

A
2+

/\
il i | 1

X Yy _ 1 1 X
L3t 5= -2 0_/'3,0>
o . A0y
The graph of this equation is given in Figure 3.12. A_
Figure 3.12

The proof of Theorem 3.5 also shows us that the slope of the line Ax + By +
C = 0is —A/B provided B # 0. This implies that the slope of a line is determined
entirely by the coefficients of x and y; the constant term has nothing to do with
the slope. Thus '

Ax+ By + C; =0 and Ax+ By + G, =0
both have the same slope, namely —A/B. Furthermore,
Ax+By+ C; =0 and Bx —Ay+ C, =0

are perpendicular since they have slopes —A/B and —B/(—A) = B/A, respec-
tively. This gives us an easy way to write an equation of a line parallel (or
perpendicular) to a given line.

Find an equation of the line that is (a) parallel and (b) perpendicular to 3x + 2y —
5 = 0 and contains the point (3, 1) (see Figure 3.13).

Figure 3.13
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SOLUTION
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Any line parallel to the given line has the form 3x + 2y + C; = 0 since such a line
has the same slope as the given line. Now all we need to do is to determine C;.
Since the line contains the point (3, 1), its equation is satisfied by (3, 1). Thus we
have
3-:3+42-1+C; =0
Cl = —11
and the desired line is .
3x+2y — 11 =0.
Any line perpendicular to the given line has the form 2x — 3y + C.= 0.
Again the point (3, 1) satisfies the equation. Thus

'2-3—3-1+C2=
C2=—3
and the desired line is
2x — 3y —3=0.

It might be noted that, with very little practice, most of the above can be
done in one’s head and the answer written directly.

PROBLEMS

In Problems 1-20, find an equation of the line described and express it in general form with
integer coefficients. Sketch the line.

1. m=4,b=2 2. m=-1,b=3
3.m=5b=172 4. m=2/3,b=-1/3

5. m=3/4,b=12/3 6. m=—1/6,b = —5/4

7. m=5a= -2 8. m=6,a=3

9. m=0,b=-3 10. Nom,a=2
11.a=4,b=2 12.a=-1,b=3
13.a=2,b=1/2 14. a=12,b =112

15. a = 2/3,b = -2/5 16. a = —-3/4,b =2/3

17. a = b = 0, through (2, 5) 18. a = b = 0, through (-2, —3)
19.a=4,nobd 20. Noa, b = -3

21. Find an equation of the line parallel to 2x — Sy + 1 = 0 and containing the point
(2, 3). :
22. Find an equation of the line perpendicular to x + 2y — 5 = 0 and containing the point

4, 1).
¢
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) .‘.?; B

In Problems 23—26, find an equation of the line described and e.\-:pres;v.;;in the general form
with integer coefficients. Sketch the line. ‘ '

23.
25.
27,
28.

29,

30.
31.

32.
33.
34.
3.
36.
37.
38.
39.
40.
41.
42.

43.
4.

45.

46.

47.

48.

a = b # 0, through (2, 5) ‘ 24. a = 3b # 0, through (5, —4)
a + b = §, through (3, 1) 26. ab = 6, through (-3, 4)
Find an equation of the line parallel to 4x + y + 2 = 0 with y intercept 3.

Find an equation of the line perpendicular to 4x — y — 3 = 0 with x intercept 4.

Find the center of the circle circumscribed about the triangle with vertices (1, 3),
(4, —2), and (-2, 1). '

Find the center of the circle circumscribed about the triangle with sides x + y = 2,
x—y=0,and 2x — y = 4.

Find the orthocenter (points of concurrency of the altitudes) of the triangle with
vertices (—10, 11), (8, 2), and (2, —1).

Prove analytically that the altitudes of a triangle are concurrent.

For what value(s) of m does the line y = mx — 5 have x intercept 2?
For what value(s) of m does the line y = mx + 2 contain the point 4, 5)?
For what value(s) of a does the line (x/a) — (y/2) = 1 have slope 2?
For what value(s) of b does the line (x/3) + (y/b) = 1 have slope —4?
Plot the graph of x? — y? = (.

Plot the graph of xy = 0.

Plot the graph of x> — 5x + 6 = 0.

Plot the graph of (x + y — 1)(3x —y + 2) = 0.

Show that v = Ai + Bj is perpendicular to Ax + By + C = 0.

Show that v = Bi — Aj is parallel to Ax + By + C = 0. |

Work Problem 35 of the previous section without expanding the determinant. [Hint:
Use Theorem 3.5.]

One vertex of a rectangle is (6, 1); the diagonals intersect at (2, 4); and one side has
slope —2. Find the other three vertices.

One vertex of a parallelogram is (1, 4); the diagonals intersect at (2, 1); and the sides
have slopes 1 and —1/7. Find the other three vertices. ’

Graph the following lines.
(ay=2x-3 (b)y=2x-1
(©)y=2x+3 dy=2x+1

Describe the role of the constant term.

Graph the following lines.

@y=x+1 b y=2x+1
©y=-x+1 dy=-2x+1
Describe the role of the x coefficient.

Graph the following lines.
(@) x2 +y3=1 (b) x/3 — y/4 =1
How must the functions be entered?
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In Problems 49-52, graph the given equation and, using either TRACE or CALC, JUMP or
G SOLVE, find the intercepts. Use them to rewrite the equation in intercept form.

49.
50.
51.
52.

53.

54.

55.

56.

57.

58.

59.

61.

62.

y=5x-3
y=2/3+5
y = 2.54x — 1.78

y = —3.87x + 2.47

If d and ¢ represent distance from a starting point and time elapsed, respectively, give
an interpretation of the slope and d intercept for d = 60t. Repeat for d = 1000 — 40z.

The Carolina Furniture Company buys a lathe for $8000. It is expected that the lathe
will last for 12 years, at which time it will have no value. If a straight-line method of
depreciation is used, give an equation for the estimated value of the lathe as a function
of time. For what values of ¢ is your equation valid?

Repeat Problem 54 if it is expected that the lathe will have a secondhand value of
$500 after 12 years.

The direct cost of manufacturing a gallon of paint is $2.35. The fixed cost (which is
incurred no matter how many gallons are manufactured) is $420 per day. Give the
total daily cost as a function of the number of gallons of paint made. Graph the result.

The Ace Tennis Racket Company manufactures two models of tennis rackets, standard
and deluxe. The standard model requires 15 minutes to string, and the deluxe model
needs 20 minutes; the stringing machine is available for 12 hours. If x standard models
and y deluxe models are made, what is the relationship between x and y, assuming that
the entire 12 hours are used? Give an interpretation of the slope of this line.

It is estimated that an oil field contains 40 billion barrels of oil. If the oil is pumped out
at the rate of 30 million barrels per year, give an equation representing the relationship
between amount of oil left in the field and time. It is recommended that y represent
the amount left in millions of barrels and that ¢ represent the time in years. What is the
significance of the two intercepts? If only 80% of the oil can be recovered from the
field, when will the oil field be depleted?

The XYZ Company determines that the cost of producing x dinette sets is C = 120x +
10,000. What interpretation can be given to the slope of its graph? To the C intercept?
These two quantities are called the marginal cost and fixed cost, respectively.

. An encyclopedia salesperson’s weekly pay is given by the equation P = 50n + 100,

where P is the pay and n is the number of sets of encyclopedias sold. Give an
interpretation for the slope and P intercept of this equation.

A demand equation gives the relationship between the quantity g of an item that can
be sold and the price p of the item. Suppose that, for a certain item, the demand
equation is given by p = 5 — 0.01q. Give an interpretation for both intercepts and the
slope of this line.

It was observed that the price of videocassettes at a certain electronics store increased
by 3 cents per month throughout 1990. In June, the price was $6.35. Give an equation
for the price as a function of time. (Take ¢ = 0 to represent the beginning of the year.)
If this price increase continues, what will a cassette cost at the end of 19917 When will
the price be $7.00? )
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In Problems 63-67, plot the given points, draw the line that best fits the data, and use the
slope and/or y intercept to determine the quantity wanted.

63. Find m of y = mx.

0 1 2 3 4
- ylo 41 85 128 163

64. Find mand b ofy = mx + b.

x| 1 3 5 7 10 15
y | 64 -109 145 198 260 352

65. Find k of y = kx?. [Hint: Substitute z = x* and graph y = kz.]

x| 1 2 3 4 5
y | 53 205 470 89 1310

66. The relationship between the vapor pressure P of a liquid and its absolute tempera-

67.

ture, T, is given by the Clausius-Clapeyron equation,
—AH 1
2.303logoP = R T + C,

where AH is the molar heat of vaporization of the liquid and R is the ideal gas
constant, 1.987 calories degree™! mole™!. The following data were found.

1T | 0.00364 0.00357 0.00341 0.00328 0.00319
log;oP | 0.0000218  0.0000230 0.0000250  0.0000272  0.0000287

What is the molar heat of vaporization of the liquid? [See Problem 65.]
The Freundlich equation for adsorption is
y = kCY,
where y represents the weight in grams of substance adsorbed and C is the concentra-
tion in moles/liter of the solute. In logarithmic form, the equation is

1
lOgl()y = loglok + ;10g10 C.

Experimentation with the adsorption of acetic acid from water solutions by charcoal
gave the following results. ‘

C | 0079 003 0.019  0.0097 0.0045
y | 0054 0038 0029 002 0016

What are k and n? [See Problem 65]. -
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DISTANCE FROM A POINT TO A LINE

Before considering the distance from a point to a line, let us note the result of
Problem 41 of the previous section: the vector v = Ai + Bj is perpendicular to Ax
+ By + C = 0. This perpendicularity allows us to find the distance from any point
to a given line. o

THEOREM 3.6  The distance from the point (x1, y;) to the line Ax + By + C=0is

d = |Ax1 + B)’1 + C|

VA? + B?

PROOF The distance we are considering here is the shortest, or perpendicular, distance.
As noted above, the vector v = Ai + Bj is perpendicular to Ax + By + C = 0.
Let (x, y) be a point on Ax + By + C = 0 and u be the vector represented by the
segment from (x, y) to (x;, y1) (see Figure 3.14). Thus

u=(x; —x)i+ Oy — yi

Figure 3.14

The length we seek is the length of the projection w of u upon v. By Theorem 2.9,

d=|w| = v-ul _|AG: —x) + B(y: — 2l
\l VAZ + B?
_ |Ax; + By: = (Ax + By)|
- VA? + B?
_|Ax; + By, + C|
Y-

The following is an alternate proof that does not use vectors.

{
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Given the line
Ax + By + Cc=0
and the point ('fl’ ¥1), then
Ax + By — (Ax; + By,) = 0

is paralle]l to the given line and contains (x1, y1) (see Figure 3.15). Moreover,
Bx — Ay = 0 is perpendicular to both of them. The distance we seek is the
distance between the points P and Q of Figure 3.15. The point of intersection of
Bx — Ay =0and Ax + By + C =0 s

y

A

Bx—Ay=0
\r (x]: )’1)

Ax+ By — (Ax; + By;) =0

~

Figure 3.15

—-AC ~BC
P = 2+ B¥ A+ B2)

while the point of intersection of Bx — Ay = 0 and Ax + By - (Ax; + By,)

= 0is

0= <A(Ax1 + By;) B(Ax; + Byl))
A+ B ° A1 @ )

Using the distance formula, we have

Je \/(A(Axl + By;) AC )2 (B(Axl + By;) . _BC )2
A* + B? A% + B? A’ + B? A’ + B?
_ \/(Axl + By, + C)2
- A+ B>
— lel + Byl + CI

VA? + B2
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EXAMPLE 1 Find the distance from the point (1, 4) to the line 3x — Sy + 2 = 0.

g |Ax; + By; + C|
VA + B2
B1-5-4+2]
V3 (=5)?
15
V34

SOLUTION

~This is shown graphically in Figure 3.16.

. Figure 3.16

EXAMPLE 2 For what value(s) of m is the line y — 1 = m(x + 3) at a distance 3 from the
origin?

SOLUTION First the given equation can be put into the general form
mx—y+ (Bm+1)=0.
Using our distance formula, we have

d= lel + B}’1 + C}

VA? + B?
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3_m°0—0+(3m+1)
Vm? + (-1)?
3Vm? +1=3m + 1

9m2+9=_9m2+6m+1

8 =6m
oot
3

It might be noted that the given line has slope m and contains the point (-3, 1).
We have selected the slope in such a way that the line is at a distance 3 from the
origin. This gives the line 4x — 3y + 15 = 0, as shown in Figure 3.17. It might also

~be noted that there is a second line through (=3, 1) and at a distance 3 from the
origin. However, that one is a vertical line, which has no slope. It could not have
been represented by our original equation.

Figure 3.17

EXAMPLE 3 Find the distance between the parallel lines

2t -5 -10=0 and 2x—5Sy+4=0.

SOLUTION First let us select a point on one of the two lines. We may select any point in
whatever way that we find most convenient. For example, if we take x = 0 on the
first line, then y = —2. Thus we have (0, ~2) on the first line (see Figure 3.18).
Now all we have to do is find the distance from (0, —2) to the other line, 2x — Sy
+ 4 = 0. The result is
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©,-2)

Figure 3.18

d=|Ax1+By1+C'|

VA? + B?
_2-0-5(-2)+4 14
T V2R (=572

3

The absolute value in the distance formula is sometimes very inconvenient in
practice. We could get rid of it if we knew whether Ax; + By, + C were positive
or negative. The following theorem gives us a method of determining this.

If P(x,, y1) is a point not on the line Ax + By + C =0 (B # 0), then
(a) B and Ax, + By, + C agree in sign if P is above the line.
(b) B and Ax, + By, + C have opposite signs if P is below the line.

Case I: B > 0. Let Q be the point on the given line with abscissa x; (see Figure
3.19). If P is above the line, then y; > y. Since B > 0, By, > By. Therefore,

Ax, + By; + C> Ax; + By + C.

Since (x;, y) is on the line,

Ax; + By+C=0 and Ax; + By, + C>0.

If P is below the line, all of the above inequalities are reversed and

Ax1+By1+C<0.
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y T y
P(x, yo } 4 :
| Ax+By+C=0 Ax+By+C=0
' Q(x,, y)
- X - 74 » X
/ l P(x 1)
Q(xy,y) )
(a) . (b)
* ' Figure 3.19

Case II: B < 0. If P is-above the linq, then y; > y. Since B < 0, By; < By. Thus,

Ax; + By, + C < Ax; + By + C.
Again
Ax1+By+C=O and Ax1+By1+C<O.

As with Case I, all of these inequalities are reversed if P is below the line, and

Ax; + By, + C > 0.

If B = 0, the line is vertical and there is no “above” nor ‘“below.” Theorem
3.7 does not apply to this case, but the distance from a point to a vertical line is
easily found without using Theorem 3.6. Other methods of determining the sign
of Ax; + By, + C are given in Problems 34 and 35. =

Find an equation of the line bisecting the angle from 3x — 4y — 3 = 0 to 5x + 12y
+1=0. g

If (x, y) is any point on the desired line (see Figure 3.20), then it is equidistant
from the two given lines. By Theorem 3.6,

5x + 12y +1] _|3x — 4y - 3

5|5x + 12y + 1] = 13|3x — 4y — 3].

Now let us apply Theorem 3.7. Since P is above 5x + 12y + 1 = 0 and the
coefficient of y is positive, Sx + 12y + 1 is also positive. Similarly, since P is
above 3x — 4y — 3 = 0 and B is negative,

3x —4y -3 <0.
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. A
P(x, y)
) \/‘> —
' Sx+12y+1=0
3x—4y—7 &

Figure 3.20

Thus | ‘ '
5(5x + 12y + 1) = —~13Gx — 4y —3)  or 32 + 4y — 17 = 0.

Perhaps you object to the designation of P above both lines. Not every point
on the bisector is above them. While this is true, the points on the bisector that
are not above both are below both. Thus, we still have one expression positive
and the other negative, and the result is the same.

It might be noted that we can avoid the use of Theorem 3.7 by considering
both cases; that is, 5x + 12y + 1 and 3x — 4y — 3 either agree in signs or have
opposite signs. In the one case we have 7x — 56y — 22 = 0; the other gives 32x +
4y — 17 = 0. Now we need to select one of them. We do so by a comparison of
slopes. The first has slope 1/8 and the second, —8. Since Figure 3.20 shows that
the line we want is nearly vertical, it must have a slope that is numerically large.
Thus the answer we want is 32x + 4y — 17 = 0 with slope —8. It might be noted
that the two lines above with slopes 1/8 and — 8 are perpendicular. The line 32x
+ 4y — 17 = 0 bisects the angle from 3x — 4y — 3 = 0 to 5x + 12y + 1 = 0, while
Tx — 56y — 22 = 0 bisects the angle from the second line to the first.

PROBLEMS

A In Problems 1-10, find the distance from the given point to the given line.
Lx+y-5=0,02,5) 2. 2x -4y +2=0,(1,3)
3.4x+5y-3=0,(-2,4 4. x—-3y+5=0,(1,2)

5.3x+4y-5=0,(1,1) 6. Sx + 12y + 13 =0, (0, 2)

{
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7.
9.

2 — 5y = 3, (3, ~3) 8. 2 +y=S5,(4, —1)
3x+4=0,(2,4) 10. y = 3, (L, 5)

In Problems 11—16, find the distance between the given parallel lines.

11.
12,
13.
14.
15.
16.

17.
18.

19.
20.

2x-5+8=0, &x~59+7=0
x+2y-2=0, x+2y+5=0
2x+y+2=0, &x+2y—-3=0
4 -y+2=0, 122x-3y+1=0
2x-y+1=0, x~-y—-7=0
xx+2y=0, x+4y —-5=0

Find the lengths of the altitudes of the triangle with vertices (1, 2), (5, 5), and (-1, 7).

Find the lengths of the altitudes of the triangle with sidesx + y —3=0,x -2y +4 =0,
and 2x + 3y = 5.

Find the area of the triangle of Problem 17.
Find the area of the triangle of Problem 18.

In Problems 21-26, find an equation of the line bisecting the angle from the first line to the
second.

21.
22,
23.
24.
25,
26.
27.
28.
29.
30.

31.

32.

33.

3x—4y —-2=0, 4x—-3y+4=0

& + 15y -5=0, 5x—-12y+1=0

24x -7y +1=0, 3x+49y—-5=0

12x + 35y —4=0, 15y -8 +3=0

x+y—-2=0, x—-3=0

2x+y+3=0, y+5=0

For what value(s) of m is the line y = mx + 1 at a distance 3 from (4, 1)?

For what value(s) of m is the line y = mx + 5 at a distance 4 from the origin?

For what value(s) of b is the line (x/3) + (y/b) = 1 at a distance 1 from the origin?

For what value(s) of a is the line (x/a) + (y/2) = 1 at a distance 2 from the point

Find an equation of the set of all points equidistant from the origin and the line x + y
-1=0.

Find an equation for the set of all points whose distance from the origin is twice its
distance fromx +y — 1 = (.

The center of the circle inscribed in a triangle is the incenter of the triangle. The center
of a circle that is tangent to one side and the extensions of the other two sides is an
excenter of the triangle. Find the incenter and the three excenters of the triangle with
vertices (0, 0), (4, 0), and (0, 3).

. Prove that if P = (x, y;) is a point not on the line Ax + By + C = 0 (A # 0), then

(a) A and Ax; + By; + C agree in sign if P is to the right of the line.

 (b) A and Ax; + By; + C have opposite signs if P is to the left of the line.
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3s.

37.

38.

39.

Prove that if P = (xy, y,) is a point not on the line Ax + By + C = 0 (C # 0), then

(a) Cand Ax; + By, + C agree in sign if P and the origin are on the same side of the
line. ’

(b). C and Ax, + By, + C have opposite signs if P and the origin are on opposite sides
of the line.

. Find the center of the circle inscribed in the triangle with vertices (0, 0), (4, 0), and

, 3).

Suppose that a is the inclination of a line perpendicular (or normal) to the line / and p
is the directed distance of [ from the origin, p being positive if / is above the origin and
negative if / is below (see Figure 3.21). Show that / can be put into the form

xcosa + ysina—p =0.

This is called the normal form of the line.

y
4
\\
p -
g - X
1\
Figure 3.21

A board leaning against a fence makes an angle of 30° with the horizontal. If the board
is 4 feet long (see Figure 3.22), what is the diameter of the largest pipe which will fit
between the board, the fence, and the ground?

A small portion of Interstate Highway 197 is shown in Figure 3.23. FM 125 runs north-
south, and FM 238 runs east-west. How far is Arcadia from 197?

30°

Figure 3.22
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40. Basingstoke is 30 miles east of Exit 18 (see Figure 3.23). How far is it from 1972

FM125

Exit 17

Smi

FM238
-
Arcadia

—
Basingstoke

197

Figure 3.23

FAMILIES OF LINES

The equation

y=2x+b> o
~ is in the form y = mx + b, with m = 2; thus, it represents a line with slope 2 and
y intercept b. But what is b? Clearly we could substitute many different values for
b and get equations of many different lines. It is of interest then to consider the
following set, or family, of equations representing lines.

M= {y=2+b]|breal}
M represents a set of parallel lines all having slope 2; in fact, it represents the set
of all lines having slope 2 (see Figure 3.24). The bin y = 2x + b is called a

parameter. Since the equation has a single parameter, M is called a one-
parameter family of lines. Let us consider a few more examples.

y

Figure 3.24
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{y = 2 = m(x — 1)|m real} represents a family of lines through the point (1, 2);
however, it does not represent all such lines. The vertical line x = 1 (which has no
slope) is not a member of this family (see Figure 3.25). The set of all lines through
the point (1, 2) is {y — 2 =m(x — 1) | mreal} U {x = 1}. -

Figure 3.25

'The use of a computer or graphing calculator, with its ability to graph several
functions on the same set of axes, is especially useful when considering families of
lines. Once again, the greatest obstacle to overcome is the requirement that the
equation be solved explicitly for y as a function of x. Once this has been done,
there is no need to simplify; simply replace the parameter by one value, then
another, and so forth, to get several members of the family of lines. " When the
resulting functions are graphed, their common properties often become apparent.

To illustrate, the equation of Example 1 can be put into the form

y=2+mx-1).
By replacing m by several different values, we get
y1=2+0x—-1); y,=2+ 1(x - 1);
y3=2-1Ux—1); ys=2+2(x—-1).
When these are graphed (see Figure 3.25), it is clear that they all contain the

point (1, 2). -

{



EXAMPLE 2

EXAMPLE 3

EXAMPLE 4
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Unfortunately, the one thing the graphs will not tell us is whether the family
contains all lines through (1, 2) or whether there are exceptions. This must still be
done by a consideration of the form of the given equation. In this case, the
presence of the slope m should warn us that a line with no slope (a vertical line)
cannot be represented.

{x/2 + y/b = 1| b real, b # 0} represents a family of lines, all having x intercept 2
and some y intercept. It represents all such lines. However, it does not represent
all lines having x intercept 2, since the line x = 2 is not represented, nor does it
represent all lines through (2, 0), since x = 2 and y = 0 are not included (see
Figure 3.26).

— Cy ——— —— ]\ )

Figure 3.26

{y = mx + b | m, b real} is a two-parameter family of lines representing all
nonvertical lines.

{x = k| k real} is the family of all vertical lines.
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{2x + 3y — 6 + k(4x — y + 2) = 0| k real} represents a family of lines (no matter
what value we choose for k, the resulting equation is linear) all containing the
point of intersection of '

2x+3y—-6=0 and dx -y +2=0
(because any point satisfying 2x + 3y — 6 = 0 and 4x — y + 2 = 0 must satisfy
2x+3y -6+ k(dx—-y+2)=0

no matter what value of k we choose). Again, it does not represent all such lines;
the line 4x — y + 2 = 0 is not a member of this family (see Figure 3.27).

~ Figure 3.27

This family is more difficult to recognize than the previous ones. Once again,
we can get a handle on the problem by using computer or calculator graphing.
Unfortunately, solving for y is also more difficult than in the previous examples:

2 +3y-6+k(dx—y+2)=0
2x +3y—6+4kx —ky+2k=0
B —-k)y= -2+ 4k)x + (6 — 2k)
y = (=2 + 4k)x + (6 — 2k))/(3 — k).
The equation is left in this form rather than the “built-up” form because this is
the form that must be used with a computer. Again, we may simply replace k by

first one value, then another to get several examples from the family. As before,
there is no need to simplify the expression; the computer can do it for us.

{



EXAMPLE 6

EXAMPLE 7

SOLUTION
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Upon graphing several examples, it becomes clear that they all contain the
point (0, 2). However, it is not clear that this is the point of intersection of the
lines

2x+3y—-6=0 and 4x —y+2=0.
Nor is it clear that the second of these two lines is not a member of the family.
Thus, while a graphing calculator can help somewhat, it cannot solve this problem
completely. '

{Ax + By + C = 0] A, B, C real} is a three-parameter family representing all
lines in the plane.

Let us now consider the use of families of lines. This concept is most useful in
finding an equation of a line which cannot be represented in any of the standard
forms that we have seen. Suppose we consider the following example.

Find an equation(s) of a line(s) that contains the point (6, 0) and is a distance 5
from the point (1, 3).

{y = m(x — 6)| m real} represents a family of lines all containing the point (6, 0).
Note that it does not represent all lines containing the point (6, 0); the only one
not represented is the vertical line with equation x = 6. Thus, the family of all
lines containing (6, 0) is (see Figure 3.28)

Figure 3.28
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SOLUTION
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'.{yzm(x—6)|mreal} Uu{x=6).

Now we must choose those members of the family that are at a distance 5
from (1, 3). We first consider those lines of the form y = m(x — 6), which can be
rewritten in the form

mx —y—6m=0.

The distance from this line to the point (1, 3) is

lm—3—6m|=

Vm? + 1

Multiply both sides by Vm?* + 1 and square.

|-3 = 5m| = 5VmZ + 1
9 + 30m + 25m? = 25m? + 25

8

m=B

Substituting this value back into the original equation, we get

8
=156
8x — 15y — 48 = 0.

Now we must consider the line x = 6, which is a distance 5 from the point (1, 3).
Thus, the two lines we want are

8 — 15y —48=0 and x—6=0.

Find an equation(s) of the line(s) parallel to 3x — Sy + 2 = 0 and contamlng the
point (3, 8).

The family of all lines parallel to 3x — 5y + 2 = 0 (including the given line) is
{3x — 5y = k | k real} (see Figure 3.29). The member of the family which con-
tains (3, 8) satisfies the condition
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Figure 3.29
3-3-5-8=k%
k = -31.

The equation desired is 3x — 5y + 31 = 0. The above procedure is simple enough
to do mentally, and a similar procedure can be used for perpendicular lines.

EXAMPLE 9  Find an equation(s) of the line(s) perpendicular to 3x — 5y + 2 = 0 and
containing the point (3, 8).

SOLUTION The family of all lines perpendicular to 3x — 5y + 2 = 0is {5x + 3y = k | k real}
(see Figure 3.30 on page 122). The member that contains (3, 8) satisfies the
conditions

53+3-8=k
k=139.

The desired equation is 5x + 3y — 39 = 0.
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y
(3, 8)
%
A X‘)
6 i\
S
2\
o
4
A\
Xm
9
AVAVRVZLEAN -
—4 : 2 4 6
Figure 3.30

PROBLEMS

A In Problems 1-14, describe the family of lines given. Indicate whether or not it contains
every line of that description, and, if not, give all the lines with that description which are not
included in the family. '

1. {y — 4 =m(x + 1) | m real}
2. {y = mx — 5| m real}

3. {’f X=1|breal,b#=0}
27 b

4. {x = ky | k real}
5. {Ax + By = 0| A, B real, A and B not both 0}
6. {2x — 3y = k | k real}

7. {£+%=lla,breal,a=ﬁ0,b¢0}
a

8. {y=mx + b|m,b real}
9. {2x + 3y + 1 + k(4x + 2y — 5) = 0| k real}
10. {x = k| k real}

{
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x )
11. {—+—=1|areal,a¢0}
a 2a

X y
12. {= + =1|areal,a#0,a+3
a 3-a

13. {y = mx + m | mreal}
14. {y — a = m(x — a) | a, m real}

In Problems 15-24, give, in set notation, the family described.

15. All lines parallel to 3x ~ 5y — 7 =0

16. All lines perpendicular to 3x — S5y — 7 =10
17. All lines containing (2, 5) '

18. All lines with x intercept twice the y intercept
19. All lines containing the point of intersection of 3x — S5y + 1=0and2x + 3y - 7=0
20. All horizontal lines

21. All lines containing the origin

} 22. All lines at a distance 3 from the origin
23. All lines at a distance S from (6, 0)

24. All lines which form with the coordinate axes a triangle of area 4

In Problems 25-28, find the lines satisfying the given condition that are (a) parallel and (b)
perpendicular, respectively, to the given line.

25. Containing (5, 8); 3x — 5y + 1 =0 26. Containing (3,2); 2x + 3y —7=0

27. y intercept 5;4x + 2y — 5 =0 28. xintercept 2;3x +y +2 =0

29. Find an equation(s) of the line(s) with slope S at a distance 3 from the origin.

30. Find an equation(s) of the line(s) perpendicular to 3x — 4y + 1 = 0 and at a distance 4
from (2, 3).

31. Find an equation(s) of the line(s) containing (5, 4) and at a distance 2 from (-1, —3).
32. Find an equation(s) of the line(s) containing (3, —1) and at a distance 4 from (-1, 3).
33. Find an equation(s) of the line(s) containing (7, 1) and at a distance 5 from (2, —5).

34. Find an equation(s) of the line(s) containing (—4, 3) and at a distance 5 from (-2, 2).

35. Find an equation(s) of the line(s) containing the point of intersection of 3x —y — 5 =
0 and 2x + 2y — 3 = 0 and having slope 2.

36. Find an equation(s) of the line(s) containing the point of intersection of 4x + 5y — 1 =
0 and 3x — 2y + 1 = 0 and the point (1, 1).

37. Find an equation(s) of the line(s) containing (4, —3), such that the sum of the
intercepts is 5.

38. Find an equation(s) of the line(s) with slope 3 such that the sum of the intercepts is 12.

39. Find an equation(s) of the line(s) containing (2, 3) and forming a triangle of area 16
with the coordinate axes. '
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40

41.

42,

43.

Prove analytically that the bisector of an exterior angle determined by the two equal
sides of an isosceles triangle is parallel to the third side.

An isosceles right triangle is circumscribed about the circle with center (2, 2) and
radius 2. The coordinate axes are two of the sides. What is the third?

An isosceles right triangle is circumscribed about the circle with center (4, 2) and
radius 2. The x axis is the hypotenuse. What are the other two sides?

An equilateral triangle is circumscribed about the circle with center (4, 2) and radius 2.
The x axis is one side. What are the other two?

. Graph3x+2y —1=0andx —y +3=0.Graph3x +2y — 1 + k(x —y + 3) =0 for

k=1,2, -1, —2. Describe the above family of lines. What value of k (if any) gives the
graphof3x +2y —1=02x -y + 3 =0?

REVIEW PROBLEMS

. Write an equation (in general form with integer coefficients) for each of the following

lines.

(a) The line through (1, 5) and (-2, 3)

(b) The line with slope 2 and x intercept 3

(c¢) The line with inclination 135° and y intercept 1/3
(d) The line through (2, 3) and (2, 8)

. Write an equation (in general form with integer coefficients) for each of the following

lines.

(a) The line through (4, 2) and parallel to3x —y + 4 =0
(b) The line with x intercept 1/2 and y intercept —5/4

(¢) The horizontal line through (3, —2)

Find the slope and intercepts of each of the following lines.
@x—-4+1=0 (b)) 2x+3y+5=0
(¢) 5x +2y =0 d3x+1=0

4. Find the distance from (2, —=5) to 12x + 5y + 7 = 0.
5. Find-the distance between3x — y + 5 =0and 6x — 2y — 7 = 0.

6. Describe the family of lines given. Indicate whether or not it contains every line of that

description, and, if not, give all lines with that description that are not included in the
family.

(a) {y — 1 =m(x + 3) | mreal}
(b) {y =3x + b| breal}

(¢) {x/a — y/3 =1]areal, a # 0}

Give, in set notation, the family described.

(a) All lines containing (5, —1)

(b) All lines perpendicular to3x + 2y — 6 =10

(c¢) All lines at a distance 3 from (2, 5) :
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8. Find k of u = kv by graphing the given data and approximating by a line.

v | -1 2 4 7 8
u | —1.45 290 571 9.89 11.32

B 9. Find an equation of the perpendicular bisector of the segment joining (4, 1) and
(0’ _3)

10. A triangle has vertices (1, 5), (-2, 3), and (4, —1). Find equations for the three
altitudes.

11. Find the lengths of the medians of the triangle of Problem 10.
12. Find equations for the three medians of the triangle of Problem 10.

13. If the line / has slope 3 and contains the point (—1, 1), at what points does it cross the
coordinate axes?

14. Find an equation of the line bisecting the angle fromx +y — 5=0tox — 7y +3 = 0.
15. Find an equation(s) of the line(s) containing (5, 1) and at a distance 1 from the origin.

16. Find an equation(s) of the line(s) with slope 3 and containing the point of intersection
of2x +3y —5=0and3x -7y +5=0.

17. Sketch x2 — xy + 3x — 3y = 0.
18. Find m and b of y = mx + b by graphing the given data and approximating by a line.

x| 1 3 7 10 12 15
y | 7.5 133 26.5.360 428 516




Chapter 4 The Circle

THE STANDARD FORM FOR AN EQUATION
OF A CIRCLE

The standard form for an equation of a circle is a direct consequence of the
definition and the length formula.

DEFINITION A circle is the set of all points in a plane at a fixed positive distance (radius) from a
fixed point (center).

THEOREM 4.1 A circle with center (h, k) and radius r has equation

(x—h2+(y—-kP=r%

PROOF If (x, y) is any point on the circle, then the distance from the center (h, k) to
(x, y) is r (see Figure 4.1).

b

*xy

(h, k)
N -

Figure 4.1

1

r=V@x—h)?+ (y - k)?

Squaring, we have
(x—h?+(y—-kP’=r

Since the steps above are reversible, we see that every point satisfying the
equation of Theorem 4.1 is on the circle described. ®

{
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SOLUTION
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Give an equation for the circle with center (3, —5) and radius 2 (see Figure 4.2).

y
4
y ——t—t—t—t>x
2 4 6
_2--
—44
_6..,.
Figure 4.2

From Theorem 4.1, an equation is

(x=3P7+[y- (-5 =2,
o (x=32+(y +57°=4.

Although the above form is a convenient one, in that it shows at a glance the
center and radius of the circle, another form is usually used. Called the general
form, it is comparable to the general form of a line. Let us first illustrate this form
with the result of Example 1. Squaring the two binomials and combining similar
terms, we have '

(x-3P2+(y+5°2=4
¥ —6x+9+y*+10y +25=4
x2+y>—6x + 10y + 30 = 0.

Normally an equation of a circle will be given in this form. Let us now repeat the
manipulation, starting with the standard form of Theorem 4.1.

k-t -k2=r
X —2hx+ W +y*—2ky+ K2 =1
P+y —2hx—2ky+ R +KE-r)=0
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THEOREM 4.2

EXAMPLE 2

SOLUTION
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The last equation is in the form
¥*+y>’+Dx+Ey+F =0.
Upon multiplication by a nonzero constant, A, we have

A + Ay +Dx+Ey+ F=0 (A#0),

as the following theorem states.

Every circle can be represented in the general form

A® + Ay’ +Dx+Ey+ F=0 (A+0).

It is a simple matter to take an equation of a circle in the standard form and
reduce it to the general form. We have already seen an example of this. However,
it is somewhat more difficult to go from the general form to the standard form.
The latter is accomplished by the process of “‘completing the square.” To see how
this is accomplished, suppose we consider

(x + a)? = x* + 2ax + &

The constant term a2 and the coefficient of x have a definite relationship; namely,
the constant term is the square of one-half the coefficient of x. Thus,

a = B (2a)]2.

Note, however, that this relationship holds only when the coefficient of x%is 1.

This relationship suggests the following procedure. If the coefficients of x*
and y? are not one, make them one by division. Group the x terms and the y
terms on one side of the equation and take the constant to the other side. Then
complete the square on both the x and the y terms. Remember that whatever is
added to one side of an equation must be added to the other in order to maintain
equality.

Express 2x> + 2y* — 2x + 6y — 3 = 0 in the standard form. Sketch the graph of
the equation. !

22 +22 -2x+6y—3=0
3
5=0

A 0 it A

(P-x )+(P+3y )

0.
W
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1 9 3 1
( x 4+y+3y+4 2+4+
12 32
( ‘z) +(y+5) =4

Thus, the original equation represents a circle with center (1/2, —3/2) and radius
2. The graph is given in Figure 4.3.

£ \O

Figure 4.3

The next two examples show that the converse of Theorem 4.2 is not true:
that is, an equation of the form

A+ Ay + Dx+Ey+ F=0

does not necessarily represent a circle.

Express x* + y* + 4x — 6y + 13 = 0 in standard form. Sketch the graph of the
equation.

¥+y +dx—6y+13=0
P+ )+(FP-6y )=-13
(P+ax+4)+ (P -6y+9=-13+4+9
(x+2%+(y—-372=0
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SOLUTION

THEOREM 4.3
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'Since neither of the two expressions on the left-hand side of the last equation can

be negative, their sum can be zero only if both expressions are zero. This is
possible only when x = —2 and y = 3. Thus, the point (-2, 3) is the only point in
the plane that satisfies the original equation. The graph is given in Figure 4.4.

(—2,3) e 4+

Figure 4.4

Express x*> + y> + 2x + 8y + 19 = 0 in standard form.

X +y?+2x+8 +19=0
P+ )+ (Y + 8 )= —-19
C+2x+1D)+ (P +8 +16)=-19+1+16
(x+ 12+ (y+4)>=-2

Again, since neither expression on the left-hand side of the last equation can be
negative, their sum cannot possibly be negative. There is no point in the plane
satisfying this equation. It has no graph.

The results illustrated by the last three examples are stated in the next
theorem. :

The graph of every equation of the form
A2+ Ay*+ Dx+ Ey+ F=0 (A#0)
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HISTORICAL NOTE

FERMAT

is either a circle or a point, or contains no points.
(The last two cases are called the degenerate cases of a circle.)

The use of a computer or calculator for the graphing of circles has several
problems associated with it. The first is the old problem of having to solve for y as
a function of x. Since an equation of a circle is a quadratic in y (as well as in x),
this requires the use of the quadratic formula. Suppose we consider this with the
equation of Example 2. We begin by rearranging the terms in the following order:
y? terms, y terms, and constant terms (at least constant with respect to y—there
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may be x terms here). Then, looking upon y as the only variable and x as a
constant, we solve by the quadratic formula.

22 +2y° —2x+ 6y —3=0
2P+ 6y+ (2 —2x—-3)=0

y_—6i-\/36—4-2(2x2—2x—3)
B 4

If the equation is in the standard form (or if we first complete the square to
put it into that form), we can easily solve for y without using the quadratic
formula. For example, starting with the result of Example 2—that is, with the
equation of the circle in the standard form—we have = .

(x — 122 + (y + 32* =4
(y + 322 =4~ (x — 1/2)*
y+32=%xV4— (x — 112
y= =32+ V4 - (x - 1/2)%

By either method, we have two Functions because of the =*. They must be entered
individually in the form

Y, = (=6 + V(36 — 8(2X2 — 2X — 3)))/4
Y, = (=6 — V(36 — 8(2X2 — 2X — 3)))/4

or as

Y, = =32+ V12 - (X = 1/2)?)

Y, = =32 — V(1112 — (X — 12)}).

Once again, as we have seen in Section 1.7, the two halves of the circle may
not meet to give a closed curve. In this connection, see Problem 47.

“This is our first example of a second-degree equation. The general second-
degree equation has the form

Ax2+Bxy+Cy2+Dx+Ey+F=0.

A curve with an equation in this form represents a conic section: that is, the figure
formed by the intersection of a plane and a right circular cone (see Section 5.1).
In the case of a circle, B=0and A = C.

In the introduction to the graphing calculator, a program is given to graph
any second-degree equatlon It relieves us of the tediousness of having to solve a
quadratic equation in y and entering the two resulting functions.

We now have three methods of graphing an eguation in the form of a c1rc1e
using a calculator: by use of the quadratic formula, by completing the square and

{
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SOLUTION
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solving for y, and by use of the graphing program. Whereas completing the square
puts the equation into standard form giving us the center and radius, the other
two methods do not lead us to them naturally. Nevertheless, we can find them
from the graph by using CALC, JUMP, or G SOLVE. To do so, we merely find
the highest point on the upper half of the circle and the lowest point on the lower
half. The midpoint of the vertical line segment joining these points is the center,
and the distance from the center to either of these points is the radius.

Using a graphing calculator, graph the equation 3.27x% + 3.27y? — 18.19x + 7.03y
— 21.35 = 0 using each of the three methods we have discussed. Find the center
and the radius. :

Since we want the center and the radius, let us solve by completing the square.

3.27x% + 3.27y* — 18.19x + 7.03y — 21.35=0
x* + y? — 5.5627x + 2.1498y — 6.5291 = 0
x*> — 5.5627x + y* + 2.1498y = 6.5291
x? — 5.5627x + 7.7359 + y* + 2.1498y + 1.1554 = 15.4204
(x — 2.7813)% + (y + 1.0749)? = 15.4204

This tells us that the center is (2.7813, —1.0749) and r = V15.4204 = 3.9269.
Now we solve this equation for y.

(y + 1.0749)% = 15.4204 — (x — 2.7813)?
y + 1.0749 = +V15.4204 — (x — 2.7813)?
y = —1.0749 + V15.4204 — (x — 2.7813)?

Using these two functions, we have the result shown in Figure 4.5.

—62

Figure 4.5
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ALTERNATE  We can get the graph of Figure 4.5 by using the grapﬁing program with
SOLUTION

A =3.27 B=0 C=3.27
D=-1819 E=17.03 F= -21.35.

Alternately, we can use the quadratic formula to solve for y.

3.27x% + 3.27y* — 18.19x + 7.03y — 21.35 =0
3.27y% + 7.03y + (3.27x* — 18.19x — 21.35) = 0

_ —7.03 + V7.032 — 4-3.21(3.27%% — 18.19x — 21.35)
y= 2-3.27

This results in the entries

Y, = (-7.03 + V/(7.03% — 4*3.27(3.27X? — 18.19X — 21.35)))/(2*3.27)
Y, =(-7.03 — V(7.03 — 4*3.27(3.27X? — 18.19X — 21.35)))/(2*3.27)

and gives the graph of Figure 4.5.

Using CALC, JUMP, or G SOLVE with the first curve generated, we can
easily determine the maximum to be (2.7813, 2.8520). Using CALC, JUMP, or G
SOLVE on the second curve, we find the minimum of (2.7813, —5.0018). Thus
the center has x coordinate 2.7813 and y coordinate

(2.8520 — 5.001_8)/2 = —1.0749.
The radius is
2.8520 — (—1.0749) = 3.9269.

PROBLEMS

A In Problems 1-16, write an equation of the circle described in both the standard form and
the general form. Sketch the graph of each equation.

1. Center (1, 3); radius 5 2. Center (0, 0); radius 1
3. Center (5, —2); radius 2 4. Center (0, 3); radius 1/2
5. Center (1/2, —3/2); radius 2 6. Center (—2/3, —1/2); radius 3/2

B 7. Center (4, — 2); (3, 3) on the circle 8. Center (-1, 0); (4, —3) on the circle
9. (2, —3) and (-2, 0) are the endpoints of a diameter.
10. (-3, 5).and (2, 4) are the endpoints of a diameter.
11. Radius 3; in the first quadrant and-tangent to both axes

{
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12.
13.
14.
15.
16.

Radius 5;\ in the fourth quadrant and tangent to both axes

Radius 2; tangent to x = 2 and y = —1 and above and to the right of these lines
Radius 3; tangent to x = —3 and y = 4 and below and to the left of these lines
Tangent to both axes at (4, 0) and (0, —4)

TangenttoX = —2 and y = 2 at (—2, 0) and (-4, 2)

In Problems 17-28, express the equation in standard form. Sketch if the graph is nonempty,
either by hand or by using a graphing calculator.

17.2+y*-2x—4y +1=0 . 18. X +y*+4x—-6y—-3=0

19. 2 +y?+6x—16=0 20 2 +y - 10x+4y +29=0

21 4° + 4y —4x— 12y +1=0 22. 9> + 9y — 12x — 24y — 13 =0

23. 52+ 5y -8& -4y —121=0 24.92+9° - 18 - 12y —23=0

25, 9x% + 9y? — 6x + 18y + 11 = 0 26. 36x% + 36y — 36x + 24y — 23 =0
27. 36x% + 36y> — 48x — 36y + 25 =0 28, 8x2 + 8> +24x — 4y +19=0

29.

31.

32.

33.

3s.

Find the point(s) of intersection of

P+y?—x-3y-6=0 and 4x-y-9=0.

. Find the point(s) of intersection of

P+ +4x—-12y+6=0 and 3x-5y+2=0.

Find the point(s) of intersection of

Z2+y?+5x+y—-26=0 and P+y’+2-y—-15=0.

Find the point(s) of intersection of

P+y?+x+12y+8=0 and 2% +2y°—4x+9% +4=0.

What happens when we try to solve
P+y?—2x+4+1=0 and x—-2+2=0

simultaneously? Interpret geometrically.

. What happens when we try to solve

®+y?—4x—-2y+1=0 and xX+y’+6x—-6y+14=0

simultaneously? Interpret geometrically.
Find the line through the points of intersection of

P2+y’—-x+3y-10=0 and xP+y*-2+2y-11=0.

. For what value(s) of k is the line x + 2y + k = O tangent to the circle

X+y -2 +4y+1=07?
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37.

38.

39.

40.

41.

42,

Prove analytically that if P, and P, are the ends of a diameter of a circle and Q is any
point on the circle, then £ P,QP, is a right angle.

A set of points in the plane has the property that every point in it is twice as far from
(1, 1) as it is from (5, 3). What equation must be satisfied by every point (x, y) in the
set?

Given two circles, how many lines are tangent to both of them? [Note: There is more
than one answer, depending upon the relative positions of the circles.]

Find equations of the lines tangent to (x — 4)* + y* = 4 and.(x + 2) + y* = 1. [Hint:
See the previous problem for the number of tangent lines. ]

Find the relation between A, D, E, and F of Theorem 4.2 in order that the equation
represent

(a) a circle (b) a point (c¢) no graph.

If the equation represents a circle, find h, k, and r in terms of A, D, E, and F.

In general, squaring both sides of an equation is not reversible (if x = 2, then x* = 4;

but if x* = 4, then x = 12). Yet, in the proof of Theorem 4.1, the argument was
declared to be reversible even though both sides of an equation were squared. Why?

In Problems 43-47, use a graphing calculator to graph and determine the center and the
radius using (a) the quadratic formula, (b) completing the square and solving for y, and (c)
the graphing program.

43.
4.
45,
46.
47.
48.

2%+ 22— 6x —2y —27=0

2 +y2—10x+7y +25=0

4.17x% + 4.17y* + 15.95x — 25.38y — 12.43 =0

3.05:2 + 3.05y% + 25.87x — 10.54y + 35.17 = 0

132 + 1322 + 8.15x — 7.58y + 13.43 = 0

Graph x* + y* + 6x + 27y — 15 = 0 using the “standard” window. Change the range

 to —10 < x < 10. How does the graph change?

In Problems 49-52, use CALC, JUMP, or G SOLVE to find the points of intersection of
the given curves.

49,
50.
51.
52.

53.

54.

x-—y+2=0,x2+y2+4x—-6y—3=0

-y +2=0,2+y"—4x—-6y—-3=0
L+yP+bx-2y—6=0,x*+y* -2 -6y +6=0
24+ —4=0,+y —10x -4y +13=0

A mosque has a “keyhole” entry consisting of a r‘ectangle surmounted by a circle, as
shown in Figure 4.6. Find an equation of the circle with the given placement of the
axes.

The dome of a church has a cross section as shown in Figure 4.7. The circular arcs all
have a radius of 5 feet, and the upper circles are tangent to each other at a point on the
center line and tangent to the lower circle. Find equations of the three circles.
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55.

56.

57.

58.

-

y y
A .
I A o
158 Z1X
X 5%
4
- > X
y. |
" =
Figure 4.6 Figure 4.7

One nice property of round sewer covers is that they cannot fall into the sewer no
matter how they are oriented. Contrast this with a square, rectangular, or triangular
sewer cover. In spite of appearances to the contrary, circles are not the only possible
design for sewer covers that cannot fall in. Starting with the equilateral triangle of
Figure 4.8 and using arcs of circles, design a sewer cover that is not round but still
cannot fall in.

Figure 4.8

Given the round-headed screw shown in Figure 4.9, find an equation of the circular arc

with the given placement of axes.

A Gothic door has the shape shown in Figure 4.10. The triangle at the top is
equilateral, and each of the two arcs is circular with center at the opposite vertex. Find
equations of the arcs with the given placement of axes.

A belt is to go around two pulleys of radii 1 inch and 2 inches with centers 6 inches

apart. How long should the belt be? [Hint: See Problem 40.]
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y
‘ -

s~
B

i\ .

Figure 4.9 Figure 4.10

CONDITIONS TO DETERMINE A CIRCLE

We have seen two forms for equations of a circle: the standard form,
(x—m?*+(y—k?=r,

with the three parameters h, k, and r, and the general form,

AX? + Ay + Dx+ Ey+ F=0 (A #0),

with the parameters A, D, E, and F. However, since A # 0, we can divide
through by A to obtain

¥*+y*+D'x+Ey+F =0,

which, like the standard form, has only three parameters. Thus we need three
equations in h, k, and r or in D', E’, and F' in order to determine these
parameters and give the equation desired. Since each condition on a circle
determines one such equation, three conditions are required to determine a circle.

As already noted above, the values of h, k, and r in the standard form for a
circle are three “conditions” that determine the circle. This is illustrated in Figure

4.11.

Y f (X1, ¥1)
A X1 ¥y
A ' AT .

k) (%2, ¥2)

AN — > X (%3, ¥3)

Figure 4.11 Figure 4.12
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Similarly, three noncollinear points determine a circle as shown in Figure
4.12. The three points are the three conditions in this case. Knowing them gives
three equations in D’, E’, and F’ in the (slightly altered) general form of a circle.
Note that one point (two coordinates) on a circle is a single “condition,” while
each coordinate of the center is a condition. More generally, knowing that the
center is on a given line can be counted as a “‘condition” to determine a circle;

- knowing h and k is equivalent to knowing that the center is on the lines x = 4 and

y =k

Finally, let us consider the following three conditions: the equation of a
tangent line, the point of tangency, and another point on the circle (see Figure
4.13). The center is on the perpendicular to the tangent at the point of tangency.
It is also on the perpendicular bisector of the segment joining any two points of
the circle. These two lines determine the center of the circle; the radius is now
easily found.

1 l
1 e
(2 ¥2) (xp ¥D)
(X2, ¥2)
> X l — \-/ > X
Figure 4.13 Figure 4.14

While three conditions often determine a single circle, there are situations in
which they determine two circles. For example, a tangent line and a pair of points
on a circle determine two circles—not one (see Figure 4.14).

Find an equation of the circle through points (1, 5), (-2, 3), and (2, —1).

The desired equation is
*+y*+Dx+Ey+F =0

for suitable choices of D’, E’, and F'. Since the three given points are on the
circle, they satisfy this equation. Thus

1+25+ D"+ 5E'"+ F =0,

4+9-2D"+3E' + F =0,

'4+1+2D'-FE' +F =0
or
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D' + SE' + F = 26,
—-2D' + 3E' + F' = —13,

2D' —E'+F =-5.

Solving simultaneously, we have D' = —9/5, E’ = —19/5, and F' = —26/5. Thus
the circle is

9 19 26
Z x-Sy ——=
x2+y. ¥~ 3 5 0
or

5% + 5y — 9x — 19y — 26 = 0.

The example above illustrates the use of the general form to find the desired
equation. The general form is rarely used because the constants D', E’, and F'
have no easily discernible geometric significance. The problem of finding an
equation of a circle through three given points is the only one using this form.
Even this problem can be solved using the standard form if we recall that the
perpendicular bisector of a chord of a circle contains the center. Let us use this on
the preceding problem.

Since the points (1, 5) and (—2, 3) are on the circle, the segment from one to the
other is a chord of the desired circle (see Figure 4.15).

Figure 4.15
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For the chord from (1, 5) to (-2, 3):

‘)

m ——
+

midpoint = (—
— 5 _

w Nim

Wi

[u—y
N

and the perpendicular bisector is

3001
y—4__2(x+'2')
4y - 16 = —6x 3
6x + 4y = 13.

Repeating for the chord from (1, 5) to (2, —1):

midpoint = (%, 2)

and the perpendicular bisector is

1 3
Y“z—a( ‘5)

12y — 24=2x— 3
2% — 12y = —21.

Thus the center is on 6x + 4y = 13 and 2x — 12y = —21. Solving simultaneously,
we see that the center is (9/10, 19/10). The radius is the distance from the center
to any of the given points, say (1, 5).

1, %61 _ fe
100 100 V100
Thus the desired equation is

(= ) -
10 10/ ~ 100

or '
5x2 + 5y2 — 9x — 19y — 26 = 0.
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EXAMPLE 2 Find an equation(s) of the circle(s) of radius 4 with center on the line 4x + 3y +7
= 0 and tangent to 3x + 4y + 34 = 0.

OLUTION The threé conditions lead to the following three relations involving k, k and r (see
' Figure 4.16).

X

s 10 15 20 25
——y 4 + 4 -

(h, k)

-10% 4x+3y+7=0
-15}
3Ix+4y +34=0
—20 _
-5}
(h, k)
-304
351
—-40 4
Figure 4.16
(1) r=4
(2) 4h +3k+7=0
3) |3n + 4k + 34] _ .
V32 + 4

The first and third give
|3h + 4k + 34| = 20.

Solving the second for k, we have

and substituting into 1
|31 + 4k + 34| = 20,
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we have
3h _L;@_*_ 34| =20
_I74 - 7h| = 60
74 — 7Th = +60
134
h=2 = —
or h 7

and k = —5 or k = —195/7, respectively. Thus the two solutions are

2 g\ 2
or
2 +y?—4x+10y +13=0
and

49x* + 49y? — 1876x + 2730y + 55,197 = 0.

This problem can also be solved in the following way. Since the desired circle has
radius 4 and is tangent to 3x + 4y + 34 = 0, its center is on a line parallel to 3x +
4y + 34 = 0 and at a distance 4 from it. There are two such lines (see Figure 4.17)
given by

3x + 4y + 34|
5
3x + 4y + 34 = £20

3x+4y +14=0 or 3x + 4y + 54 = 0.

4

y .

\\\n _
+ ~ + + + t +— X

N 3x+4y+14=0

Ix+4y+34=0
O 3x 4+ 4y + 54 =0
4x+3y+7=0

Figure 4.17
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Since the center is also on 4x + 3y + 7 = 0, we can find its coordinates by solving
this equation simultaneously with each of the two equations above. From

3x+4y+14=0 and 4x + 3y +7 =0,
we get center (2, —5); from _
3x+4y+54=0 and 4x + 3y +7=0,

we get center (134/7, —195/7). Using these centers with the given radius, 4, we
have the desired circles. ' :

Find an equation(s) of the circle(s) tangent to both axes and containing the point
(-8, —1).

The three conditions give

(1) | h=—r
2 - k=-r
(3) (-8 —h)P? + (-1 —k?=r?

(see Figure 4.18). Substituting (1) and (2) into (3), we have
(—8+ 2+ (=1 +r?=r?
r>—18r + 65=0
r—5Fr-13)=0

r=>5 or r=13.

A
~30-25-20-15-10 —S Of 5

\)

Figure 4.18
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Thus we have the circle with radius 5 and center (-5, —5) with equation

x+52+(y+5°>=25
or
x>+ y* + 10x + 10y + 25 = 0;

or we have the circle with radius 13 and center (—13, —13) with equation

(x + 13 + (y + 13)? = 169
or
¥+ y2 + 26x + 26y + 169 = 0.

Find an equation(s) of the circle(s) tangent to 3x — 4y — 4 = 0 at (0, —1) and
containing the point (—1, —8).

The center of the desired circle is on the line perpe‘ndicular to the tangent line at
(0, —1) (see Figure 4.19). An equation of this perpendicular is

4 +3y=4-0+3(-1) or 4x+3y+3=0.

x+7y+32=0

\\4x+3y+3=0
\

\

Figure 4.19

Thus, for center (h, k) we have

1) 4h + 3k + 3 = 0.

The center is also on the perpendicular bisector of the line joining (0, —1) and
(—1, —8) (see Figure 4.19). The slope of the line joining (0, —1) and (—1, —8) is
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7; thus the slope of a perpendicular line is ~1/7. The midpoint of the segment
from (0, —1) to (=1, —8) is (—1/2, —9/2). By the point-slope formula, the

perpendicular bisector is
AT
Yr2T T\ T2

or

: x+7y+32=0.
Thus, ’
(2) " h+7k+32=0.

Solving (1) and (2) simultaneously, we have

- h=3 and k= —5.

Using this point with (0, —1), we find the radius

r=V(@B-0)?+(=5+1)>*=5.
Thus, the desired equation is

x=32+(p+5>=25
or
> +y>—6x+10y +9=0.

PROBLEMS

B In Problems 1-25, find an equation(s) of the circle(s) described.

1. Through (-1, 2), (3, 4), and (2, —1)

2. Through (-2, —1), (0, 3), and (2, 0)

3. Circumscribed about the triangle with vertices (2, 3), (0, 5), and (1, —1)

4. Circumscribed about the triangle with vertices (1, 1), (=2, 1), and (1, 4)

5. Circumscribed about the triangle with sidesx —y =0,x + 2y =0,and 4x + y = 35
6. Through (2, 1), (—4, 4), and (6, —1) [Watch out/]

7. Tangent to the x axis; center on 2x + y — 1 = 0; radius 5

8. Tangentto2x + 3y + 13 =0and 2x — 3y — 1 =0; contains (0, 4)

9. Tangent to 3x + 4y — 15 = 0 at (5, 0); contains (-2, -1)

—
e

Tangent to 5x — 12y + 89 = 0 at (—1, 7); contains (16, 0)

)
b

. Tangent to x +y=Oandx—y—6=0;centeron3x—y+3=0

Fard
(4

. Tangenttox—3y—-7=0and3x+y—21=O;centeronx‘—3y+3=0

{
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13.
14.
15.
16.
17.
18.
19.
20.
21.
22.
23.
24,
25.

Tangent £o x—3y=0at(0,0);centeron2x + y + 1 =10

Tangént tox —y = 0 at (2, 2); center on 2x+3y—-7=0

Contains (—1, 4) and (3, 2); centeron3x —y + 3 =10

Contains (5, 2) and (—1, 6); centeronx = y

Tangent to 2x + 3y —5 = 0 at (1, 1); tangent to 2x + 3y + 10 = 0
Tangent to y = 0 at (4, 0); tangent to 3x — 4y — 17 =0 ’
Tangent to botﬁ \axes; radius 3

Tangent to x = §; center on x + y = 10; contains (2, 9)

Tangent to 3x — 4y + 3 = 0 at (—1, 0); radius 7

Tangent to x> + y*> — 22x + 20y + 77 = 0 at (91/17, 10/17); containing (0, 1)
Tangent to x> + y* — 8 — 22y + 112 = 0 and 3x + 4y + 19 = 0; radius 5
Tangent to 2x — 3y + 6 = 0 at (3, 4); centeron 3x + 2y — 17 =0
Tangenttox + 2y — 7=0at(5,1);centeron2x —y + 5=0

In Problems 26-30, use the result of Problem 31 to solve.

26.

27.

29.

31.

Find an equation(s) of the circle(s) containing (1, —4) and the points of intersection of

£+y’+2—4+1=0 and x*+y*+4x+6y—-3=0.

Find an equation(s) of the circle(s) with center (3, —1) and containing the points of
intersection of
2+yP—4x—-6y+9=0 and x*+y’—2—1dy+15=0.
Find an equation(s) of the circle(s) with center on x + y — 2 = 0 and containing the
points of intersection of
C+y’+4x+6y—-3=0 and xX*+y*+2%+2y-2=0.
Find an equation(s) of the circle(s) with radius 2 and containing the points of intersec-

tion of

2+y?+2x—-2y-3=0 and xX*+y’—x-1=0.
Find an equation(s) of the line(s) containing the points of intersection of

¥?+y’P—2x—8 +8=0 and x*+y’+2-3=0.
Suppose that

AX* + Ay + Dx + Ey+ F=0
and
A +AY+D'x+Ey+F =0

represent two circles which intersect at the points Py and P,. Show that the family

M={Ax*+Ay* + Dx+ Ey+ F
+ k(A'X* + A’y + D'x + E'y + F') = 0] k real}



148

Chapter 4 THE CIRCLE

32.

33.

35.

consists of circles containing P; and P,, together with the line containing these two
points (when k = —A/A’).

Show that if (x;, y1), (x2, ¥2), and (x3, y3) are three noncollinear points, then the circle
containing these three points has equation

2+y2 x y

1
g+y oy 1
1B+ys x y, 1

1

B4y x3 ys

Show that if (x;, y;), (x2, ¥2), and (x3, ys) are three collinear points, then the
determinant of Problem 32 is linear.

. Find an equation(s) of the line(s) tangent to x* + y* + 4x — 10y + 4 = 0 from the

point (3, 2).
Find an equation(s) of the line(s) tangent to x* + y* — 8 + 2y — 152 = 0 and having
slope 1/3.

REVIEW PROBLEMS

In Problems 1-5, put the equation into standard form and identify it as a circle, a point, or
having no graph. If it is a circle, give its center and radius. If it is a point, give its

coordinates.

1. 2+y —10x+4y +13=0

2.3+ yP+6x -2y +10=0

3. 3622 + 36y — 24x + 108y + 85 = 0

4, 47 + 4y — dx + 12y — 15 = 0

5. 36x> + 36y — 36x + 24y + 49 =0

6. Find an equation of the line through the points of intersection of x* + y* — 4x + 2y +

® N

10.

11.

12.

1=0andx*+y*—8& — 2y + 8 =0.

Find an ﬁequation of the circle containing (0, 0), (-1, 1), and (3, 3).

. Find an ~'eq'uation of the circle tangent to x + y = 3 at (2, 1) and with center on 3x — 2y

-6=0.
Find an equation of the circle with center (4, 1) and tangent to 3x + 4y — 2 = 0.

Find an equation of the circle of radius 4 that is tangent to the x axis and has its center
onx — 2y = 2.

Find an equation of the circle inscribed in the triangle with vertices (5, 4), (15, -1),
and (23/3, —20/3).

Prove analytically that the perpendicular bisector of a chord of a circle contains the

- center.

13.

Find an equation of the line tangent to x* + y* = 25 at (4, —3).

{
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INTRODUCTION

In Chapter 3 we saw that an equation of the first degree always represents a line,
and every line can always be represented by an equation of the first degree. Now
let us consider second-degree equations and their geometric representation. The
general equation of the second degree has the form

Ax* + Bxy + Cy* + Dx + Ey + F= 0,

where A, B, and C are not all zero. We shall see that equations of the second
degree represent (with two trivial exceptions) conic sections: that is, curves
formed by the intersection of a plane with a right circular cone. Conversely, all
conic sections are represented by second-degree equations.

The conic sections are shown in Figure 5.1 on page 150. Furthermore, a cone
has two portions, or nappes, separated from each other by the vertex. Note that a
cone has no base or end; it extends infinitely far in both directions. Thus some of
the conic sections are unbounded. The traditional conic sections are the parabola,
ellipse, and hyperbola; a circle is a special case of the ellipse. The remaining
situations are called degenerate conics. In addition, there are two other situations
represented by second-degree equations: a pair of parallel lines, and no graph at

~ all. No matter what the cone or the plane, there must be some intersection; and it

cannot be a pair of parallel lines. There are the two exceptions mentioned above.

DEFINITION

THE PARABOLA

A parabola is the set of all points in a plane equidistant from a fixed point (focus)
and a fixed line (directrix) not containing the focus.

Suppose we choose the focus to be the point (¢, 0) and we choose the
directrix to be x = —c, ¢ # 0 (see Figure 5.2 on page 151). Let us choose a point
(x, y) on the parabola and see what condition must be satisfied by x and y. From
the definition, we have
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Circle Ellipse Parabola
(a) (b) (¢

®
Point Intersecting lines Line
(e ® (®)

Figure 5.1
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y
D P(x,y)
' — x
F(c0)
x=—¢
Figure 5.2
PF = PD
Vix =) + y* = |x + (| (See Note 1)
(x—c)+y*=(x +c)? (See Note 2)
2 =2x++yP=x2+2cx + '
y? = 4cx.

Note 1: Since PD is a horizontal distance,
PD =[x — (=c)] = |x + c|.

You might feel that we should drop the absolute value signs, since it is clear from
Figure 5.2 that x + ¢ must be positive. However, we did not insist that ¢ be
positive (although Figure 5.2 is given for a positive value of c). If ¢ is negative, x
is also negative and x + c-is negative.

Note 2: When we square both sides of an equatlon there is a possibility of
introducing extraneous roots. For instance, (0, 1) isnotarootof x + y = x — y,
but it is a root of (x + y)?> = (x — y)>. The reason here is that x + y = 1, while x
—y = —1for (0, 1), and 12 = (—1)®> = 1. This situation cannot occur when
(x +y)> = (x — y)*and x + y and x — y are either both positive, both negative,

or both zero. Since V(x — ¢)* + y* and |x + ¢| must both be positive in any case,
we have introduced no extraneous roots; that is, any point satisfying

x—cP+y =x+c)?

must also satisfy

V(x — ¢ + y* = |x + ¢|.
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We see that if a point is on the parabola with focus (¢, 0) and directrix
x = —c, it must satisfy the equation y* = 4cx. Furthermore, since Note 2 indi-
cates that all steps in the above argument are reversible, any point satlsfylng
the equation y* = 4cx is on the given parabola.

A point (x, y) is on the parabola with focus (c, 0) and directrix x = —c if and only
if it satisfies the equation

y? = 4cx.

Let us observe some properties of this parabola before considering others.
First of all, the x axis is a line of symmetry: that is, the portion below the x axis is
the mirror image of the portion above. This line is called the axis of the parabola.
It is perpendicular to the directrix and contains the focus (see Figure 5.3). The

V(0,0)

Figure 5.3

- point of intersection of the axis and the parabola is the vertex. The vertex of the

parabola y* = 4cx is the origin. Finally, the line segment through the focus,
perpendicular to the axis and having both ends on the parabola, is the latus
rectum (literally, straight side). Since the latus rectum of y* = 4cx must be vertical
and smce it contains (c, 0), the x coordinate of both ends is ¢. Substituting x = ¢
into y? = 4cx, we have

Thus one end of the latus rectum is (c, 2¢) and the other (¢, —2c); its length is
4cl.
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Finallyl the role of the x and y may be reversed throughout, as the next
theorem states. ot

.

A point (x, y) is on the parabola with focus (0, c) and directrix y = —c if and only
if it satisfies the equation '

| x% = 4cy.

Sketch and discuss y* = 8x.

The equation is of the form

y? = dcx,

with ¢ = 2. Thus, it represents a parabola with vertex at the origin and axis on the
x axis. The focus is at (2, 0), and the directrix is x = —2. Finally, the length of
the latus rectum is 8. This length may be used to determine the ends, (2, £4), of
the latus rectum, which helps in sketching the curve (see Figure 5.4).

Figure 5.4

Sketch and discuss x* = —12y.

This equation is in the form x* = 4cy, with ¢ = —3. Thus, it is a parabola with
vertex at the origin and axis on the y axis. The focus is (0, —3), the length of the
latus rectum is 12, and the equation of the directrix is y = 3 (see Figure 5.5).
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y
y=3
1v(o,0) ‘
e x
$F(0, -3 ):(6’ -
(_69 _3)
Figure 5.5

It might be observed from these two examples that the sign of c gives the
direction in which the parabola opens. If ¢ is positive, then the parabola opens in
the positive direction (to the right or upward); if c is negative, then the parabola
opens in the negative direction (to the left or downward).

Find an equation(s) of the parabola(s) with vertex at the origin and focus (—4,0).

Since the focus and vertex are on the x axis, the x axis is the axis of the parabola
(see Figure 5.6). Thus the equation is in the form y? = dcx. Since the focus is
(-4, 0), ¢ = —4 and the equation is y* = —16x.

* Figure 5.6
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It is qilite simple to use a graphing calculator for these parabolas. Although
we may use the conic graphing program, solving for y is the simpler alternative.

Use a calculator to graph (a) x> = —4.3y and (b) y*> = 7.49x.

Solving each of these equations for y gives
—x*/4.3
+ V7.49x.

y
y

Graphing with the standard window gives the graph of Figure 5.7.

—6.2

Figure 5.7

A frequently encountered problem is that of finding the tangent to a curve at
a given point. This problem is easily solved by the use of calculus. We can solve
this problem here without calculus by using a property of conic sections: namely,
a tangent to a nondegenerate conic section has only one point in common with it.
Let us use this property to solve the following problem.

Find an equation of the line tangent to y> = —8x at the point (~2, 4) (see Figure
5.8). :
The line with slope m through the point (-2, 4) is

| y —4=mx+ 2).

This is the desired line. Now all we need to do is determine m. Since the tangent

. line and the parabola have only one point in common, let us solve simultaneously.

Solving the equation of the line for y and substituting into the equation of the
parabola, we have
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Figure 5.8

» (4 + mx + 2m)*> = —8&
16 + m*2 + 4m? + 8mx + 16m + 4m’x = —8x
m232 + (4m* + 8m + 8)x + (4m* + 16m + 16) = 0.

This quadratic equation has only one solution provided B?> — 4AC =0, where A,
B, and C are the coefficients of x? and x, and the constant term, respectively, of
the equation.

(4m?® + 8m + 8)* — 4m?*(4m* + 16m + 16) =0
64m* + 128m + 64 =0
64(m + 1)> =0
m=-—1
Thus the desired line is
y—4=—-(x+2)

x+y—-2=0.

It might be noted that there is one line through the point (-2, 4) that has only
(=2, 4) in common with the parabola, and that line is the horizontal line y = 4.
Thus it is not true that every line through (—2, 4) having only one point in
common with the parabola is a tangent line. See Problem 31 for more on this line.

Parabolas have several interesting applications. One of the most important is
their reflective property. While all three of the conic'sections have special reflec-
tive properties, the one with the widest application is the parabola. If we have a

[
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HISTORICAL NOTE |

CONIC SECTIONS |

3

parabolic mirror, a ray of light from the focus of the parabola is reflected by the
mirror along a line that is parallel to the axis. While stated in terms of light, the
same can be said of infrared radiation, radio waves, and microwaves, as well as
sound waves. Thus, the reflectors on searchlights and automobile headlights are
parabolic, with the light source at the focus. Actually, they are paraboloids, which
are parabolas rotated about their axes (see page 366). The same principle is used
(with the source and destination reversed) in reflecting telescopes, dish antennas,
solar furnaces, and “‘spy’’ listening devices.

Another (though minor) application of the parabola is in the orbits or comets.
At a given distance from the sun, there is a threshold velocity called the escape
velocity. At this or greater velocity, the comet escapes entirely from the solar
system; at a lesser velocity, it remains within the sun’s gravitational field. The
comet’s path is elliptic, hyperbolic, or parabolic, depending upon whether its
velocity is, respectively, less than, greater than, or equal to the escape velocity. In
the latter two situations, the comet approaches the sun once and flies off into
space, never to return.



158

Chapter 5 CONIC SECTIONS

All of this assumes that we are dealing with only two bodies: the sun and
the comet. The gravitational forces of the planets can also have an effect upon
the orbit. A near approach to a large planet can either increase or decrease the
velocity of a comet, depending upon the circumstances (see Problem 44). Thus, a
comet in a long elliptic orbit can have its velocity increased to equal or exceed the
escape velocity, giving it a new orbit that is either parabolic or hyperbolic.
Similarly, a near approach to a large planet can also change the orbit from
parabolic or hyperbolic to elliptic. In this way, a comet may be “‘captured” by a
solar system.

When dealing with a solar system, the distances are great and constantly
changing with the movement of the planets, asteroids, or comets. Thus, the
gravitational forces, which depend upon the distances between the bodies, are
constantly changing. If we are dealing with the trajectory of a golf ball or a jet of
water, the vertical distances are so small that the force of gravity may be taken to
be a constant. In that case (neglecting air resistance), the trajectory is parabolic.

Parabolas also occur in certain engineering applications. When a cable hangs
of its own weight, it does not hang in a parabolic arc; it forms a catenary (Latin
for “chain’), with a more complicated formula. However, a freely hanging cable
does not have its weight uniformly distributed across its length. When a bridge
is suspended from the cable, it is desirable to have the weight of the bridge
uniformly distributed. When this is done, the cable then takes the form of a
parabola. Similarly, parabolic arches have greater strength than other shapes.
Thus, concrete arch bridges often use parabolic arches.

PROBLEMS
In Problems 1-12, sketch and discuss the given parabola.

1. y? = 16x 2. 2= -1 3. x*=4dy
4. x* = -8y 5. y>=10x 6. x> =Ty
7. x* =5y 8. y>=—9x 9. x2= -2
10. y* = 3x 11. x* = 6y _ 12. y? = —5x

n Problems 13-20, find an equation(s) of the parabola(s) described.

13. Vertex: (0, 0); axis: x axis; contains (1, 5)

14. Vertex: (0, 0); axis: y axis; contains (1, 5)°

15. Vertex: (0, 0); axis: x axis; length of latus rectum: 5
16. Vertex: (0, 0); focus: (0, 5)

17. Focus: (-3, 0); directrix: x = 3

, 18. Focus: (0, 8); directrix: y = —8
19. \Vertex:' (0, 0); contains (2, 3) and (-2, 3)

20. Vertex: (0, 0); contains (—3, —4) and (-3, 4)

¢
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. In Problems é1—24, the required parabola is not in the standard position, so that Theorems

5.1 and 5.2 cannot be used. Instead, go back to the definition of a parabola.

21.
22,
23.
24,
25,
26.
27.
28.

29.
30.

31.

32.

33.

3s.

37.

38.

39.

Find an equation of the parabola with focus (4, 0) and directrix x = 0
Find an equation of the parabola with focus (2, 4) and directrix y = —2.
Find an equation of the parabola with focus (0, 0) and directrix x + y = 4.

Find an equation of the parabola with focus (1, 1) and directrix x + y = 0.
Find an equation of the line tangent to y = x? at (1, 1).

Find an equation of the line tangent to x> = —5y at (5, —5).

Find an equation of the line tangent to y? = —16x and parallel to x + y = 1.

Find equations of the lines tangent to y? = 4x and containing (-2, 1).

Prove Theorem 5.2.

Prove that the ordinate of any point P of the parabola y? = 4cx is the mean propor-
tional between the length of the latus rectum and the abscissa of P.

Note that in Example 5 the horizontal line y = 4 has only one point in common with
the given parabola. Why was it not found in Exa.uple 5? [Hint: An assumption was
made at one point that prevented us from finding it.]

Show that the tangent line to y? = 4cx at (xo, yo) is yyo = 2¢c(x + xo).
Graph the following.

(a) ¥ =y (b) x* = 4y (c) x> =8y
@) ¥’ = -y (e) x*=—4y (f) x* = -8y

What role is played by the coefficient of y? What is the effect of the minus?

Graph the following.
(@) y?=x (b) y* = 4x () y=48&
@) y* = —x (€) y* = —4 (f) y¥* = -8

What is the role played by the coefficient of x? What is the effect of the minus?

Graph the following.

(a) y* =4 (b) ¥ =4(x -1) (€) ¥ =4(x-2)
(d) y»=4(x + 1) (e y’=4(x+2)

What is the effect of replacing x by x — h?

Graph the following.

(a) y* =4 (b) (y — 1)’ = 4x € -2 =4
(@) (y +1)°=4x (e) (y +2)P =4ax

What is the effect of replacing y by y — k?

The catenary has equation y = (¢* + e ~*)/2. Graph it and y = x% on the same set of
coordinate axes. For what values of x are the y values within 1 of each other? Within
0.5 of each other?

An automobile headlight has a parabolic reflector that is 6 inches in diameter and 3
inches deep. How far from the vertex should be light bulb be placed?

A lighthouse uses a parabolic reflector that is 1 meter in diameter. How deep should
the reflector be if the light source is placed halfway between the vertex and the plane
of the rim? ‘
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40.

41.

42,

43.

45.

In order to hear what is said in a football huddle, a listening device is set up on the
sideline. It consists of a parabolic dish with a microphone at its focus. The dish is 4 feet
across and 16 inches deep. Give an equation for the parabola with the origin of the
coordinate system at the vertex of the parabola and the parabola opening to the right.
At what point should the microphone be placed?

A large reflecting telescope has a parabolic mirror that is 4 meters in diameter and 25
centimeters deep. It requires a cage for the observer with an eyepiece at the focus of
the mirror. How far up the tube of the telescope must the cage be built? This design is
called a prime focus telescope.

The prime focus design of Problem 41 is not practical for small telescopes. Instead, a
45° plane mirror is placed between the vertex and focus and the image is reflected to an
eyepiece outside the telescope tube, as shown in Figure 5.9. This design, which is not
practical for large telescopes, is called a Newtonian focus after Sir Isaac Newton. A
Newtonian focus telescope has a parabolic mirror of diameter 6 inches with equation
x*> = 120y and a 45° mirror 24 inches from the vertex. Where should the eyepiece be
placed?

Figure 5.9

A comet from deep space approaches the sun along a parabolic orbit. When the comet
is 100 million miles from the sun, the line joining the sun and the comet makes an
angle of 60° with the axis of the parabola. How close to the sun will the comet get?
[Hint: The point of a parabola that is closest to the focus is the vertex. Use the
definition of a parabola rather than an equation in standard form.]

When approaching the sun, a comet passes close to the orbit of Saturn, as shown in
Figure 5.10. If it crosses Saturn’s orbit ahead of the planet, as in Figure 5.10a, will its
speed be increased or decreased? Explain why. Repeat for the comet crossing behind
Saturn, as in Figure 5.10b.

A concrete arch spans a width of 40 feet with a 20-foot-wide road passing under the
bridge. The minimum clearance over the roadway must be 10 feet. What is the height

.of the smallest such arch that can be used? .
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(a) (b)

Figure 5.10

46. The towers of a suspension bridge are 500 feet apart and extend 100 feet above the
road surface. The main cables between the towers reach to within 10 feet of the road at
the center of the bridge, and there are vertical supporting cables every 10 feet. Find
the lengths of those supporting cables at 50 foot intervals.

47. An arrow is shot horizontally from a point 10 feet above the ground. It hits the ground
200 feet out from the starting point. Give an equation for the arrow’s trajectory, with
the origin of the coordinate system at the initial position of the arrow.

48. A ball is thrown upward and outward from the top edge of a 50-foot-high building. It
teaches its highest point 20 feet above and 10 feet out from the building. How far from
the building is the ball when it hits the ground?

DEFINITION

THE ELLIPSE

An ellipse is the set of all points (x, y) such that the sum of the distances from (x, y)
to a pair of distinct fixed points (foci) is a fixed constant.

Let us choose the foci to be (c, 0) and (—c, 0) (see Figure 5.11) and let the
fixed constant be 2a. If (x, y) represents a point on the ellipse, we have the
following.

V- +y+ Vx+ o> +y’ =2
V=T - 2~ VTS
2 -2x+F+ Y =4 —4aV(x + A) + ¥ + 1
+2cx + S+ y?

4aV(x + ¢)* + y* = 4a® + 4cx
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\/(x+c)2+y2=a-{-c;x

L2 2 2 x?
X+ 2x+E+ Yy =a+ 2cx + 5
a
2
a’ — ¢
a
x2+ P
a a* -7

The triangle of Figure 5.11, with vertices (c, 0), (—c, 0), and (x, y), has one side
of length 2c. The sum of the lengths of the other two sides is 2a. Thus

2a > 2c
a>c¢

a’ > ¢?
a’—c2>0.

y
I 3

/ > X
|

Figure 5.11

(x,y)

Since a* — ? is positive, we may replace it by another positive number, b%. Thus

=1, where b =da"-c%

Observe that we squared both sides of the equation at two of the steps. In both
cases, both sides of the equation are nonnegative. Thus we have introduced no
extraneous roots, and the steps may be reversed (see Note 2 on page 151).

Note that there are two axes of symmetry: the x axis and the y axis. Further-
more, (+a, 0) are the x intercepts and (0, +b) are the y intercepts, where a > b
(since b*> = a* — ¢*). Thus the x axis is called the major axis and the y axis is the

. minor axis. The points (+a, 0) on the major axis are called the vertices, the points



THEOREM 5.3

Section 5.3 THE ELLIPSE . : o 163

(0, £b) on the minor axis are the covertices, and the point of intersection of the

axes, (0, 0), is called the center (see Figure 5.12). The foci (+c, 0) are on the
major axis.

y
)

(0, )

> * - X
- O)Q‘/(a ?

(01 —b)

Figure 5.12

A point (x, y) is on the ellipse with vertices (+a, 0), and foci (c, 0) if and only if
it satisfies the equation

2y

'a—2 + FZ =1
where

b =a - &

An ellipse has two latera recta (plural of latus rectum), which are chords of
the ellipse perpendicular to the major axis and containing the foci. If x = *c,
then

Ay
;-l—l—,-z'——l
v -3 B
i
b4
2 _ 9
y pe)
b2
= + —
y T a

Thus, one latus rectum has endpoints (c +b?/a), while the other has endpoints
(—c, +b2/a) In both cases the length is 2b%/a. As with the parabola, this length
may be used as an aid in sketching; however, the vertlces and covertices allow one
to make a reasonable sketch.

Again, the roles of the x and y may be reversed.
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A point (x, y) is on the ellipse with vertices (0, *a) and foci (0, xc¢) if and only if it
satisfies the equation

2

y: X

4 ==

a’>  b? L
where

b*=a*> - &

One question that immediately arises is how we can tell whether we have

¥y

S+5=1 or
a2 b2

8]

=1

QN|‘<
¥

o | =
™

The numbers in the denominator are not labeled a and b, so how do we know
which is @ and which i 1s b? The answer is ‘‘size.” In both cases, a > b. Thus the
larger denominator is a”, and the smaller is b>. ’ :

Sketch and discuss 9x + 25y = 225.

First, we put the equation into standard form by dividing through by 225:

x2 y?
wto=1
Now
a* = 25, b2 =9,
and

> =a* — b* = 16.

This ellipse has center (0, 0), vertices (£5, 0), covertices (0, *3), and foci
(+4, 0). The latera recta have length 2b%/a = 2 -9/5 = 3.6 (see Figure 5.13).

(0,3)

(5.0)

! ] 1 i { 1
[ T I 1

@,0)|,

. 10, -3)

Figure 5.13
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Sketch and discuss 25x% + 16y? = 400.

Putting the equation into standard form gives

Now

C=a— b =09

This ellipse has center (0, 0), vertices (0, *5), covertices (4, 0), and foci
(0, +3). The latera recta have length 2b%*/a = 2 - 16/5 = 6.4 (see Figure 5.14).

0, -5)

Figure 5.14

Find an equation of the ellipse with vertices (0, £8) and foci (0, £5).

Since the vertices are on the y axis (see Figure 5.15), we have the form

-

Furthermore, a = 8 and ¢ = 5; thus b*> = @* — ¢ = 64 — 25 = 39. The final result
is ' '
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Figure 5.15

In addition to the quantities named, each ellipse is associated with a number,
called the eccentricity. For any ellipse the eccentricity is

e:‘.‘.’

a.m

The eccentricity of an ellipse satisfies the inequalities 0 < e < 1. It gives a
measure of the shape of the ellipse: the closer the eccentricity is to 0, the more
nearly circular is the ellipse. For instance, in Example 1, e = 4/5, while in
Example 2, e = 3/5. The ellipse of Example 2 is more nearly circular than the
ellipse of Example 1, as can be easily seen by the sketches.

There is also a directrix associated with each focus of an ellipse. Associated
with the focus, (c, 0) of the ellipse

LY
a  b?
is the directrix
a a
X=—-=—.
e ¢

If P is any point of the ellipse, the distance from P to the focus divided by the
distance from P to the directrix is equal to the eccentricity. This is sometimes used
as the definition of an ellipse.

Suppose we start with focus (c, 0), directrix x’ = a*/c, and eccentricity e = c¢/a.
Now let us find the set of all points P = (x, y) such that the distance from P to the
focus divided by the distance from P to the directrix equals.the eccentricity.

V(x — c)® + y*
p
e
c

-l

Cc
a
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V(x—c)2+y2=a—%x

ch—2cx+c2+y2=a2-2cx+cz—)2(2

aza— czx2 + y =q* - ¢
; * a2y~2 2= 1 a
With 5% = a® — 2, this becomes
The same result can be obtained using focus (—c, 0), directrix x = —a%c, and

eccentricity e = c/a.
For a parabola, the distance from a point on the parabola to the focus divided

by the distance of the point from the directrix is always 1. Thus we define ¢ = 1

for every parabola.

In Section 5.1 we indicated that the circle is a special case of the ellipse. If
c=0,thenb =ain Theorems 5.3 and 5.4. Thus the equations in those theorems
become x*> + y* = a?, an equation of a circle. With ¢ = 0, the eccentricity is also
zero, which agrees w1th our statement that an ellipse with an eccentricity near
zero is nearly circular. Note, however, that there is no directrix when ¢ = 0; the
focus-directrix definition cannot be used in this special case.

We can again find tangent lines by using the property that a tangent to an
ellipse has only one point in common with the ellipse.

Find equations of the lines containing (5, 1) and tangent to 9x? + 25y% = 225.

Note first of all that (5, 1) does not satisfy the given equation; it is not on the
ellipse (see Figure 5.16). Thus we can expect not one, but two tangent lines. A
line through (5, 1) with slope m has equation

y—1=m(x - 5).

Let us solve this equation and the given equation simultaneously. Solving this
equation for y and substituting into the other, we have

9x? + 25(1 + mx — 5m)* = 225
9x% + 25(1 + m*? + 25m® + 2mx — 10m — 10m?x) = 225
(25m?* + 9x* + (—250m?* + 50m)x + (625m? — 250m — 200) = 0

“ia
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Figure 5.16

Since a tangent line and the ellipse should have only one point in common, this
quadratic equation should have only one solution. Thus

B> —-4AC=0

(—=250m> + 50m) — 4(25m? + 9)(625m* — 250m — 200) = 0
62,500m* — 25,000m> + 250m? — 62,500m*

+ 25,000m> — 2500m? + 9000m + 7200 = 0

' 9000m + 7200 = 0

m= —

wnis

Substituting this back into
y—=1=m(x-5),
we have

y—1=—%(x—5)
4 + 5y — 25 = 0.

Recall that we had indicated that there are two answers, but we have found
only one. This is because the use of the point-slope form for the tangent line
assumes that there is a slope. It is easily seen from Figure 5.16 that the other
tangent line is vertical; its equation is

x =35.
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Ellipses have two applications in common with the other conic sections as
well as some that are uniquely theirs. It was believed for two thousand years that
the planets move in circular orbits (around the earth)—the so-called Aristotelian
model. After all, the universe must be perfect, and the circle is the perfect figure
(whatever that means). Such philosophical musings were deemed to be proof
enough of the ‘claim. It was not until Johannes Kepler showed in the seventeenth
century that the orbits are elliptic, with the sun at one focus, that the Aristotelian
model of the solar system was abandoned. Nevertheless, circular orbits are pos-
sible, and several planetary orbits (including the earth’s) are very nearly circular.
In fact, if we were to scale down the earth’s orbit, making the major axis 8 inches
long, the minor axis would be about 7.999 inches long! With such a small
difference, we should be hard put to recognize the orbit as an ellipse rather than a
circle.

The other property that ellipses have in common with the other conic sections
is the reflective property of elliptic mirrors. A light source at one focus of an
ellipse is reflected to the other focus. The principal application of this is in a so-
called whispering gallery—a room with an elliptic dome (actually an ellipsoid,
which is a three-dimensional ellipse). A person at one focus can whisper to
someone at the other without others in the room hearing. Some examples of
whispering galleries are the National Statuary Hall of the Capitol Building, the
Mormon Tabernacle, in Salt Lake City, Utah, and the dome of St. Paul’s
Cathedral, in London. A more serious application is the use of elliptic reflectors
of ultrasound to break up kidney stones. By placing the reflector in such a way
that the stone is at one focus and the sound source is at the other, the sound can
be concentrated on the stone, causing it to vibrate to pieces.

Another application is in aerodynamics and hydrodynamics. An elliptic wing,
keel, or rudder has been shown to give less drag than other shapes. Perhaps
the most widely known application of an elliptic wing was the British Spitfire
of World War II fame. Gears are sometimes made elliptic in order to change
constant rotational speeds to variable ones. Finally, arches, though ideally para-
bolic, are often elliptic.

I
PROBLEMS
A In Problems 1-10, sketch and discuss the given ellipse.
2 2
. —+L = 2. 2+ L -
169 25 144 169
2 2 2 2
3. -4+L o R A
25 4 36 16
2 2
5, -+ =1 6. x2 + 42 = 4
25 49

7. 9x% + 4y? = 36 8. 9% +y*=9
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9. 1622 + 9y = 144 ' 10. 4x2 + 25y? = 100

B In Problems 11-18, find an equation(s) of the ellipse(s) described.

11. Center: (0, 0); vertex: (0, 13); focus: (0, —5)
. 12, Center: (0, 0); covertex: (0, 5), focus: (—12, 0)
13. Center: (0, 0); vertex: (5, 0); contains (V15, 2)
14. Center: (0, 0); axes on the coordinate axes; contains (2, 2) and (-4, 1)
15. Vertices: (6, 0); length of latus rectum: 3
16. Covertices: (2, 0); length of latus rectum: 2
17. Foci: (6, 0); e = 3/5
18. Foci: (%2, 0); directrices: x = %8
19. Find an equation of the line tangent to x*> + 4y” = 20 at (2, 2).
20. Find an equation of the line tangent to 2x* + 3y? = 11 at (2, 1).
21. Find an equation of the line containing (3, —2) and tangent to 4x> + y* = 8.
22. Find an equation of the line containing (2, 4) and tangent to 3x* + 8y* = 84.

C 23. Suppose, in Figure 5.17, that A and B are fixed pins on the arm ABP and that AP and
BP have lengths a and b, respectively. Show that if A is free to side in channel XX’
and B in channel YY’, the point P traces an ellipse.

Y’
P
‘ L
X o’ X’
A
Y
Figure 5.17
24. Given the focus (—c, 0), directrix x = —a¥c, and eccentricity e = ¢/a, show that these
define the ellipse
2 2
it
P -7

25. Prove Theorem 5.4.
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26. Show that the line tangent to

N
[

hN| =
S I‘<
[
I
p—

at (x07 )’0) is

’ XXo  YYo
=2+ =1,
aZ bZ R

GRAPHING 27. Graph x%/4 + y?/9 = 1. Remember that you must first solve for y as a pair of functions

CALCULATOR of x and then graph both functions. What is the relationship between the x and y
intercepts and the numbers in the equation? Repeat for x2/9 + y%/4 = 1.
i 28. Graph the following.
2 2
y 2y
—+==1 b) —+—=1
@ = +% &= +2
2y 2y
—+==1 d —+==1
© 1%t @ %+73

What are the relationships between the graphs and the denominators of the x* terms?
29. Graph the following.

2y 2y
@7+ =1 (b) T +5 =1
2y 2 Y
(@ S +c=1 @5 +2-=1

What is the relationship between the graphs and the denominators of the y? terms?
30. Graph the following.

2y 2y
(a)6+2—1 (b)8+4—1
2y 2y
(c)10+6—1 (d)12+8—1

What are the foci of these ellipses? Such ellipses are called confocal.
31. Graph the following. '

2 2 2
y -1y
—+==1 b +—=1
@3+ b) = 9
(x-27 (x+1)? y
+==1 d +==1
© 9 @ ="
(x+20
+==1
© 9
What is the effect of replacing x by x — A?
32. Graph the following.
2y 2 (=1
—+=1 b) = + =1
@753 ®) 7 9
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33.

34.

35.

36.

37.

38.

39.

x_z (y_2)2_ f_z(}"*'l)z_
(C) 4+ '9'_—-1 | . (d)4+————9 =1

xz (y + 2)2 PR

4 9

What is the effect of replacing y by y — k?

The earth moves in an elliptic orbit about the sun, with the sun at one focus. The least
and greatest distances of the earth from the sun are 91,446,000 miles and 94,560,000
miles, respectively. What is the eccentricity of the ellipse? How long are the major and
minor axes?

The distance (center to center) of the moon from the earth varies from a minimum of
221,463 miles to a maximum of 252,710 miles. Find the eccentricity of the moon’s orbit
and the lengths of the major and minor axes.

The accompanying table gives the semimajor axis and eccentricity of the planetary
orbits. Use this information to find the minimum and maximum distances (center to
center) of Mercury from the sun.

Semimajor

axis
Planet (millions of km) Eccentricity
Mercury 571.9 0.2056
Venus 108.2 . 0.0068
Earth 149.6 0.0167
Mars 2279 0.0934
Jupiter 778.3 0.0484
Saturn 1427.0 0.0560
Uranus 2869.0 0.0461
Neptune 4497.1 0.0100
Pluto 5900 0.2484

Source: Michael A. Seeds, Foundations of Astronomy, 2d ed.
(Belmont, CA: Wadsworth Publishing Company, 1988),
p- 609.

Using the information in the table of Problem 35, show that Piito is sometimes closer
than Neptune to the sun. Pluto revolves about the sun once every 248 years. For 20 of
them (including the period from January 1979 to March 1999), it is the eighth planet

from the sun. S

The orbit of Halley’s comet has an eccentricity of 0.97 and semimajor .axis of 2885
million kilometers. Give an equation for the orbit with the center at the origin and
major axis on the x axis. Where is (the center of) the sun on this graph?

A room is elliptic with vertical walls 6 feet high and an ellipsoidal celling. If it is 40 feet
long and 20 feet wide, where should two people stand (other than next to each other)
so that they can whisper to each other without being heard by others in the room?

Show that an ellipse can be drawn using two pins and a loop of string. Where should
the pins be placed, and how long should the loop be?

4
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40. A cabinetmaker wants to build a table with an elliptic top. It is to be 120 inches long
and 50 inches wide at its widest point. He uses two pins and a string (see Problem 39)
to draw the top. Where should he put the pins, and how long should the string be?

41. The ellipse in Washington, DC, is 3525 feet long and 1265 feet wide. Give an equation
for it if the axes are placed with the origin at the center and major axis on the x axis.
Where are the foci?

42. A hall that is 10 feet wide has a ceiling that is a semiellipse. The ceiling is 10 feet high
at the sides and 12 feet high in the center. Find its equation with the x axis horizontal
and the origin at the center of the ellipse.

43. A concrete arch bridge is to be built in the form of a semiellipse. It must span a width
. of 20 feet. In addition, the central 14 feet of it must be at least 8 feet high. Where is
the highest point of the span?

THE HYPERBOLA

DEFINITION A hyperbola is the set of all points (x, y) in a plane such that the positive difference
between the distances from (x, y) to a pair of distinct fixed points (foci) is a fixed
constant.

Again, let us choose the foci to be (c, 0) and (—c, 0) (see Figure 5.18) and
choose the fixed constant to be 2a. If (x, y) represents a point on the hyperbola,
we have the following.

P(x,y)

X

- < —
C'(—,0) _ C(c,0)

Figure 5.18
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Vix—c+yY’ -~ Vx+c)+y’=+2a
Vix —c)?+yP=Vx+c)P+y**+2a

X2 —2(:x+c2+y = +2x+2+y

+ 4aV(x + ¢)* + y* + 4d*
F4aV(x + ¢)* + y* = 4a* + 4cx

— cxX
FVa+ P +y =a+—
a

x2+2(:x+c2+y2=a2+2cx+-cz—§2

- a*

_2o 2
= x2 — y? a
2y _
@  Fa

In the triangle PCC’ of Figure 5.18,

PC'<PC+ CC'
PC' - PC<CC
2a < 2c
a<c
- a>>0.

Since ¢®> — a? is positive, we may replace it by another positive number, b?. Thus

=1,'

ol o
G"l'*<
vl

where b2 = ¢* — a%.

Again we squared both sides of the equation at two of the steps. The first
time, both sides of the equation were positive; the second time, they were either
both positive or both negative. Thus we have introduced no extraneous root, and
the steps may be reversed (see Note 2 on page 151).

'Again, both the x axis and the y axis are axes of symmetry and again (*a, 0)
are the x intercepts. However, there are no y intercepts; when x = 0, we have

2

- =1,

<

which is not satisfied by any real number y. The x axis (containing two points of
the hyperbola) is called the transverse axis; the y axis is called the conjugate axis.

The points (a, 0) on the transverse axis are called the vertices, and the point of
intersection of the axes, (0, 0), is called the center (see Figure 5.19).

{
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(—¢c 0)

(—a, 0)

Figure 5.19

A point (x, y) is on the hyperbola with vertices (+a, 0) and foci (xc, 0) if and only

- If it satisfies the equation

2 y?

PR
where

b’ = — a>.

For every hyperbola there are two lines that the curve approaches more and
more closely at its extremities. These two lines are called asymptotes (see Figure
5.19, in which the slanting dotted lines are the asymptotes). It might be noted that
parabolas do not have asymptotes. Thus a hyperbola is not—as might appear
from inaccurate diagrams—a pair of parabolas. The hyperbola

N

x2
a2

O"l‘<
M)

=1, or y=i'5-x2-—a2,

has asymptotes

Let us verify this, at least for the portion in the first quadrant. Here we are
dealing with

y=§\/x2-—a2 and y=§x
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for positive values of x. For a given value of x, let us consider the difference d
between the y coordinates of the points on the hyperbola and the line.

=%x—2\/x2—a2=§(x— Vx? — a?)

a

Multiplying numerator and denominator by x + Vx? + a?, we have

b -(*-d) ab
ax+ Ve —a x+ViZ-d

Now the numerator is a constant; but, for large positive values of x, both terms of
the denominator are large and positive. In fact, the larger the value of x, the
larger the denominator and, therefore, the smaller 4 is. Thus d approaches zero
as x gets larger, which shows that the line is an asymptote of the hyperbola. Of
course, similar arguments can be used to show the same thing in the other three
quadrants. ‘

A convenient way of sketching the asymptotes is to plot both (*a, 0) and
(0, +b) (even though the second pair of points is not on the hyperbola) and
sketch the rectangle determined by them (see Figure 5.19). The diagonals of this
rectangle are the asymptotes.

Again, two latera recta contain the foci and are perpendicular to the trans-
verse axis. By using the same method as in the case of the parabola and ellipse,
we can show their length to be

d

2b*

a

As with the parabola and the ellipse, the roles of x and y can be reversed.

A point (x, y) is on the hyperbola with vertices (0, *a) and foci (0, xc) if and only
if it satisfies the equation

2 2
.
a b
where
b* = — a.

It might be noted that a and b are determined by the sign of the term in which
they appear; a° is always the denominator of the positive term and b the
denominator of the negative term. There is no requirement that a be greater than
b, as there was for an ellipse.

The asymptotes of the hyperbola
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are

y = i%x.

Since the formulas for the asymptotes for the two cases are rather easy to confuse,
a method that always works is to replace the 1 by 0 in the standard form and solve
for y.

2

Sketch and discuss — — . 1.

9 16

We see that a*> = 9, b*> = 16, and ¢* = a®> + b? = 25. This hyperbola has center
(0, 0), vertices (£3, 0), and foci (%5, 0). The asymptotes are found by replacing
the 1 of the standard form by 0 and solving for y.

X _ Yy _
9 16 0
16x>
2 _
Y =79
4 .
y=i§x

Figure 5.20
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EXAMPLE 2

SOLUTION

EXAMPLE 3

SOLUTION
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Sketch and discuss 16x2 — 9y? + 144 = 0.

Putting this equation into standard form, we have

N

2
X
——9"—1.

Y

We see that a®> = 16, b* = 9, and ¢ = a* + b*> = 25. This hyperbola has.center
(0, 0), vertices (0, £4), and foci (0, +5). Its asymptotes are y = +4x/3 and the
length of the latera recta is 2b*/a = 9/2 (see Figure 5.21).

Figure 5.21

Note the relationship between the equations of these two examples when in
the standard forms; the left-hand sides are simply opposite.in sign. Such hyper-
bolas are called conjugate hyperbolas. ’

Find an equation of the hyperbola with foci (£4, 'O) and vertex (2, 0).

Since the foci are on the transverse axis and we are given that they are on the x
axis (see Figure 5.22), we must have the form

x2 y?
2 po L.
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The foci tell us that ¢ = 4, and the vertex gives a = 2; thus b*> = ¢ — @? = 12 The
resulting equation is -~

-
-

x2 y2
FERETIRE
or ) .
3x? - y? = 12.

—t—

]
=

O\ ——

Figure 5.22

Hyperbolas, as well as the other conic sections, can be determined by a single
focus, a directrix, and an eccentricity. For the hyperbola

N

2
Y
_?zl,

le =

we have eccentricity

and directrices
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where x = a%/c is used in conjunction with the focus (c, 0) and x = —a%c with
the focus (—c, 0). Since ¢ > a, e = ¢/a > 1. Furthermore, a single focus and
directrix gives the entire hyperbola—not merely one branch. Either focus with its
corresponding directrix generates a hyperbola.

(@) (b) (c)

Figure 5.23

Once again, the principal applications of hyperbolas are related to their
reflective properties and to celestial motion. A ray of light directed toward one
focus is reflected by a hyperbolic mirror toward the other focus as in Figure 5.23a;
a ray directed away from one focus is reflected away from the other as in Figures
5.23b and c. One application of this is in the construction of reflecting telescopes.
As we have already seen in Section 5.2, a parabolic mirror reflects parallel rays of
light to the focus of the parabola. Since the focus is in the path of the incoming
light, it presents something of a problem. If the telescope is very large, a cage big
enough to hold an observer with an eyepiece can be set up at the focus. This is
called a prime focus telescope and is shown in Figure 5.24a. However, the large
size of the cage cuts down on the light-gathering ability of the telescope. One
solution is to put a 45° plane mirror between the parabola and its focus in order to
direct the light to the side, away from the path of the incoming light, as shown in
Figure 5.24b. This is called a Newtonian focus telescope. This presents a problem
for very large telescopes because, in order to observe a portion of the sky for a
long period of time, the telescope must be constantly moved to counteract the
earth’s movement. This requires the observer to move as well. This can be
difficult with a large telescope, since the observer is well up the tube of the
telescope. A third alternative is to use a secondary hyperbolic mirror to direct the
light back toward the primary parabolic mirror and out through a hole in that
mirror. The secondary mirror has one focus coinciding with “the focus of the
primary mirror and the other behind the primary. This is called a Cassegrain focus
for its inventor and is illustrated in Figure 5.24c. A Cassegrain focus telescope still
requires movement on the part of the observer, but this motion is easier to deal
with because it is at the base of the telescope rather than at the top. This system is
especially useful with radio telescopes, which have extremely long focal lengths.

{
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-

®) ©

Figure 5.24

A question that may occur to you is this: Why not use a plane mirror rather than
a hyperbolic one? The answer is that we want to use as small a mirror as possible
to reflect the light out of the telescope. If we use a plane mirror, it must be
placed much lower and therefore must be much larger.

As we have seen in Section 5.2, comets that approach the sun once and fly
off, never to return, follow either a parabolic or a hyperbolic orbit. A parabolic
orbit is quite unusual because it requires that the comet’s velocity be exactly the
escape velocity; hyperbolic orbits are much more likely.

Another application of hyperbolas is in the use of loran (long-range navi-
gation). A radio signal is sent simultaneously from two widely separated and
accurately known points. By noting the differing times of arrival of the two signals
(as well as their order of arrival), one’s position can be determined as being on
one branch of a particular hyperbola with the two stations as foci. If a third such
station is added, it can be used with either of the first two to restrict one’s position
to a second hyperbola. The point of intersection of these two half hyperbolas is
the desired location. A ship’s or plane’s loran receiver has a computer component
that makes the actual plotting of the hyperbolas unnecessary.

A

PROBLEMS
In Problems 1-14, sketch and discuss each equation.
2 2 2 2 2 2
AN A 2. 2L o . L2
16 9 4 1 9 4
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2 2 x2 2 2 2
XLy 5, — L o 6. -2 -
1 9 144 25 25 144
2 .
y X
7. ———=1 8. 4x? - 9y* = LA -y =
%779 | y? = 36 9. 4x* —y' =4
10. 4 —y* +16 =0 1. X2 -y’ = 12. 16x* — 9y* = 36

13. 36y* — 100x? = 225 14. 9% -~ 42 -9 =0

B In Problems 15-26, find an equation(s) of the hyperbola(s) described.

15. Vertices: (£2, 0); focus: (—4, 0)

16. Foci: (0, £5); vertex: (0, 2)

17. Asymptotes: y = +2x/3; vertex: (6, 0)

18. Asymptotes: y = *3x/4; focus: (0, —10)

19. Asymptotes: y = +4x/3; contains (3V?2, 4)

20. Asymptotes: y = +3x/4; length of latera recta: 9/2
21. Vertices: (5, 0); contains (9/5, —4)

. Foci: (+2V61, 0); contains (65/6, 5)

. Vertices: (0, £3); e = 5/3

Foci: (£10, 0); e = 5/2

Directrices: x = £9/5; e = 5/3

Directrices: y = +25/13; focus: (0, —13)

. Find an equation of the line tangent to x> — y? = 144 at (13, 5).

RRRERRES

. Find an equation of the line tangent to x> — y* = 16 at (-5, 3).
29. Find an equation(s) of the lines(s) tangent to x> — y* = 9 and containing (9, 9).
30. Find an equation(s) of the line(s) tangent to 4x> — 9y*> = 7 and containing (-7, 7).
C 31. Show that there is a number & such that, if P is any point of a hyperbola, the product
of the distances of P from the asymptotes of the hyperbola is k.
32. Show that the line tangent to

2_¥Y_
| @ b
at (xo, yo) is
x50 _ W _
& ¥,

GRAPHING 33, Graph x%/4 — y*/9 = 1. What is the relationship between the x intercepts and the
CALCULATOR Rumbers in the equation? Repeat for x*/2 — y*/4 = 1.

34. Graph y*/4 — x*/9 = 1. What is the relatlonshlp between the y intercepts and the
numbers in the equation? Repeat for y*/9 — x*/4 = 1,

35. Graph x%/16 — y*/9 = 1 and y = +3x/4. What is the relationship between them?

{
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39.

41.

42.

. Graph x%4 — y¥9 = 1, —x*/4 + y¥9 = 1, and y = +3x/2. How are they related?
37.

Graph the following.

2y oy
@ 7-7°1 , ®)g-7=1
2 ¥_ L
© % =1 | @571

What is the relationship between the graphs and the denominators of the x? terms?
Graph the following.

X «Lz._ . X y_z__
(8)4—4—1 (b)4—9—1
2_y_ r_r_
© 7%= - @ 7-5=1

What is the relationship between the graphs and the denominators of the y? terms?
Graph the following. .

Y _2_ Y _x_
(a)4 4—1 (b)9—4—1
Y _x_ Y _x_
© % 71 Ob il

What is the relationship between the graphs and the denominators of the y* terms?

. Graph the following.

2 2 2

y——_xz__ . y—-x—=
(a)4 il (b)4 g =1
y_x_ y_x_
© G 16! @ 2=1

What is the relationship between the graphs and the denominators of the y? terms?
Graph the following.

__LZ__ Yy _
(a)4 8_1 (b)6 6..1
X LZ_ ’ X 2’_2_
(°)8_4'1 @p-7°1

Where are the foci? These are called confocal hyperbolas.

We encountered confocal ellipses in Problem 30 of the previous section and confocal
hyperbolas in Problem 41 above. The following ellipses and hyperbolas all have foci at

(£2V2Z, 0). Graph as .many of each as possible and determine how the ellipses and
hyperbolas are related. Be sure to use scales on the axes that do not distort the curves.

2y 2y
@ p+7=1 ’ BT R
2y _. 2 _y_
©n*te=! < @g-5=1
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43.

4.

45.

47.

x2

2

&

2
-5=1 0)

(e) —ygz_—.]

A Cassegrain focus telescope (see page 181) has the dimensions shown in Figure 5.25.
Give an equation of the hyperbolic mirror if the axes are placed with x axis on the
transverse axis and origin at the center.

R
\
o

4m >

S5m

- &

om >

Figure 5.25

A radio telescope has a parabolic reflector (of radio waves) with focus 100 feet above
the vertex. A small hyperbolic reflector, 90 feet above the vertex and with one focus
coincident with that of the parabola, reflects the radio waves to its other focus, which
is 20 feet below the vertex of the parabola. Find the lengths of the transverse and
conjugate axes of the hyperbola.

A comet follows a hyperbolic orbit about the sun, reaching its closest point to the sun
at a vertex of 43 million miles. When the line joining the sun and the comet is
perpendicular to the transverse axis of the hyperbola, the comet is 137 million miles
from the sun. Give an equation for the comet’s orbit if the axes are placed with the x
axis on the transverse axis and the origin at the center. Where is the sun?

It has been found that alpha particles aimed at the nucleus of an atom are repelled
along a hyperbolic path. An alpha particle is shot toward the nucleus of an atom (at
the origin) from a distant point on the line y = 2x. It is deflected along a path that
approaches y = —2x, coming within 10 Angstrom units of the nucleus. Find an
equation of the particle’s path.

A and B are two loran stations located at (—500, 0) and (500, 0), respectively. A ship’s
receiver detects radio signals sent simultaneously from the two stations and indicates
that the ship is 600 miles closer to A than to B. Similarly, it is found that the ship is
1000 miles closer to C, at (0, 650), than to D, at (0, —650). Where is the ship?

. A man standing at a point Q = (x, y) hears the crack of a rifle at point P, = (1000, 0)

and the sound of the bullet hitting the target P, = (—1000, 0) at the same time. If the
bullet travels at 2000 feet/second and sound travels‘ at 1100 feet/second, find an
equation relating x and y.
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REVIEW PROBLEMS

A In Problems 1-6, sketch and discuss.

1. y* = —6x ° 2. x2 -4t =4
3. P =16x ~ 4. 4x* + 9y* = 36
5.°0-49=0 6 &+ 3 =48

B 7. Find an equation(s) of the parabola(s) with vertex (0, 0) and focus. (5, 0).

8. Find an equation(s) of the parabola(s) with vertex (0, 0) and containing the points
(2, 4) and (8, 8). '

9. Find an equation(s) of the ellipse(s) with center (0, 0), vertex (10, 0), and focus (6, 0).

10. Find an equation(s) of the ellipse(s) with center (0, 0), vertex (0, —3V?2), and
containing the point (2, —3).

11. Find an equation(s) of the hyperbola(s) with vertices (0, +8) and focus (0, 10).

12. Find an equation(s) of the hyperbola(s) with asymptotes y = +3x/2V2 and containing
(4, 3).

13. Find an equation of the line tangent to 4x*> + 3y® = 16 at (1, 2).

C 14. The inner edge of a track has equation

2y
?+'b—2=1.

The track is of width d. When asked to find an equation of the outer edge, a student gave
the answer

2 % Y 4
(@a+d? (b+d?

Prove the student to be correct or incorrect.



Chapter 6 Transformation
of Coordinates

TRANSLATION OF CONIC SECTIONS

The coordinate axes are something of an artificiality which we introduced on the
plane in order to represent points and curves algebraically. Since the axes are of
this nature, their placement is quite arbitrary. Thus we might prefer to move them
in order to simplify some equation. Any change in the position of the axes may be
represented by a combination of a translation and a rotation. A translation of the
axes gives a new set of axes parallel to the old ones (see Figure 6.1a), while in a
rotation, the axes are rotated about the origin (see Figure 6.1b).

Let us consider translation first. If the axes are translated in such a way that
the origin of the new coordinate system is the point (4, k) of the old system (see
Figure 6.2), then every point has two representations: (x, y) in the old coordinate
system, and (x', y') in the new. The relationship between the old and new
coordinate system is easily seen from Figure 6.2 to be

x=x"+h or xX=x-h
and
y=y +k or y =y-—k.

y ¥ y 7

~

L

\

(a) (b)

Figure 6.1
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Yy y
A A
P
"t
|
) I
yW:
- | >y
(h, k) | ’
- Q- P X
E—J
k { x’ I
1 —- X
v—
h J
X
Figure 6.2

These equations (either set) are called equations of translation.

Furthermore, we can consider translation from a vector point of view. The
vector xi + yj can be used to represent the point (x, y). A graphical representa-
tion of this vector is a directed line segment with its tail at the origin and its head
at (x, y). It is easily seen from Figure 6.3 thatu = v + w or

xi+yj=0x" + hi+ (y + k)j.

Thus
x=x"+h
and
y=y + k.
y Y

v =xi+)j

Figure 6.3
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Suppose we have a parabola with vertex at (h, k) and axis y = k (see Figure
6.4). Let us put in a new pair of axes, the x’ and y' axes, which are parallel to and
in the same directions as the original axes and have their origin at the point (k, k)
of the original system. Since the parabola’s vertex is now at the origin of this
coordinate system, its equation is

y'? = dex’,

Ll ™
-

<
/X

(2) (b)

Figure 6.4

where |c| is the distance from vertex to focus. Now the relationship between the
old and new coordinates is given by the equations of translation

xX'=x—h and . y' =y -—k.
Thus the equation of the parabola in the original coordinate system is
(y — k)* = 4c(x — h).

We can go through the same analysis for all three of our conics and obtain the
following results. ~

A point (x, y) is on the parabola with focus (h + c, k) and directrix x = h — c if
and only if it satisfies the equation

(y = k)? = 4c(x — h). -
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‘A point (x, y) is on the parabola with focus (h, k + ¢) and directrix y=k-c

" if and only if it satisfies the equation

N (x — h)‘2 = 4c(y — k).

A point (x, y) is on the ellipse with center (h, k), vertices (h * a, k), and covertices
(h, k £ b) if and only if it satisfies the equation

_h2 _k2
(xaz) +(ybz)=

1.

The foci are (h * c, k), where ¢* = a* — b°.
A point (x, y) is on the ellipse with center (h, k), vertices (h, k £ a), and
covertices (h £ b, k) if and only if it satisfies the equation

(y—k?  (x—-h?_
a? + p*

1.

The foci are (h, k * c), where ¢* = a* — b*.

A point (x, y) is on the hyperbola with center (h, k), vertices (h * a, k), and foci
(h % ¢, k) if and only if it satisfies the equation .

(=P _ (kP _
(12 b2 -

where b* =  — a*.
A point (x, y) is on the hyperbola with center (h, k), vertices (h, k £ a), and
foci (h, k £ c), if and only if it satisfies the equation

(y—k? (x—h?_
@ b

1,
where b®> = & — a°.
Suppose we now consider the equation
(y — k)* = 4o(x — h)
and carry out the indicated multiplications. The result is

y* = 2ky + k* = dcx — 4ch
y* — 4cx — 2ky + (K2 + 4ch) = 0.
This is in the form
y2+D'x+ E'y+ F =0,
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where D' = —4c, E' = —2k, and F' = k* + 4ch. If we now multiply through by
some number C (C # 0), we have

Cy’+ Dx+ Ey + F=0.

We can consider the other five standard forms of Theorems 6.1-6.3 in the same
way. We find that in every case we get an equation of the form

AxX* + Cy* + Dx + Ey + F= 0.

If we have a parabola, then either A = 0 or C = 0; if we have an ellipse, then A
and C are both positive or both negative; if we have a hyperbola, then A and C
have opposite signs.

It is convenient to express the above conditions on A and C in terms of the
product AC. Either A = 0 or C = 0 is equivalent to AC = 0; A and C have the
same signs if and only if AC is positive; they have opposite signs if and only if AC
is negative. The above results are summarized in the following theorem.

Every conic with axis (or axes) parallel to or on a coordinate axis (or axes) may
be represented by an equation of the form

AxX? + Cy* + Dx+ Ey+ F=0,

where A and C are not both zero. Furthermore, AC = 0 if the conic is a parabola,
AC > 0 if it is an ellipse, and AC < 0 if it is a hyperbola.

The equations of Theorems 6.1-6.3 are called the standard forms for conics,
while the equation of Theorem 6.4 is called the general form. It is a simple matter
to go from the standard form to the general form; one merely carries out the
indicated multiplications. We go from the general form to the standard form by
completing the square, just as we did for a circle. Once we have the conic in
standard form, it is a simple matter to carry out a translation.

Sketch and discuss the parabola 9y? + 36x — 6y — 23 = 0.

First we put the equation into standard form by completing the square on the y
terms. To do this we first isolate the y terms on one side of the equation. Then we
make the coefficient on y* one by dividing by 9. Finally we divide the resulting
coefficient of y by 2 and square; this number is then added to both sides, making
one side a perfect square.
o 9y? — 6y = —36x + 23
s 2 23

.-_4 —_
3y =ty




Section 6.1 TRANSLATION OF CONIC SECTIONS -191

now give

In the x’y’ system, we have a parabola with vertex at the origin, axis the x’ axis
(y' = 0), focus at (—1, 0), directrix x’ = 1, and a latus rectum of length 4. By
using the equations of translation, we express the vertex, axis, and so on, in the
xy coordinate system. Thus we have a parabola with vertex at (2/3, 1/3), axis
y = 1/3, focus at (—1/3, 1/3), directrix x = 5/3, and a latus rectum of length 4.
The parabola, with both sets.of coordinate axes, is shown in Figure 6.5.

’

= X

Figure 6.5

Note that the process of completing the square here is exactly the same one
that we used in Section 4.1. If the coefficient on the square term is not one, we
make it one by division. Then we complete the square by dividing the coefficient
of the first-degree term by two and squaring. Since this method of completing the
square works only when the coefficient on the square term is one, the first step is
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essential. This is easily carried out when the x? and y? terms both have the same
coefficient or when one of them is zero. If they are nonzero and different, we
cannot make them both one by dividing. In that case, instead of dividing, we
factor. For example,

9%* + 18x = 9(x? + 2x).

Now we can complete the square inside the parentheses. This can be repeated on
the y terms in the same way. This is illustrated in the following example.

~Sketch and discuss the hyperbola

Ox* — 4y* — 18x — 24y — 63 = 0.

Here we must complete the square on both the x and the y terms. Thus we must
make the coefficients of both x* and y* one. We do this by factoring.

9x% — 18x — 4y — 24y = 63
9(x* — 2x) — 4(y* + 6y) = 63

Ix* —2x+1) —4(*+ 6y +9)=63+9-1—-4-9
Ox — 12 — 4(y + 3) = 36

G117 (p+3P_
4 9

Now the equations of translation,

x'=x-1
and
Yy =y +3,
give , ,
xl !
ToesL

In the x'y’ system, we have a hyperbola with center at (0, 0),a =2, b = 3, and ¢?
= @ + b? = 13. Thus we have vertices (+2, 0), foci (+V13, 0), asymptotes y’ =
+3x'/2, and latera recta of length 2b%*/a = 2-9/2 = 9. Using the equations of
translation, we see that in the xy system we have a hyperbola with center at
(1, —3), vertices (3, —3) and (—1, —3), foci (1 = VI3, —3), asymptotes y + 3 =
*3(x —1)/2, or 3x — 2y — 9 = 0 and 3x + 2y + 3 = 0. The length of the latera
recta is, of course, unchanged by the translation. The hyperbola with both
coordinate systems is given in Figure 6.6.
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Figure 6.6

While Theorem 6.4 tells us that any conic with axis (or axes) on or parallel to
the coordinate axes can be represented in the form

Ax*+ Cy’ +Dx + Ey+ F=0,

it does not follow that any equation in this form represents a parabola, ellipsé, or
hyperbola. This point is demonstrated by the following example.

EXAMPLE 3 Sketch and discuss 4x* + 3y* — 16x + 18y + 43 = 0.

SOLUTION Since A =4and C = 3, AC = 12 > 0. The y
equation appears to represent an ellipse. But
completing the square gives

4(x* — 4x) + 3(y* + 6y) = —43 +
4(x®> — 4x + 4) + 3(y* + 6y + 9)

=—434+4-4+3-9 -
4(x —2)> + 3(y + 3> =0.

Y
=

N ——

Since neither term on the left is negative, the
sum can be zero only if both terms are zero.
Thus x = 2 and y = —3. This equation is N
satisfied only by the point (2, —3) as shown

in Figure 6.7: . _ Figure 6.7
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The foregoing example is called a degenerate case of an ellipse, since the
equation has the form of an ellipse but does not actually represent an ellipse. It is
comparable to the degenerate cases of a circle, which we saw in Chapter 4. The
degenerate cases of the three conics are given in the table.

PO ST

ent lines

Parabola 0  One line (tw coinci
Two parallel lines*
No graph*
Ellipse +  Circle
Point
No graph*
Hyperbola —  Two intersecting lines

*This is one of the cases mentioned in Section 5.1
in which an equation of the second degree does not
represent a curve formed by the intersection of a plane
with a right circular cone.

In the previous examples we have been working from the equation of a conic
section to its graph. Let us now consider the reverse problem; that is, starting
with a description of a conic section, we shall find an equation for it.

EXAMPLE 4  Find an equation(s) of the ellipse(s) with axes parallel to (or on) the coordinate
axes and with vertex (3, 5) and covertex (1, 0).

SOLUTIO Since the axes are parallel to or on the coordinate axes and the vertex and
covertex are the ends of the axes, we must have one of the situations shown in
Figure 6.8. But (3, 5) and (1, 0) are given to be a vertex and covertex, respec-
tively. This means that (3, 5) is an end of a major axis, and (1, 0) an end of a
minor axis. Thus Figure 6.8a is the correct one. Now we can take the result
directly from Figure 6.8a. Since the major axis is parallel to the y axis, we have
the form

(y — kP | (x = h)
a2.+ b2)=1'

Furthermore, it is clear from the figure that the center is (3,0),a=5,and b = 2.
Thus the desired equation is

(y—0PF -37°_
5 T a1

or :
25x* + 4y*> — 150x + 125 = 0.




Section 6.1 TRANSLATION OF CONIC SECTIONS 195

Note that there is no need to actually carry out the translation in the above
example; the standard form of Theorem 6.2 gives us all we need.

- (1, 0) 5
(a) (b)

Figure 6.8

EXAMPLE 5  Find an equation(s) of the hyperbola(s) containing (7, —2), (-1, —2), (8, 1), and
(_2’ —5)' '

SOLUTION It is easier in this case to use the general form, Ax*> + Cy?> + Dx + Ey + F= 0, of
Theorem 6.4 rather than one of the standard forms of Theorem 6.3. Since the
four given points satisfy the equation of the conic section, we have the following
four equations.

49A + 4C+7TD -2E+ F=0
A+ 4C—- D—-2E+F=0
6d4A+ C+8D+ E+F=0
4A +25C—-2D -5SE+ F=0

Since there are four equations but five unknowns, we cannot solve for all of
them; but let us solve for four of the unknowns in terms of the fifth. First let us
subtract the second equation from the other three, eliminating F.

484 + 8D =0
63A — 3C+9D +3E=0
34+21C—- D-3E=0
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Adding the last pair, we get:
48A +8D =0
664 + 18C + 8D = 0.

Finally we subtract the first from the second.

184 + 18C =0
or
C=-A
Substituting back, we get:
= —6A
E=—4A
F=-11A

Thus the desired equation is
_ Ax? — Ay? — 6Ax — 4Ay — 11A =0
or :
x*—y?—6x—4y — 11 =0.
Its graph is shown in Figure 6.9.

...........................

Figure 6.9
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When using a graphing calculator, we again have a choice of our usual three
methods of graphing; namely, use the quadratic formula to solve for y, complete
the square and solve for y, or use the conic graphing program. Generally, either
the second or the third method is the most reasonable choice.

If we want merely the graph of the equation without locating vertex, center,
foci, directrices, and so forth, the graphing program is the most reasonable
choice. The one additional thing the graphing program gives us is the graph of the
asymptotes of the hyperbola. While certain other things, such as vertices and
covertices, can be determined from the graph, a more in-depth discussion requires
another method. In that case, completing the square is the method of choice. The
calculations of the special characteristics of the conics, which we have already
discussed in this section, give us this information.

The graphing program is based on the quadratic formula. Thus the use of this
formula gives us nothing that we cannot get with the program. Moreover, using
the quadratic formula reintroduces a tedious exercise that the program is designed
to eliminate. So the use of the quadratic formula is not a good choice here when
the equation is more complicated than the standard forms of Chapter 5.

Use a graphing calculator to sketch and discuss the hyperbola 9x2 — 4y* — 18x —
24y — 63 = 0.

The simplest method of graphing is by the graphing program. In that case, we
have -

A=9 ' B =0 | C = —4

D= -18 E=-24 F = -63,

giving the graph of Figure 6.10. This graph includes the asymptotes.

However, we cannot determine much about the hyperbola from this method
of graphing. To determine other things, we must resort to completing the square.
This was done in Example 2, giving

—6.2

Figure 6.10
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G- o+ _

4

9

We can use the equations of translation to determine the center, vertices, foci,
length of the latera recta, and the equations of the asymptotes, as was done in
Example 2. Finally, to get the graph from this equation, we must first solve for y.

O+ _@-D_

9 4
(y+3)2=9[°"Tl)2—1]
y+3=13 @;?y—1
y=-3%3 -1

We now have the two equations to enter into the calculator. Of course the result
is the same as that of Figure 6.10 except the asymptotes are not graphed unless
they are entered separately.

PROBLEMS

In Problems 1-20, translate so that the center or vertex of the conic section is at the origin of
the new coordinate system. Sketch the curve showing both the old and new axes.

A L

x—37=8y-2)

3. 16(x + 3)* + 25y% = 400

9(x + 2)% + 4(y + 1)> = 36

Ly -4 —2y+9=0

9. 4’ +y*+24x — 2y +21=0

11.
13.
15.
17.
19.

9x? — 4y + 90x + 32y + 125 =0
9x? + 4y? — T2x + 16y + 160 = 0
4 —~4x -4y —-5=0

4x? — 16y* + 12x + 16y + 69 = 0
25x% + 4y* — 150x + 40y + 350 = 0

2,

16(x — 3)2 + 9y + 1)* = 144

4. (y —4? =22

6.

8.
10.
12,
14.
16.
18.
20.

9(x + 2)* — 16(y — 1) = —144

-8 -8 +8=0

x>+ 9y — 10x + 36y + 52 =0

9x? — 16y* + 72x + 96y + 144 =0
42 —y? —40x + 6y + 91 =0

16x% + 36y* + 48x — 180y + 257 = 0
y -5y +6=0
-y -2 -y=0

In Problems 21-30, find an equation(s) of the conic section(s) described.

21. Parabola with focus (3, 5) and directrix x = —1

{
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22. Ellipse with vertices (—1, 8) and (—1, —2), containing (1, 0)

23. Hyperbola with vertices (4, 1) and (0, 1), and focus (6, 1)

24. Parabola with axis parallel to the y axis and containing (0, 6), (3, ~6), and (8, 14)
25. Hyperbola with vertex (6, —1) and asymptotes 3x — 2y — 6 = 0 and 3x + 2y-2=0
26. Ellipse with covertices (=5, 0) and (1, 0) and having latera recta of length 9/2

27. Ellipse with axes parallel to the coordinate axes and containing (6, —1), (—4, —5),
(6, =5), and (—12, -3)

28. Hyperbola with axes parallel to the coordinate axes and containing (2, —2), (=3, 8),
(—17 —1)’ and (2’ 8)

29. Hyperbola with foci (4, 0) and (—6, 0) and eccentricity 5/2
30. Ellipse with vertex (8, —1), focus (6, —1) and eccentricity 3/5

31. If a parabola with a vertical axis contains the points (xo, yo), (x1, ¥1), and (x,, y2), show
that its equation can be put into the form

2 x y
x% Xo Yo
xf X1 N

—_— = e
It
[=]

x%xz Y2

32. What happens to the determinant of Problem 31 if the three given points are collinear?
(Hint: See Problem 33, page 148.]

Graph the equations in Problems 33-38. Determine the following from your graph.
Parabola: vertex; ellipse: center, vertices, covertices; hyperbola: center, vertices, asymptotes.

3B.x+1)2 =4y ~3)

34. 9(x + 2)* + 16(y — 1)> = 144

35. " -6x+4y+10=0

36. X+ 4y’ —4x + 24y + 24 =0
37. 222 -y’ + 8 + 8y —8=0

38. 16x2 — 9% — 64x — Sdy + 127 = 0

39. A comet on a parabolic orbit comes to within 30 million miles of the sun. Give an
equation of the comet’s orbit when the axes are placed with the x axis on the axis of
the parabola and the sun at the origin.

40. A ball is thrown upward and outward from the top edge of a 100-foot building. It
reaches its highest point 20 feet out from and 30 feet above the building. Give an
equation for its path with the x axis along the ground and the y axis along the side of
the building.

41. A parabolic arch spans a width of 50 feet and is 70 feet high. Give an equation of the
arch if the x axis joins the feet of the arch and the origin is halfway between them.

42. A suspension bridge has towers 600 feet apart and extending 120 feet above the road.
The center of the main cable is 20 feet above the road. Find an equation for the cable
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- 43.

45.

46.

with the x axis along the road surface and the origin halfway between the towers. What
is its equation if the origin is at the left tower?

Give an equation for the orbit of the planet Mercury (see the table on page 172),
where the x axis is the major axis and the origin is the sun.

A bridge consists of vertical pillars with semiellipses between them. Each semiellipse
spans a width of 50 feet, is 10 feet high at the pillars, and is 20 feet high at the center of
the span. Given an equation for the semiellipse if the x axis is along the ground with
the origin at the middle of the span.

A Cassegrain focus telescope (see page 180) has a parabolic mirror with focus 10 feet
from the vertex and a hyperbolic mirror with 12 feet between foci; it is placed 9 feet
from the vertex of the parabola. Give equations for both mirrors if the x axis is the axis
of the parabola (and the transverse axis of the hyperbola) and the origin is the vertex
of the parabola. Give their equations if the origin is midway between the foci of the
hyperbola.

A comet approaches the sun on a hyperbolic orbit, starting from a path that is inclined
at an angle of 30° with the transverse axis and approaching to within 40 million miles of
the sun. Find an equation for its orbit with the x axis the transverse axis and the origin
at the sun.

EXAMPLE 1

SOLUTION

TRANSLATION OF GENERAL EQUATIONS

The method of completing the square is simple to use, but it is rather limited in
scope. It can be used only on second-degree equations with no xy term. If there is
an xy term or if the equation is not of the second degree, another method,
illustrated by the following examples, can be used.

Translate axes so that the constant and the x term of x> — 2xy + y* + 4x — 6y +
10 = 0 are eliminated.

Since we have an xy term, completing the square will never give us one of the |
forms of Theorems 6.1—6.3. Thus we cannot determine / and k before translating.
Our only alternative is to use the equations of translation,

x=x"+h and y=y +k,

and see what values of k and k are needed to eliminate the specified terms.
Substituting the equations of translation into the given equation, we have

(x" + h)? = 2(x' + W)Y’ +k)+(y*+k)2+4(x +h) -6y +k)+10=0 .

X2+ 2hx' + K~ 2x'y' — 2kx' — 2hy' —2hk+y’2+2ky +k2
+4x' +4h— 6y —6k +11=0
2~ 2x'y' + y'?2 + (2h — 2k + 4)x' + (— 2h+2k—6)y
+(h2—-2hk+k2+4h—6k+10)—0

{
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-

Since-we want the constant term and the coefficient of x’ to be zero, we must
choose h and k so that

h? — 2hk + k2 + 4h — 6k + 10 = 0
2h — 2k +4=0.

Solving the second equation for 4 in terms of k£ and substituting into the first, we
have

h=k-2
(k-2 -2k—2k+kK+4k—-2)—6k+10=0
K —a4k+4—-2k*+4k+ kK +4k—-8—6k+10=0

-2k+6=0
k=3
h=k-2=1.

Thus the equations of translation are

x=x"+1 and y=y +3,

and the result in the new coordinate system is

xl2 — zxryi + y12 — yl = 0.

The graph of the given equation (or equivalently of the new equation)
showing both sets of coordinate axes is given in Figure 6.11. The graph appears to

Figure 6.11
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be that of a parabola. Is it really a parabola, or is it some other curve that is only
similar to a parabola? As we shall see in Section 6.4, any second-degree equation
represents a conic or degenerate conic.- This is really a parabola. Later we shall
see how to identify some of its special characteristics, such as the vertex, axis,
focus, and so on.

Translate axes to eliminate the first-degree terms of x> — 4xy + 3x — 2y + 4 = 0.

Substituting the equations of translation,
x=x"+h and y=y +k,
into the given equation, we have

(' +h)?—4x + RO +k)+3x +h)-20'+k)+4=0
x'2 + 2hx' + h® — 4x'y’ — dkx’ — 4hy’' — dhk + 3x' + 3h — 2y’ — 2k +4=0
x'2 — 4x'y" + (2h — 4k + 3)x' + (—4h — 2)y’ + (h? — 4hk + 3h — 2k + 4) = 0.

Setting the coefficients of x’ and y’ equal to zero and solving, we have

2h -4k +3=0
—4h —-2=0
giving

and the equation in the new coordinate system is

x'2 - 4x'y' + —1:} =0

or ,
4x'2 — 16x'y' + 11 = 0.

The result is shown graphically in Figure 6.12.
Both of these examples carried out translations on a general second-degree
equation '

o, ®

Ax* + Bxy + Cy* + Dx + Ey + F= 0.
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Figure 6.12

Several things might be noted here. Except for multiplying through by a constant,
as we did in Example 2 to eliminate a fraction, the translations did not change the
values of A, B, and C. A, B, and C are said to be invariant under a translation.
Of the remaining three coefficients, we may dictate the values of only two of
them. This does not mean that we may dictate the values of any two of the three;
we could not have eliminated both first-degree terms in Example 1.

It might also be noted that, when B # 0, we may not use AC to determine the
type of conic section we have. In Example 1 it was seen that the graph is a
parabola although AC is positive (not zero). In Example 2 we had a hyperbola
although AC = 0. Thus the table on page 194 is valid only when B = 0.

The method that we have used here is more generally applicable—its use is
not restricted to second-degree equations.

Translate axes so that the constant and the x term of y = x> — 5x% + 7x — 5 are
eliminated.

Since we do not know what values of £ and k to choose, we simply use the
equations of translation,

x=x"+h and y=y +k,
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and see what values of h and k are needed to eliminate the terms specified.
y+k= +h>—-5x+h>*+7(x'+h)=5
y =x3+@Bh—-5x?+ B - 10h + )x' + (W — 5h* + Th — 5 — k)
Now we must choose & and k so that |

32 - 10h+7=0
BRB—SHr+7Th-5—k=0.

The first of these two equatibns gives
o h=1 o h=73
Substituting these values into the second, we have
k= -2 or k = —86/27.
Using & = 1 and k = —2, we get
y' =x" - 2"
Using h = 7/3 and k = —86/27, we get

y-/ — xr3 + 2xr2'

The graphs of both the cases described in Example 3 are given in Figure 6.13.
While there are two different translations giving two different equations, both

+

T
-\
+
\
=

(a) ‘ (b)

Figure 6.13
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graphs are the same when referred to the original xy system. As an added bonus,
this method has located the local maximum, (1, —2), and minimum, (7/3, —86/27).
This method can also be used on second-degree equations with no xy term, but
completing the square is so much simpler that most would prefer to use it.
Graphing calculators and graphing programs are very convenient for graphmg
equatlons of the type seen here without translation. Equations of the form given
in Example 3 are very easily graphed, since they can be entered with no change.
Only slightly more difficult is the equation of Example 2. Because it is linear in y,
it is relatively easy to solve for y as a function of x:

X —dxy +3x—2y+4=0
dxy + 2y =x* + 3x + 4
(4x +2)y=x*+3x + 4
X+ 3x+4

Y= 4x + 2

Equations of the type given in Example 1 give the most difficulty. We must
look upon the equation as quadratic in y, using the quadratic formula to solve:
-2y +y +4x—6y+10=0
Y — (2x% 6)y + (x* + 4x + 10) = 0.

This is now in the form ay> + by + c=0,witha=1,b=—2x + 6),and c =
x* + 4x + 10. By the quadratic formula, we have

_ 2+ 6% V(2x + 6)* — 4(° + 4x + 10)
> :

There is no need to simplify this expression—the computer can handle it with no-
difficulty.

Since any one of the given equations in the problems can be graphed elec-
tronically, no separate graphing calculator problems are given here. Nevertheless,
you are invited to graph any of these equations with a graphing calculator or
program.

PROBLEMS

B In Problems 1-14, translate to eliminate the terms indicated.
1. x* — 2xy + 4y? + 8 — 26y + 38 = 0; first-degree terms
2. 2x* — xy — y* + 5x — 8y — 3 = 0; first-degree terms
3. X2 + 4xy — y?* — 2x — 14y — 3 = 0; first-degree terms
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4. 3x> + xy + y* — 16x — 10y + 30 = 0; first-degree terms
S.xy—-5x+4y —4=0; ﬁrst-degree terms

6. X2+ xy + 9x + Sy + 20 =0; ﬁrst-degfee terms

7. y = x> — 6x*> + 11x — 8; constant, x* term

8. y= x3 — 3x + 6; constant, x term

9. y = x> — 3x*> + 3x + 5; constant, x term

10. y = x> — 9x> + 24x + 3; constant, x term

11. y = x* — 8> + 24x® — 28x + 7; constant, x term

12. y = x* — 10> + 37x*> — 120x + 138; constant, x term
13. X’y — 2x*> + 2xy + y — 4x — 6 = 0; second-degree terms
14. ¥y + x* + 2xy + 2x — 3y — 1 = 0; second-degree terms

C 15. Prove that any translation on
Ax> + Bxy + Cy’ + Dx + Ey+ F=0

leaves A, B, and C invariant.

16. Prove that any translation on y = P(x), where P(x) is a polynomial in x, leaves
invariant the coefficient of the highest degree term of P(x).

ROTATION

The second transformation of the axes that we wish to consider is a rotation of the
axes about the origin (see Figure 6.1b). If the axes are rotated through an angle 8,
then every point of the plane has two representations: (x, y) in the original
coordinate system and (x’, y’) in the new coordinate system. Alternatively, every
vector v in the plane has two representations: v = xi + yj in the original
coordinate system and v = x'i’ + y’j’ in the new coordinate system (see Figure
6.14). In order to find the relationships between the x and y of one coordinate
system and the x' and y’ of the other, let us consider the relationships of i and j
with i’ and j’. Remembering that i, j, i’, and j’ are all unit vectors, we see from
Figure 6.15 that . ‘

i’ =cos@i+ sinfj
—sin 8 + cos 6j.

¥

J

Thus 4
v=x'i"+y'}§
= x'(cos 0i + sin 8j) + y'(—sin i + cos )
, © = (x’cos8 — y'sin )i + (x'sin@ + y’cos0)j.
Since v = xi + yj, we have ‘

{
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Figure 6.14 Figure 6.15

x = x'cos 6 — y'sin
and '
y = x'sinf@ + y'cos @,

called the equations of rotation.

An alternative method of finding the above equations of rotation without the
use of vectors is the following. Recalling again that every point P of the plane has
two representations, (x, y) in the original coordinate system and (x’, y') in the
new system, we see from Figure 6.16 that

Figure 6.16
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x=00, x
y=P0Q, y

i
3 S

Let us now consider the relations between x and y, and x’ and y’. Noting first
of all that

JROQ = <RPQ = 0,

we find from triangle ORS

sin0=R—_S c050=9——5:
OR OR’
RS = OR sin@ OS = OR cos6
= x'sin @, = x'cos @,
and from triangle PRT
sin0=-}£—§-— cos @ =—%,
TR = PRsiné PT = PR cos6
= y’'sin@, = y'cos 6.
Now . .

x =00 S y=P0Q
=085 - 0S =TQ + PT
=0S - TR = RS + PT
= x"cos@ — y'sin0; = x"sin@ + y'cos 6.

Thus we have the equations of rotation

x=x'cos@ — y'sin,
y = x'sinf + y' cos 6.

EXAMPLE 1 Find the new representation of

X -xy+y*—2=0

after rotating through an éngle of 45°. Sketch the curve, showing both the old and
new coordinate systems.

SOLUTION Since sin45° = cos45° = 1/V2, the equations of rotation are

! !

_x' -y __:x’+y’
x 5 and y v
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Substituting into the origifal equation, we have ' s o

' )2 'y "4y ’ 72
" —y) X =y x y+(x+y)_2=0

2 V2 V2 2
x"z 2y +y? x4+ yP 4+ x%+ Wy +y? 5
2
x'? + 3y? =4,

Figure 6.17 shows the final result.

Figure 6.17

EXAMPLE 2 Find a new representation of x* + dxy — 2y*> — 6 = 0 after rotating through an
angle 8 = Arctan 1/2. Sketch the curve, showing both the old and new coordinate
systems.

SOLUTION Since 6 = Arctan 1/2, 6 is the first-quadrant angle whose tangent is 1/2. This
results in the triangle of Figure 6.18. From that figure we can easily determine the
sine and cosine of 6:

Figure 6.18 -
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. 1 2
sinf = 3 and cosf = BV

giving equations of rotation

_x -y _
X = Va and y = Vs

Substituting into the original equation, we have

@ —y')? -y X+ +2)
- nb i ~ ~6=
Y. Y I =0
40’ — 4x’y’ + y'? + 8x'2 + 12x'y’ — 8y'? — 2x'2 — 8x'y’ — 82 — 6
5 — YUy
2% — 3y"? = 6.

Figure 6.19 shows the final results. Note that Figure 6.18 can be used to determine
the position of the new coordinate axes; the x’ axis contains the origin and the

point (2, 1).

Figure 6.19

In both of these examples, we have seen that the given rotatlon has eliminated
the xy term. Of course, not every rotation will do so—the angle of rotation must
be specuilly chosen We shall see in the next section how to choose 8 to eliminate
the xy term.. :
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PROBLEMS

- In Problems 1-10, find a new representation of the given equation after rotating through the
given angle. Sketch the curve, showing both the old and new coordinate systems.

1. 2x + 3y = 6; 6 = Arctan 32 2.3x —~y=15; 6= Arctan 3
.xy=4; 6=45° 4. 2> —xy + 2> — 15=10; 6 = 45°
5. x2 -2y +y’+x+y=0; =45

6. 31x2 + 10V3xy + 21y*> — 144 = 0; 0 = 30°

7.2+ 2V3xy + 3> + 8V3x — 8y =0; 6 = 60°

8. 11x% — 50V3xy — 392 + 576 = 0; 6 = 60°

9. 8&2 + 5xy — 4> — 4 =0; 6 = Arctan 1/5

10. 6x% — 5xy — 6y? + 26 = 0; 6 = Arctan (—1/5)

In Problems 11-16, find a new representation of the given equation after rotating through
the given angle.

1. 3?2 —3xy— > +4=0; 6= Arctan (~1/2)
12. 4x* + 3xy — 5=0; 6 = Arctan 112

13. 42+ 3xy -~ 5=0; 0=45°

4. > -3xy+y?+5=0; =30
15.3x2 - 3xy —y*+4=0; 6=60°

16. x> — S5xy + 2 = 0; 6 = Arctan 1/3.

17. Show that x* + y* = 25 is invariant under rotation through any angle.
18. Show that a second form for the equations of rotation is

- x' =xcos0 + ysinf

and
!

y' = —xsinf + ycos®é.

.

THE GENERAL EQUATION OF SECOND DEGREE

We have seen that any conic section with axes parallel to the coordinate axes can
be represented by a second-degree equation with B = 0; furthermore, any
second-degree equation with B = 0 represents a conic or degenerate conic with
axes parallel to the coordinate axes. We now extend this concept to conic sections
in any position. It is an easy matter to see that any conic can be represented by a
second-degree equation, starting from our standard forms and translating and
rotating.
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Suppose, given a second-degree equation with B # 0, we rotate axes through

an angle 6. If our assumption that this equation represents a conic or degenerate

conic is correct, then a rotation of axes through some positive angle less than 90°

should give us a conic with axis (or axes) on or parallel to the coordinate axes.
Thus such a rotation should eliminate the xy term, and we shall assume through-
out this discussion that 0° < 8 < 90° and

Ax* + Bxy + Cy*+ Dx + Ey + F= 0.
Substituting the equations of rotation,

x=x'cosf@ — y'sin8,
y = x'sinf + y'cos @9,
we have .
A(x'cos@ — y'sin0)* + B(x'cos @ — y'sin8)(x'sin@ + y’ cos )
+ C(x'sin@ + y'cos 0)> + D(x' cos@ — y'sin )
+ E(x'sin@ + y’'cos6) + F = 0.

After carrying out the multiplication and combining similar terms, we find that
the coefficient of x'y’ is

(C — A)2sinfcos 6 + B(cos’6 — sin®6) = (C — A)sin20 + Bcos20.

We want thts coefficient to be zero for the proper choice of 8. Let us set it equal
to zero and see what 8 should be.

(C — A)sin26 + Bcos26 = 0

At this point we divide the argument into two cases.
Case I: If A = C, then

Bcos26 =0
cos20 =0
20 = 90°
0 = 45°.

Case II: If A # C, then
(A — C)sin26 = B cos26

sin 260 ’
A — =
( O cos26 B
(A - C)tan26 = B
2tan 6

4-0 =B (by a trigonometric identity)

1 — tan?6 4
2(A - C)tanf = B — Btan®0
Btan?6 + 2(A — C)tan6 — B = 0

{

wt
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This is a quadratic equation in tan 6. Solving by the quadratic formula, we have

2(C — A) £ V4(A — C)* + 4B?
o= 2B

- _(C—A)+V(C- AP+ B
. B °
Now we have two values of tan §. Which one do we want? It is not difficult to see
(refer to Problem 17) that the values of 8 that we get from them must differ by an
odd multiple of 90° and that the two values of 6 have opposite signs. Thus either
value should eliminate the xy term. Since we are assuming that 0° < 8 < 90°, we
want the positive value of tan 6. Since

tan

V(C — AP + B> > V(C - A)? = |C - A|

(that is to say, the radical in the numerator is always numerically larger than
C — A), it follows that the sign of the numerator corresponds to the sign on the
radical. By taking the sign on the radical to agree with the sign of B, we can be
sure that the result is always positive. Once we have tan @ it is a simple matter to
find sin@ and cos @ and substitute them into the equations of rotation. Thus we
are always able to rotate axes to eliminate the xy term. The resulting equation
must then represent a conic or degenerate conic.

Any conic section can be represented by the second-degree equation

Ax2+Bxy+Cy2+Dx+Ey+F=0

where A, B, and C are not all zero. Any second-degree equation represents either a
conic or a degenerate conic.

Let us sum up the results of the previous discussion. If B # 0, then the axes may

be rotated to eliminate the xy term as follows: - ne

If A=C,then 8 = 45°. If A # C, then

_(C-4) £ V(C- AP+ B

tan 6
an 6 B ,

where the sign on the radical is taken to agree with the sign of B.
An alternative approach for Case II is the following:

(A — O)sin26 = Bcos26
sin26 B

6 = = .
tan2 cos280 A -C

From the identity
1

2 + = _——
tan’20 + 1 = sec’20 =278
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we get
*1

€0820 = —————
V1 + tan?20

Because 0° < 20 < 180°, the signs of cos26 and tan260 must agree. Finally, using
the half angle formulas

sini _ 1 — cosx
2 V

cosJ—c _ /1 + cosx
2

with x = 26, we get

sind = /1 — cos20
/1 + cos20
cosf =

which can be used in the equations of rotatlon

€L

" EXAMPLE 1 Rotate axes to eliminate the xy term of x? + 4xy — 2y* — 6 = 0. Sketch, showing
both sets of axes.

— + — 2 2
SOLUTION tang = €= A * VI(BC A + B

_(2-D+V(=2-1)’+ 4
4

-3+V9+16
4

N =

Using the triangle of Figure 6.20, we have

) 1 2 y
sin@f = —  and cosf = —=.
V5 . V5 | 3 1
Thus the equations of rotation are 2\, Ly
) I T > 1 1

2=y d _x'+2y .
*=TNV5 an Y= Figure 6.20
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SOLUTION
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~ Substituting into the original equation (see Example 2 of the previous section), we

have
2x'? — 3y’2 = 6.

The sketch is given in Figure 6.19 on page 210.

Rotate axes to eliminate the xy term of
2% —xy+2y2—-2=0.
Sketch, showing both sets of axes.

Since A = C, 8 = 45° and the equations of rotation are

_xl_yl —xl+yl
x = Y and y 3

Substituting these into the original equation, we have the following.

' N2 ' oyl ! ’ ' n2
M Y)Y X oy ty G Y)Y

2 V2 V32 2 2=0
2x12 _ 4xlyl + 2y12 _ xr2 + yr + 2x12 + 4xryr + 2y;2 3 2
) =
3xr2 + SyrZ —_ 4
x12 y12
mrys !

The sketch is given in Figure 6.21.

Figure 6.21
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EXAMPLE 3  Rotate axes to eliminate the xy term of
21x% + S0xy — 99y? + 6V26x — 82V26y — 494 = 0.

Sketph, showing both sets of axes.

(C — A) £ V(C - AP + B?
B

(=99 — 21) + V(=99 — 21)* + 50°
B 50
_ =120 + V120? + 507
- 50
—120 + 10V12? + §?

50

—120 + 130
50

SOLUTION tan@ =

N —

From Figure 6.22 we have

sin@ = 1 cosf = S
" V726 = V26
' giving the equations of rotation
v = x' —y' _x' + 5y
V26 7T V6
Y
|

V26
_/ml—>x

5

Figure 6.22
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Substituting into our original equation, we have

(5x' — y')? 5¢' —y X' +5 (' +5y)
TR, NV S
. 5¢ =y x' + 5y _

+ 6V26 TS 8226 Ve 494 = 0

21(25x — 10x'y’ + y') + 50(5x? + 24x’y’ — 5y'%)

26
2 _ Ox'y’ 12

_ 99(x 1 2x6y + 25y ) + 6(5x’ _ y,) - 82(x, + 5_)’,) — 494 =0

26x'2 — 104y'2 — 52x' — 416y’ — 494 = 0
x'2 — 4y"? — 2x' — 16y’ — 19 = 0.

Now let us put this into standard form by completing the square on the x’ and y’
terms.

(2 = 2x') — 4(y'* + 4y") = 19
x?—-2'"+1)—4(?+4' +4)=19+1-4-4
(x' =12 -4y’ +2)*=4

o =1 (' +2P_

4 1 1

The graph is shown in Figure 6.23.

y y

Figure 6.23
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There is a method of determining which conic we have before we rotate the
axes. It is based on the fact that certain expressions are invariant under rotation;
that is, they have the same value before and after any rotation. Although there
are several such expressions (see Problem 15), the one in which we are interested
is B> — 4AC for the equation

Ax* + Bxy + Cy> + Dx + Ey + F= 0.
If we substitute the equations of rotation,
x=x'cosf — y'sinf
and
y=x'sinf + y'cos 6,
into this equation, we get a new second-degree equation,

A'x?+ B'x'y + C'y?>+ D'x’ + E'y’ + F =0,
with

A’ = Acos’6 + Bsinfcos 6 + Csin6,

B’ = —2Asinfcos 0 + B(cos>6 — sin?0) + 2Csinfcos b,
and
C' = Asin®0 — Bsinfcos + Ccos®#.

From this, we find that the expression for B'> — 4A’'C’ then simplifies to
B? — 4AC. This gives the following theorem.

If the equation |
AxX*+ Bxy + Cy*+ Dx + Ey+ F=0
is transformed into the equation |
Ax? + B'x'y' + C'y*+D'x’ +Ey + F =0
by rotating the axes, then
B?> — 4AC = B? — 4A'C'.

That is, B> — 4AC is invariant under rotations.

If we choose the angle of rotation properly, B':= 0 and the type of conic can
be determined by looking at A’ and C’ (see the table on page 194). Thus we have

the following results.

The equation

Ax* +Bxy+ Cy>+Dx+Ey+F=0
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represents a hyperbola, an ellipse, or a parabola (or a degenerate case of one of
these) according to the value of B*> — 4AC, as indicated in the following table.

Hyperbola Positive
Parabola Zero
Ellipse Negative

-

Let us apply this to the foregoing examples. In Example 1, the equation

X +4xy — 2" —6=0
gives
B>~ 4AC=16~-4-1-(-2) = 24,

indicating that the conic is a hyperbola, which we have seen to be the case. After
rotation we have

leZ - 3y12 _ 6,
giving ‘
B?—~4A'C'=0—-4-2-(-3) = 24.
In Example 2, the equation

22 —xy+22-2=0
gives
B2 —4AC=1-4-2-2=-15.

This shows the conic to be an ellipse, which again is what we have already found.
It might be noted that, after rotation, we get the result

3/2 _5_/2_
2x +2y =2

provided we do not multiply both sides by some constant. This again gives

B2 —44'C' =0 - 4%5: ~15.

For the result
3x'? + 5y'? =4,

we get a different value of B'> — 4A'C’, which is still negative. If, at some stage,
we multiply both sides by some nonzero number k, B> — 4AC is then multiplied
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by k%. Since k* must be positive, the sign of B2 — 44C is not changed, no matter
what number £ is.
Finally, in Example 3,

B? — 4AC = 50° — 4-21(-99) = 10,816.

Since this is positive, the conic is a hyperbola. It is really not necessary to carry
out all of the arithmetic in this case. It is necessary only to observe that both
terms are positive, giving a positive result. This is sufficient to tell us that the
conic is a hyperbola.

This use of B> — 4AC is helpful here and will be used again in Section 7.6.

As we can see from the above examples, rotating the axes is not a barrel of
fun. It is long, tedious, and very error prone. Graphing calculators and programs
are a welcome alternative. The only question is the method used to enter the
equation. When there is an xy term, we cannot use the method of completing the
square. Thus using the quadratic formula or using the graphing program are
the only alternatives. Once again the program is much simpler to use than
the quadratic formula; it is the method recommended.

PROBLEMS

In Problems 1-14, rotate axes to eliminate the xy term. Sketch, showing both sets of axes.
1. x> +xy+y?+4V2x —4V2y =0 2. 5> +6xy + 59> —-8=0
.7+ 6y —y*—-32=0 4. 4 + 4xy + y* + 8V5x ~ 16V5y = 0
5. 8% — 12xy + 17y*> = 20 6. 9x* + 8xy — 6y* = 70

7.5¢> —4xy + 82 — 36 =0 8. x? + 12xy + 6y* = 30

9. 4x? + 12xy + 9y? + 8V13x + 12V13y — 65 =0
10. 6x? + 12xy + 11y? = 240

11. 9x? — 6xy + y* — 12V10x — 36V10y = 0

12. *+8xy+ 7 —-36=0

13, 82+ I2xy — 82 — 40 =0

14. 5x% — 6xy + 52 = 72

15. Given the equation

Ax> + Bxy + Cy> + Dx + Ey + F=0,
which yields
A'x? + B'x'y + C'y?+ D'x’ + E'y + F =

_ after rotation through the angle 6, show that A’ + C' = A + C for any value of 6; that
. is, A + C is invariant under rotation. :

-
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16. It can easily be seen graphically that two conic sections have at most four points in

17.

common. But
22 +xy—y?+3y—2=0
and
2 +3xy+y? —6x~5y+4=0

1

have the five points (1, 0), (=2, 3), (5, —4), (=6, 7), and (10, -9) in common. Why?

Suppose
- — — A\ 2
tang, = €= 4) V(C-A’+B
B
and
— — AV 2
tan 6, = (C—A)+ \/_(c AP + B
B
Show that tan 8, -tan8, = —1. Use this result to show that tan8, and tan 8, have

opposite signs and 8, and 6, differ by an odd multiple of 90°.

18.-23. Use the graphing program to graph the equations of Problems 1-6.

24.

Three loran stations, A, B, and C, at (—500, 0), (0, 0), and (300, 500), respectively,
send out simultaneous impulses. A ship receiving the impulses has determined that it is
450 miles closer to B than to A and 100 miles closer to C than to B. What is the ship’s
position?

REVIEW PROBLEMS

A

10.

11.

12.

13.

In Problems 1-9, sketch and discuss.
1.

42 +y* -8 +6y+9=0 2.y -x+2y+4=0

y>— 8 +4y +28=0 4. 9x* — 16y + 36x — 128y — 364 = 0
9x? + 25y% + 18 + 100y — 116 = 0 6. 9x* — 16y* + 18x — 16y — 139 =0
-4 —4 =0 8.32+4*+30x— 16y +91=0
4x> — 9y? — 16x — 54y — 65 =0

Find an equation(s) of the ellipse(s) with center (—4, 1), axes parallel to the coordinate
axes, and tangent to both coordinate axes.

Find an equation(s) of the parabola(s) with axis parallel to a coordinate axis, focus
(3, 5) and directrix x = —1.

Find an equation(s) of the hyperbola(s) with asymptotes 5x — 4y + 22 = 0 and 5x +
4y — 18 = 0 and containing the point (32/5, —7). ‘ )
Find an equation(s) of the parabola(s) with horizontal or vertical axis, vertex (2, —3);
and containing (6, — 1). : '
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14.

15.

16.

17.

18.

19.

21.

Find an equation(s) of the ellipse(s) with axes parallel to the coordinate axes, focus
(=1, —1), and covertex (3, 2).

Find an equation(s) of the hyperbola(s) with vertices (1, —1) and (7, —1) and focus
(—1) - 1)'
Translate axes to eliminate the constant and second-degree terms of

y=x + 6+ 3x — 14.

Translate axes to eliminate the first- and third-degree terms of

y =x*— 16x> + 88x% — 192x + 140.
Rotate axes to eliminate the xy term of 3x> + 12xy — 2y + 42 = 0. Sketch, showing
both sets of axes.

Rotate axes to eliminate the xy term of 2x*> — V3xy + y? — 10 = 0. Sketch, showing
both sets of axes.

Rotate axes to eliminate the xy term of 4x> — 4xy + y*> + V5x + 2V5y — 10 = 0.
Sketch, showing both sets of axes.

Show that 2x? — 2xy + y?> — 9 = 0 is an equation of an ellipse. This equation is a

quadratic equation in y. Rearranging the terms, we have y* — 2xy + (2x* — 9) = 0,

which can be solved by the quadratic formula to give y = x = V9 — x%. Sketch

y=xandy = V9 — x? (square both sides first in the latter equation) on the same
set of axes. For each value of x, add the y coordinates for these two curves to get
points on the original curve. Use this method to find the graph of the given curve.

PRI



Chapter 7 - Curve Sketching

SYMMETRY AND INTERCEPTS

In the first chapter, we sketched the graph of an equation by the tedious process
of point-by-point plotting—a method that som.dmes causes one to overlook
some ‘‘interesting” portions of the graph or to sketch certain portions incorrectly.
Suppose, for example, you are asked to sketch the graph of

_ 10x(x + 8)
Y=o+ 10)*

The methods of Chapter 1 might lead you to the graph of Figure 7.1. A better
sketch of the graph is given in Figure 7.2. While the earlier method produced
correct results for the portion we were sketching, it provided no means for
determining which portions of the curve are most “interesting.”

X 1"'-"y y

-5 -6.00 A

—4  —-444 41

=3 =3.06 1

-2 -188 {

-1 -086 1 o
0 0.00 o ————+ pmm————+ X )
i 0.74 -5 10 5
2 1.39
3 1.95 J
4 2.45 ' i
5 289 T

Figure 7.1
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20 +

*Pesssrsecersenesrreaven s

30 20 —I0

Figure 7.2

Let us consider one more example. Suppose we want to graph

2(2x - 1)
4 -1

The methods of Chapter 1 lead us to the set of points shown in Figure 7.3. Now,
what does the graph look like? How would you join the points? You might join
them as indicated in Figure 7.4a. The correct graph is shown in Figure 7.4b.
These examples demonstrate the need for better methods of sketching curves.

x y
—4  —424
3 -323
2 22
-1 =120
0 0.00
1 067
2 171 —4 -
3 2.73 . b
4 3.73 . -3
s 474 .

Figure 7.3
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Figure 7.4

There are those who maintain that the use of graphing calculators makes it
unnecessary to consider the methods of this chapter. There are, however, some
problems in relying entirely upon graphing calculators. Even if you are sure that
you will always have one available when you need it, you still have the same
problems noted above. Because a graphing calculator is essentially a point-by-
point plotter, it has no way of picking out the interesting parts of the graph—that
is up to you. Nevertheless, a graphing calculator makes it easy for you to change
the range of values used on the x and y axes and regraph. Because of this, the
calculator makes it easier to search for the interesting features. On the other
hand, why search by trial and error when learning a few simple rules makes that
unnecessary?

A second problem with graphing calculators is that most of them have
difficulty with asymptotes. Vertical asymptotes are generally not clearly indicated,
and it is often difficult to guess just what nonvertical line is approached by a
graph. If you have access to a graphing calculator, try using it with the above
examples. Your success (or lack of it) is likely to depend upon the range of x and
y values that you use.

Now let us consider some methods to help us sketch graphs quickly. An
important concept that can be of some use in sketching graphs is that of symmetry.
There are two types of symmetry: symmetry about a line and symmetry about a
point. If a curve is symmetric about a line, then one-half of it is the mirror image
of the other half, with the mirror as the line of symmetry. Let us state this more
precisely.

A curve is symmetric about a line | if, for every point P of the curve not on I, there
is a point P' on the curve such that PP’ is perpendicular to, and bisected by, .

An example of this type of symmetry occurs with the graph of y = 1/x?, in )
which the y axis is the line of symmetry (see Figure 7.5). It is easily seen that the
right and left halves of this curve are mirror images of each other. We have also
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seen symmetry in connection with the conic sections. A parabola is symmetric
about its axis, while an ellipse or hyperbola is symmetric about either of its axes.
We see from this that a curve can have more than one line of symmetry.
Furthermore, a curve can have infinitely many lines of symmetry. A circle is
symmetric about any line through its center, and a line is symmetric about itself as
well as about any line perpendicular to it.

Let us now consider the second type of symmetry—symmetry about a point.

A curve is symmetric about a point Q if, for every point P of the curve distinct from
Q, there is a point P’ on the curve such that PP’ is bisected by Q.

It is easily seen from Figure 7.6 that the origin is a point of symmetry of the
graph of y = 1/x. A circle, ellipse, or hyperbola is symmetric about its center.
Furthermore, a curve can have several points of symmetry; a line is symmetric
about any of its points.

It is clear that knowing the symmetries of a curve can be an aid in sketchmg
it; if we know one-half of the curve, we can get the other half by reflection. Now
let us consider how we may determine these symmetries from the equation of the
curve. While there is no restriction on the lines or points of symmetry that a curve
might have, we shall consider only symmetry about the axes and about the origin
because it is relatively easy to determine these symmetnes from the equation. We
begin by a consideration of symmetry about the y axis.

If a curve is symmetric about the y axis, then, corresponding to every polnt P
= (x, y) on the curve, there is a point P’ = (—x, y), (see Figure 7.5) with the same
y coordinate (and an x coordinate that is the negative of the x coordinate) of P. In
this situation We get the same value for y whether we substitute a positive number
x into the equation or its negative, —x. This results in the following theorem.

- If every x in an equation is replaced by —x and the re3ulting equation is equivalent

to the original, then its graph is symmetric about the y axis.

{
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By a similar argument, we also have the following.

If every y in an equation is replaced by —y and the resulting equation is equivalent
to the original, then its graph is symmetric about the x axis.

L

Before considering examples of these, let us consider the term “equivalent
equations.” Two equations are equivalent if every point that satisfies one of them
satisfies the other. We have really been considering equivalent equations
whenever we simplified or changed the form of equations. For example, the circle
with center (5, —2) and radius 3 has equation -

x=52+(y+2?=09.
By squaring, combining terms, and rearranging, we have the equivalent equation

x>+ y*— 10x + 4y + 20 = 0.

The types of operations that we have used in the past to simplify or change the
form of an equation will be used here to show equivalence.

Test y' = 1/x* for symmetry about both axes.

If we replace x by —x, we have

__1 _1
y= (__x)2'- x2‘

Since the substitution resulted in an equation that easily 51mp11ﬁed to give the
original, we have symmetry about the y axis.
On the other hand, the replacement of y by —y gives

1

Y=

which cannot be simplified to give our original equation. We do not have
symmetry about the x axis.

Show that an ellipse with center at the origin is symmetric about both axes.

The ellipse has equation

Sl
[\
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Replacing X by —X, WEC have
( )2 y2
3 + —_Fz = 1.

Since (—x)* = x?, this is equlvalent to the original equation, showmg that we have
symmetry about the y axis.

Similarly, replacing y by —y and notmg that (—y)* = y shows that we have
symmetry about the x axis.

Finally, let us consider symmetry about the origin. If a curve is sym-
metric about the origin, then for every point P = (x, y) on the curve, there is a
point P’ = (—x, —y) on the curve (see Figure 7.6). This leads to the following
theorem.

If every x in an equation is replaced by —x and every y by —y and the resulting
equation is equivalent to the original, then its graph is symmetric about the origin.
Show that y = 1/x is symmetric about the origin.

Replacing x by —x and y by —y, we have

_..y=_:;.

This is equivalent to the original equation, since we get the original by multiplying
both sides by —1. Thus we have symmetry about the origin.

Show that an ellipse with center at the origin is symmetric about the origin.

An equation of the ellipse is

NI*L

X_= ,
+ 5 1.

Since (—x)®> = x* and (—y)*> = y* making both substitutions result in an
equivalent equation, and we have symmetry about the origin.
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It might be noted that Example 2 showed that any ellipse with center at the
ongm is symmetric about both axes. If this is the case, then symmetry about the
origin‘follows from that. Why? See Problem 31.

Now let us turn our attention to intercepts. The intercepts of a curve are
simply the points of the curve that lie on the coordinate axes; those on the x axis
are the x intercepts, while those on the y axis are the y intercepts (the origin is
both an x intercept and a y intercept). We determine the x intercepts (if any) by
setting y equal to zero and solving for x; similarly, the y intercepts are found by
setting x equal to zero and solving for y. While we want to avoid the method of
point-by-point plotting of curves, intercepts are usually so easy to find that we
shall want to use them in our curve sketching.

2
Find the intercepts of x; + % = 1.

When y = 0, we have

] ]
—

I
o

w o

2,

giving intercepts, (2, 0) and (—2, 0). Similarly, when x = 0,

o[
—

‘<
¥
il

~<
I
o
w

giving (0, 3) and (0, —3).

A type of equation often encountered is one of the form y = P(x) or y =
P(x)/Q(x), where P(x) and Q(x) are polynomials having no common factor. If
P(x) can be factored to give the form

P(x) = c(x — al)"i(x —a))”. .. (x — a)™,
where ¢, ay, . . ., a; are real numbers, then the x intercepts are
(a1, 0), (a2, 0), . . ., (ax, 0).

The y intercept (an equation in this form has at most one) is still found by settmg
x equal to zero.
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Find the intercepts of y = (x + 1)*(x — 3).

It is clear that y = 0 when either of the two factors on the right is 0. Thatis, y = 0
whenx +1=0o0rx = —1and whenx — 3 = 0 or x = 3. Thus the x 1ntercepts are
(-1, 0) and (3, 0).

We find the y intercept simply by substituting x = 0. This gives

y=1¥(-3)=-
or y intercept (0, —3).

Find the intercepts of y = x> — 2x* + x — 2.

Let us begin by factoring the right-hand side.
B2 x-2=22(x—-2)+ (x - 2)
=(x-2)x*+1)

The second of these two factors cannot be factored any further without getting
into complex numbers. Thus we have

y=@ -2 +1).

Now y = 0 when x — 2 =0, or 2 + 1 = 0. The first gives x = 2, but the second
gives

*+1=0
= -1,

which has no real solution. The result is the single x intercept (2, 0).

Finally, substituting x = 0 into our original equation (or into the equivalent
factored form), we have y = —2 or y intercept (0, —2).

Suppose we are unable to carry out the factorization of the above example by
the method we used there. We still have a way to factor by the following
consideration. If an equation of the form

ax” + @, X" '+ - +ax +ayg=0

with integer coefficients has a rational root, it must be of the form

X =

?

(=l RN

where a is a divisor of ag and b is a divisor of a,. Let us use this to solve Example
7.
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In order to find the x intercept(s) we set y = 0 and solve for x. This gives

©C-2%+x-2=0.

If we cannot factor this expression, we use the above method to find the roots.
The coefficient of the leading term is 1, with divisors *1; the constant term is —2,
with divisors £1 and 2. The only possible rational solutions are

+1 +2
= — = + ==
x 1 1 or x 1 +2.
Trying one after another, we have:
If x=1, P-2-12+1-2=-2+0.
f x=-1, (-1 =-2(-1))-1-2=-6+0.
If x=2, 22-2-2242-2=0.

If  x=-2, (=2—2(-2%-2-2=-20=0.

Thus the only rational root is x = 2.

We still do not know if there is an irrational root. Since x = 2 is a root, x — 2
must be a factor of our polynomial. Knowing that, we can divide x> — 2x*> + x — 2
by x — 2 to get

x? +1
x=2 —2%2+x -2
x3 — 22
x—2
x — 2.

Since x> + 1 = 0 has no real root, we have only one x intercept, (2, 0).
The y intercept (0, —2) is still found as we did above—Dby substituting x = 0
togety = —2.

The above can be quite tedious for third-degree equations and higher. If
there are irrational roots, it is even more difficult. For those with graphing
calculators, the process can be reversed. That is, instead of using the intercepts to
help draw the graph, we can use the graph to find the intercepts. By magnifying
portions of the graph, or, better, by using CALC, JUMP, or G SOLVE, we can
determine the intercepts to any degree of accuracy that we want. This is perhaps
one of the strongest points in favor of using a calculator.
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Find the intercepts of

_(x= 2)%(x + 1)
YT a3 - 1

When dealing with a polynomial equation, we found the x intercepts by con-
sidering factors on the right-hand side; if any one of them is zero, then y is zero.
In this case, we consider only the factors in the numerator; if the numerator
is zero, then the quotient is zero. Thus we have the point (2, 0) from the factor
(x — 2)* and the point (—1, 0) from the factor (x + 1). Finally, by substituting
x =0, we get

yo COO _ 4
(=3(-1»* 3

Therefore, the y intercept is (0, —4/3).

Note that an intercept is a point. It is represented not by an equation, but by
an ordered pair of numbers. For example, x = 2 is not an x intercept; it is an
equation of a vertical line. If y = 0 when x = 2, then the point (2, 0) is an x
intercept.

PROBLEMS

In Problems 1-10, check for symmetry about both axes and the origin.

1. y=x*—x? 2.y=x>—x
2P
Ly=x—-x 4. T+g=1
;_x+1 3_x+1
5. y' =" 6.y =73
7. xy=1 8. xy*=1
__x _Ex+Dx-1)
9.y—-x2+1 10. y =~ 2
In Problems 11-30, find akl intercepts.
1. y=(x + )(x — 3) 12. y = (x + 2)(x — 1)?
13.y=x>-5 -6 1. y=x>+x*-2x"

15. y = x* - x? . : 16. y=x>—x
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32.
33.
. Give an'example of a curve with infinitely many points of symmetry.
3s.

37.

38.

233

‘ x+1 - x=2
17. y = . 18. y T3 2
_ @ - 1) ___x-3
By = a1y 0y =G+ a2
_x+2)x—4) _ x—1
2y =0 SR TPy
S ) i b)) _x
By="u oy Hy=Ti
2
25.y=";1 26. xy = 2c + 1
27. X%y =2x + 1 28. X’y —y = x?
29. Xty —y =x* 3. y-y=x
31. Show that if a graph has any two of the three types of symmetry—about the x axis,

about the y axis, about the origin—then it must have the third.
Give an example of a curve with exactly three lines of symmetry.

Can a graph have exactly two points of symmetry?

Show that if two perpendicular lines are lines of symmetry of a given curve, then their
point of intersection is a point of symmetry.

. An even function f is one for which f(—x) = f(x); an odd function is one for which

f(=x) = —f(x). What can we say concerning the symmetry of the graph of an even
function? Of an odd function?

A graph (with at least one point not on the x axis) is symmetric about the x axis. Can it
be the graph of a function? Explain.

Show that if every x in an equation is replaced by 2k — x and the resulting equation is
equivalent to the original, then its graph is symmetric about the line x = k.

In Problems 39-44, graph the equations to find the x intercepts.

39.
40,
41.
42
43.
4.

45.

y=xj+2x2—5x+l
y=x+x2—Tx +3
y=x -3+ 2
y=x*-53+2>-x+5
y=x*-8+2-7

y = x5 — 20x* + 1522 — 40

A ball thrown upward from level ground at 80 feet per second will be at height
h = 80t — 16t after t seconds. When will it hit the ground?

- An arrow shot upward from ground level at 176 feet per second will be at height

h = 176t — 16¢* after t seconds. When will it hit the ground?
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47. A ball thrown upward and outward from a 100-foot building has trajectory
y = 100 + 8x — (x*/5), where y is the height and x is the distance from the building.
Where will it hit the ground?

48. It is estimated that the cost of producing n widgets is C = 200n + 10,400. The revenue
(income) from selling those n widgets is R = 800n — 4n?, giving a profit of

P=R - C= —4n? + 600n — 10,400.

For what value(s) of n does the manufacturer break even?

SKETCHING POLYNOMIAL EQUATIONS

Let us now use symmetry and intercepts to help us sketch polynomial equations.
First, however, there are a few additional considerations that will aid us in the
sketching. Since a polynomial equation has the form

y=ax"+ a,. X1+ -+ ax + ap,

where n is a positive integer, it is easily seen that we have one and only one value
of y for a given value of x. What are the things that would prevent us from getting
a (real) value of y for a given x? There are just two things: an even root of a
negative number and a zero in the denominator. These might occur if we have
fractional or negative exponents, but the exponents in a polynomial must be
nonnegative whole numbers. Thus we always get a value of y corresponding to a
given value of x. Furthermore, there is no way that we can get two different
values of y from a single value of x. Thus one x always results in one and only one
y. Graphically, this says that any vertical line must contain one and only one point
of the graph. Figures 7.7a and b are graphs of polynomials; Figures 7.7c, d, e, and
f cannot be graphs of polynomials. It might be observed that, while a vertical line
must contain one and only one point of the graph of a polynomial equation, a
horizontal line may contain zero, one, or several points of the graph. This can be
seen from Figure 7.7a and b. Finally, it might be noted that the single-valuedness
of polynomials has one implication with regard to symmetry. The graph of a
polynomial equation (except the trivial y = 0) cannot be symmetric about the
x axis. Symmetry about the x axis implies two values of y for a single value of
x: (x, y) and (x, —y).

Now let us look into the behavior of a graph near an x intercept. We begin by
considering y = x", which has the origin as an x intercept. Figure 7.8 on page 236
shows the graphs of y = x" for several values of n. Figure 7.8a shows graphs for
odd values of n, while Figure 7.8b shows them for even values. The difference is
clearly illustrated. When 7 is odd, the graph crosses the x axis; when n is even,
the graph merely touches the x axis at a single point (the intercept), but remains
above the x axis. The fact that our graphs go from below the x axis on the left to
above the x axis on the right, or above the x axis both left and right of the
intercept, depends upon the sign of the other factors. In this case, we may look

{
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(a) (b) (©

EXAMPLE 1

(d) ‘ (e) ()

Figure 7.7

upon the other factor as +1. If we had y = —x", whose other factor is —1, or y =
x"(x — 2), whose other factor, (x — 2), is negative for x near zero, then the above
situation is reversed; that is, the graph would cross the x axis by going from above
it on the left to below it on the right, or it would remain below the x axis.
Thus the important thing to consider here is that the graph crosses the x axis
when the exponent is odd but merely touches the x axis without crossing it
when the exponent is even.

A second thing that we might note from Figure 7.8a is that the graph crosses
the x axis at an angle when the exponent is one, but levels off at x = 0 when the
exponent is greater than one. This is true generally and is easily proved with the
aid of calculus.

Describe the behavior of the graph of y = (x — 1)%(x — 2)(x + 1)? at its x
intercepts.
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(2)

(b)

Figure 7.8

kY
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The x intercepts are easily found to be (1, 0), (2, 0), and (-1, 0). Each one of
these came from a factor on the right-hand side of the equation. Let us record the
exponent on each such factor. :

From (x — 1)* (1, 0), exponent even

From (x — 2): (2, 0), exponent odd (1)

From (x + 1)*: (-1, 0), exponent odd (>1)
We now see that the graph touches, but does not cross, the x axis at 1, 0), it
crosses at an angle at (2, 0), and it levels off and crosses at (-1, 0). The graph of
this equation is shown in Figure 7.9.

Figure 7.9

It might be observed that we are only considering x intercepts here. Because
we have already noted that a polynomial must be single-valued, the graph cannot
touch the y axis and turn back—it must cross. Furthermore, the y intercept does
not come from a particular factor as does an x intercept; there is simply no way to
consider y intercepts in the above way.

Finally, note that the even-or-odd considerations have nothing to do with the
value of the intercept itself. It refers to the value of the exponent on the factor
that determines the intercept.

A final consideration that we shall look into before sketching is the behavior
of the graph at the ends. By “the ends” of the graph we meéan the portion of the
graph for numerically large (either positive or negative) values of x. It is not
difficult to see that, for numerically large values of x, the value of y must also be
numerically large. The only question here is whether Yy is positive or negative. If
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the equation is in factored form, we can determine the sign by the signs of the
individual factors. If it is not in factored form, the term having x to the highest
power will dominate the other terms; it can be used to determine the signs.

EXAMPLE 2 Describe the behavior of the graph of y = (x — 1)*(x — 2)(x + 1) at the ends.

SOLUTION For large positive values of x, all factors are positive, giving a large positive
product. For large negative values of x, we have (noting only the signs of the
individual factors)

y= (PP = (X)) =+
This may be expressed in the following shorthand:*

As x—> 4+, y— +x

As x—> —»o, y— +®

As we may observe in Figure 7.9, the graph goes up (y — +=) at both ends.

. ALTERNATE  If the above equation had been given to us in the expanded, rather than the
SOLUTION  ~factored, form, it would have been

y=x0 - -+ 23 + 5% —x—-2.

We can easily determine the behavior at the ends without factoring merely by
considering the term of highest degree (x°). Since (+)® = + and (—)° = +, we
have

As x—> 4+, y— +®

As x—> —o, y— +»
as before.

Now let us put all of this together to sketch the graphs of polynomial
equations. .

* This notation is taken from calculus. These expressions are another way of saying

lim y=+ ° and lim y = +.

xX— t+® X— —©

Do not look upon +® and —® as numbers; they only have meaning when taking limits.

{
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Sketch y = (x — 3)(x + 1)

From the factors on the right, we get x intercepts (3, 0) with an odd exponent and
(—1, 0) with an even exponent. If x = 0, then y = —3, which gives (0, —3). As x
gets large and positive, y gets large and positive; as x gets large and negative, y
gets large and negative. It is easy to see that no symmetry exists about either axis
or the origin. Summing up, we have:

Intercepts: (3, 0) odd, (—1, '0) even, (0, —3)
Ends: As x—> +o, y— +x
As x> —o, y—> —®

No symmetry

All of this is indicated in Figure 7.10. Let us sketch the graph, starting at the
far left, and work to the right (this choice is quite arbitrary; we might just as well
go from right to left or start in the middle and work outward). We keep in mind
that the curve must go through all intercepts and that y is single-valued. Since y —
—o as x —» —, we start in the lower left-hand corner. Going to the right, we first
reach the intercept (—1, 0). Since it is an even intercept, the graph merely touches
the x axis but does not cross it. Next, the graph goes through (0, —3) and then
turns back up in order to go through (3, 0). Since (3, 0) is an odd intercept, the
graph crosses the x axis there and proceeds upward. The result is given in Figure
7.11.

Figure 7.10 Figure 7.11
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Note that we put the lowest point of the “dip” at approximately x = 1. How
did we know to put it there? We didn’t. We made no attempt to locate it—we
simply guessed. Without further work, the best we can say is that it is between x
= ~1 and x =3. Furthermore, how do we know that the graph does not have
some extra “turns” and “wiggles” and perhaps look like Figure 7.12? Again, we
don’t. As a general rule, unless there is some special reason to put in some extra
“turn” or “wiggle,” we shall leave it out. This rule will not necessarily give us the
correct graph every time, but there is no point in needlessly complicating the
situation. These methods give only a general idea of the graph. If you take.a
course in calculus, you will see how derivatives may be used to answer the = -
questions raised here. - ‘

Figure 7.12

Note that, with the exception of the three intercepts, we have not plotted a
“single point! Yet we have some idea (within the restrictions noted above) of the
main features of the curve. With a little practice, you should be able to sketch

- such curves quite quickly, and thus achieve the principal aim here.

EXAMPLE4  Sketch y = (x — 1)%(x — 2)(x + 1)%.

SOLUTION  We have already considered the x intercepts and behavior at the ends in Examples
‘ -1 and 2. The y intercept is (0, —2). Again it is easy to see that there is no
symmetry about either axis or the origin. Summing up, we have:
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Intercepts: (1, 0) even
(2,0) odd (=1)
(-1, 0) odd (>1)
©, -2)

Ends: As x> +®, y— +»
As x> —», y— 4o

No syinmetry

This is indicated in graphical form in Figure 7.13. Again let us start at the far left
and proceed to the right, hitting each intercept as we go. Starting from the upper
left-hand corner, we first come to the intercept (—1, 0). As indicated, this is an
odd intercept and the graph levels off here. Thus it levels off, crosses, and
proceeds right through the y intercept (0, —2). From there we reach the intercept
(1, 0). Since it is even, the graph merely touches the x axis but stays below it. The
graph goes down from there but must eventually come back up to the intercept
(2, 0). Finally, it crosses the x axis at an angle at (2, 0) and continues up to the
upper right-hand corner. Figure 7.14 shows how you might have drawn the graph
by the methods given above. Note that there are some differences between this
graph and the more accurately drawn graph of Figure 7.9. Nevertheless, we do
know the general shape within the limitations given above.

»

{ ’'

T T
odd (>1)

——

Figure 7.13 Figure 7.14
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Sketch y = x* — 1.

Let us first factor the right-hand side.
y=x'-1=@F+1DE -1 =0+ D+ D - 1)

The factor x> + 1 yields no intercept because it can never be 0. The other two
factors give

(=1,0) odd (= 1)
(1,0) odd (= 1).

Furthermore, x = 0 gives y = —1 or the y intercept (0, —1). Since the dominant
term is x*, we have:

As x— +®o, y— 4w

As x— —o, y— 4o,

Finally, since (—x)* = x*, we have symmetry about the y axis.

These results are represented graphically in Figure 7.15. Again, starting at the
far left, we cross the x axis at an angle at (—1, 0) and continue down to (0, —1).
At this point we can now use symmetry to get the other half. The result is shown
in Figure 7.16.

As mentioned earlier, the plotting of polynomial functions is what graphing

y
I}
g4
Q
£
E
>
v -+
4 ¢ } > X > X
odd (= 1) odd (= 1)
2
-+ _2 i

Figure 7.15 Figure 7.16
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4

calculators and computer programs do best. Thus, it is assumed that those with
electronic plotting capabilities will use them on most of the problems in this
section, as well as in subsequent sections. The graphing calculator problems are
only those that go beyond simple graph plotting.

Use a graphing calculator to graph y = x* + 2x> — 13x®> — 22x + 22. Use the
result to find the intercepts.

Using the normal range of x,;, = —9.4, Xpax = 94, Ymin = —6.2, Ymax = 6.2, we
get the graph shown in Figure 7.17. Clearly we need to change the range values.
After some experimentation, we use Xpnin = —4.7, Xmax = 4.7, Ymin = —50, Ymax =
50. Although this distorts the graph by compressing it vertically, it results in a
much more comprehensible result, as shown in Figure 7.18. We now use CALC
(or JUMP or G SOLVE) to find the x intercepts to be (—3.317, 0), (—2.732, 0),
(0.732, 0), and (3.317, 0). The y intercept is easily found to be (0, 22) by simply
using x = 0 in the given equation.

* This is an example of using the graph to help locate the intercepts rather than
using the intercepts to help us determine the graph. The latter would require us to
solve a fourth-degree equation—one that is not easily factorable.

6.2

A

—6.2 ] | —50
Figure 7.17 Figure 7.18
PROBLEMS

In Problems 1-20, sketch by the methods of this section. Do not plot the graph point by
point.

Ly=@+1)x-3) 2.y=(@x+2)a-12 "
3.y=x(x+2) 4. y=(x - 1)’(x+ 2y
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5.y=x*-4 - 6.y =x’+ 3¢
T.y=x*+22&+1 ) - 8. y=@-1

9. y = 2(x — 1)(x + 2)° 10. y = (x — 2°(x + 1)’(x = 5)
n.y=x>-x 2.y =x* - ¥’
B.y=x-x 4. y=x -4’ +3x

15. y =3 —x* — X + &2 16. y =x’—3x+2

17. y = (2x - )(x + 2)° 18. y = (2x + 3)(x - 1)°

19. y =22~ 5 -3 20. y = 9x* — 120 + 4¢°

In Problems 21-26, shade the region bounded by the graphs of the given equations. Find the
rightmost and leftmost points of the region.

2. y=4x—x*,y=x 2. y=2%-x*y=2x—4
23. y=x2-5x+4,y=—(x — 1)? 4. y=x"-1,y=11-2%
25, y=x>—x,y =3 — 3x? 2. y=x(x—-2%y=x

27. Match the given equations with the type of curve illustrated in Figure 7.19. (There may
be some distortion of the curves to bring out the main features.).

(@) y=(x + I)(x - 1)° (b) y=~-(x+Dx~1)
(€ y=-(x+1(x—1) (d) y=(x + 1)*(x — 1)
(€ y=-(x+1°x-1) ) y=(x+1)°-1)

(d) (e) ' ()

Figure 7.19
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28. Match the given equations with the type of the curve illustrated in Figure 7.20. (There
may be some distortion of the curve to bring out the main features.)

(a) y =x’(x +2) (b) y =x*(x ~2)
(€) y=—x(x-2) @) y = —x*(x +2)°
(€) y=—x(x-2) () y=x(x+2)

4

@ (e @

Figure 7.20

29. Which of the graphs illustrated in Figure 7.21 on page 246 cannot be the graph of a
polynomial equation? Explain. -

C In Problems 30-32, sketch using the methods of this section.
30. y = 3x° — 4x* + 3x° — 4x?

3. y=2x* - 9> — 2% + 39x — 18
RNoy=4*+87+92 +5x+ 1



246 Chapter 7 CURVE SKETCHING
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d) (e) ®

Figure 7.21

GRAPHING In Problems 33-36, use a graphing calculator to draw the graph and determine the intercepts.

CALCULATOR
33. y = x> — 3.65x% — 0.84x + 8.94
3.y =2 — 14622 — 11.93x + 17.32
35. y = x* + 32° — 14x% — 21x + 49
36. y =x* - 23~ 16X + 7x + 40
37. Graph y = (x — 2)(x — 1)’ and find the lowest point on it.

38. Graph y = 18x — 2x> and find the positive value of x that makes it a maximum. What
is this maximum value?

39. Graph L = 5x + (360,000/x) and find the positive value of x that makes L a minimum.
" What is this minimum value? .

40. Graph V = 9272 ~ 37,3 and find the positive value of r that makes V a maximum.
“What is this maximum value of V? ‘

‘ .
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41. Graph y; = x(x — 4) and y, = 4 — x°. Shade the region above y1 and below y,.
42. Graph y = x* and y, = x + 2. Shade the region above y1 and below y,.

43. Graph y; = x*(x — 4) and y, = x — 4. Shade the region between them from the
leftmost to the rightmost point of intersection.

44. Graph y; = x(x* — 4) and y, = x. Shade the region between them from the leftmost to
the rightmost point of intersection. :

45. A farmer has 1000 yards of fencing material to fence three sides of a rectangular field,
the fourth side being a straight river. If x is the length of a side perpendicular to the
river, the area fenced in is A = 1000x — 2x°. Sketch the graph of this equation. From
what you know about this particular function, find the area of the largest such field.

46. Suppose we have a square piece of cardboard that is 12 inches on a side. We cut out
equal squares from the four corners and turn up the sides to form a box. If x represents
the sides of the squares cut out, give the volume of the box as a function of x. For what
values of x does this function represent the situation described above? Graph this
function. If you have a graphing calculator or program, find the maximum volume and
the value of x that gives it.

ASYMPTOTES

Another feature of a curve that is of considerable aid in sketching is its asymp-
totes. We have already encountered asymptotes when we studied the hyperbola.
As we indicated in Section 5.4, an asymptote is a line that the curve approaches
more and more closely at its extremities. Curves other than hyperbolas can have
asymptotes, as illustrated in Figure 7.2, in which x = —10 and y = 10 are

" asymptotes.

Let us see how we can determine the asymptotes from the equation. The
easiest type to find is the vertical asymptote. Let us suppose that a curve has the
vertical line x = k as an asymptote (see Figure 7.22 on page 248). The curve must
then approach the top end of the line as in Figure 7.22a or the bottom end as-in
Figure 7.22b, or the top on one side and the bottom on the other as in Figure
7.22c. Now let us imagine a point moving along the curve with its x coordinate
approaching k. We see from Figure 7.22 that the y coordinate of the point must
become numerically large (either positive or negative). Thus the problem of
finding a vertical asymptote becomes one of finding a number k such that, for
values of x near k, the corresponding values of y are numerically large.

Suppose we are dealing with an equation of the form

_ Pix)
O(x)’
where P(x) and Q(x) are polynomials. When dividing, the quotient is numerically

large when the denominator is numerically small. Let us consider a particular
example of this. Suppose we have
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>«
>
>

> X

®) ) ©

Figure 7.22

_x+1
y=y—2

The denominator is zero if x = 2, but this gives no value of y. Let us see what
happens for values of x getting closer and closer to 2. We see from Table 7.1 that
the value of y becomes numerically larger as x approaches 2; that is, x = 2 is an
asymptote. Now, where do we get the number 2? It is simply a value of x that
makes the denominator zero—the smallest numerical value we can have. This
now provides us with a simple method of finding a vertical asymptote; we simply
find those values of x that make the denominator zero (without making the
numerator zero at the same time). As long as there are no common factors in the
numerator and denominator of a rational fraction, they will not both be zero for
the same value of x.

Table 7.1
x y x y
1 -2 3 4
1.5 -5 2.5 7
1.9 -29 2.1 31
1.99 —299 2.01 301
1.999 | —2999 2.001. 3001

EXAMPLE 1 Determine the vertical asymptotes of

_ (r+ Dx—3)
Y= 2 = )(x + 2)F
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The denominator is zero when either one of its two factors is zero.
2x—1=0 gives x = 1/2.
x+2=0 gives x=-2.

Since neither value of x gives zefo for the numerator, x = 1/2 and x = —2 are the
vertical asymptotes. Figure 7.23 shows the graph with the vertical asymptotes.
The method of sketching the graph is deferred until the next section.

-4 -3 -3 —
L i i

Figure 7.23

Let us now consider horizontal asymptotes. Of course, if the given equation is
in the form

_ Py)
T 00y

or can easily be put into that form, we can simply use the methods given for
vertical asymptotes. We merely reverse the roles of the x and y here. Unfortun-
ately, it is often difficult or impossible to solve for x as function of y (consider the
equation of Example 1), so another method must be found.
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If y = k is a horizontal asymptote for y = f(x), then the distance between a
point of the graph of y = f(x) and the line y = k must approach zero as x gets
large in absolute value. Thus we must investigate the behavior of y as x gets large
in one direction or the.other; if y approaches the number k ( y—>k)asx— too,
then y = k is a horizontal asymptote.

Determine the horizontal asymptote of

X -4
y—x2+3x'

As x gets large and positive, both the numerator and denominator are also getting
large and positive. This fact alone tells us nothing about what number the
quotient is approaching. Suppose we alter the equation by dividing both numerator
and denominator by x%. Then

-4 1-4/x

Yoy m T 1+ 3k
Now, as x gets large, B
4 3
—-—>0 and =-0
X X
Thus
1 - 4/x2 Y
1+ 3/x

and y = 1 is the horizontal asymptote. Similarly, as x gets large and negative,
y — 1. Thus the asymptote y = 1 is approached by the curve in both directions.
Note in Figure 7.24 that the graph crosses the horizontal asymptote at (—4/3, 1).

., .

In finding the asymptote in the preceding example, we first divided both
numerator and denominator by the highest power of x (x* in this case) in the
given expression. This trick often helps in finding asymptotes.

Determine the horizontal asymptote of

_ (x+ Dx—3)
(2 = D(x + 2)%
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..........................

Figure 7.24

If we multiplied out the numerator, the highest power of x would be x?; in the
denominator it would be x>. Thus we shall divide the numerator and denominator
by x> (do not divide the numerator by x* and the denominator by x°; the result
would not equal y).

ey )G (+)0-I0)

S e == A e

As x gets large, all of the expressions with x in the denominator approach zero
and

d+0d-00_,
2-0)1+032

Thus y = 0 is the only horizontal asymptote. The graph was given in Figure 7.23.
Again note that the graph crosses the horizontal asymptote at (—1, 0) and (3, 0).
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Find the horizontal asymptote of

_x(x + D(x - 2)
T x=HEx+2)

The highest power of x in this expression is x>. Dividing numerator and denom-

inator by x>, we have

LV B _ ot +3)(-3)
R = e )

As x gets large in absolute value, the numerator approaches 1 and the denom-
inator, 0. Thus the fraction becomes arbitrarily large, rather than leveling off to
some number k. There is, therefore, no horizontal asymptote. The graph is shown
in Figure 7.25.

<

121

—

OO0 4

Figure 7.25
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.-
-

Finally, let us consider slant asymptotes, that is, asymptotes that are neither
horizontal nor vertical. As in the previous cases, we consider here only equations
of the form

. P(x
y= ‘(—),
' - Q(x)
where P(x) and Q(x) are polynomials. Other types of equations will be considered
later. For our present case, the curve will have a slant asymptote if and only if the

degree of P(x) is one more than that of Q(x). The asymptote can be found by

carrying out the division of P(x) by Q(x) and seeing what happens for numerically
large values of x.

Find the slant asymptote of

_x(x + 1)(x — 2)
y= x—-—Hx+2)°

Let us first observe that the degree of the numerator is 3 and that of the
denominator is 2. Since the degree of the numerator is one greater than that of
the denominator, there is a slant asymptote. First we multiply in the numerator
and denominator to get

_xx+ Dx—-2) - -
T x-dHx+2 2-2%-8

Now we carry out the division.

x +1
P-2x-8) - -2
x> — 2% — 8
1% + 6x
¥ —2x—8
_ 8 + 8
_ 3_.2_ -
=x()c+1)(x 2)=x2 x 2.x=x+1+ 28x+8
x-4Hx+2) x—-2x-8 x*—=2x-8
We now observe that
8,8
8&x+8  x x?
¥-2-8 2 8
x x*
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For numerically large values of x, all of the terms with x in the denominator
approach zero. Thus the whole expression approaches 0/1 = 0. Going back to our
original expression, we have

& + 8

=x+ -
y=x 1+x2—2x—8

—-x+1

for numerically large values of x; that is, our original differs from y=x+1lbyan
amount that approaches zero as x becomes numerically large. Thus

y=x+1

is a slant asymptote of the curve. This is shown in Figure 7.25.

A graphing calculator is not an ideal instrument for determining asymptotes.
Remember that when a graph is drawn using the connected mode, pixels with
consecutive x values are joined by line segments (see page xi in the introduction
to the graphing calculator). This sometimes gives the impression that vertical
asymptotes are drawn. Suppose, for example, that x = k is a vertical asymptote
with the graph rising on the left and falling on the right (or vice versa) as it nears
the asymptote. Then the last pixel to the left of the asymptote is joined to the first
one on the-right. Though not a vertical line, it is near vertical (it is only two pixels
wide), giving an approximation of the asymptote.

However, if the graph rises (or falls) on both sides of the asymptote, then this
joining of pixels gives nothing of any use to us. This is illustrated in Figure 7.26,
showing all four of the above situations.

Horizontal and slant asymptotes are even more difficult to determine. They
will never be shown on the graph. Since these asymptotes are determined by the
behavior of the graph at the-ends, we can get some idea of a horizontal asymptote
by graphing for very large (or numerically large, but negative) values of x. For
example, the graph of

X -4
Y= ¥ 3%

for x between 1000 and 1020 is a horizontal line with y coordinate 0.997; for x
between —1020 and —1000, y = 1.003. It is reasonable to conclude that y = 1 is
the horizontal asymptote. This will not work for slant asymptotes because of the
problem of selecting the range of y values without prior knowledge of the existence
or location of the asymptote.

The only real advantage gained is in the solution of the equation found by
setting the denominator to 0. We have the same situation here that we had with x
intercepts. That is, if the equation cannot be solved by algebraic means, we can
always fall back on a graphical solution.

‘ .
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—6.2
@Y=1/X-1

6.2

—6.2
©Y=1UX-1)y
Figure 7.26

—6.2
®MY=-1/X-1)

6.2

-6.2

dY=-1/(X~-1)?
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PROBLEMS

In Problems 1-20, find all asymptotes.
] 1

A Ly

N
x+1Dx-2)
__x-l
Tx+2
23
x—3

21
y=aT7

5.y

1
2.y=x__1
4 _4x -2
) x+1
x

6. y=
Y x+3
x—3

8. y=
Y S o+ 1
?+1
10.y=x2_1
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x x(x* — 1)
B 1ny= Ly =
Y x—1 12y x—2
13.yzxx--l) 1 y=(2x—3)(x-2)
x+ 2 ) (x + D(x — 3)
15 y=2x(x-2) 6. y = (x + 1)°
(x + 1)? ) 2x(x — 2)
2x(x ~ 2 4x — D(x — 1)?
17,y =2 8 yo G DE -1
x+1 : x+DEx+2)x+3)
9. y= (3x + 2)’(x — 4) - _ (2 +1P(x - 3)°
YT x4 32z + 1) YT T x(2x - 3)
+ X"+ tapx +
C 211t y G + Gn-1 BXT % where a, # 0 and b,, # 0, what

T bd™ + bpod™ ! 4+ bix + by
can be said about horizontal asymptotes in case
(a) n < m? b)) n=m? (¢) n>m?

GRAPHING In Problems 22 and 23, find the vertical asymptotes.
CALCULATOR ‘
x —3.21 x? + 3x

22, y= 3. y=
Y 123+ 1025 YT T 8 — 209

APPLICATIONS 24. A certain chemical decomposition proceeds according to the formula

= t=0),
*=154 =0

where ¢ is the time in minutes and x is the proportion of undecomposed chemical; that
is, x is the ratio of the weight of undecomposed chemical to the weight of the chemical
when ¢ = 0. Show that the chemical never decomposes entirely. How long does it take
for 99% of the chemical to decompose?

25. Under certain conditions the size of a colony of bacteria is related to time by

2+ 1
t+1

x = 40,000 (t = 0),

where x is the number of bacteria and ¢ is the time in hours. To what number does the
size of the colony tend over a long period of time? In how many hours will the colony

have achieved 95% of its ultimate size? _oa

SKETCHING RATIONAL FUNCTIONS

Now let us use what we have learned to sketch rational functions, that is,
equations of the form

{
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_ Px)
YT 0@y

where P(x) and Q(x) are polynomials with no common factor. The things that we
use to sketch the curve are: single-valuedness, symmetry, intercepts, asymptotes,
and behavior at the ends. Let us review them.

Graphs of rational functions are single-valued, just as are graphs of poly-
nomials. There is no way that we can get two values of y from a single value of x.
However, there is one slight difference between rational functions and polynomials.
Whereas graphs of polynomial equations must have a value of y corresponding to
every value of x, this is not the case with rational functions. Since we now have a
fraction, with a denominator, we get no value for y when this denominator is
zero. We have seen in the previous section that this corresponds to a vertical
asymptote. Thus we see that every vertical line except a vertical asymptote
contains one and only one point of the graph; a vertical asymptote contains no
point of the graph.

When sketching polynomial equations, we found that x intercepts came from
factors on the right-hand side, and the exponents on these factors were significant.
When dealing with rational functions, we get x intercepts from factors in the
numerator of the fraction. Any value of x that makes such a factor zero makes the
fraction—and therefore y—zero. The exponents on these factors have the same
significance as in the past; that is, the graph crosses the x axis if the exponent is
odd (crossing at an angle if it is one); it touches but remains on the same side of
(above or below) the x axis if the exponent is even. A y intercept is found, as
usual, by simply substituting x = 0 into the equation. There is no consideration of
odd or even exponents on y intercepts—they do not come from identifiable
factors.

We have seen that vertical asymptotes come from individual factors of the
denominator. Once again, it is easily seen that the exponent on such a factor has
some significance in terms of the appearance of the graph. The asymptote is
approached by the graph on two sides—both the left and the right. If the factor
giving that asymptote has an even exponent, the graph remains on the same side
of (above or below) the x axis on the two sides of the asymptote, as in Figure
7.27 on page 258. On the other hand, if the exponent is odd, then the graph
“crosses’” the x axis; that is, the graph is above the x axis on one side of the
asymptote and below it on the other side (see Figure 7.28 on page 258). It does
not cross the x axis by running across as at an intercept; rather, it “hops’ across
the x axis. As we noted above, the vertical asymptote contains no point of the
graph, either on or off the x axis.

Just as the odd-and-even considerations held for x intercepts but not y
" intercepts, the odd-and-even consideration on asymptotes holds only for vertical
asymptotes—not for horizontal or slant asymptotes. Once again the vertical
asymptote is determined by a single factor in the denominator; this is not the case
with horizontal or slant asymptotes. Furthermore, while the graph cannot cross a
vertical asymptote (after all, there can be no value of y corresponding to that
value of x), there is no such restriction in the case of a horizontal or slant
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Y y
by
/ H / > X
-
@) (b)
Figure 7.27
Y Y
} !
»- X > X
® ®) §
Figure 7.28

asymptote. Figures 7.24 and 7.25 give instances of graphs containing points of
their horizontal or slant asymptotes.

Finally, let us note that if there are horizontal or slant asymptotes, the
behavior of the graph at the ends is already determined—the graph approaches
the asymptote at the far left and right. If there is no such asymptote, then the

{
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graph rises or falls rapidly at the ends. Once again we may test for large values of
x to see if the y is positive or negative.

Now let us put this together to sketch the graph of a rational function.

(2% — 1)(x + 2)?

EXAMPLE 1 Sketchy = T PG —3)

SOLUTION Intercepts: (1/2, 0), odd (=1); (-2, 0), even; (0, 4/3) A
‘ Asymptotes: From the denominator: x = —1, even; x = 3, odd’

Ceemnerz O
T+ 1)2(x-3) x+1)( x—3
X X
)

2
1+2)

X

=
( 1

1+—) 1_§)
X X
Asx — to y— i—i=2

Thus y = 2 is the horizontal asymptote.
No symmetry.

All of this information is summarized in Figure 7.29. If we begin sketching at
one end or the other, we have the problem of not knowing whether the curve is
approaching the asymptote from above or below. Similar problems exist at the

Yy
eveng ' godd
S —to—t——+—>x
even: Jodd(=1)

Figure 7.29
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vertical asymptotes and x intercepts. Suppose, then, we start at (0, 4/3). Going to
the right, we first come to (1/2, 0). Since it is an odd intercept (the exponent is
one), the graph crosses the x axis at an angle there and then goes down to the
vertical asymptote x = 3 (it cannot go up, since it cannot cross the x axis
anywhere between x = 1/2 and x = 3). Since this asymptote is also odd, the graph
now jumps above the x axis. Finally it comes down to the horizontal asymptote
y = 2.

Going back to (0, 4/3) and proceeding to the left, we see that the graph must
go up to the vertical asymptote x = —1 (remember there is nothing to prevent the
graph from crossing a horizontal aymptote). Since x = —1 is an even asymptote,
the curve stays above the x axis. It must then proceed down to the intercept (-2,
0). This is also even, so the graph again remains above the x axis, finally going up
to the horizontal asymptote. Thus, we have the graph indicated in Figure 7.30.

Figure 7.30

It must be admitted that we have the same problem with these sketches that
we had in Section 7.2. That is, we do not know if the graph has some additional
changes in direction that we have not detected. In particular, we have assumed
that the gr@h approaches the horizontal asymptote y = 2 from above at the right
end. Nevertheless, since the graph may cross a horizontal asymptote, it may dip
down below the asymptote and come back up to approach from below as shown

. in Figure 7.31. Once again, unless we have some reason to believe that this is the...
- case, we shdll assume the simpler case of Figure 7.30. Of course, we can always
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e .

[ S L o
& e

R R S R R R R T

Figure 7.31

substitute values of x into the original equation to determine the graph at the
ends, but that is what we are trying to avoid. Once again, the derivative can be
used to settle such questions, but that is a subject of calculus.

2(x - 2)

Sketch y = G+ D& =3

Intercepts: (0, 0), odd (>1); (2, 0), odd (=1)
Asymptotes: x = —1, odd; x = 4, odd; no horizontal or slant asymptote
Ends: Asx —» +®,y—» +o;asx — —0, y > +
No symmetry .
This information is summarized in Figure 7.32. Let us begin sketching at the
left end. Since the graph increases as we go left, it must decrease as we come to

odd: |  odd
L odd (> 1)

Ll
T

¥ 1
[ odd (= 1)

——

—p—

Figure 7.32
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the right. But since it cannot cross the x axis to the left of x = —1, it must turn
around and go back up to approach the asymptote x = —1. (We do not know the
exact location of the low point of this section.) Since the asymptote is odd, the
graph jumps from above the x axis to below it. Continuing to the right, we next
encounter the intercept at (0, 0). Because it is odd, the graph crosses the x axis;
because it is greater than one, the graph levels off there. The graph must go up
from there but come back down to the next intercept, (2, 0). Again the graph
crosses the x axis there, but at an angle because the exponent is one. The graph
continues down to approach the vertical asymptote x = 4. Because this asymptote
is odd, the graph jumps across the x axis. Finally, after descending from this
vertical asymptote, the graph must turn around and go up at the right end. The
result is shown in Figure 7.33.

v

B

- X

R Ry
——

O\~

Figure 7.33

x(x+ D(x—1)
2 +1 '

Sketch y =

Intercepts: (0, 0), odd (=1); (1, 0), odd (=1); (—1, 0), odd (=1)
Asymptotes: No vertical asymptote since x> + 1 cannot be zero. Slant asymptote
y = x since

_x(x+1)(x—-1)_x3—x_x_ 2x
¥+l P+l T P+l

__)x

asx — F*ow
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Symmetry: About the origin, since

—x(—x + )(-x - 1) _ _xx-Dx+1)
(—x)* + 1 B ?+1 7

_y=

which is equivalent to the original equation.

This is summarized in Figure 7.34. Starting at the left end, the graph must
increase from the asymptote to the intercept (-1, 0). Since (=1, 0) is above the
asymptote, we assume that the graph approaches the asymptote from above. At
(=1, 0) the graph crosses the x axis at an angle. After increasing from the point
(=1, 0), it must decrease again to the next intercept, (0, 0), where it again crosses
at an angle. At this point, we may use the symmetry at the origin to get the
remainder of the graph, as shown in Figure 7.35.

-
Ll S

Symmetry

Figure 7.34 Figure 7.35

Electronic graphing of rational functions has certain drawbacks. In terms of
eye appeal, vertical asymptotes are perhaps the least appealing. Many such
programs tend to leave a gap at a vertical asymptote; some plot them as if they
were intercepts with very large positive values on one side and large negative
values on the other.

Nevertheless, electronic graphing can be quite helpful, especially when the
denominator is not easily factorable. For example, the equation

_ x(x — 3)?
Y P 213+ 5
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is difficult to sketch because it presents us with the problem of solving the cubic
equation o

'.x3—5x2+3x+5=0.

Since this equation has no rational root, its solution poses a problem. However,
electronic graphing shows that the given equation has three vertical asymptotes.
Their equations are easily approximated from the graph. If more accuracy is
needed, we can enlarge portions of the graph to determine them more precisely.

One way in which electronic graphing is lacking is in the determination of
slant asymptotes. It is often not apparent from the graph that we have a slant
asymptote. Furthermore, finding an equation of one from the graph is extremely
difficult. Division is still the best way to find it.

PROBLEMS

In Problems 1-20, use the methods of this section to sketch the graph. Do not plot the graph
point by point.

1 ve 2 _x2—1
.y—xz_1 s Y= X
3 _x+1 4 _x-2
Y= x i x+ 2
s X +1 ' 6 v %
V=T R
7. xly=2x+1 8. xy=2x+1
9. Xy-y=x° 10. Xy —y =x?
1. xy +y=3x -2 12. % —-y=x
xx+1) (x = 2)?
B.y=—"—7- 4. y=-"—-""

Y (x —2)? Y x(x + 1)
2 + 1)(x — 1)° -3
15.y=( ) )2 16_y=___x____.
x—=2)(x+ 1) - x+1Dx~-2)
+2)(x — -
l7.y=-(x——)(f—-—i)- 18.y=__x_1__

x—1 (x + 2)(x ~-4)
(x +22%(x — 4 (x —3)(2x - 5)
19. y = 20. y =
Y (x = 1)? Y P +2) s, -
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In Problems 21-24, shade the region bounded by the graphs of the given equation. Find the
rightmost and leftmost points of the region.

S5x
2. Xy =4,3x+y=7 2. y=x,y=
y y y=x,y 211
x + 2)(x — 2)?
23.y=( X ),y=4~x2 24. xy=6—3x,y =4 — x2

In Problems 25-26, verify that the given line is a slant asymptote of the graph of the other
expression. ‘
X +3x% -8 +1 % pmx—g yo BT HH3

2+ 1 AT YE T

2. y=x+3; y=

In Problems 27-30, graph the given equation and determine all intercepts and asymptotes.

gy o HEFE a8 yo T T2 5x+3
Y P r A —2 -3 Y &t 6x+5
TP -3+ 4x+3 6x* — 8 — Tx?

29. y=

=32 -2 +3 - +2x -8

3. y=

31. An unknown electrical resistance R is determined with a Wheatstone bridge by ad-
justing two things: a compensating resistance r read off a resistance box and the
position x of a key along a slide wire of length /. The resistance R is then given by

X
R=r

I-x
Graph this equation for r = 50 ohms and ! = 100 centimeters. What portion of the
graph has physical significance?

32. The total cost function for a given commodity gives the cost C of producing x units of
the commodity as a function of x. For example,

C = 0.01x + 20x + 400.

The average cost function Q (or cost per unit) is simply C/x. Sketch the graph of Q for
the given cost function. For what values of x does this function make sense? Estimate
the smallest value of Q and the value of x at which it is reached.

RADICALS AND THE DOMAIN OF THE EQUATION

When we have y as a function of x, a single value of x gives at most one value for
y. “At most one value” implies either one or none. When will we have none? We
already have seen one such case—at a vertical asymptote. This corresponds to a
zero in the denominator of the function.
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What other situation might give no value for y? Since we are dealing with real
numbers, we do not get a real result when we have a square root of a negative
number Since the square root of a number x is a number y such that y* = x, and
y? can never be negative, we cannot take the square root of 4 negative number.
This argument can also be used to show that we cannot take any even root (fourth
root, sixth root, and so on) of a negative number. Thus, if we have a function
with an even root, any value of x that makes the expression under the radical
negative gives no value for y (there is one possible exception to this; it is
illustrated in Example 1).

_For example, if we have a function involving the expression Vx — 4, then

we have no value for that expression when x — 4 < 0 or when x < 4. Remember
that inequalities can be handled as equations except that multiplying both sides of
an inequality by a negatlve number reverses the inequality: —-x < 1 implies that
x > —1. Furthermore, x* < 9 implies that —3 < x < 3, and x* > 9 implies that
either x > 3 or x < =3 (x| > 3).

If the expression under the radical is more complicated, the best way to
handle it is by factoring. For example, we write the 1nequa11ty x* = 3x <0 as

~ x(x — 3) < 0. Now we know that the product of two numbers is negative if one is

positive and the other negative. So let’s see where each factor is positive and
negative.

—————— ++++++++

0

—————————— +++++

x—3 |

3

Now

+++++-———+++++

x(x — 3) I i

0 3

Thus x(x — 3) < 0 implies that x is between 0 and 3, 0 < x < 3.
Now let us consider functions with radicals., -

Sketchy = -—xZQ—x—Z

Using the previous methods for determlmng intercepts, asymptotes, and sym-
metry, we have the following.

¢
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‘Inter’éepts: (b, 0) odd
Asymptotes: x = 2, x = — 2

The radical is equivalent to the one-half power, which is neither odd ner
even. We have a special problem in finding the horizontal asymptotes. The
highest power ‘of x in the numerator is clearly x. The highest power in the
denominator appears to be x2. But it is under the radical; so the highest power is
really (x*)”? = x. Thus we shall want to divide the numerator and denominator by
x. But we shall want to put the x under the radical in the denominator, which
leads to further complications. The symbol V means the nonnegative square root.

Thus x = Vx? is true only when x = 0; when x < 0, Vx? = —x (note that, since
x itself is negative, —x is positive), and we have two cases to consider.

%
2x x 2
= = (when x > 0)
V2 — 4 x> — 4 4
) 7 iz
2x
-2
= (when x < 0)

% x
Vx? — 4 [xX? — 4 /1__4_
x? x*
as + o,y 2 2
x—) . = = =
— 4
| Va2 [
X
as x ©,y 2 2
—_— . == =
V-4 [
x* 1_%

giving two horizontal asymptotes: y = 2, which is approached on the right, and
y = —2, which is approached on the left. Replacing x by —x and y by —y gives

= 2(—x) _ X
Y V(-xP? -4 Vi2-4

which is equivalent to the original equation. Thus we have symmetry about the
origin.

Finally, Vx* — 4 represents a positive real number only when x2 — 4 > 0,
‘which gives

and

x>2
x < —2.

x2>4i or {
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But y is real for one additional value of x, namely, x = 0. If x = 0, y equals zero
divided by a complex number, which is still zero. Thus the domain is

{x]x>2 or x<-2 or x=0}.

We see here that (0, 0) is an isolated point of the graph (see Note below).
All of this information is represented graphically in Figure 7.36, which shows
the intercept as an isolated point; the fact that it is odd is of no use. Note one-

thing more: Since Vx? — 4 is never negative, y is positive whenever x is positive
and negative whenever x is negative. This additional 1nformat10n makes it easy for
us to sketch the curve (see Figure 7.37).

y . y
: 4\ :
: 24 eennns Teeeeso
X ————t————— > X
-2 2
et 2] :
Figure 7.36 Figure 7.37

Note: The existence of an isolated point of this graph at the origin is open to
controversy. On one hand are those who say that there is no point of the graph at
(0, 0). Their reasoning is as follows: Whenever we restrict ourselves to real
functions of real variables, we say, in effect, that imaginary numbers do not exist.
Thus, instead of having zero over an imaginary number, we have zero divided by
no number at all, which yields no number. By this line of reasoning, every “part”
of the equation must be real in order to yield a valid result. On the other hand are
those who maintain that the result is independent of the means of obtaining it.
The mere fact that we go from one real number to another by way of imaginary
numbers, they say, does not invalidate the result. Exactly the same controversy
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arose when Cardan published his solution of a cubic equation in 1545. His rule for
the solutions of x> = 15x + 4 leads to

x=VVZ+ V12l + VV2 = V=121,

which simplifies to x = 4, the only positive root.* It was decided then that the
excursion into complex numbers did not invalidate ‘the result. While we shall take
the latter point of view throughout this text, it is godd to bear in mind the
controversial nature of the problem. S )

-

Sketch y? = x* — x2.

To graph this equation, we use the following device: Since y = +Vx* — x2, we
first graph z = x* — x? and then, from the values of z, get y = +VZ. Graphing

z=x*—x*=2X(x* — 1) = ¥’(x + 1)(x — 1), we have the following.
Intercepts: (0, 0), even; (1, 0), odd; (-1, 0), odd.
No asymptotes.

Symmetry about the z axis (see Figure 7.38a).

We see on this graph that, for each value of x, we have a value of z =

x* — x*. Now let us find the corresponding values for y = +V/Zz. But first, we

note the following points to keep in mind.

z y

A A

4 +

— ——>x —4 —t>x

-1 11 -1/ 1 \u

(@) , (b)
z=x%—x? y? = x4 — x2

Figure 7.38

*In this connection, see Carl B. Boyer, A History of Mathematics (new York: John Wiley
& Sons, Inc., 1968), pp. 310-316.
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1. Vz=zifz=00rz=1

2. Vz>zif0<z<1

3. Vz<zifz>1

4. Vzis not realif z < 0

The final result is given by the graph of Figure 7.38b. The origin is again an

isolated point of this graph. It is convenient to sketch both graphs on the same
pair of axes. This is done in Figure 7.38c.

The same method could be used to sketch y = Vx* — x?. The only difference
would be that we would have only the top half of the result in Figure 7.38b. We
might also have used this method in Example 1, starting with

2 4x?
YTy

In that case, we would have to be careful which branch we chose; we would have
to choose the top portion when x is positive and the bottom portion when x is
negative. .

When there are radicals in the equation, we need new methods of finding
asymptotes and intercepts. We have already seen this in Example 1. When we
have a sum or difference of several terms, one of which is a radical, we can
proceed as in the following example.

Sketchy = x + Vx? + 1.
When x = 0, y = 1, giving y intercept (0, 1). We have an x intercept when

x+ V2 +1=0

' x=-VZ+1
2=x*+1
0=1.

Since 0 is never equal to 1, there is no x intercept. Because there is no fraction, it
would appear that there is no asymptote. But let us consider this more closely.

For numerically large values of x, x* is considerably larger than 1. Thus Vx* + 1
is very nearly Vx? = |x|. Then

&

2x if x >0,
y=x+Vf+1ax+M={ o

_ 0 ifx<O.
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This implie§ that y = 2x is a slant asymptote that is approached only at the right
end and y = 0 is a horizontal asymptote approached only on the left. A second
way of considering this is by rationalizing the numerator.

(x+ VX2 + Dx—- Vx> +1)
y=x+Vi+1= PRV~
=x2—(x2+1)___ -1
x=V2+1 x-Vi2+1

If x is numerically large and negative, the entire denominator is numerically large
and negative, making the quotient nearly zero. Thus y = 0 is an asymptote that is
approached only on the left. Unfortunately, this form is not so informative about
the right end. For large positive values of x, the denominator is nearly zero and
the quotient is large. This does not tell us that this large quotient approaches the
line y = 2x.

Finally we see that the expression under the radical can never be negative; so
there is no excluded region.

Putting this information together and sketching, we have the result shown in
Figure 7.39. This curve is half of a hyperbola (see Problem 29).

Figure 7.39

One final point. Let us recall that when we had an equation of the form

_ Px)
Y =06y
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e S -

HISTORICAL NOTE | |

The Witch of Agnesi

we noted that x intercepts come from factors in the numerator and vertical
asymptotes from factors in the denominator, provided there is no value of x for
which both numerator and denominator are zero. In the examples we have been
considering, this is equivalent to the provision that there is no factor common to
both numerator and denominator. What happens if there are common factors?
The answer is simple. You simply cancel the common factors and sketch the
resulting equation. But remember that if you cancel the factor x — a, the original
equation is not defined at x = a (it gives 0/0) and there is no point on the graph
with x coordinate a.

EXAMPLE4  Sketch y = (x* — 1)/ x - 1.

SOLUTION Since the numerator a_nd denominator have
the common factor x — 1, we cancel them to
get

 amn o

y=x+1,

which gives a straight line. But recall that the
original equation gives no value of y when

x = 1. Thus the point (1, 2) should be deleted
from the graph, as in Figure 7.40.

Figure 7.40
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»

As we have already seen, in order to graph y? = f(x) electronically, we graph

the two functions y = Vf(x) and y = —Vf(x), since we must have functions
rather than equations. In addition, the computer is very likely not to graph
isolated points or single point deletions.

PROBLEMS
Sketch the graphs of the following equations.
x
Ly=xVx-1 2.y=
yomx s ~ Y= Vao1
—X x—1
3.y=——— 4. y=——
Vx? -1 : Vx(x + 1)
x*— 4 ¥+ x
S. y = 6. y=
x—=2 x
x x
7.y = 8 yl= ——
Y T Y T e +r -2
2 2 , 1-x . )
9. yo="—"""3 10. y* = ——  (Witch of Agnesi)
x-1 x
x(x+ 1) x(x + 1)?
1. y¥=—"——2 12. y? = ———*
7 (x — 2y Y x—2
x(x — 1) x(1 - x)
13, y* = ——— 4.y’ =—-T
Y (X + 1)2 y (X + 1)2
(2 - 1)? "
15, y? = —7 16. y* = (1 — x)(3 — x)?
Y =" y=01-x3-1x)
17. y? = (x — D)(x — 3)? 18. y* = —(x — 1)(x + 3)?
9. y=x+ Vx? -1 20.y=x—-Vx*-1
21 _x2+x 2 _x3+x2
YT YT
+ 1)2 2x(x — 1
PO . L) 2. y= 20D
x-Dx+1 x(x+ 1)
1-(1+ h)? -1-[1+h?~-2(1+h
25. y = 1-a+h° . 2%. y = [( )~ )]
a h
[Hint: Simplify the numerator.]
2+h
1+h 1-V1+h
2. y=——— B.y=——
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29.

33.

Show that the curve of Example 3 is a part of a hyperbola. [Hint: Eliminate the radical
by squaring and use Theorem 6.7.]

. What is the domain of y = x + V9 — x?? Verify by graphing.
. What is the domain of y = x + Vx? — 9? Verify by graphing.

. Find the distance from the point (x, y) on y*> = 4x to the point (3, 0). Express this

distance entirely in terms of x. Graph the resulting equation, and estimate the value of
x that makes the distance a minimum.

Find the distance from the point (x, y) in the first quadrant on xy = 3 to the point
(—8, 0). Express entirely in terms of x and graph. Estimate the value of x that makes
this distance a minimum.

. A ship is anchored 4 miles off a straight shore. Opposite a point 9 miles down the

coast, another ship is anchored 8 miles from the shore. A boat from the first ship is to
land a passenger on the shore and then proceed to the other ship and pick up another
passenger before returning. If the boat puts the passenger ashore x miles down the
coast, find the total distance traveled as a function of x. Graph this function and
estimate the value of x that makes it a minimum.

DIRECT SKETCHING OF CONICS

We have been able to sketch conics by putting them into a standard form in
Chapters 5 and 6. But this was often quite tedious, especially when we had to
rotate the axes. Let us see if we can determine some methods of sketching
without going through the process of rotating axes.

Recall that any equation of second degree in x and y represents a conic or a

degenerate conic. The type of conic can be determined by B> — 4AC, as indicated
in Theorem 6.7 on page 218. Remember, however, that this test does not dis-
tinguish between the conics and their degenerate cases. The results are summarized
in the following table. «

Parabola 0 One line (two coincident lines)
' Two,parallel lines
No graph
Ellipse L= Circle
: Point
No graph

Hyperbola + Two intersecting lines
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If we are dealing with a hyperbola, the greatest single aid in sketching the
graph is determination of the asymptotes. If they are horizontal or vertical, the
determination is relatively easy; so let us go to slant asymptotes. We shall
consider two cases: the equation is linear in y (C = 0) and the equation is
quadratic in y (C # 0). In either case, we first solve for y. Examples of each
follow. '

Sketch x* — xy — 3y — 1 = 0 without rotating axes.

First of all, B> — 4AC = (—1)> — 4(1)(0) = 1, indicating that the conic is a
hyperbola or a degenerate case of one. Solving for y, we have

21

x+ 3

y=

The methods of this chapter give intercepts (+1, 0) and (0, —1/3) and vertical

asymptote x = —3. There is no horizontal asymptote, but we know that there
must be a second asymptote. To find it, we carry out the division:
= £ -1 =x—3+ 8
Y= X +3 x+3

We now see that, for numerically large values of x, 8/(x + 3) is almost zero and y
is very near x — 3. Thus the slant asymptote is

y=x-3.

With this, we can easily sketch the hyperbola (see Figure 7.41).

Figure 7.41
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Sketch 7x* + 6xy — y* — 32 = 0 without rotating axes.
The equation is quadratic in y.

y* —6xy + (32 — 7x?) = 0.
Using the quadratic formula, we have

y=3x=%4Vx-2.

Again, for large values of x, Vx* — 2 is almost Vx?, and y is very near 3x + 4x.
Thus, the slant asymptotes are (see Figure 7.42)

y=T7Tx and y = —Xx.

This and the intercepts give us a good idea of the curve.

Figure 7.42

A method of sketching that is sometimes useful is that of addition of ordi-
nates. If we have an equation of the form y = y; + y,, where y; and y, are
expressions in x, then we can sketch y = y; and y = y, on the same coordinate
axes. Then, for each value of x, y is the sum of the ordinates (y coordinates) of
these two. Let us consider some examples of this.

Sketch 2x* — 2xy + y*> — 9 = 0 without rotating axes.

{
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SOLUTION Since 132 — 4AC = —4, the curve is an ellipse. Again, the equation is quadratic
in y. ;

YV =2y + (2% -9 =0
By the quadrétic formula, wé’have
- y = x + V9 — 2,
Instead of trying to skle;tch this curve directly, let us sketch
y=x and y== V9 — £2,
By squaring both sides, we can put the second equation into the form
¥ +y2=09,

These two are easily sketched (see Figure 7.43).

Figure 7.43

For each value of x in the interval [—3, 3], there is an ordinate on the line and
one (or two) on the circle. Adding them, we have the ellipse of Figure 7.43.
Since values of x outside the interval [—3, 3] give complex values of y in the

equation y = x + V9 — x2, there is no graph to the right of x = 3 or to the
left of x = 3. :
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Sketch 4x2 — 4xy + y — 5x + 2y + 1 = 0 without rotating axes.

Since B2 - 4AC = 0, the curve is a parabola. Again solving for y, We have
y=2x -1+ Vi
This gives the two equations
y=2x-1 and y== Vi,

where the latter can be written y* = x. Sketching these two and adding ordinates,
we have the result given in Figure 7.44. The line y = 2x — 1 is not the axis of the
parabola.

Figure 7.44

Addition of ordinates can be used for hyperbolas, as well as for ellipses and
parabolas. One disadvantage of this method is that the two curves must be
graphed relatively accurately, or the final result is likely to be extremely
inaccurate.

Solving for y as a function (or pair of functions) of x is exactly what we have
to do when graphing electronically. These methods are well suited to graphing by
calculator. In fact, the conics graphing programs given in the introduction to the
graphing calculator solve for y as a function or pair of functions of x by solving a
linear or quadratic equation in y. Any of the first 20 problems below can be
solved by the graphing program.

One final word; it is not maintained that the methods of this section will
always provide the simplest method of sketchmg conics. They are alternate
methods that are useful i in many cases.
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.
PROBLEMS
In Problems 1-20, sketch without rotating axes.
A l.xy—x+y'+3=0 2.2xy—x—-y—-2=0
3.°%-xy—-y—-4=0 4. > ~xy+x+2y=0
B 5 22-2ty+y*-1=0 6. 5 —4xy + y2 ~4 =0
7.2 —-2&y+y’—-x=0 8. X2 —2y+y’+x—-2y+2=0
9. 2xy —y*—4=0 10. 2x> - 2xy + y* +4x — 4y —=5=0
11. 2xy —y*+ 6x— 6y — 18 =0 12. 32 —dxy + y2 —4x + 2y + 5= 0
13. 42 +4xy +y>* = 3x+ 2y +1=0 4. 2 - 2xy +y* - 12x +8y +24 =0
153 + 2y~ y* + 10x + 2y + 8=0 16. x> — 2y +y* —2x+ 2y -3 =0
17. 2 —xy—-x—-2=0 18. xy —y* -y +2=0
19. 10x2 —6xy +y? +12x —4y +4=0 20. 4xy +y*—4=0
C 21. Sketch Vx + Vy = Va. Show that the graph is a portion of a parabola.
I
REVIEW PROBLEMS
In Problems 1-16, sketch the graphs of the equations as rapidly as possible without plotting
points. Show all intercepts, asymptotes, and symmetry about either axis or the origin.
A Ly=@x+1(x-2) 2.y =x(x —3)?
.y=(@x+1)*(x*+1) 4. y=(x+1)(x—2)(x+3)
5 -1 p _X(x-3)
YT YT @y
7 _x2—9 8 _x3-1
VT2 YT ik
6
B 9.y=(@-1%x+3)>%2x-3) 10. y=x+1--~
x
-1Dx+2
Il.y=x-Vx¥ -4 12.y=\/-(x—L
x+1
x(x —2) 2x -1
B,y =—""2 14. y? =
Y (x + 1)? Y x+2
5y T34 6 v = —%
Y e &+ 3 YT
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In Problems 17-20, sketch the graphs of the given conic sections without rotating axes.
17. % +xy—2x+y=0

18. x> —xy—y—-4=0

19. 5x2 —dxy + y* —4x + 2y — 8 =0

20. 4% —4xy + Y2+ 1lx — 6y + 5= 0



Chapter 8 " Polar Coordinates and
Parametric Equations

POLAR COORDINATES

Up to now, a point in the plane has been represented by a pair of numbers, (x, y),
which represent (for perpendicular axes) the distances of the point from the y and
x axes, respectively. Another way of representing points is by polar coordinates.
In this case, we need only one axis (the polar axis) and a point on it (the pole).
These correspond to the x axis and the origin of the rectangular coordinate
system. Normally we shall include the y axis, even though it is not necessary to do
SO.

Before considering points in polar coordinates, let us recall that an angle in
the standard position has its vertex at the origin (or pole) and its initial side on the
positive end of the x axis (or polar axis). The terminal side is another ray (or half-
line) with the origin as its endpoint. The ray with the same endpoint and on the
same line as the terminal side is called the ray opposite the terminal side. For
example, the terminal side of a 90° angle in standard position is the positive end
of the y axis together with the origin; the ray opposite the terminal side is the
negative end of the y axis together with the origin. '

A point P is represented, in polar coordinates, by an ordered pair of numbers
(7, 0) (see Figure 8.1). It is determined in the following way: first find the terminal
side of the angle @ in standard position; if r = 0, then P is on this terminal side
and at a distance r from the pole; if r < 0, then P is on the ray opposite the

<

A (r7 0)

Figure 8.1
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Figure 8.2

terminal side and at a distance |r| from the pole. A few points are given with their
polar coordinates in Figure 8.2.

It might be noted that while the terminal side of the angle —x/3 is in the
fourth quadrant, (—1, —7/3) is in the second quadrant. The quadrant that a point
is in is not determined by the signs of the two polar coordinates, as it is with
rectangular coordinates. It is determined by the size of 8 and the sign of r. If 7 is
positive, the point is in whatever quadrant @ is in; if r-is negative, the point is in
the opposite quadrant.

Polar coordinates present one problem we did not have with rectangular
coordinates—a point has more than one representation. For example: (2, 7/2)
and (—2, —n/2) represent the same point. In fact, if (7, ) is one representation of
a point, then (r, 6 + nn), where n is an even integer, and (—r, 6 + nn), where n is
an odd integer, are representations of the same point. Furthermore, (0, 0) is the
pole for any choice of 6. '

EXAMPLE 1

GRAPHS IN POLAR COORDINATES

Equations in polar coordinates can be graphed by point-by-point plotting, as we
graphed rectangular coordinates.

Graph r = sin 6.

{
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Note in Figure 8.3 that we have the entire graph for 0 < 6 < . The remaining
values of 6 simply repeat the graph a second time, since (0, 0) = (0, =), (0.5, 7/6)

. = (—0.5, 77/6), and so forth. Of course, values of 6 outside the range 0 =0 <2z

would give no new points. As we shall see later, this is a circle.

7] r
0= 0 0.00
n/6 = 30° 0.50
n/3 = 60° 0.87
nf2 = 90° 1.00 *
2n/3 = 120° 0.87
57/6 = 150° 0.50
n = 180° 0.00
Tr/6 = 210° —-0.50
47/3 = 240° —0.87
37/2 = 270° —-1.00
57/3 = 300° —-0.87
117/6 = 330° -0.50
27 = 360° 0.00

Figure 8.3

This method of point-by-point plotting is quite cumbersome here, as it was in
the case of rectangular coordinates. One way to simplify the proceedings is to
represent the table of values of r and 6 by means of a graph. This may sound as if
we are going in circles—we can get the graph from a table of values of r and 6
that is represented by a graph. Actually, this is not so bad as it sounds. We shall
represent the table by a graph in rectangular coordinates.

For example, the table of values of r and 6 used in Example 1 can be
represented by the graph shown in Figure 8.4, which is the graph of r = sin6 in
rectangular coordinates.

oy 4
3
(3]
3
N
3
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EXAMPLE 2 Graphr =1 + cos@.

SOLUTION We can easily graph this equatien in rectangular coordinates by using addition of
ordinates. The result is given in Figure 8.5. Now we can read off values of r and 0
just as we would from a table. As 6 increases from 0 to n/2, r goes from 2 to 1.
This gives the portion of the curve shown in Figure 8.6a. As 0 goes from 7/2 to =,
r goes from 1 down to 0 (shown in Figure 8.6b). As 6 goes from = to 37/2, r goes
from 0 back up to 1 (as in Figure 8.6¢); and finally, as 6 goes from 3zr/2 to 2n, we
see in Figure 8.6d that 6 goes from 1 to 2. The same path is traced for values of 6

r
A

2_
1_.._
1 ~+ % 6
0 T T Iz 2
2 2
Figure 8.5
=7 =7
=3 =2
y
6=0
> X x

2
(a) (b) y (c)

(e)

Figure 8.6




EXAMPLE 3

SOLUTION

EXAMPLE 4

SOLUTION
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beyond 27 or less than 0. Putting all of this together, we have the desired graph,
shown in Figure 8.6e. This curve is called a cardioid, which means “heart-
shaped.” It is a special case of a more general curve called a limagon (French for
snail), which has the form r = a + b sinf or r = a + bcos 0. If [a| = |b|, then we
have a cardioid. A limacon is easily identified by the form of its equation.

Graph r = sin 26.

The graph is given in rectangular coordinates in Figure 8.7a. This is then put on
the polar graph shown in Figure 8.7b. Note that for 6 in the range 72 < 6 <=, r
is negative. Thus, instead of giving the loop in the second quadrant, it gives the
one in the fourth quadrant. Similarly, for 8 in the range 372 < 6 < 2x, r is
negative. This gives the loop in the second quadrant. The resulting curve is called
a four-leafed rose.

STE
l

(a) _ (b)

Figure 8.7

Graph r* = sin26.

Graphing in rectangular coordinates by the methods of Section 7.5, we have the
result given in Figure 8.8a. There are a couple of things of interest here. First,
r* = sin 20 has two values of r for each 6 in the ranges0 < f<rn2andn < 6 <
3n/2, while it has no value at all for 7/2 < 8 < = and 3n/2 < 6 < 2. Since it has
two values in the range 0 <'6 < n/2, we get both loops for 0 < 6 < /2, shown in
Figure 8.8b. Similarly, we get both loops a second time for = < 6 < 37/2. Because
there is no value of r for #/2 < # < 7 and 3%/2 < 6 < 2, there are no points of
the graph in the second or fourth quadrants. This is called a lemniscate.

»
- -
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THEOREM 8.1

EXAMPLE 5

SOLUTION
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(=

(a)
Figure 8.8

There are tests for symmetry in polar coordinates which are somewhat like

those in rectangular coordinates. Suppose, for example, that for each point (7, 6)

on a given curve there corresponds another point (r, —6) on the same curve.
Then (see Figure 8.9a) the curve is symmetric about the x axis. Thus if 6 is
replaced by —6 and the result is equivalent* to the original equation, then the
graph is symmetric about the x axis. Figures 8.9b and 8.9c illustrate conditions
leading to symmetry about the y axis and the pole, respectively. These tests are
summarized in the following theorem.

(a) If 0 is replaced by —0 and the result is equivalent to the original equation,
then the graph is symmetric about the x axis.

(b) If 6 is replaced by n — 6 and the result is equivalent to the original equation,
then the graph is symmetric about the y axis.

(c) If r is replaced by —r and the result is equivalent to the original equation,
then the graph is symmetric about the pole.

Test r = 1 + cos @ for symmetry.

The three tests are represented schematically below (the arrow is used to rep-
resent ““is replaced by’’).

*Two equations are equivalent if any point that satisfies one of them also satisfies the
other. To determine equivalence we use algebraic or trigonometric identities, add any
expression to both sides of one equation, or multiply both sides of an equation by a
nonzero constant in order to make that equation identical to the other.
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y y
A . » 4
/\ @ 9) | e
! (rrm—8) \ (r, 8)
, ]
7] - r 7] .
-8
>
N o

(@) (b)
y
A (r, 0)

/ )
]
Ve > X
C// /
(—r. @)
©
Figure 8.9
(a) {r—> r (b) {r—) r (o) {r-—» —r
60— -0 0—->n—860 0—-0
r=1+ cos(—6) r=1+ cos(n — 0) -r=1+ cosf
=1+ cos@ =1 —cos@

Since r = 1 + cos(—6) is equivalent to r = 1 + cos @, we have symmetry about
the x axis. The other two tests are negative; however, this in itself is not enough to
say that we do not have the other two types of symmetry (we shall consider this in
more detail in the next example). Nevertheless the graph of r = 1 + cos 6 (given

in Figure 8.6¢) indicates that we do have symmetry only about the x axis.
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SOLUTION
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We see from this example that, while symmetry is sometimes an aid in
graphing an equation, the graph can also be an aid in determining the presence or
absence of symmetry. This is especially true in polar coordinates, because negative
results in the tests of Theorem 8.1 do not necessarily imply a lack of symmetry, as
the next example makes evident.

Test r = sin26 for symmetry.

(@ ([r—or (b) (r—r () (r— —r
{0—)-0 {0-—)7z—0 {0—)0
r = sin(—26) r = sin(2n — 26) —r = sin26
= —sin260 = —sin260

‘All three tests are negative. Yet we can see from Figure 8.7b that all three types

of symmetry are present.

The reason for the rather strange behavior of the last example can be traced
directly to the fact that one point has many different representations in polar
coordinates. For example, (r, —0) = (—r, n — 6) = (r, 2n — 6), and so forth.
Thus there are many tests for symmetry about the x axis. The equalities above
lead to the three tests:

{r —r {r — —r {r —r
66— —6 0—>n—-0 60— 2n - 0.
If any one of these gives an equation that is equivalent to the original, there is
symmetry about the x axis. Notice that while the first and third of these three tests
give negative results in the equation of Example 6, the second gives a positive
result. This is sufficient to assure us that there is symmetry about the x axis. If
they all give negative results, nothing can be concluded, since there are still other
possible tests. The student can easily devise other tests for all three types of
symmetry. The result of all of this is that we must be content with tests for
symmetry which do not guarantee a lack of symmetry when the test is negative.
Because of the multiplicity of the foregoing tests and the indecisiveness of
negative results, you might prefer to rely upon the graphs of an equation. For
example, Figure 8.7b suggests that we have all three types of symmetry for r =
sin26. Then the symmetry of Figure 8.7a assures us that we really do have the
suspected symmetry. Note, however, that a particular type of symmetry in the
rectangular coordinate graph does not necessarily imply the same type of sym-
metry in polar coordinates. Although the rectangular coordinate graph of r* =
sin26 (that is, of y* = sin2x) shows symmetry about the x axis, the polar graph
does not (see Figure 8.8). Furthermore, the polar graph exhibits symmetry about

{
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the pole (or origin), while the rectangular coordinate graph does not. But the
symmetry of the loops in rectangular coordinates does imply symmetry of the
loops in polar coordinates and thus symmetry about the pole.

Graphs in polar coordinates are not so simple as in rectangular coordinates
(in part because polar coordinates are less familiar). Thus, a graphing calculator
or a computer' program can be a great help. The most recent graphing calculators
have the ability to graph polar functions expressed in the form r = f(6). One
merely sets the mode to polar. However, some of the older calculators do not
have a polar mode. If you have such a calculator, you may graph r = f(8) by
setting the mode to parametric and entering x = f(f)cos6, y = f(0)sin6. The
reason for this choice will be explained in Section 8.4.

In graphing a polar equation, you must select a range of values, not only for
the x and y axes, but also for a range of § values. This range is normally O to 2z
(= 6.2831853...) since 6 is usually present only in trigonometric functions.
When 6 appears in nonperiodic functions, consider using a wider range of 6
values.

PROBLEMS

1. Plot the following points: (1, #/3), (2, 45°), (0, 30°), (=2, 90°), (~1, 37/4), (2, 300°).

*2. Give an alternate polar representation with 0° < 9 < 180° (4, 330°), (-2, 420°),
(1, 210°), (0, 283°), (=3, 270°), (2, 240°).

*3. Give an alternate polar representation with » = 0 and 0 < 6 < 2r: (—4, 27/3),
(3, =7/3), (0, 72/2), (-1, 11n/6), (-2, 13x/6), (-2, 3n/4).

4. Give an alternate polar representation: (1, 30°), (-2, r), (4, 210°), (0, n/3), (~1, 30°),
2, n/2).

In Problems 5-20, sketch the graph of the given equation and name the curve.

5. r =cos# 6. r = 2sinf

7. r=1 - cosf 8. r=1+sin6
9. r=1-sin6 10. r =sinf — 1
11. r = cos26 12. r = sin460

13. r = sin 36 14. r = cos 36

15. r = sin 56 16. r = sin66

17. r =1 + 2sin6 18. r=1-—2cosé

In-Problerr'zs721—34, sketch the graph.

19. r =2 + cos 8 20. r =2 + 3sin@
21. r = tan@ 22. r = secf
"~ 23. r* =sinf 24. r* = cos 36

* Answers are given for the first three parts of Problems 2 and 3 rather than for none of 2 and all of 3.
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25.
27.
29.

31.

33.

3s.

36.

37.

r’ = cos40 26. r* = sin’6
r’=1+ cosf 28. P’ =1 —sin6
r = 0 (spiral of Archimedes) 30. r = 1/6 (hyperbolic spiral)
P =92 R2.r= 2z (parabola)
1 - cosé
r= 2 (hyperbola) M. r= 2z (ellipse)
1— 2cos8 _ 2 —cos@

Find two tests for symmetry about the y axis that are different from the one given in
this section.

Find two tests for symmetry about the pole that are different from the one given in this
section.

Show that the distance between (r, 8;) and (r,, 6,) is

d = Vri+ r}— 2rrcos(6; — 6,).

[Hint: Use the law of cosines.]

. Graph r = sinnf forn = 1, 2, 3, . . . How many loops are there when # is even? When
n is odd?
.Graphr =1 +sinf,r =1+ cosf,r=1—sinh, and r = 1 — cos§. What is the

relationship between them?

EXAMPLE 1

SOLUTION

POINTS OF INTERSECTION

We can find points of intersection of a pair of curves in polar coordinates by
solving their equations simultaneously, just as we did in finding points of inter-
section in rectangular coordinates. However, there is a special problem with polar
coordinates that is caused, once again, by the fact that a point has many different
polar representations. Solving the equations simultaneously is only a starting
point in determining points of intersection of pairs of polar curves. We must then
graph both equations to see if there are other points of intersection with different
representations on the two curves. Let us consider some examples.

’

Find the points of intersection of » = 1 and r = 2sin 6.

Eliminating r from this pair of equations, we get

5 Q,. v

. 1 :
sin@ = or 0= s

2’

R
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SOLUTION
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giving the points (1, n/6) and (1, 57/6). The graphs of these two curves are given
in Figure 8.10. There are clearly only two points of intersection—points we have
already found. Nothing else needs to be done.

Figure 8.10

Find the points of intersection of r = sinf and r = cos 6.

Eliminating r between the two equations, we have

sinf = cos 6.
If we divide by cos @, then
tang =1
and

6=—-—+n-n.

PPN

In the range 0 < 6 < 2r, we have (1/V2, n/4) and (—1/V?2, 51/4). But these are
different representations for the same point. Thus we have found only one point
of intersection. As we can see from Figure 8.11, there are really two points of
intersection—the one we found and the pole.

The pole has many different representations. On the curve r = sin#, it is
represented by (0, nn); on r = cos6, it is represented by (0, 7/2 + nn). Thus,
while the pole is common to both curves, it does not have a common repre-
sentation that satisfies both equations. So we cannot find this point of intersection
by finding simultaneous solutions of the two equations. This pgint has been
identified in Figure 8.11 by both (0, 0) and (0, #/2) to show thatthere is no one
representation satisfying both equations. _ o e
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Figure 8.11

One convenient way to think of the phenomenon of this last example is to
imagine the two curves as paths traced by points as 6 increases uniformly with
time. From this point of view, the curves both go through the origin; but they do
so at different times. It is very much like two cars going through an intersection in
different directions at different times. Clearly their paths intersect but, because
they do so at different times, the cars do not collide.

A graphing calculator illustrates this idea very well. When a polar equation is
graphed, the value of 6 varies from 0 to 2z (or whatever range is set for it); and
the path of the curve is traced over a time interval of a few seconds. When two or
more equations are graphed, they are normally graphed one after the other.
However, if the graphing mode is changed from sequential to simultaneous,
points of intersection can easily be identified as having the same or different
representations. In this case, 6 literally corresponds to time.

This phenomenon of two curves crossing the same point at different times is
easily seen with the two equations of Example 2. The path of r = sin# begins
at the pole and proceeds to the right and upward, following a counterclockwise
path around the circle. The path of r = cos 8, on the other hand, begins at the
point (1, 0), proceeding upward and to the left, again tracing a counterclockwise
path around another circle. When the paths are graphed simultaneously, they
both reach the point (1/V2, n/4) at the same time. On the other hand, whereas
the first path starts at the pole, the second does not reach that point until it has
traced out a semicircle. By that time, a point on the first circle has reached the top
of its circular path. Thus, one point of intersection has a common representation
on the two curves, whereas the other point of intersection does not.

Once we have determined that a particular point of intersection has a common

 representation or different representations on the two curves, how can we find

that (or those) representations? We use the TRACE command. We trace a
{



EXAMPLE 3

SOLUTION
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path along one of the curves until the point of intersection is reached. The
representation will be displayed on the screen. We can then switch the trace from
one curve to the other. If the point has a common representation on the two
curves, the position of the point is unchanged or moves only slightly. If the point
has different representations on the two curves, switching to the second curve will
result in the point jumping away from the point of intersection (to a point on the
second curve with the same value of 8 as the point of intersection on the first
curve). By tracing the point along the second curve to the point of intersection,
we can read the representation on the second curve from the screen.

Find all points of intersection of r = cos26 and r = sin 6.

cos 26 = sin 6

1 — 2sin%6 = sin @
2sin’ + sinf — 1 =0
(2sin@ — 1)(sin6 +1)=0

sinf = %, sinf = —1
n St 3m
= & 2

Thus, we have the points (1/2, n/6), (1/2, 51/6), and (—1, 37/2). In addition, we
can see from Figure 8.12 that the pole is a point of intersection; it may be
represented by (0, n/4) satisfying the equation r = cos26 or by (0, 0) satisfying
r = sin6. It might also be noted that the point (—1, 37/2) can also be written
(1, #/2), but this form satisfies only r = sin 6.

—1

Figure 8.12
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A

PROBLEMS

Find all points of intersection of the given curves.

1.
3.
5.

r=V2,r=2cosf
r=2,r=sinf + 2

r=cos@,r=1— cosé

6. r=cosf,r=1+siné

7. r=sin20, r = sin6

9, r==sech, r = csch

2.r= V3, r=2sin6
4. r=1,r = 2cos260

8. r =sin260, r = V2cos6

10. r = secH,r = tanb

1. r=3cosf@ +4,r=3 12. r = sin20, r = cos 26

13. r =2(1 + cos8), r(1 — cosf) =1 4. r=1-5inf, r(1 —sinf) =1
15. r=1—sinf,r =1 — cosf 16. r* = sin 6, r* = cos 6

17. r*> = cos 9, r? = sech 18. r =2cos@ + 1, r = 2cos6 — 1
19. 7> = sinf, r = sin 6 20. r°> = sin#, r = cos 6

21. r =secH, r = 2cosf 22. r=cscO,r =2sin0

THEOREM 8.2

RELATIONSHIPS BETWEEN RECTANGULAR
AND POLAR COORDINATES

- -

There are some simple relationships between 'rectang’ular and polar coordinates.
These can be found easily by a consideration of Figure 8.13. They are given in the
following theorem.

: y
If (x, y) and (r, ) represent the same point in rectangular \ !
and polar coordinates, respectively, then
. r
x =rcos@ Y
y = rsinf \o
= 2 4 2 >~ x
rPr=x+y , .
tand = 2
_ x
Figure 8.13

The last two, which may be solved for r and #, would give us expressions
involving * and arctan. Thus, we prefer to leave them in their present form.
With these, we can now change from one coordinate system to the other.

4
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EXAMPLE 1 Give a rectangular coordinate representation for the point having polar co-
ordinates (2, n/6).

SOLUTION . x = rcosf y = rsinf
, = 2cosnf6 . = 2sinn/6
= 2.&3 - 2.1
2 2
= V3 =1

Thus the point (2, 7/6) in polar coordinates is the point (V3, 1) in rectangular
coordinates (see Figure 8.14).

o
o

Figure 8.14

EXAMPLE 2 Express in polar coordinates the point having rectangular coordinates (4, —4).

SOLUTION P=x2+)  tanf = i.
—4
=16 + 16 =7
= 32 = -1
3n
r= +4V?2 0 ==+ zn
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We have a choice for both r and 6. The values of r and 6 cannot be selected
independently; the value we choose for one will limit the available choices for the
other. In this case, the point (4, —4) is in the fourth quadrant. Thus, we may
choose either a fourth-quadrant angle and a positive r or a second-quadrant angle
and a negative r. Thus (see Figure 8.15) the point (4, —4) has any one of the
following polar coordinate representations:

(4V2, Tn/4) = (—4V2, 3n/4) = (4V2, —n/4), and so forth.

B
X aad

Figure 8.15

Of course we can use the equations of Theorem 8.2 to find a polar equation
corresponding to one in rectangular coordinates, and vice versa.

Express y = x? in polar coordinates. v

y=x
rsin @ = r?cos?6
sin@ = rcos® 6 or r=20
sin 6
r=—
cos- 6

r =secfAtand
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Since r = 0 represents only‘ the pole and it is included in r = sec ftan#, we may.
drop r = 0. The result is e :

-

r = secfOtané.

Express r = 1 — cos @ in rectangular coordinates.

First, multiply through by r.
- " r’=r—rcosf
At this point, we could make the substitutions 7* = x*> + y? rcosf = x, and

r = 2Vx? + y?. The last is rather bothersome, since it involves a *. In order to
avoid this, let us isolate  on one side of the equation and square.

. r=r%+rcosf
r? = (r* + rcos 9)?
x>+ y2 = (x? + y? + x)?

We have done two things that might introduce extraneous roots: (1) Multiplying
by r may introduce only a single point, the pole, to the graph. Since the pole is
already a point of the graph of r = 1 — cos 8, no new point is introduced here. (2)
Squaring may introduce several new points. The equation

. r? = (r* + rcos6)?
is equivalent to
r= *(? + rcos6).

Now r = r* + rcos @ is equivalent to our original equation, r = 1 — cos @, while
r = —(r* + rcos@) is equivalent to r = —1 — cos . Thus

X+ y* = (2 + y? + x)?

is equivalent to r = 1 — cos 6 together with r = —1 — cos 6. But r = 1 — cos 6 and
r = —1 — cos 6 have the same graph. Thus we have introduced no new points by
squaring.

In Section 8.2 we indicated that some older graphing calculators and computer
programs do not allow us to graph equations in polar coordinates, but they do
allow the graphing of parametric equations. Thus, we can graph the polar equation
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r = f(0) by converting to the parametric form
x =f(6)cosd, y=f()sind.

This comes directly from the relationships noted here. Since x = rcos@ and
y = rsin6, a simple substitution of our polar equation, r = f(6), gives this result.
While many calculators (even those that do not have graphing capabilities)
can make single-point conversions from polar to rectangular coordinates and
rectangular to polar coordinates, very few can convert a polar equation to its
equivalent rectangular form or convert a Cartesian coordinate equation to polar
coordinates. Thus, we have little electronic help in making these conversions.

PROBLEMS

1. The following points are given in polar coordinates. Give the rectangular coordinate
representation of each: (1, z), (V3, #f3), (-1, 3n), (V2, 3n/4), (2V3, 51/3),
(=3, 77/6), (0, 57/4), (4, 0), (=2, Tn/4). :

2. The following points are given in rectangular coordinates. ‘Give a polar coordinate
representation of each: (V2, ~V2), (-1, V3), (4, 0), (-1, —1), (0, —2), (0, 0),
(—2\/3’ 2)’ (_3’ l)s (4’ 3)’ (—2’ 4) .

In Problems 312, express the given equation in polar coordinates.

3.x=2 4. y=5
5. x+y" =1 6. x> -y =4
7. x=y2 8. y=x
9. x+2y—-4=0 10. x =y
1. y = 3x 12. y* = x°

In Problems 13-18, express the given equation in rectangular coordinates.

13.r=a 14. 6 = nf4
15. 0 = nf3 16. r = 2sin 6
17. r = 4cos 6 18. r = sin26

In Problems 19-24, express the given equation in polar coordinates.

9. (x +y)P?=x—y 2. X +y> —2x=0
2.2 +y - 2% -2 +1=0 2. 2+ 92 =9

p
23. xy =1 : . 24.y=x+1

Py ~

In Problems 25-34, express the given equation in rectangular coordinates.

25, r = cos26 26. r=1—cosf
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]
27. r =3+ 2siné 28. 1 =sing
29. 7 =1+ sing | " 30. 7 =sin20
31.>r=—.1—w“. 2. r=———r
1—cosf 1+ sin6
33. r = 2sinf + 3cosh 3. r + sech
In Problems 35-38, (.1escribe the graph of the given equation.
35. r=2hcos 6 36. r = 4csecfHtan b
37. 7= ab’ 38. % = il
b?cos?0 + a*sin®6 b?cos?O — a*sin® @

39. It was indicated in Example 4 that, because of squaring, the resulting rectangular
coordinate equation is equivalent to a combination of r = 1 — cosf and r = —1 —
cos6. Use a graphing calculator to show the equations to be equivalent, first by -
graphing each individually and noting their similarity, and then by graphing them on
the same coordinate axes to show them to be identical.

CONICS IN POLAR COORDINATES

We found earlier that the equations of conic sections (in rectangular coordinates)
have very simple forms if the center or vertex is at the origin and the axes are the
coordinate axes. There are, however, three different forms corresponding to the
three different types of conics. We find that conics can be easily represented in
polar coordinates if a focus is at the origin and one axis is a coordinate axis.
Furthermore, the same type of equation represents all three types of conics if we
use the unifying concept of eccentricity.

Recall that any conic can be determined by a single focus, the corresponding
directrix, and the eccentricity. If P is a point on the conic, then the distance
from P to the focus divided by the distance from P to the directrix equals the
eccentricity. The particular conic we get depends upon the eccentricity; the
eccentricity is a positive number and

if e < 1, the conic is an ellipse,
if e = 1, the conic is a parabola,
if e > 1, the conic is a hyperbola.

This is illustrated in Figure 8.16 on page 300, where we have an ellipse, a
parabola, and a hyperbola, all having the same focus and directrix. In this case

- the ellipse has eccentricity 1/2, and the hyperbola has eccentricity 2.

If P = (r, 6) is a point on a conic with focus 0, directrix x = p (p positive),
and eccentricity e, then (see Figure 8.17 on page 300).
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X
o
D
P(r, 6)
/ xX=p
Figure 8.17
Q—E =e or In =e
PD ’ |p — rcos 6| ’
There are now two cases to consider.
r r
——=e and ——— = —e
p — rcosé p — rcosf

Either of these yields an equation of the desired conic (see Problems 23 and 24);
however, the first yields the commonly used form. Solving for r in this equation,

we have
r=—-=>%P
1+ ecosf
If the directrix is x = —p (p positive), then the equation is
- P
"7 1 " ecost

If the directrix is y = *p (p positive), then the equation is

p=— P
1+ esin8’

THEOREM 8.3  The conic section with focus at the origin, directrix x = tp (p positive), and
“eccentricity e has polar equatjion - ~ - C

{



EXAMPLE 1

SOLUTION

EXAMPLE 2

SOLUTION
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e

r——-————ep .
1+ ecosb’

if the directrix is y = *p (p positive), it has equation
: __eo
"T1xesing

Describe r = 6/(4 + 3cos 6).

Dividing numerator and denominator by 4, we have

3 3

2 4
r= =

3 3 )
1 — iy
+4c050 1+4c050

2

Thus the eccentricity is 3/4 and the directrix is x = 2. The conic is an ellipse with
focus at the origin, directrix x = 2, and eccentricity 3/4.

Sketch r = 15/(2 — 3cos 6).

Dividing by 2, we have
15

2

[\SFROV)
w .
W

1 —Ecose 1 —ECOSO

Thus we have a hyperbola with focus at the origin, eccentricity 3/2, and directrix
x = —5. The vertices are on the x axis, one between the focus and directrix and
the other to the left of the directrix. When 6 = 0, r = —15; when 8 = =, r = 3.
Thus the vertices are (—15, 0) and (3, 7). When 6 = #/2 or 3n/2, r = 15/2. Thus,
the ends of one of the latera recta are (15/2, n/2) and (15/2, 3n/2). This information
is enough to give a reasonably accurate picture of the hyperbola. If the asymptotes
are desired, they can best be found by considering some of the above points in
rectangular coordinates. Thus the vertices are (=3, 0) and (—15, 0), and the
center is (—9, 0), giving a = 6 and ¢ = 9. We can now use the equation

b= -
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to find b* = 45 or b = 3V/5. Once we have this, the asymptotes are easily found
(see Figure 8.18). _ -

Figure 8.18

EXAMPLE 3 Find a polar equation of the parabola with focus at the origin and directrix
y = —4.

SOLUTION The equation is in the form

€p

r = —
1 — esin@’

since the directrix is a horizontal line below the focus. Furthermore, ¢ = 1, since
the conic is a parabola, and directrix y = —4 gives p = 4. Thus the equation is

. 4
" 1-—sin6
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Polar coordinates are used extensively in astronomy. When describing the
orbit of a heavenly body, it is much more convenient to place the axes with the
origin at the focus of an ellipse than to have it at the center. This is especially so
when applying Kepler’s second law of planetary motion, which says that a line
from the sun to a planet sweeps out equal areas in equal times.

PROBLEMS

In Problems 1-8, state the type of conic and give a focus and its corresponding directrix and
the eccentricity.

4 12
lr=——o0 2. r= ——
1+ 2cosé@ 1 - 3sin@

3 4 4 >
r=o—— . r=—
"= 3% 2sin0 4 — 4cosf

3 10
yr=-—-" 6. r=——
1+ sin@ 5 — 2cosé@

7. r(3 + 2sin@)= 6 8 r(2 —4cosf) =5

In Problems 9-14, find a polar equation of the conic with focus at the origin and the given
eccentricity and directrix.

9. Directrix: x = 5; e = 2/3 | 10. Directrix: y = ~3;e =2
11. Directrix: y = 2; e = 1 12, Directrix: x = —4;e =1
13. Directrix: x = 5; e = 5/4 14. Directrix: y = 3; e = 3/4

In Problems 15-22, sketch the given conic.

2 16
15. r = — 16. r=—
1+ cos@ 5 — 3cos@
7. r=—20 18. r(3 — 5cos6) = 9
'r_4—-5sin0 - 73 = Scos) =
19. r(13 + 12sin8) = 25 20. r(3 + 3sinf) = 4
21. r(2 —cos@) =5 22. r(1 — 3sin6) = 12
23. Sketch r = —— s Compare it with the conic of Problem 15 (see the following
— cos
problem).

24. Show that the conic section with focus at the origin, directrix x = p (p positive), and
eccentricity e has polar equation
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pH

C 2.

27.

29.

ep
1+ ecos@
that ep remains constant. What happens to the shape of the conic? What happens to
the equation of the conic?

Suppose, in the equation r = , e > 0 and p —> +» in such a way

Find a polar equation of a circle with center (k, a) and radius a by using the law of
cosines (see Figure 8.19). What is the result when k = 0?

y
A
‘ o(p, a)
Y, P(r, 6)
o —f
0 <<
Figure 8.19 Figure 8.20

By using the trigonometry of right triangles, show that the line PQ (Figure 8.20) can
be represented by the equation

#cosa + ysina — p = 0.

This is called the normal form of the line, since it is expressed in terms of the polar
coordinates of the point Q, which is the intersection of the original line and another
perpendicular (or normal) to it and through the origin (see Problem 37, Section 3.3).

. By using the identity

sinfa + cos?a =1,

show that Ax + By + C = 0 can be put into the normal form by dividing
through by +V.A2 + B? (see Problem 27 for the normal form).
Show that the distance from the point (x,, y;) to the line Ax + By + C =0 is

|Ax; + By, + CJ
VA?+ B2
This result was found without the use of polar coordinates in Theorem 3.6, page 106.

[Hint: Put the original line and the one parallel to 1t and through (x;, y;) into the
normal form (see Problems 27 and 28).]

d=
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30.

31.

32.

33.

3.

Use the data in the table of Problem 35 on page 172 to find a polar equation for the
earth’s orbit. Assume that the sun is at one focus of the ellipse and the other focus is
on the positive end of the x axis.

Use the data of Problem 34 on page 172 to find a polar equation of the moon’s orbit
about the earth. Place the axes as in Problem 30, using the earth instead of the sun.

A comet has a parabolic orbit with the sun at the focus. When the comet is 100 million
miles from the sun, the line joining the sun and the comet makes an angle of 60° with
the axis of the parabola (see Figure 8.21). How close to the sun will the comet get?

Figure 8.21

A satellite has an elliptic orbit with the earth at one focus. At its closest point it is 100
miles above the surface of the earth; at its farthest point, 500 miles. Find a polar
equation of its path. (Take the radius of the earth to be 4000 miles.)

The distance of Halley’s comet from the sun varies from a minimum of 50 million sniles
to a maximum of 3250 million miles. At perihelion (its closest approach to the sun), the
comet’s speed is 125,000 miles per hour. Estimate its speed at aphelion (its greatest
distance from the sun). [Hint: Use Kepler’s second law, which says that a line from the
sun to an orbiting body sweeps out equal areas in equal times. Approximate the areas
by using circular sectors.]

PARAMETRIC EQUATIONS

Up to now all of the equations we have dealt with have been in the form

y=flx) or F(xy =0.
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In either case, a direct relationship between x and y is given. Sometimes, however,
it is more convenient to express both x and y in terms of a third variable, called a
parameter. That is,

x=fl) and y=g(d).
Each value of the parameter ¢ gives a value of x and a value of y.

t x y y
0°] 000 1.00 £ = 360° |1 = 0°

30| 050| 0.87 1

60°| 0.87| 050

9° | 1.00| 0.00
1200 0.87| —0.50
150° | 0.50 | —0.87
180° | 0.00 | —1.00
210° | —0.50 | —0.87
240° | —0.87 | —0.50

2700 _1.00 0.00 t= 1800
300° { —0.87 0.50 )
330° | —0.50 0.87 Figure 8.22

360° 0.00 1.00

For instance, if £ = 0° in the parametric equations

X = sint and y = cost,

we see that x = 0 and y = 1. Thus the point (0, 1) is a point of the graph. Note
that we still have just the x and y axes; ¢ does not appear on the graph.
Continuing with this process gives the results shown in Figure 8.22. Of course, we
could continue with values of ¢ beyond 360°, but we would simply go over the
same points again. Although the value of ¢ need not appear anywhere on the
graph, we have labeled several points with their corresponding values of ¢. Once
the points are plotted, they are joined in order of increasing (or decreasing)
values of ¢.

The result seems to resemble a circle. How can we be sure it is a circle? If we
had a single equation in x and y, we could easily see by the form of the equation
whether or not we have a circle. We can easily eliminate the parameter ¢ between
the equations x = sin¢ and y = cost.

sin’f + cos?t = 1
P +y?=1
We now see that we hgve a circle with center at the origin and radius 1.
Elimination of the parameter not only assures us'that this particular curve is a

circle, it also gives us a basis for sketching more rapidly than can be done by

{



EXAMPLE 1

SOLUTION

EXAMPLE 2

SOLUTION
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point-by-po}nt plotting. However, we must be careful with the domain of the
resulting equation. Let us illustrate this with some examples and see how the
domain of F(x, y) = 0 plays an important role in sketching the graph.

Graph the following two pairs of parametric equations by eliminating the
parameter.

x=ty=t and x=¢}y=/¢

Elimination of the parameter gives y = x in both cases. But the graphs are not the
same, as the domains in the two cases will show. The domain can be determined
from the first of the two parametric equations in each case. In the first case, x = ¢
and, since there is no restriction on ¢, there is none on x; the domain is the set of
all real numbers. In the second case, x = 2. The domain of y = x is the range of
x = £, which is {x | x = 0}. Thus we have a restricted domain here that we did
not have in the first case. The graphs are given in Figure 8.23.

y

/IT/H %/H

€Y (b)
Figure 8.23

Eliminate the parameter between x =t + 1 and y = > + 3¢ + 2 and sketch the
graph.

Solving x = ¢ + 1 for ¢, we have
=x-—1.
If this is substituted into y = £ + 3¢ + 2, then
y=@x-12+3x-1)+2
=x* + x.

Note that there is no restriction on x; the domain of y = x? + x is the set of all
real numbers. It is now a simple matter to sketch the curve; it is given in Figure
8.24 on page 308.
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Figure 8.24

Eliminating the parameter is not always so simple as in these examples.
Occasionally it is difficult or impossible. In such cases, the curve must be plotted
point by point as we did with x = sin?, y = cost. Closely related to parametric
equations are vector-valued functions. They are represented in the following way.

f(r) = f1(Di + £(1)j

Thus, when a value of ¢ is substituted into the equation, the function takes on a
vector value. For example, if
f(1) =6 + 15,
then
fA)=i+j
and
f(2) = 2i + 4j.

Recall that, in graphing vectors, we graph only representatives. Thus, in
graphing vector functions, let us graph representatives of the vectors, each having
its tail at the origin. Thus,

f(1) =4 + %

has the graphical representation shown in Figure 8.25a. Normally we shall omit
the directed line segments and show only their heads, as in Figure 8.25b. Thus,
the result is equivalent to graphing the curve represented parametrically by

x=t and y=~¢F

Sketch the curve f(r) = (¢ + 2)i + (2 + 7t + 12)j.

This is equivalent to the parametric equations

x=t+2 and y=£2+7Tt+12.
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(@ (b)

Figure 8.25

Eliminating the parameter, we have

y=x*+3x + 2.

Its graph is givén in Figure 8.26.

Figure 8.26

Let us consider a line determined by two of its points, A = (xy, y;) and B =

(%2, y2). The directed line segments 04 (where O is the origin) and AB represent
vectors u and v, respectively (see Figure 8.27 on page 310). Now suppose P (x,

y) is any point on the line, and w is the vector represented by OP. Since AB and
AP have the same directions (or opposite directions if P is above A),

AP = rAB

for some number r. (Note that r is negative if AB and AP have opposite
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EXAMPLE 4

SOLUTION
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directions.) Then

y
A
A(xy, yy)
v
u B(x,, y,)
» X
o
w P(x, y)
Figure 8.27
OP = OA + rAB.
wW=u-+rv.
But
w = xi + yj,
u= xd + yij,

v=(xz = x)i + (y2 — y1)j,

which gives :
xi+yj=xi+ yij + (2 — x)i + (y2 — y)il

= [x1 + r(xx — x))i + [y1 + r(y2 — y)li-

Thus we have a vector-valued function of r which represents points on the given
line. By tracing the argument backward, we see that for each value of r there is
a vector which represents a point on the line. Thus the above vector-valued func-
tion represents the given line. The corresponding parametric form for the
line is

x=x1 + r(x; — x1)
y=y1+r(y2— y1)

These are the familiar point-of-division formulas that we saw on page 12. This
use of the point-of-division formulas as a parametric representation for a line is a
convenient one; it is one of the principal ways we shall have for representing lines
in three-dimensional space (see page 335).

Find a parametric representation for the line through (1, 5) and (-2, 3).

Letting (1, 5) and (—2, 3) be the first and second points, respectively, of



Section 8.6 PARAMETRIC EQUATIONS 311

X =x + r(x; — xy)
and _
y=y1+r(y2—y1),
we then have
x=1-—-3r
and
y=5-—2r.

The choice of (1, 5) and (-2, 3) as the first and second points in the
preceding example is quite arbitrary; we could have reversed the designation. In
that case the parametric representation would be

x= -2+ 3s

and
y =3+ 2s.

- While the two representations appear to have little in common, it is easily seen
that they represent the same line. We get point (1, 5) when r = 0 or when s = 1;
we get (—2, 3) when r = 1 or s = 0. In fact, whatever point we get for a given
value of r, we get the same point for s = 1 — r. By using other points on the line,
we can get still more parametric representations. Thuse<a line does not have a
unique parametric representation.

We have already noted in Section 1.7 that we much prefer functions, which
are single-valued, to equations, which may be many-valued when solved for-y.
Unfortunately, not all graphs are so obliging. That is where parametric equations
can help. Parametric equations allow us to deal with very complicated graphs with
loops and whorls by means of two functions. Thus, their use can considerably
simplify certain problems.

Nevertheless, the graphing of parametric equations can be extremely difficult
at times. Fortunately, most graphing calculators and computer graphing programs
are able to handle parametric equatlons with no difficulty. This has already been
noted as a way of graphmg equations in polar coordinates.

PROBLEMS

In Problems 1-6, eliminate thé parameter and sketch the curve.
Lx=F+1y=t+1 2.x=P+t-2,y=t+2
Ix=t-1,y=0*-2 4. x=20+t-3,y=t-1

5. 6() = (t— Vi + £ 6. () = (2 + 1)i + £

-
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HISTORICAL NOTE

.SPECIAL CURVES AND THE CLassicAl GEOMETRIC CONSTRUCTIONS
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In Problems 7-12, give equations in parametric form for the line through the given pair of

points.

1. (1,5),G,1) : 8. (4,2), (-1, 3)
9. (2,5), (-1,2) 10. (4, 1), (-8, 3)
11. (2, 3), (5, 3) : 12. (-3, 2), (-3,5)

B In Problems 13-24, eliminate the parameter and sketch the curve.

B.x=FP+t,y=12—1t M. x=£2+1,y=£-1

15. x=2,y=1r 16. x = acos@,y = bsin6

17. x =2+ cosfB,y = —1 + sinf 18. x =3 —cosf,y =2 + 4sind
19. x =3 + 2cosf,y = 2 + 3sinf 20. x =4+ 2cos8,y + 1 — 4sinf
21. f(t) = i + £ 22, () = Bt + Vi + (£ - 1)j

23. f(¢) = costi + sintj 24, f(t) = % + €fj

In Problems 25-31, sketch the curve.

25. x = €',y = sint

26. x =0 —sinf,y =1 — cosf

27. x = cos8 + Osinf,y = sin@ — fcosH; 6 =0
28. x = acos’0, y = asin® 6

29. x = 2acos@ — acos26,y = 2asin @ — asin20

30. x = 2acot6, y = 2asin’ @ (witch of Agnesi)
31. x = 2a(cot6 — sin @ cos ), y = 2a(1 — sin® ) (cissoid of Diocles)

C  32. Show that the parametric representation
x=x1+r(x;—x) and y=y;+r(y2—y1)

of the line through (x;, y;) and (x;, y,) is equivalent to the two-point form of the line
given on page 88.

33. Sketch each of the following parametric equations and note the similarities and

differences.
@x=ty=~¢ ) x=Vty=t.
() x=¢,y=¢" (d) x = sint,y = 1 — cos’t
34. Sketch each of the following parametric equations and note the similarities and
differences.

© (e) x = sect, y = tant

(@ x=ty=Ver-1 (b)x=.\/i,y=\/t-—l

GRAPHING 35.-41. The parametric equations of Problems 25-31 are difficult to sketch because of
CALCULATOR the difficulty of eliminating the parameter. This is where the graphing calculator is
especially useful. Use it to sketch the graphs of Problems 25-31.




REVIEW PROBLEMS : ' . 315

REVIEW PROBLEMS

In Problems 1-6, sketch the graph of the given equation and indicate any symmetry about
either axis or the pole. '

1. r=1+ 3cosé@ 2. r = cos46
3. r=1+sin28 4. r=¢°
5. r»=sin6 6. =1+ cosd

In Problems 7-12, find all points of intersection.

7.r=1,r=1+ cosf 8. r=1+sinf0,r=1—- cosf
9. r=sin8,r=1+ 2sinf 10. r = 2sin26,r =1
11. r = cos @, r = cos36 12. r=1+sin6, r = cosf — 1

13. (a) The following points are given in polar coordinates; give the rectangular coordinate
representation of each: (—1, n/2), (2V2, 3=/4), (6, Tr/6), (—2V3, 21/3).
(b) The following points are given in rectangular coordinates; give a polar coordinate
representation of each: (=2, 2), (-5, 0), (1, —V3), (10, 4).

14. Express x> + y? + 3y = 0 in polar coordinates.

15. Give a polar equation for the ellipse with focus at the pole, the corresponding directrix
y = 3, and eccentricity 2/3.

16. Give a polar equation for the parabola with focus at the pole and directrix x = — 6.

In Prdblems 17-20, eliminate the parameter and sketch the curve.

17.x=t+1,y=12+4 -2 18. x =1—3cosf,y =2 + 2sind

19. f(t) = (¢t + 1% + £ 20. f(¢) = ¢'i + Intj

21. Give a parametric representation of the line containing (2, 3) and (4, —5).

22. Give a parametric representation of the line containing (—1, 4) and (3, —3).

23. Find the point of intersection, if any, of x = 1 — 3,y = -3 + 7tand x = —1 + 5s,
y =s.

24. Find the point of intersection, if any, of the segment from (-3, 1) to (2, —2) with the
segment from (1, —3) to (7, 2).

25. Express r = 1 + sin# in rectangular coordinates.
26. Express r(3cos @ — 5) = 16 in rectangular coordinates.

27. Sketch the conic r = 2/(1 — sin 6). Identify the focus, directrix, and eccentricity.

28. Sketch the conic r = 2/(1 — 2cos ). Identify a focus, the correspondmg directrix, and
the eccentricity. : :

29. Eliminate the parameter and sketch x = sin @, y = sin26.
30. Sketch f(6) = cos6(1 + cosB)i + sin (1 + cos H)j.
31. Find the point(s) of intersection of x = 5t,y =t +3andx =s* +s — 6,y = 5 + 1.
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Geometry

INTRODUCTION: THE DISTANCE AND
POINT-OF-DIVISION FORMULAS

So far we have dealt almost exclusively with plane figures. Let us now consider
the geometry of solid figures. Forming the bridge between algebra and geometry
is the assignment of numbers to points in space, similar to the assignment we
made to points in a plane; a point in space, however, is represented by a set of
three numbers rather than two. We begin with a set of three lines, called axes,
concurrent at a point (the origin). The only requirement is that these three lines
not be coplanar—that is, that they not all lie in the same plane. However, we
shall consider only the case in which the axes are mutually perpendicular. The
three axes, labeled x, y, and z, with a scale on each, determine a set of three
numbers, called coordinates, associated uniquely with any point in space. Since
any pair of intersecting lines determines a plane, the three pairs of axes determine
three coordinate planes, which we shall call the xy plane, the xyz plane, and the yz
plane (see Figure 9.1a). The x coordinate of a point P in space is the number
associated with the point on the x axis that is the intersection of the x axis and the
plane through P parallel to the yz plane. The y and z coordinates of P are defined
in a similar fashion by considering the points of intersection of the y and z axes
and with planes through P parallel to the xz and xy coordinate planes, respectively
(see Figure 9.1b).

The coordinate planes separate space into eight octants. Although we shall
not number all of them, the one in which all three coordinates are positive is
called the first octant. Note that points of the xy plane have z coordinate 0, points
of the xz plane have y coordinate 0, and points of the yz plane have x coordinate
0. Similarly, points of the x axis have y and z coordinates 0, and so on. Of course
the origin has all of these coordinates 0.

The two basic geometric representatives of the axes are given in Figure 9.2;
9.2a shows a right-hand system, while 9.2b shows a left-hand system. Graphs of
equations in the two systems are mirror images of each other. Since we shall

{
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xz plane

N

»z plane

) xy plane

(a)

(c)

Figure 9.2
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THEOREM 9.1

PROOF

Chapter 9 SOLID ANALYTIC GEOMETRY

normally represent space by a right-hand system, the axes will usually appear in
the positions indicated in Figure 9.2a. This is sometimes represented by the right-

-hand rule illustrated in Figure 9.2c. If the index and second fingers of the right

hand point in the direction of the x and-y axes, respectively, then the thumb
points in the direction of the z axis.

Many of the formulas of solid analytic geometry are simple extensions of
plane analytic geometry. The one that follows is an example.

The distance between two points (xy, y1, z1) and (x2, ¥, 25) is

d=V(x, - x2)° + (y1 — y2)* + (21 — 22)%.

Suppose we project the points P; and P, onto the xy plane, giving O, and Q, (see
Figure 9.3). Since Q; and Q, are¢ in the xy plane, we can use our distance formula
for the plane to get

di = 0:0; = V(x; —x1)* + (y2 — y1)°.

Z Py(x3, y2, 25)

O:(x1, 51, 0)
Figure 9.3

We now use the Pythagorean Theorem on triangle P;TP, with right angle at T.

d?> = P,P, = P,T? + P,T?
=di + |z, — zy
= (x2 — x> + (32 — y1)* + (22 — 21)°
d= Vi -5P +0: -+ @ - ar
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If the line jéining the two points is on or parallel to one of the coordinate planes,
at least one of the three terms of this formula is zero, and it reduces to the plane
case. Similarly, if the line joining the points is on or parallel to one of the axes, at
least two terms are zero and the distance is the absolute value of the difference
between the coordinates of the remaining pair. W

[

Find the distance between (1, —2, 5) and (-3, 6, 4) (see Figure 9.4).

d=V(x —x)?+ (y; — y2) + (21 — 25)?
= V(1 +32+ (-2-6)%+ (5 — 4
=Vie+6d +1

Figure 9.4

Another easy extension from two dimensions is the point-of-division formula.

If Py = (x1, y1, 21), P2 = (x2, ¥2, 22), and P is a point such that r = PP/P,P,, then
the coordinates of P are

x =x; + r(x; — xy),

y=y1+r(y2— y1),
and _
z=2zy + r(z; — zy).
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The proof is similar to the one for the two-dimensional case, and it is left to
the student.

EXAMPLE 2 Find the point 1/3 of the way from (-2, 4, 1) to (4, 1, 7).

A 1
SOLUTION Cx=x1+r(x—x) = —2+§(4+2) =0
1
y=yitry:—y)=4+301-4=3

1
Z=ZI+r(Zz_Zl)=1+§(7"'1)=3

The desired point is (0, 3, 3) (see Figure 9.5).

Figure 9.5

- The following theorem is a direct corollary of the point-of-division formulas.
THEOREM 9.3  If P, = (xy, y1, 21) and P, = (x3, y,, 2»), then the coordinates of the midpoint of
. the segment PP, are '

X1 +x + 21+ 2
e S . y=Y_1_yZ, A S
2 2 2
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e

EXAMPLE3  Find the midpoint of the segment with ends (4, —3, 1) and (=2, 5, 3).

SOLUTION _htrn 4-2
2 2
‘ ’ _y1+y2-‘—3+5_
y="% 7 =1
_ 21 + 2z, _ 1+3 _
z T T = 2
The point is (1, 1, 2).
I
PROBLEMS
A  In Problems 1-10, plot both points and find the distance between them.
1. 2,5,0),(-3,1,3) 2. (4, -2, 1), (2,2, -3)
3. (5,4,-1),(2,0, -1) 4. (2,5,3),(—2,4,-1)
5. (-5,0,2), (4,1, -5) 6. (2,5, 1), (<2, 8,4)
7. 3, -1, 4), (3, 4, 4) 8. 2,5,0), (5,5, 0)
9. 4,7, -1),3, —-1,3) 10. (5,2,3), (4,5, -1)

In Problems 11-16, find the point P such that AP/AB = r.
1. A= (4,3, -2), B=(=5,0,4),r=23
12.A=(5,23),B=(=57-2),r=25

13. A=(=2,0,1), B=(10,8,5),r = /4

14. A=(553),B=@2 —4,0),r=13

15. A=(3,1,5), B=(=3,4,2),r=2

16. A=(=2,51),B=(4 —1,2),r=32

In Problems 17-20, find the midpoint of segment AB.
17. A=(5,-2,3),B=(-3,4,7)

18. A=(4,3,5),B=(-2,-1,2)

19. A=(-3,2,0),B=(,4,3)

2. A=(4,3,-1),B=(4,8, -3)

B 21. Given A = (5, -2, 3), P = (6, 0, 0), and AP/AB = 1/3, find B.
22. Given B = (—4, 14, 4), P = (—1, 8, —4), and AP/AB = 2/5, find A.
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23. Given B = (6, 0,9), P = (4, 1, 6), and AP/AB = 3/4, find A. .
24. Given A = (5,3, —2), P = (1, 5, 2), and AP/AB = 23, find B.

In Problems 25-30, find the unknown quantity.
25. A=(51,0,B=(1,y,2),AB=6

26. A=(-2,4,3),B=(x,—4,2),AB=9
27. A= (x,4,-2),B=(-x, —6,3), AB = 15
28. A= (x,x,5),B=(-1,-2,0), AB = 5V2
29. A= (x,x,x),B= (1, -3, -1), AB =2V
30. A=(x,2x,3),B=(1,1,2), AB= V2

31. The point (-1, 5, 2) is a distance 6 from the midpoint of the segment joining (1, 3, 2)
and (x, ~1, 6). Find x.

32. The point (1, -2, 9) is a distance 5V/5 from the midpoint of the segment joining
(1,.y,2) and (5, —1, 6). Find y. .

33. Prove Theorem 9.2. 34. Prove Theorem 9.3.

DEFINITION

THEOREM 9.4

VECTORS IN SPACE

Vectors in three-dimensional space may be handled in much the same way as
vectors in the plane. Vectors themselves, the sum and difference of two vectors,
the absolute value of a vector, and the scalar multiple of a vector are defined in
the same way as they were in Chapter 2; and Theorem 2.2 (see page 53) holds for
vectors in space as well as for vectors in the plane. The following theorems and
definitions are the three-dimensional analogs of theorems and definitions of
Chapter 2. The proofs of the theorems are simple extensions of the corresponding
arguments in two dimensions.

IfO0=(0,0,0),X=(1,0,0),Y=(0,1,0),and Z = (0, 0, 1), then the vectors

represented by TX: W, and OZ are i, J, and Kk, respectively, and are called basis
vectors.

Every vector in space can be written in the form

ai + bj + ck

in one and only one way. The numbers a, b, and c are called the first, second, and
third components, respectively, of the vector.
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DEFINITION
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THEOREM 9.9

DEFINITION
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If AB where A (x1, y1, z1) and B = (x,, y,, z5), represents a vector v in space,
then

. v=(x—x)i+ (2 — y)i + (22 — z k.

(all + b1j + c1k) + (ai + byj + k) = (a; + ap)i + (bl + bz)_] + (c; + )k
(all + bij + k) — (@ + byj + ck) = (a; — ax)i + (by — by)j + (c1 — )k
d(ai + bj + ck) = dai + dbj + dck
|ai + bj + ck| = Va® + b2 + &

Ifu=aji+ bij + cikand v = ayi + byj + c;k, then the dot product (scalar
product, inner product) of w and v is

u-v=aa, + bib, + cic,.

Theorems 2.6-2.9 (pages 62—-68) still hold for three-dimensional vectors. They
are restated here for convenience.

If u, v, and w are vectors and k is a scalar, then

(@) u-v=v-u

b)) (u+v) - w=u-wt+v'w
(¢) k(u-v) = (ku)-v =u- (kv)
(d0-u=0

() u-u=|u>

The angle between two nonzero vectors u and v is the smaller angle between the
representatives of u and v having their tails at the origin.

If u and v are vectors and 0 is the angle between them, then

u-v = |ul|v]cosé.

The vectors u and v (not both 0) are orthogonal (perpendicular) if and only ifu - v
= ( (the zero vector is taken to be orthogonal to every vector).

Suppose the nonzero vectors u and v are represented by AB and AE) respectively.

Then the projection of u on v is the vector w represented by AD where D is on the
line AC and BD 1 AC (see Figure 2.16, page 67).
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THEOREM 9.10  If w is the projection of u on v, then

la - v] u-viv u-v

and w= (——)— = T—5V.
I¥l M /vl v

Theorems 9.7-9.10 are not stated in terms of the dimensions of the vectors;
their proofs are identical to those of Chapter 2. Proofs of Theorems 9.4-9.6 are
left to the student (see Problems 29-31).

|w| =

EXAMPLE 1 Givenu=2i+j—3kandv=i—-2j—k,findu+v,u—v,andu-v.
SOLUTION ut+v=2+1i+(1-2)j+(=3- Dk =3i—j— 4k
u—v=Q2-1i+(1+2)j+(=3+Dk=i+3— 2%
u-v=2-1+1(-2) + (-3)(-1) =3

EXAMPLE 2 Give in component form the vector v that is represented by A_B), where A = (4, 3,
—1) and B = (-1, 2, —3) (see Figure 9.6).

[}
4—0— .
—6
—4
1+
4 -2
_—="Aa
i 1 i § 724l I WU U N | >y
T 1 T 0 ! A 1 1 T
z -T VAl |
// '
—)— ,/ :
47~ ———=- - v _B-1,2-3)
x i
A4,3,-1) ) -
Figure 9.6

SOLUTION v=(-1-4i+(2-3)j+(-3+Dk=-5i-j—2k




EXAMPLE 3

SOLUTION

EXAMPLE 4
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Find the endpoints of the representative-ﬁ ofvifv=2i—4j+kand (2, -

is the midpoint of AB (see Figure 9.7).

b4
‘ A
6+
(2,-3.5)
B = ® oA 4-1T
N —4
<+ -2
>
-6 —4 -2 2
2 ——
4 2T
x
Figure 9.7

If A = (x5, y1, z;) and B = (x5, y5, 25), then, by Theorem 9.5,

X, — X1 =2, Y2 =y = —4, and Z, —z; = 1.
By Theorem 9.3,
+ + +
J_t.}_z_x_2=2’ %:_3’ and Z_l._.ﬁ=5.

2
Solving simultaneously, we have

| 9 11
A= (1, —21.,-2-) and B= (3, -5, 7).

2
B -

325

3,5)

Determine whether the vectors u = 3i + j — 2k and v.= 2i — 4j + k are.

orthogonal.
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SOLUTION u-v=03)(2) + )4+ (-2)1) =0

Thus u and v are orthogonal.

EXAMPLE5  Find the projection w of u = 4i — j + k upon v = 3i + j — 4k (see Figure 9.8).

Figure 9.8

SOLUTION

u-v=_4Q03) + (-DH@A) + (1)(-4) =7
and
Iv] = V3% + 1 + (—-4)? = V26.
Thus

"= (wm

7 3i+j— 4K
T V26 V26
21, 7. 14

T2 267 13
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PROBLEMS

In Problems 1-4, give in component form the vector v that is représénted by AB.
1. A=(2,3,-5),B=(-4,1,2) 2. A=(3,-2,4),B=(54,-1)
3. A=(5,0,-2),B=(2,-4,1) 4. A=(2,-3,8),B=(2,5,2)

In Problems 5-8, give the unit vector in the direction of v.
5. v=4i+j-2 6. v=1i-—2j+2k
7. v=i+5j -3k 8 v=3i-4k
In Problems 9-14, find the endpoints of the representative AB of v from the given
information. '
9. v=2i—-j+3k,A=(2,1,5) 10 v=3i+j—-4k, A =(1,4,3)
1. v=—-i+2j+ 5k, B=(2,3,8) 12. v=12i + 5§ — 3k, B= (4, -2, 6)
13. v = 4i — 2j + k, (2, 5, —1) is the midpoint of AB
14. v = 6i + j — 4k, (3, 2, —5) is the midpoint of AB

In Problems 15-18, find the angle 0 between the given vectors.

5. u=i+j+2k,v=2i—-j+Kk 16. u=2i —2j —k,v=—-i+4j+ 2k
17.u=5i—j+ 3k, v=4i + 5j — 2k 18. u=2i + 4j + 4k, v = 4i — 3k

In Problems 19-22, find u + v, u — v, and u - v. Indicate whether u and v are orthogonal.
19 u=i-2j+5k,v=2i+4j + k- 20. u‘=3i+j~4k,v=2i+6j+3k-
2l.u=2i—-j+6k,v=i—4j—k 2. u=4i+3j—k,v=i+2j+ 3k

In Problems 23-28, find the projection of u upon v.

2. u=4i+j-k,v=i+j+k 4. u=i-2j+4k,v=2 + 3k
25.u=4i-2j~kv=i—-2j+k 26.u=2i+jv=j— 2
27.u=3i+j-2k v=i+2j+k 28. u=2i—3j+2k,v=3+ 4k

29. Prove Theorem 9.4. 30. Prove Theorem 9.5. 31. Prove Theorem 9.6.
32. Prove that (u + v) - (u + v) = [u]> + 2u- v + |v]~
~ 33. Prove the triangle inequality |u + v| < |u] + |v].

34. Prove [u — v| = [ju| — |v||.
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DEFINITION

DIRECTION ANGLES, COSINES, AND NUMBERS

In plane geometry, we used the inclination and slope to give the direction of a
line. The corresponding terms in solid analytic geometry are direction angles and
direction cosines. They are most easily defined for vectors.

If v is a vector, then the ordered set {a, f, y} is the set of direction angles* for v
if a is the angle between v and i, f is the angle between v and j, and y is the
angle between v and k. '

The direction angles for a vector v are illustrated in Figure 9.9. Note that the
direction angles are not necessarily in the coordinate planes. The angle a is in the
plane determined by v and i; f and y are in planes determined by v and j and by v
and k, respectively.

(x, y]2)
N

Figure 9.9

The angle between two vectors was defined in the previous section. Note
again that this is not a directed angle; in fact, we have given no convention for
positive and negative angles in space. Thus direction angles are never negative
and never greater than 180°. '

Just as the inclination of a line is less convenient than the slope, so the

*We shall, for simplicity, use the term ‘“set of direction angles” or simply “direction
angl¢s”™ rather than the more cumbersome “ordered set of direction angles.” This same
convention will be used for direction cosines and direction numbers.

{



DEFINITION

THEOREM 9.11

PROOF

DEFINITION

EXAMPLE 1

SOLUTION

Section 9.3 DIRECTION ANGLES, COSINES, AND NUMBERS 329

direction angles for a vector v are relatively inconvenient. More convenient to use
are the cosines of the direction angles.

If v is a vector, then the ordered set {I, m, n} is the set of direction cosines for v if
I = cosa, m = cosp, and n = cosy, where {a, B, y} is the set of direction angles
forv. o

IfOPisa representative of v with O the origin and P the point (x, ‘y,‘ z) (see
Figure 9.9), then .

where p = Va? + y? + 722 It is this relation to the coordinates of a point on
the line which allows us to prove the next theorem.

If {I, m, n} is a set of direction cosines for a vector, then
P+m?+n?=1.

From the relations above, we have

P+m+n==5+

For most purposes, an even more convenient set of numbers is a set of
direction numbers for a line. M

{a, b, c} is a set of direction numbers for the vector v if there is a nonzero constant
k such that a = ki, b = km, and ¢ = kn, where {l, m, n} is the set of direction
cosines for v.

Theorem 9.11 may be used to find direction cosines of a vector if its direction
numbers are known. Of course, additional information is needed to get the

proper signs.

Given that a vector v has direction numbers {4, 1, —2} and is directed upward,
find its direction cosines.

@+ B+ =R+ B + K
= K(* + m?® + n®) = k*
Thus,
K=16+14+4=21 and k= +V2I.
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Since v is directed upward, y < 90° and n > 0. Thus k¥ = —V21, and
4 1 2

or m=—m, and n=m.

The following theorem is a direct consequence of the foregoing definitions.

The vector v = ai + bj + ck has direction numbers {a, b, c}.

Give a set of direction numbers for the vector v represented by AB , where A =
(3, —1,2)and B = (5, 2, —1).

By Theorem 9.5,
v=_05-3)i+2+1j+ (-1-2k =2i+ 3j — 3k.

By Theorem 9.12, one set of direction numbers for v is (2, 3, —3}.

Direction angles, cosines, and numbers of vectors carry over directly to lines.

The statement “A vector v is directed along a line I’ means that a representative of v
isonl.

A set of direction angles, cosines, or numbers for a line | is any set of direction
angles, cosines, or numbers, respectively, for any vector v directed along l.

Note that every line has two sets of direction angles and two sets of direction
cosines, corresponding to the two possible directions on the line. It is easily
seen that if {/, m, n} is one set of direction cosines for a llne then the other
is {—1, —m, —n}.

Find the two sets of direction cosines and direction angles for a line if {1, 2, 2} is
a set of direction numbers for it.

Since the three numbers given are a number k, times the direction cosines, we
have the following.

.1 k=1 km=2, and kn=2
s e PP+ M +Kn=1+4+4=9
BRI kz(fz+m +n2)—9 . .
k*=9  (by Theorem 9.11)

k

*3
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. "
Thus, the two possible sets of direction cosines are {1/3, 2/3, 2/3} and
{=1/3, —2/3, —2/3}, and they give approximate direction angles {71°, 48°, 48°}
and {109°, 132°, 132°}, respectively.

¥

Suppose a line has direction numbers {2, —4, 1} and contains the point (1, 3, 4).
Find another point on the line.

By Theorems 9.5 and 9.12, we have

a=x,— X b=y,—y, and C= 2, — 24,
or
X =x1 +a, Y=y, + b, and Z, = 21 + c.
Thus,
x=1+4+2=23, y2=3—-4=-1, and z,=4+1=5,

which give the point (3, —1, 5) (see Figure 9.10). Of course, any nonzero multiple
of the given direction numbers gives another set of direction numbers; these may
be used to find other points on the line.

Z
A
3,-15) 4T (1,3,4)
A
< + v=2i—4j+k
—4
24
1 -2
A ———>
—4 -2 2 4
) 1
+-2
4
X

Figure 9.10

Perhaps you feel a bit uneasy about this last example. How do we know that,
of all possible sets of direction numbers, the one we were given is that one—that
is, the set of direction numbers determined by the method of Example 2? The
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answer is simple—all of them are. Here is the reason. No matter what pair of
points we choose on a line, we must get one of the two possible sets of direction
cosines. Taking one of those two sets, we can get from it any set of direction
numbers by multiplying by the proper number k. In particular, if we take a set of
direction cosines for the line of Example 4 and multiply it by the proper number
k, we get the direction numbers {2, —4, 1}. Now there are two points on the line
at a distance [k| from the point (1, 3, 4). By choosing the proper one of those two
points, we see that that point, together with (1, 3, 4), would give the direction
numbers {2, —4, 1}. Of course, this argument could be repeated for any point
and set of direction numbers.

It might be noted that we could, say, double the direction numbers of
Example 4 to give another set of direction numbers, {4, —8, 2}. This, together
with the point (1, 3, 4), gives the point (5, —5, 6), which is also on the line. This
could be repeated indefinitely to get as many points on the line as we choose.

It is clear that if two lines are parallel and directed the same way, they must
have the same set of direction angles and, thus, the same set of direction cosines.
If they are parallel and have opposite directions, their direction angles are sup-
plementary and one set of direction cosines is the negative of the other. Thus, any
set of direction numbers for one line is proportional to a set of direction numbers
for the other. Furthermore, this chain of reasoning can be reversed to show that if
two lines have proportional sets of direction numbers, they are parallel.

Two distinct lines are parallel if and only if sets of direction numbers. for the two
lines are proportional.

Suppose that lines /; and 1, have direction numbers {a,, b;, ¢;} and {a,, b,,
c»}, respectively. Then vectors v, and v, directed along lines /; and /,, respectively,
may be represented by

vi =aii + bhj+ ik and v, = asi + byj + cok.
By Theorem 9.8, v; and v, are orthogonal if and only if
Vy-Vy =aia; + bib, + cic, = 0.
This gives the following theorem for perpendicularity of lines.

Two lines with direction numbers {dl, by, ¢1} and {a,, b,, ¢;} are perpendicular if
and only if

al'az + b1b2 + C16 = 0.

Line /; contains the points (1, 2, 5) and (3, —3, 1); /; contains (2, 1, —2) and (0, 6,
2). Are I, and L, parallel, perpendicular, coincident, or none of these?

§

.~ e
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- -

For [; a set of direction numbers is
a=1-3=-2, b=2+3=25, and c=5—-1=4,
For [, we have ,

a=2-0=2, b=1-6= -5, and = -2 —2 = —4,

Since the two sets of direction numbers are proportional, the lines are either
coincident or parallel. Now let us take the point (1, 2, 5) from /; and (2, 1, -2)
from L. If I, = L, these points must give another set of direction numbers
proportional to those above. However,

a=1-2=-1, b=2-1=1, and c=5+2=17,

showing that /; # [,. Therefore /; and /, must be parallel.

PROBLEMS

In Problems 1-6, find the set of direction angles Lbr the vecior described.

1. Direction numbers {1, 4, 8}; directed to the right of the xz plane
Direction numbers {4, —4, 2}; directed to the right of the xz plane
Direction numbers {1, 2, —4}; directed behind the yz plane
Direction numbers {2, —1, —3}; directed above the xy plane
Direction numbers {1, 1, 1}; directed behind the yz plane

AN ol

Direction numbers {1, —1, 0}; directed to the right of the xz plane

In Problems 7-12, find a set of direction numbers for the lines containing the two given
points. '

7. (1,4,3) and (5, 2, -1) 8. 2,0, —4) and (-1, 2, 3)
9. (2,2,1) and (0, 0, 3) 10. (3,5, —2) and (-1, 4, 4)
11. (0, 0,0) and (5, 1, —2) 12. (=1, 4, 5) and (3, -4, 0)

In Problems 13-18, find two more points on the line.
13. Direction numbers {1, 5, 2}; containing (2, 3, —1)
14. Direction numbers {1, 4, 0}; containing (-2, 1, 1)
15. Direction numbers {2, 1, 2}; containing (1, 3, 3)
16. Direction numbers {1, 1, 1}; containing (2, 4, —1}
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17. Direction numbers {4, 0, —1}; containing (1, 3, —1}
18. Direction numbers {4, 4, 3}; containing {—4, —4, —3}

19. Give the direction angles and direction cosines for the coordinate axes with their usual
directions. '

20. Give a set of formulas for finding all points on the line described in Example 4. [Hint:
Consider the two paragraphs following Example 4.]

In Problems 21-31, two lines are described by a pair of points on each. Indicate whether the
lines are parallel, perpendicular, coincident, or none of these.

21. (3,4, 1), 48, -1); (2,3, =5), (0, =5, —1)
2. (2,1,5), (3,3, —1); (4, 2, 10), (1, =4, 5)

2. (4,1, —4), 3,2, 1); (4, 1, —4), (11, 3, -3)
2. (4,2, 1), (7, 6, 2); (5, 10, 3), (=4, =2, —6)
25. (2, 1,4), (4, -3, 12); (1, 3, 0), (6, =7, 20)

2. (4,5, 1), 3,2, —4); (4, 1,2), (5, -1, 3)

27. 2,3, 1), 4, -2,2); (1,0, 3), 3, =3, 1)

28. (3,1, 4), 4 3,3);(5,5,2), (0, =5,7)

2. (2,1,3), 5, -1, 1); (3, 4, 1), (5, 3, 3)

30. (4,4, -3), (1,3, -1); 2,1, 5), 8,3, 1)

31. (4, -2, 1), (10, =4, 9); (7, =3, 5), (=2, 0, =7)

THE LINE

Recall that in Chapter 8 (pages 309-310) we derived a-parametric representation
for a line containing two given points. The result was basically the point-of-
division formulas with r as the parameter. We used a vector argument there. The
same argument holds in three dimensions; but instead of using two points, let us
consider the line ! with direction numbers {a, b, ¢} and containing the point Py =
(xo, Yo, 20)- Let P = (x, y, z) be any point on /. If u and w are the vectors rep-

resented by Wo and ﬁ)’, respectively (see Figure 9.11), it is seen that
u = xpi + yoJ + 2ok and w=uxi+y]j +‘zk.
Since {a, b, c} is a set of direction numbers for /,
v=agi+ bj + ck

is a vector lying along /. But PyP represents another vector lying along /; it must
be a scalar multiple, ¢v, of v. Since

{
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P(x,y,2)

Figure 9.11

wW=u+tv,
it follows that

X =x9 + ta,

Y=Y = tb’
and

Z =29 + tc.

A parametric representation of the line containing (x,, yo, zo) and having direction

" numbers {a, b, c} is

x = Xx9 + at, Yy=yot+bt, z=2z9+ct.

The following nonvector argument may also be used to establish this result.
Given a set of direction numbers for a line and one point on that line, we can find
another simply by adding. Furthermore, we can find other sets of direction
numbers by taking a multiple of the original set. Thus if the point given is (xo, yo,
2o) and the set of direction numbers given is {a, b, ¢}, then any point (x, y, 2)
such that

X =x9 + at,
y = Yo+ bt,
Z=29+ ct,
where ¢ is a real number, is on the given line. Furthermore, if (x, y, 2) is a point

on the line differgnt fsom (xo, yo, zo}, then a set of direction numbers for the line
is {x — xo, ¥y —.y0; 2. =%o}. These must be a multiple of the given set of direction

numbers {a, b, c}; that is, for some ¢,
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X — Xxo = at,
Yy —Yo = bt:
Z— Zg = ClL.
These equations hold not only for every point on the line different from

(%0, Yo, zo) but also for (xg, yg, z9).- Thus a point is on the given line if and only if
it satisfies the set of equations given above. '

Find a parametric representation for the line containing (1, 3, —2) and having
direction numbers {3, 2, —1}.

x =1+ 3, y =3+ 2t z=-2-—1t

Find a parametric representation of the line containing (4, 2, —1) and (0, 2, 3).

A set of direction numbersis {4 — 0,2 — 2, —1 — 3} = {4, 0, —4}. Thus the line
is

x =4+ 4, y =2, z=-1—-4.

Once we have the direction numbers, we may use them with either of the two
given points. Thus, another representation of the line in Example 2 is

x = 4s, y =2, z =3 — 4s.

Although this does not look much like the first representation, it easily seen that-
they are the same. For instance, ¢ = 0 gives the point (4, 2, —1), as does s = 1;
t = —1 gives the point (0, 2, 3), as does s = 0, and so forth.

In fact,

x=4+ 4t y =2, z=-1—4&

= 4(t + 1) =3 -4 - 4
= 4s, =3—-4(t+1)
=3 — 4s, N

where s = ¢t + 1. Thus, whatever point we get using a value of ¢ can be found by
choosing s = ¢ + 1. '
A simpler set of direction numbers can also be found. Since the ones we have

{
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are all muliiples of 4, we can multiply through by 1/4 to get another set of
direction numbers, {1, 0, —1}. Using these with the first point gives

x=4+ u, y =2, z=-1-u.

Again, we see that 4t = u, so the two representations are equivalent.

Perhaps you wonder what is needed to be able to say that two parametric
representations are equivalent. If a value of ¢ and another of s both give the same
point, then, for those values of ¢ and s, the three coordinates must be equal.
Eliminating x, y, and z between the two parametric representations gives three
equations in ¢ and s (in some of these, the parameters may both be absent, as they
are in the representation of y here). If all give the same result when they are
solved for one parameter in terms of the other, and if the domain and range are
the same, then the representations are equivalent. )

Suppose we eliminate the parameter in the representation given by Theorem
9.15. If none of the direction numbers is zero, we can solve each equation for ¢
and set them equal to each other. This gives

X~ X _Y~Yo_2Z27 %
a b c

Actually, this is just a shorter way of writing the three equations

XX _Y—Xo
a b °’

Y —Yo _Z— 2o
b c ’

and
X—XxX9 22— 2
a c

But these three equations are not independent—the last can be found from the
first two. Let us discard it and consider only the first two, which, as we shall see in
the next section, represent planes. Any point that satisfies both equations is on
both planes and therefore on the intersection of the two planes, which is a line.
Thus this representation of a line gives it as the intersection of two planes. It
might be noted that the equation we discarded is also a plane containing the same
line. These three planes can be seen in Figure 9.12. The line PQ is projected upon
each of the three coordinate planes. In each case, this projection—together with
the original line—determines a plane. The plane :

X"‘xoz}"'}’o
a b

is the plane determined by PQand the projection, P,Q,, of PQ on the xy plane.
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Figure 9.12

The z axis is either on or parallel to this plane. Similarly,

Y—Yo_2z2—" 2
b c

is the plane determined by PQ and the projection, P,Q,, of PQ on the yz plane;
and

X—X9 22— 2o
a b

is the plane determined by PQ and the projection, P;Q3, of PQ on the xz plane.
‘ What, now, if one of the direction numbers is zero? Let us suppose that a =
0. Then the line in parametric form is

X = Xp, y = yo + bt, z = zg + ct.

We do not have to eliminate the parameter from the first equation—it is already
gone. By eliminating ¢ between the last two equations as before, we have

Yy~ Yo _Z%2~ 20
b c

This together with x = x; (or x — xo = 0) gives the line as the intersection of two
planes. In this case, plane PQQ,P, and plane PQQ;P; of Figure 9.12 -are
identical; they are both the plane x = x,, which is parallel to (or on) the yz plane.
Thus the line is parallel to the yz plane.

~ If two of the direction numbers are zero, we have two equations in which the
pgrameter is missing. The parameter in the third equation cannot be eliminated,
because’ there is no other equation with which to combine it. But it is not
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.
-
=y
‘-

necessary to eliminate it! The two equations without the parameter already give
us the necessary two planes. In this case the line is parallel to (or on) one of the
coordinate axes. To illustrate this, suppose that the line PQ of Figure 9.12 is
parallel to the y axis. Then P; = Q3, and this point lies on the line PQ; hence no
plane is determined by this projection. On the other hand, PQQ;P; is a plane
perpendicular to the xy plane and parallel to the y axis, while PQQ,P, is a plane
perpendicular to the yz plane and parallel to the y axis.

.
-

If a line contains the point (xo, yo, 20) and has direction numbers {a, b, c}, then it
can be represented by

X—X _Y—Yo_Z -2
a b c

if none of the direction numbers is zero;

Yy ~“Yo_2~"2

(b) x—x=0 and 5 -

if a = 0 and neither b nor c is zero (similar results follow if b = 0 or ¢ = 0);
(o) x—x=0 and y-—-y,=0

if a = 0 and b = 0 (again, similar results follow some other pair of direction
numbers equaling zero). These are called symmetric equations of the line.

Find symmetric equations of the line containing (4, 1, —2) and having direction
numbers {1, 3, —2}.

x—4 y—-1 z+2
1 3 7 =2

Find symmetric equations for the line containing (4, 1, 3) and (2, 1, —2).

A set of direction numbers is {4 ~ 2,1 — 1,3 + 2} = {2, 0, 5}. Since b = 0, we
have (using the first point) ,

= and y-—-1=0.
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Find the point of intersection (if any) of the lines

x =3+ 2, y=2-1, z=t+1
and
x= -3 -3, y=17+s, z =16 + 3s.

Let us assume that there is a point of intersection. Then there is a value of ¢ and a
value of s which yield the same values of x, y, and z. For these particular values of
t and s, we have '

x=3+2t=-3~-5
y=2-t=7+s

z2=54+¢t=16+ 3s
or
2t+s=-6, t+s5=-5 t — 3s =11.

If we solve the first pair simultaneously, we get

t= -1 and s = —4.

We see that they also satisfy the third equation. Thus there is a point of intersec-
tion which corresponds to t = —1 (or s = —4). It is (1, 3, 4).

Note that this method requires that the lines be given in parametric form. If
they are given as symmetric equations, they must first be changed to a parametric
representation. A comparison of Theorems 9.15 and 9.16 makes this easy.

It might be noted that there are three possibilities. One is the situation in
which there is a value of ¢ and a value of s satisfying all three of the equations in ¢
and s, as above. This results in a single point of intersection. In a second
possibility, there is no value for ¢ or s satisfying all three of the equations; that is,
the values of ¢ and s that satisfy the first two equations fail to satisfy the third.
Thus there is no point of intersection. The third possibility is that any two of the
three equations in ¢ and s are dependent; that is, any pair of values for ¢ and s that
satisfies one of them satisfies all three. In this case we have two different
representations for the same line (see the discussion following Example 2).

PROBLEMS

A In Problems 1-16, represent the given line in parametric form and in symmetric form.

1. Containing (5, '1, 3); direction numbers {3, —2, 4}

{
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Containi;lg (2, —4, 2); direction numbers {2, 3, 1}
Containing (5, —2, 1); direction numbers {4, 1, —2}
Containing (2, 0, 3); direction numbers {4, —1, 3}
Containing (1, 1, 1); direction numbers {2, 0, 1}
Containing (1, 0, 5); direction numbers {3, 1, 0}
Containing (4, 4, 1); direction numbers {0, 0, 1}
Containing (3, 1, 2); direction numbers {1, 0, 0}
Containing (4, 0, 5) and (2, 3, 1) |
Containing (3, 3, 1) and (4, 0, 2)

. Containing (8, 4, 1) and (-2, 0, 3)

. Containing (—4, 2, 0) and (3, 1, 2)

. Containing (5, 1, 3) and (5, 2, 4)

. Containing (2, 2, 4) and (1, 2, 7)

. Containing (1, —2, 3) and (1, 4, 3)

. Containing (2, 4, —5) and (5, 4, -5)

R DLE WD

e T T

In Problems 17-24, find the point of intersection (if any) of the given lines. -
17.x=4+1t,y=-8-2t,2=12; x=3+2s5,y=—~1+s5,2z= -3~ 35
B.x=2—-t,y=3+2t,z=4+1, x=1+s,y=-24+5,2z=5—4s
19. x=3+1t,y=4-2t,2=145 x=5—5,y=3+25,7=8+ 4s
20 x=3—-¢t,y=5+3tz=-1- 4 x=8+25,y=—-6—-4s,z=5+s

21 x—2 y—-3 z+1 x—=3 _y—-1_ 2z
1T =2 1 2 T -4 2
22x—5_y+2_z—3_ x—-4 y-2 z-4
1 -2 5 -2 1 3
x—3_y+3 o X _y—-2 z-73
23.—~--—1 ———-—_4,z+1—0, ST =3
x—-2 y=3_ z - y—2 z-=3
=" 4=0"77="

In Problems 25-32, indicate whether the two given lines are parallel, perpendicular,
coincident, or none of these.

5. x=3+5t,y=-1—-2t,z=4+1t; x=3,y=4+25,z=-2+4s
2. x=4—-t,y=3+2t,z=1+t;, x=1+2t,y=4—-4t,2=3 -2
27.x=2+t,y=5-3t,z=1+4t; x=4—t,y=2+22z=73t

8. x=2+t,y=5-3t,z=-1+2t; x=4-3t,y=~-14+9,2=3— 6t

x+3 y—4 z42 x—5__y+3__z—1
1~ 3 =2’ _3 -9 6

29.
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x—1 z+3 o Xxt2 y=5 2z
W=y =53=0 == ="37=3
31x+1__y——2__z__. x—=1 y+4 z-7
3 4 -2 2 -2 7 —1
p E-4_y+7_z-5 x-4 y+7_z-5
2 T 4 T -1 -3 -6 2

33. Give equations for each of the coordinate axes.

34. Suppose we have the following line in space:

x =2 -3 y=5+1¢t z=-3+72t

Graph, using pairs of these parametric equations. That is, find the graph represented
by x and y above, by x and z, and by y and z. What do these three graphs represent?

DEFINITION

THEOREM 9.17

THE CROSS PRODUCT

Let us now look at the other product of two vectors—the cross product.

Ifu=aji+ bij+ ckand v = a + b,j + ¢k, then the cross product (vector
product, outer product) of u and v is

u X v =(bic; — 1bo)i + (c1a; — a163)j + (a1, — biay)k.

Some obvious questions arise. Why do we want to define a cross product this
way” What is it good for? What are its propertles” In some ways, all answers are
the same. We define the cross product in this way to establish some interesting
properties that are useful for certain applications. In a way, this is approaching
the problem backward. It would be more logical to define the cross product of
two vectors as that one having the desired properties and then show that such a
vector must take the form given. The reason for our way of doing it is that'it is by
far the simpler approach. Before looking at some properties, let us consider a
simpler form for the cross product.

Ifu = ali + blj + Clk andv = a2i + sz + Czk, then

i j k
uXxXyvy= a, bl Cif.
a b, c

" This theorem follows directly from the definition if we expand the above deter-

minant by minors along the first row.

{
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fu=3i+j—-2kandv=i+2j+k,finduXvandv X u.

i j k
uXv=|3 1 -2|=5i-5j+ 5k
. 1.2 1
i j k
vXu=11 2 1{=-5i+5j— 5k
31 =2

Note thatu X v # v X u!

Again we are not multiplying numbers; there is no reason to assume that the
cross product of two vectors has the same properties as the product of two
numbers. We have already seen one difference in Example 1. The cross product
has the following properties.

If u, v, and w are vectors and a is a scalar, then the following properties hold.

(@ uxv=—(vXu)

BGux(v+w)=uXv+uxw

() ux0=0xu=0

(@) Ifu= av, thenu X v = 0 (that is, the cross product of parallel vectors is 0)
(&) mxXv)-w=u-(vxw)

(a) Suppose u = aji + by j + 1k, v = asi + byj + ok, and w = asi + b3j + csk.

Since, by Theorem 9.17, u X v and v X u are given by determinants that are
identical except for the reversal of the second and third rows, it follows that

uXv=-—(vXu.

(b) Since v + w = (a + a3)i + (b, + b3)j + (c, + c3)k,

i i k
u X (V + W) = a, bl (o]
a, + as b2+b3 c + c3
i j k i j k
= |4q; b1 + (& bl Cq1
a bz (85 as b3 C3

= (X v)+ (uxw).

The proofs of the remaining three parts are left to the student (see Problems 30
and 31).
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It might be noted that the definition of the cross product was stated in terms
of three-dimensional vectors. In fact, we must have a three-dimensional vector
space, for u X v is not in the plane determined by u and v, as shown in the next
theorem.

If w and v are nonzero vectors, then u X v is perpendicular to both u and v.

u-(@xXv)y=@uxXu)-v (why?)
=0-v (why?)
=0 (why?)

Thus u and u X v are perpendicular. A similar argument shows that u X v and v
are perpendicular.

This property of the cross product gives us its principal use. Certain problems
in three-dimensional ‘analytic geometry that were relatively difficult without the
use of the cross product are easier now. MW

Find a set of direction numbers for a line perpendicular to the plane éontaining

x =1, y =3+ 2, z=4+1
and
x =1+ 4s, y =3+ 2s, z=4+ 2s.

Any line perpendicular to a given plane is perpendicular to any line in that plane.
This suggests the use of the cross product. Vectors directed along the given lines
are

u=2j+k and v=4i+2j+ 2k

Since u X v = 2i + 4j — 8k (see Figure 9.13), we have {2, 4, —8} as one set of
direction numbers for the desired line; {1, 2, —4} is a simpler set.

Figure 9.13
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Find equations for the line containing (1, 4, 3) and perpendicular to

x"—l__y+3_z—-2 x+2 y-—-4 z+1
R U R S S o

Again, vectors along the two given lines are

u=2+4+j+ 4k and v =3i + 2j — 2k;

and u X v = —10i + 16j + k is perpendicular to both of them. The desired line is,
therefore,

x—1 y—4 2z-3
-10 16 1

EXAMPLE 4

SOLUTION

Find the distance between the lines

x=1- 4, y=2+1, z=3+2
and
x=1+s, y=4-2s, z=-1+s.

The desired distance is to be measured along a line perpendicular to both of

the given lines. Again, vectors along the given lines are u = —4i + j + 2k and
v =i — 2j + k (see Figure 9.14). Thus the distance is to be measured along

u X v=>5+ 6§ + 7k

uXy

Figure 9.14
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The point A = (1, 2, 3) is on the first line, and B = (1, 4, —1) is on the second.
The vector represented by AB is

w = 2j — 4k.

We want a vector whose representatives are all perpendicular to both of the given
lines and with one representative having its head on one line and its tail on the
other. All of the representatives of u X v are perpendicular to both lines and one
of the representatives of w has its endpoints on the given lines. Thus, the
projection p of w on u X v has the desired properties and its length is the distance
between the given lines.

we@xv)| _j0-5+2-6-4-7_ 16

I luxvl =~ V25+36+49 = VIID

Up to this point we have been dealing exclusively with the direction of u X v.
Its length also has some interesting properties.

If u and v are vectors and 0 is the angle between them, then

lu X v| = |u] |v| sin®.

Since cos 6 = u - v/(Ju}|v|) by Theorem 9.8,

[u| |v|sin 6 = Ju| [v|V1 — cos®6 (see Note 1)

~ Jul /1 —,(T,)T

= V|u|v]* - (u-v)2

If we letu = ayi + byj + cik and v = ayi + byj + ¢k, then

[ul[v|sin@ = V(a? + b + F)(a3 + b3 + c3) — (aas + byb, + c1c,)?

= \/(b102 - Clbz)z + (Claz at alcz)z + (a1b2 - b1a2)2
= |u X v|.

(see Note 2)

Note 1: By the definition of the angle between two vectors, 0° < 6 < 180°;
and sin 6 = 0. '
Note 2: The algebra here is routine but tedious. It is left to the student. W

Note the similarity between this theorem and the first part of Theorem 9.8.
One consequence of this theorem is given in Problem 25.

{
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It appears that Theorems 9.19 and 9.20 give a geometric description of u X v,
the first giving its direction and the second, its length. Actually, this is not quite
true. There are two vectors of a given length which are perpendicular to both u
and v; they have opposite orientations (that is, one is the negative of the other). It
can be shown that u X v is the one that gives the system {u, v, u X v} a right-
hand orientation; that is, if the index and second fingers of the right hand point in
the directions of u and v, respectively, then the thumb points in the direction of
u X v (see Figure 9.15). This is summarized in the next theorem.

Figure 9.15

If w and v are vectors, 0 is the angle between them, and n is the unit vector
perpendicular to both u and v such that {u, v, n} forms a right-hand system, then

u X v = |u||v|sin@n.

Some authors take this as the definition of w X v. Another direct result from
Theorem 9.20 follows.

If u and v are two nonzero vectors, then u X v = 0 if and only if u = kv for some
scalar k.

This extends Theorem 9.18d, which gives part of this theorem. The proof is
left to the student (see Problem 37).

If might be noted that Examples 2 and 3 can also be solved without the use of
vectors. We simply use direction numbers instead of vectors.
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Find a set of direction numbers for a line perpendicular to the plane containing

x=1, y =3+ 2, z=4+1t
and
x =1+ 4s, y=3+2s, z=4+ 2s.

A line perpendicular to the given plane must be perpendicular to any line in the
plane. Thus the desired line with direction numbers {a, b, c} is perpendicular to
the two given lines with direction numbers {0, 2, 1} and {4, 2, 2}. This gives the
equations

2b+c¢c=0
4a + 2b + 2¢ = 0.

Since we have only two equations in three unknowns, we cannot solve for all of
them; however, we can solve for two of them in terms of the third. By subtracting
the first equation from the second, we get

d4a+c=0
or ¢ = —4a. Doubling the first equation and subtracting from the second, we have
4a —2b =0

or b = 2a. Thus {a, b, ¢} = {a, 2a, —4a} are direction numbers for the desired
line. A second set of direction numbers can be found by multiplying by 1/a, giving
{1, 2, —4}.

Find equations for the line containing (1, 4, 3) and perpendicular to

x—-1 y+3 2z-2 x+2 y—4 z+1
2 1 4 and 3 . 2 . 2

Again, direction numbers for the two given lines are {2, 1, 4} and {3, 2, —2}; for
the desired line, {a, b, c}. Since the desired line is perpendicular to both of the
given lines, we have ,

204+ b+4c=0
3a +2b —2¢c =0.

Doubling the second equation and adding to the first gives

8a +5b=0
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orb = —821/5 . Doubling the first equation and subtracting the second, we have
a+ 10c =0
or ¢ = —af10. Thus the direction numbers for the desired line are {a, —8a/5,

~a/10} or, multiplying by —10/a, {10, 16, 1}. Using these with the given point,
we see that symmetric equations for the line are
x—1 y—-4 2z-3
-0 16 1 °

Example 4 can also be solved without the use of vectors; however, the
solution involves planes, which we have not yet considered.

PROBLEMS

In Problems 1-6, find u X v. Use the dot product to verify that your result is perpendicular
to both u and v.

Lu=3i—-j+4k,v=2i+j+k 2.u=i+j+kv=2i—j—-4k
.u=2i+3~kv=—i+2j - 4u=4i+2j,v=3i—]j
5. 0=3i+kv=-i+] -u=2itj-kv=-i-j+3k

In Problems 7-12, find direction numbers for the line described.

7. Perpendicular to the plane containing (4, 1, 2), (2, —1, 1), and (3, 0, 4)
8. Perpendicular to the plane containing (2, 2, 3), (-1, 4, 1), and (0, 1, 2)

9. Perpendicular to the plane containingx =2 +¢,y=3 -2,z = —tandx = 2 — 2s,
y=3+s,2z=-s

10. Perpendicular to the plane containing x =3 + 4,y =1—-¢,z=3andx = 3 — 25,
y=1+2,z2=3~-5

11. Perpendicular to the plane containing x = 4 + ¢, y=-1+2z=2%andx =2 + s,
y=4+25,z=1+2s

12. Perpendicular to the plane containingx =2+ 2t,y=3—~t z=—1+tandx =4 +
25, y=2—-5,z2=4+s

In Problems 13-18, find equations for the line described.

13. Containing (3, 2, 1) and perpendiculartox =1 —-2t,y =3 +¢t,z=4 —randx =2 +
s, y=-1+25,2=3~5 :

14. Containing (4, —1, 0) and perpendicular tox =3 + ¢,y =2 —t,z =2tand x = 4,
y=2+s,z=-1+s
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15. Containing (2, 3, 1) and perpendicular to the plane determined by (2, 3, 1) and the line
x=0,y=2t,z=t

16. Containing (0, 4, —2) and perpendicular to the plane determined by (0, 4, —2) and the
linex = -2 + 2t, y = 8, z——1+t

17. Containing (2, 0, 5) and perpendlcular to and containing a pointofx =4 + ¢,y =3 —
S 2,z=1+1¢

18. Containing (1, 1, 2) and perpendicular to and containing a pointofx =1 —¢,y =2 +
2t, z = 4t

In Problems 19-24, find the distance between the given lines.

19 x =146 y=-2+3,z=4+1 and x=2—s,y=3+25,z=1+s

2. x=2+t,y=1—-t,z=4 and x=2+s,y=4—-25,z=1+3s

2l. x=1+¢t,y=1-5,2z=2+t and x=4+s5,y=5+25,z= -3+ 4s

2. x=2+t,y=—-4+t,z=1-3t and x=3 -5, y=4+25,2=2+s

23. x=2+3t,y=5+t,z=—-1-2t and x=2+3s,y=3+s5,2=5-12s

4. x=4y=1+t,z=-2—-t and x=9+4s,y=1+s5,z2=-2~—5

25. Suppose the vectors u and v are represented by AB and Z—C), respectively. Show that

the area of AABC is |u X v|/2. (Equivalently, the parallelogram determined by AB and
AC has area |u X v|.) [Hint: Use Theorem 9.20.]

In-Problems 26-29, use the result of Problem 25 to find the area of the triangles with the
given vertices.

26. (1,0,4), (2, -1,2), (4,4,1) | 27. (3, -2, 1), (-1,2,0), (4,4,2)
28. (2,4,3),(1,0,1),(-2,2,4) 29. (4,2), (3, -1), (=1, 0)

C  30. Prove parts (c) and (d) of Theorem 9.18.
31. Show thatif u = a;i + b;j + cik, v = a,i + b,j + ¢k, and w = asi + b3j + cs3k, then
| a by

U‘CVXW)= a, by ;.
e |az b3 c3

"'Use this result to prove Theorem 9.18(e).

32. Given that ,‘_11_9), Z—C), and Z—B represent the vectors u, v, and w, respectively, show
that the parallelepiped determined by AB, AC, and AD (see Figure 9.16) has volume
Ju- (v X w)|. [Hint: By Problem 25, the area of the base is |[v X wl.]

In Problems 33-36, use the result of Problem 32 to find the volume of the paralleleptped
determined by AB, AC, and AD.

33. A=(0,0,0), B=(2,1,3),C=(53,1),D = (2,-1,4)
34. A=(1,3,2),B=(4,1,5),C=(1,5,2),D = (0,5, -1)
35. A=(1, -2,5), B=(-2,3,1),C= (4, -2,3), D = (-1, -3, 4)
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a

A

Figure 9.16

36. A=(2,5,1),B=(3,-2,3),C=(4,-3,5),D=(-2,4,1) _
37. Prove Theorem 9.22.

THE PLANE

Let us now consider the plane. Perhaps the simplest way of determining a plane is
by three noncollinear points. But, for the purpose of determining its equation, it
is better to describe it by a single point and a line perpendicular to it.

Let p be a plane in space, containing the point Py = (xo, yo, 20) (see Figure
9.17); and let /, with direction numbers {a, b, c}, be a line perpendicular to p. In
order to determine an equation of p, we consider any point P = (x, y, z) lying in

. . —_—>
the plane. The directed line segment PyP represents a vector

vV=(x=x)i+(y —yo)i + (z — zo)k

N 'Figure 9.17
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EXAMPLE 1

SOLUTION

EXAMPLE 2
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in the plane p. Since / is perpendicular to p, it is perpendicular to any line in this
plane; in particular, it is perpendicular to PyP. Since

u=ai+ bj+ck
is a vector lying along I, we have the following.

u-v=70_0
[ai+bj+ck]-[(x——x0)i+(y—yo)j+(z—zo)k=0
-a(x = xo0) + b(y — yo) + ¢(z — zo) = 0.

Furthermore, the argument may be traced backward to show that any point (x, y, z)
that satisfies the last equation must lie in the plane p. Thus we have proved the
following theorem.

A point is on a plane containing (x,, y,, z;) and perpendicular to a line with
direction numbers {A, B, C} if and only if it satisfies the equation

A(x —x1) + B(y = y1) + C(z — z;) =0.

This theorem can also be proved using a nonvector argument. The vectors are
simply replaced by direction numbers. Suppose p is the plane in space, containing
the point Py = (xo, Yo, zo); and I, with direction numbers {a, b, c}, is a line
perpendicular to p. Then if P = (x, y, z) is any other point of D, a set of direction
numbers for the line PPy is {x — xo, ¥ — yo, z — zo}. Since this line in the plane p
must be perpendicular to /, we have

ax—xo)+b(y—y0)+c(z-zo)=0.

Find the equation of the plane containing (1, 3, —2) and perpendicular to the line
through (2, 5, 1) and (0, 1, —-3).

A set of direction numbers for the given line is {2, 4, 4} or {1, 2, 2}.Thus the
desired plane is
Ix—-1D+2(y=-3)+2z+2) =0
x+2y+2z-3=0.

Find an equation of the plane containing the two lines

x=1,y=3+2,z=4+4+¢t and x=1+4ds,y=3+25,2z=4+2s.
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EXAMPLE 3
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These lines clearly intersect at (1, 3, 4). All we need, then, is a set of direction
numbers for a line perpendicular to the desired plane. This was done in Example
2 of the previous section by using the cross product of two vectors or (as shown in
the alternate solution) by using the direction numbers. One such set is {1, 2, —4}.
By Theorem 9.23, the corresponding plane is

Ix-—1)+2(y-3)—4z—-4 =0
x+2y—4z+9=0.

Find aﬁéquation of the plane containing the two lines

x=1+1¢t y=3-2t, z=-2+2
and '
x=4+s, y=2-2s, z=-1+2s.

The two lines are parallel since they both have direction numbers {1, —2, 2}.
Since (1, 3, —2) is on the first line and (4, 2, —1) is on the second, the line
through these two points intersects both of the given lines and lies in the desired
plane (see Figure 9.18). Its direction numbers are {4 — 1,2 — 3, —1 + 2} or
{3, —1, 1}. We now have two intersecting lines with direction numbers {1, —2, 2}
and {3, —1, 1} and lying in the desired plane. By the methods of the previous
section, a line perpendicular to both of these linés (and therefore perpendicular to
the.plane containing them) has direction numbers {0, 1, 1}. Thus, by Theorem
9.23, the desired plane is

Ox—-1D+1(y—-3)+1(z+2)=0
y+z—-1=0.

42,1

(1,3,72)

Figure 9.18
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ALTERNATE
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The following theorem is a direct consequence of Theorem 9.23.

Any plane can be represented by an equation of the form

Ax+ By+ Cz+ D =0,

where {A, B, C} is a set of direction numbers for a line normal to (that is,
perpendicular to) the plane. Conversely, an equation of the above form (where A,
B, and C are not all zero) represents a plane with {A, B, C} a set of direction
numbers for a normal line.

Find an equation of the plane containing the points P; = (1,0, 1), P, = (-1, —4,
1), and P; = (-2, -2, 2).

This problem may be solved using either Theorem 9.24 or Theorem 9.23. Let us
do it both ways.

By Theorem 9.24, the equation we seek is, for the proper choices of A, B, C,
and D,

Ax+By+ Cz+ D =0.

We get an equation in A, B, C, and D from each of the three given points.

P, =(1,0,1): A + C+D=0,
P,=(-1,-4,1): —A-4B+ C+D=0,
Py=(-2,-2,2: -24A-2B+2C+D=0.

Although we cannot solve for A, B, C, and D directly, since we have only three
equations in four unknowns, we can solve for three of them in terms of the other
one. If we take A to be fixed and solve for the other three, we have B =
~A/f2, C = 2A, and D = —3A. We may give A any nonzero value we want;
let us chaose A = 2. Then B = —1, C = 4, and D = 6; the resulting equation is

K
3

2x—y+4z—-6=0. .

We now solve the same problem using Theorem 9.23. We let P,P, and P;P,
represent the vectors u and v, respectively. Then

u=(=1—1i+(=4-0)j+ (1 -k = —2i - 4
v=(-2-1)i+(-2-0)j+2-1k=-3i-2j+k.
Since u and v lie in the desired plane, their cross product is perpendicular to it.
i j k
-2 -4 0
-3 -2 1

uXxyvs= = —4i + 2j — 8k
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Thus {—4, i, —8} is a set of direction numbers for a line perpendicular to the
desired plane. A simpler set is {2, —1, 4}. Using this, together with the point
(1, 0, 1) in Theorem 9.23, we have

2 - 1) —y+4z—-1)=0
' 2x —y+4z—-6=0.

Sketch x + 2y + 3z = 6.

By Theorem 9.24, we know that this equation
répresents a plane. Knowing this, we merely
need to find three points to determine the plane.
The simplest points to find are the intercepts (the
points where the plane crosses the coordinate
axes), which are (6, 0, 0), (0, 3, 0), and (0, 0, 2).
Thus we have the plane shown in Figure 9.19.

Figure 9.19

Sketch x + 2y = 4.

This equation represents a line if we are considering only the xy plane (for which
z = 0). But we get the same line when z = 1 or z = 2, and so forth. Thus the
result is a plane that is parallel to the z axis (see Figure 9.20).

* Figure 9.20
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EXAMPLE 7

SOLUTION
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Of course the two planes

A1X+B1y+C12+D1=O
and
A2X+B2y+C22+D2=O

are parallel if and only if their normal lines are parallel. Similarly, the planes are
perpendicular if and only if their normal lines are perpendicular. Thus from
Theorems 9.13 and 9.14, we have the following theorem for planes.

The planes

A1X+B1y+C12+D1=O
and

A2X+B2y+C22+D2=O
are parallel (or coincident) if and only if there is a number k such that

A, = kA, B, = kB, G = kCl;
they are perpendicular if and only if
A1A2 + Ble + C1C2 = (.

Show that 3x + y — 4z = 2 and 6x + 2y — 8z = 3 are parallel planes and that
3x — y + 2z = 5 is perpendicular to both of them.

The coefficients of x, y, and z in the three equations are

A1=3, A2=6, A3=3,
Bl=1, B2=2, B3=—1,
Ci=—-4, C,=-8, C; =2.

Since A, = 2A4,, B, = 2B,, and C, = 2C,, the first and second planes are either
parallel or coincident. But since D, = —3 # 2D; = 2(—2)% they are not equivalent
equations—the planes are parallel. Since

AjA; + BB;+ CiC3=3-3+1(-1) —4-2 =0,
the first and third planes are perpendicular. Of course, the third plane must then
be perpendicular to the second as well; but this may also be checked using
Theorem 9.25.
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In the previous section, we used the cross product and the projection.of one
vector upon another to find the distance between a pair of lines in space. Similar
methods can be used to find the distance between a point and a plane or between
a point and a line.

EXAMPLE 8 Find the distance between (3, —4, 1) and x — 2y + 2z + 4 = (.

SOLUTION A vector perpendicular to the given plane is
v=i-2j+2k .
(see Figure 9.21). We now choose an arbitrary point on x — 2y + 2z + 4 = 0, say
(0, 0, —2), and let u be the vector represented by the directed line segment from

(3, —4,1) to (0, 0, —2).

B=(0-3)i+(0+4j+(-2- 1k
= —3i + 4j — 3k

Figure 9.21

Now the distance we want is the length of the projection p of u upon v.

_Ju-v
vl

(=3)@) + W(2) + (=3))] _17

Vi+t4+a 3

d

Exactly the same method can be used to find the distance between the point
(x1, y1, 21) and the plane Ax + By + Cz + D = 0. We obtain the following.
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" EXAMPLE 9

SOLUTION
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The distance between the point (x; , y,, z,) and the plane Ax + By + Cz + D = 0
is

d = IAxl + B)’1 + CZ] + Dl

VA2 + B2 + 2

The proof is left to the student (see Problem 59). Notice that this formula is
similar to the one on page 106 for the distance between a point and a line in two
dimensions. With this formula, the distance of Example 1 is

dzle1+By1+Cz1+D|
VAZ+ B2+

_|1-3—2(—4)+2-1+4]

VIR r (2P 2

Find the distance between P = (51,3)and thelinex =3, y=7+¢t z=1+1t.

A vectbr directed along the given line is
u=j+k

(see Figure 9.22), and the point Q = (3, 7, 1) is on the line. Letting v be the

vector represented by —Q?,

v=0(5-3)i+1-7j+B -1k
=2i—6j+2k. .-

03.7,1)

From Figure 9.22, the distance is
PG5, 1,3)

d = |v|sin 6.

Figure 9.22

But by Theorem 9.20,

[u x v| = |u}|v|sin6.
Therefore

»

luxv] [8i+2j—2k] V64+4+14

d = |v|sing =

ln| * i +kl V2
VT -
=5 = V¥ =6
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PROBLEMS

In Problems 1-6, sketch the plane.

1. 2x+3y+z'=6 2.3 —y+z=9 3. 2x+y—4z+4=0
4. x—y—4z=28 S5.x+2y=3 6. y—5=0

In Problems 7-12, find an equation(s) of the plane(s) satisfying the given conditions.
7. Containing (3, 2, —5) and perpendicular to a line with direction numbers {3, —4, 1}
8. Containing (4, 2, 3) and perpendicular to a line with direction numbers {-2, 5, 1}
9. Containing (4, 1, —3) and perpendicular to the linex =2 + 3t,y =4 — ¢,z =3 — 2t
10. Containing (3, 2, 5) and perpendicular to the linex =1 +¢, y =3,z =4 + ¢
11. Containing (3, 5, 1) and parallel to 3x — 4y + 2z = 3 v
12. Containing (4, —1, 2) and parallelto x + y — 2z = 4

In Problems 13-18, find the distance between the plane and point given.

13. 2xr -4y + 42+ 3=0;(1, 3, -2) 14. &x +y—-82+1=0;(2,0,3)
15. x+y—-2z2-4=0;(3,3,1) 16. 2x—y+2z+5=0;(1,0,2)
17. x+z-5=0;(3,3,1) 18. y+7=0;(1,3,1)

19. If the distance between (1,4, z) and 8x — y + 4z — 3 =0is 1, find z.
20. If the distance between (2, y, 3) and 4x — 4y + 2z — 5 = 0 is 3/2, find y.

In Problems 21-32, find an equation(s) of the plane(s) satisfying the given conditions.

21. Containing (1, 1, 0), (1, 3, 2), and (2, -1, 1)

22. Containing (2, -2, —2), (1, —3, 5), and (-1, 4, 1)

23. Containing (1, 4, 2), (2, 3, —1), and (5, 0, 2)

24. Containing (3, 1, —4), (2, 3, 1), and (7, 4, —2)

25. Containingx =4+ t,y=2~t,z=1+2tandx=4—-3s,y=2+25,2=1—5

26. Containingx =2+ 2t,y=-1+t,z=4—tandx=2—-5s5,y=-1—-25,2=4+3s
27. Containing (4, 1,2)andx =4 —¢t,y=1+2t,z=3 — ¢

28. Containing (=2, 3, -4)andx =1+¢t, y =3 -2,z = -2+t

29. Containingx =3+ 2t,y=4~t,z=1+tandx=-1+25,y=3~-5s,z=4+5
30. Containingx =4 +¢t, y=2t,z=5andx=1+s5,y=3+25,z= -2

31. Containing (1, 5, —2) and perpendicularto3x + 2y —z+1=0andx —y +2z =0
32. Containing (3, 0, —4) and perpendicular to2x —~ Sy + z=1andx — 2y — 2z =3

In Problems 33-38, find the distance between the point and line given.

33. (1,3, -2);x=4,y=-3+4¢, z=11 + 5t
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3. (4,3,3);x=2+2,y=5~-5t,z=—1—1¢
35. 2,4, -1)y;x=5+t,y=-24+3t,z=3+1¢

-2 -1 +2
36. (—1’, 0, 5);'x > =y = z

1 3
x—1 y+2 z-4
3. (1,4,2), =222
3 1 -2
' +2 +4
8. 3,14, =212
1 2 -2

In Problems 39-42, find the distance between the parallel planes.
9. -y+2z2=9,2x -y +2z=-12

40. x — 4y —2z=5,x -4y -2z =10

4. x +2y=6,x + 2y =1

2, x—-y—-z=4,2x -2y —-2z=-3

In Problems 43-46, find equations of the given line.

43. Containing (2, 5, —1) and perpendicularto2x —y + 3z + 2 =0

44. Containing (4, —2, 3) and perpendicularto3x + 2y — 2+ 6 =0

45, Containing (2, —4, 5) and paralleltox —y + 3z=4and3x -3y + 2z =5

46. Containing (4, 0, 5) and parallelto2x — S5y + z+1=0andx+2y —z+2=0

In Problems 47-52, indicate whether the given planes are parallel, perpendicular,
coincident, or none of these.

47. 3x+y—-5z2=2,x+2y+z=4 48. dx — 2y +2z=6,2x —y+2z=3
9. 4x+y—-z=5x~-y+2z=2 50. &x -2y +z=1,x+y—2z=0
51. 2x —y+3z=4,6x -3y +9z=5 52, x+3y—z=4,2x—y+2z=3

In Problems 53-56, find the point of intersection of the plane and the line.
53.3%xx-2y+z=4;x=24+t,y=1—-2t,z=2—-5¢

5. x+2y—4z=12;x=14+t,y=-2+3t,z= -2

5. 3x —y+4z=T;x=2—-t,y=5+2t,z=1+1¢

56. 2x + 3y —z=2;x=14+¢t,y==-24+3t,z=6—1

57. Does the line x = 1,y =54 4t, z = 2 + t lie in'the plane 2x — y + 4z = 5?

58. Give equations of each of the coordinate planes. Compare with Problem 32, page 342.

59. Prove Theorem 9.26.
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THEOREM 9.27

EXAMPLE 1

SOLUTION

CYLINDERS AND SPHERES

We now turn our attention to more complex surfaces, beginning with the cylinder.
A cylinder is formed by a line (generatrix) moving along a curve (directrix) while
remaining parallel to a fixed line. If the generatrix is parallel to one of the
coordinate axes, the equation of the cylinder is quite simple.

A nonlinear equation of the form
f (x >y ) =0

is a cylinder with generatrix parallel to the z axis and directrix f(x, y) =.0 in the xy
plane. Similar statements hold when one of the other variables is absent.

It is a simple matter to see why this is so. If x = xy and y = y, satisfies the
equation f(x, y) = 0, then any point of the form (xq, yo, z), for any choice of z, is
on the surface. But the set of all such points is a line parallel to the z axis. Thus
any point on the curve f(x, y) = 0 in the xy plane determines a line parallel to the
z axis in space. The result is then a cylinder.

Sketch x* + y? = 4.

The surface is a cylinder with generatrix parallel to the z axis and directrix a circle
in the xy plane. A portion of the cylinder is given in Figure 9.23.

Figure 9.23
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EXAMPLE 2 - Sketch y = 22,

SOLUTION The surface is a cylinder with generatrix parallel to (or on) the x axis and directrix
a parabola in the yz plane. A portion of the cylinder is given in Figure 9.24.

Figure 9.24

Another relatively simple surface is the sphere. The following theorems
concerning the sphere are analogous to those for a circle and are proved in much
the same way.

THEOREM 9.28 A point (x, y, z) is on the sphere of radius r and center at (h, k, l) if and only if it
satisfies the equation”™ -

(}c—h)2+(y—k)2+(z—1)2=r2.

THEOREM 9.29  Any sphere can be represented by an equation of the form

Ax* + Ay* + Az + Gx+ Hy + Iz + ] = 0,

where A #+ O

THEOREM 9.30 '~ An equation of the form

Ax*+ Ay? + A2+ Gx+ Hy + Iz + J = 0,
where A ¥+ 0, represents a sphere, a point, or no locus.

The proofs are left to the student.

¢
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EXAMPLE 3 Give an equation for the sphere with center (1, 3, —2) and radius 3.

SOLUTION - By Theorem 9.28, the equation is

(x—1)2+(y—3)2+(z+2)2=9

L

or
x2+y2+zz-2x—6y+4z+57=0.

EXAMPLE 4 Describe the locus of x* + y? + 22 + 2x — 4y — 8z + 5 = 0.

SOLUTION Let us put the equation into the form of Theorem 9.28 by completing squares.

X%+ 2x + y? — 4y + 722 - 82 = =5
A2+ 1+ -4y +4+22-8+16=-5+1+4+ 16
(x+ 12+ (y—2)2+(z—4)?*= 16

This represents a sphere with center (-1, 2, 4) and radius 4.

EXAMPLE 5 Describe the locus of

sz+2y2+222—2x+6y——4z+7=0.

SOLUTION x2+y2+22—x+3y—22+%=0
2 2 2 7
X —x + y“ + 3y +z° =2z =3
1 ' 9 7 1 9
2 _ 4242 24,2 =_Ll42472
X —x 4+y +3y+4+z 2z + 1 2+4+4+1

3o e

The equation represents the point (1/2, —3/2, 1).

Electronic graphing can be a considerable aid in visualizing these surfaces in
three dimensions. However, there are certain problems associated with it. The
first problem is that, while most of the computer programs for graphing include
three-dimensional graphs, the graphing calculators do not. Furthermore, after



364 -

Chapter 9 SOLID ANALYTIC GEOMETRY

giving the equation—and it must again be solved for z as a function of x and
y—you must describe the point from which it is to be viewed. If you have no idea
of what the surface looks like, this can pose something of a problem; the view
from some points may not be much help in visualizing the surface. Thus, a certain
amount of trial and error may be necessary.

If you have a calculator that cannot graph in three dimensions, you can still
use it to find parallel cross sections, which can help you visualize the surface.
Nevertheless, this has its own problems. Suppose, for example, that we want cross
sections on and parallel to the xy plane. We must assign a particular value to z,
then solve the result for y as a function of x before entering the resulting
equation. This must be repeated several times to get several cross sections. It is a
tedious chore to do all of this, and it is not recommended for graphing spheres.
However, a two-dimensional plot can be used to determine the directrix of a
cylinder.

PROBLEMS
In Problems 1-10, sketch the given surface.
L y?+22=1 2. 2+ 22=4
.y=x? 4. x> — 22 =
5.xy=4 6. x*>+22+2x=0
7. z2=4—y? 8. x =sinz
9. y=1x 10. z A

1+y

In Problems 11-20, identify the equation as representing a sphere, a point, or no locus. If it
is a sphere, give its center and radius. If it is a point, give its coordinates.

1. > +y?+ 22— 2x+4z—-4=0

12. 2+ y?P+2+6x— 10y +2z+19=0

13. 2 +y?+ 22— 8x+4y— 102+ 46 =0
M. 2+’ +22+6x—8y—22+22=0

15. 22+ 22 + 222+ 2x — 6y + 4z —1=0

16. 22 + 2y + 222 - 2x + 2y — 10z + 13 =0
17. %> + 9 + 922 —6x + 6y + 122 -2 =0
18. 3x2+3y? +322+4x -2y —82+7=0

19. 42 + 4y + 422 -8 — 4y + 162 +21=0
20. 62+ 6y> + 622 —6x —4y —3z=0
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In Problems 21-29, find an equation(s) in the general form of the sphere(s) described.

21. Center (4, 1, —2) and radius 3

22. Center (3, 1, 1) and containing the origin

23. Center (2, 4, 7) and téngent to4x -8y +z=1

24. Center (4, 1, —3) and tangent to 2x — y — 2z = 4

25. Tangent to x — 3y + 4z + 23 = 0 at (1, 4, —3) with radius V26
26. Tangent to x + 2y + 2z — 17 = 0 at (1, 4, 4) with radius 3

27. Containing (3, 1, —1), (2, 5, 2), (-3, 0, 1), and (-1, 0, 0)

28. Containing (4, 1, 0), (-2, -1, 0), (0, 2, 1), and (1, 1, 1)

29. Centeronthelinex =5+ 3t,y=—-1+1,z = ~2rand tangent to the three coordinate
planes.

30. Prove Theorem 9.28
31. Prove Theorem 9.29
32. Prove Theorem 9.30

QUADRIC AND OTHER SURFACES

In the plane, a second-degree equation represents a parabola, an ellipse, a
hyperbola, or a degenerate case of one of these. There are far more variations in
space, where we have already seen that certain cylinders and the sphere are
represented by second-degree equations. The traces in the coordinate planes of a
given surface are simply the intersections of the surface with the coordinate
planes. The traces in the coordinate planes of quadric surfaces, represented by
second-degree equations, are conics or degenerate conics. We say that a quadric
surface is in the standard position if its traces in the coordinate planes are in the
standard position—that is, they have their center or vertex at the origin and axes
along the coordinate axes. In the following discussion, all surfaces are assumed to
be in the standard position. :

The ellipsoid (see Figure 9.25 on page 366) is represented by an equation of
the form '

y?
b2

I
p—

+ =+

Sl
ol ™o

Its traces in the coordinate planes are ellipses (or circles). We have already seen a
special case of this, an which @ = b = c. In that case, we have a sphere. There
are two other special cases. One is the prolate spheroid. Here, two of the
denominators are equal and both are less than the third. It has the shape of a
football and may be generated by rotating an ellipse about its major axis. The
other case is the oblate spheroid, in which two of the denominators are equal and
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Figure 9.25 Figure 9.26

both greater than the third. It has the shape of a doorknob and may be generated
by rotating an ellipse about its minor axis.

The hyperboloid of one sheet (see Figure 9.26) is represented by an equation
of the form

x2 2 2
2ty -ZTt

Its traces in the xz plane and yz plane are hyperbolas; in the xy plane, it is an
ellipse. If a = b, it may be generated by rotating a hyperbola about its conjugate
axis.

The hyperboloid of two sheets (see Figure 9.27) is represented by an equation
of the form

Its traces in the xy plane and xz plane are hyperbolas. It has no trace in the yz
plane; however, if [x| > g, its intersection with a plane parallel to the yz plane is
an ellipse. If b = c, it may be generated by rotating a hyperbola about its
transverse axis. ‘

The elliptic paraboloid (see Figure 9.28) is represented by an equation of the
form

=

2 2
.'+y—2=
b

|
SN

a
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Figure 9.27 : Figure 9.28

Its traces in the xz plane and yz plane are parabolas. Its trace in the xy plane is a
single point. If ¢ > 0, then its intersection with a plane parallel to and above the
xy plane is an ellipse; below the xy plane there is no intersection. This situation is
reversed if ¢ < 0. In Figure 9.28, ¢ > 0. If a = b, the elliptic paraboloid is
generated by rotating a parabola about its axis.

The hyperbolic paraboloid (see Figure 9.29) is represented by an equation of
the form

Figure 9.29
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Its traces in the xz plane and yz plane are parabolas, one opening upward and the
other down. Its trace in the xy plane is a pair of lines intersecting at the origin (a
degenerate hyperbola). Its intersection with a plane parallel to the xy plane is a
hyperbola. If ¢ > 0, those hyperbolas above the xy plane have the-transverse axis
parallel to the x axis, while those below have it parallel to the y axis. If ¢ < 0, this
situation is reversed. In Figure 9.29, ¢ < 0.

The elliptic cone (see Figure 9.30) is represented by an equation of the form

x2 y2 22

Ztp=2="

Figure 9.30

Its trace in the xz plane is a pair of lines intersecting at the origin. Its trace in the
yz plane is also a pair of lines intersecting at the origin. Its trace in the xy plane is
a single point at the origin. Its intersection with a plane parallel to the xy plane is
an ellipse. If a = b, it is a circular cone.

Describe and sketch

9x? + 9y? — 422 = 36.
Dividing by 36, we have a hyperboloid of one sheet in the standard form.

2 y z :
stT 9=
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Since the denominators of the x? and y? terms are equal, the trace in the xy plane,
‘as well as in any plane parallel to it, is a circle. The surface is shown in Figure
9.31.

Figure 9.31

Although graphing calculators can graph functions of only a single variable—
that is, two-dimensional graphs—they still can be a great help in graphing three-
dimensional surfaces. They help by graphing the surface’s traces in the coordinate
planes and planes parallel to them. Let us see how this is done using the equation
of Example 1.

EXAMPLE 2 Using the surface 9x* + 9y? — 4z% = 36 of Example 1, find the traces in the three
coordinate planes as well as in the planes z = *1, z = £2, z = *3. Use these to
sketch the surface. '

SOLUTION Let us begin by finding the intersections of the given surface with z = 0, z = *1,
z = *2, and z = 3. Substituting z = 0 into the given equation gives 9x* + 9y* =
36 or y = +V4 — x°. Repeating for the other values of z gives

V40 — 9x?
3 b
. V52 — 9x?

z=22: 9?2 +9?-16=36 or y=+= 3 ,

-

z=%3 9%+ 972 —36=36 or y’=i\/8—x2.

z=%1: 9x*+9*%—- 4=36 or y=+
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These equations représent circles with radii 2, 2V10/3 = 2.11, 2V13/3 = 2.40,

and 2V2 = 2.83. Their graphs are shown in Figure 9.32. The innermost circle is
the intersection of the surface with the xy plane. The other three circles represent
the intersection with planes 1, 2, and 3 units above the xy plane. As we go up or
down from the xy plane the circles get larger, by amounts that increase as we get
farther away from the xy plane. This is in keeping with what we have already seen
in Example 1.

3.1

-3.1 -3.1

Figure 9.32 Figure 9.33

Now let us consider the intersections with the other two coordinate planes.
The xy plane is y = 0 and the yz plane is x = 0. Substituting these values into the
original equation, we get 9x*> — 422 = 36 and 9y* — 422 = 36. Solving for z we get

z= i-%Vx2 -4
and

z=i% y2—4.

They are the same curves with different orientations. Their graphs are identical
and given in Figure 9.33. The vertical axis here is the z axis (although it was
reprgsented as the y axis by the calculator). Now imagine the circles of Figure
9.32 in planes that are perpendicular to the plane of this graph and lying on or
parallel to the y axis. The result is the surface of Figure 9.34.

Describe and sketch

9x% + 9y? — 422 = 0.
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Figure 9.34

SOLUTION Again dividing by 36, we have

x2 y2 22
e 970

which is a circular cone with its axis the z axis. The cone is given in Figure 9.35.
Let us find traces in the same planes that were considered in Example 2. The
trace of this surface with the xy plane (z = 0) is easily seen to be a single point at

Figure 9.35
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the origin. Using planes parallel to the xy plane, we have

z = *1: x2,+y2=g,
z=32: 2 +y’= 196

z=123: X +y*=4.

Even without a graphing calculator, these equations are easﬂy seen to be circles
with radii 2/3, 4/3, and 2. The trace in the yz plane (x = 0) is

2
J’__Z_=
4 9 0
or
y = i%z

which is easily seen to be two lines that intersect at the origin. The trace in the xz
plane is similar. This verifies what we have already seen in Figure 9.35.

Finding traces in the coordinate planes and in planes parallel to them can be
used with more complex surfaces. Let us consider some examples.

Sketch the surface given by z = (x2 + Y2 + y* — 4).

We begin by taking the traces in the coordinate planes. In the xy plane (z = 0) we
have

P+ +y -4 =0
giving :
¥+y2=0 or xX+y’=4

These equations represent a single point at the origin and the circle of radius 2
with center at the origin. Since the point is represented by an equation in the form
of a circle, cross sections above and below the xy plane are likely to be either
single circles or pairs of circles. Let us considér the traces in the other two
coordinate planes to see if they give us some hint.

The trace in the xz plane (y = 0) is z = x*(x®> - 4). This is easily sketched
with or without a graphing calculator. However, a graphing calculator allows us to
locate the minimum easily. Thus we have the graph of Figure 9.36. By using

CALC, we appear to have minima at (+V2, —4). The trace in the yz plane is
identical. This supports the idea that cross sections parallel to the xy plane are

{
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Figure 9.36

either circles (above the xy plane) or pairs of circles (below it). Let us see if we
can find some of these circles.
We consider the plane z = 1. Substituting this into the given equation gives us

1=+ y)E*+y?—4).

It is not at all clear from this equation that we have circles. But let us make the
substitution C = x* + y?, which gives

1= C(C - 4)
C>-4C-1=0
C=4;‘£—4=2i\/§.

2
Replacing C by x* + y* gives us x> + y? = 2 + V3. Since 2 — V3 is negative, we
are left with the single circle x> + y> = 2 + V3.
If we repeat the preceding argument using z = —1, we get the two circles

x* + y*> = 2 * V3. Thus our original conjecture is verified; these cross sections
are either circles or pairs of circles, and the graph is as shown in Figure 9.37.

Sketch the surface determined by

U
T+ + 1

The traces in the coordinate planes are: In the xy plane (z = 0), the line y = 0; in
the xz plane (y = 0), the line z = 0; and in the yz plane (x = 0), we have the
equation
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Figure 9.37
4
z =3 Y
y-+1

with the graph shown in Figure 9.38. It has a maximum at (1, 2) and a minimum
at (—1, =2).

Now let us put these traces together. This is done in Figure 9.39. Note that
y = 0 in the xy plane and z = 0 in the xz plane represent the same line. Neverthe-
less, we get the additional information that the surface touches no other point of
the xy plane and no other point of the xz plane. We need to find traces in planes
parallel to one or more coordinate plane. What appears to be the best orientation
to take? Planes parallel to the xy plane are likely to reveal little. Planes parallel to

3.1

—3.1

Figure 9.38
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Figure 9.39

the other two coordinate planes are the only candidates. Let us consider planes
parallel to the xz plane, starting with x = *1 and x = 2. This results in the
equations '

4y
z~y2+5.

Graphing these, together with the previously graphed

4y
TV
we have the result shown in Figure 9.40.

Similarly, y = %1 and y = *2 give equations

_ +4 d +8
Z—x2+2 an V4

]

%
+
W

with the graphs shown in Figure 9.41.

3.1

—4.7

-3.1

Figure 9.40 Figure 9.41
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Putting these graphs together gives us a reasonable ‘approximation of the
surface, as shown in Figure 9.42.

4

Figure 9.42

Picturing these three-dimensional surfaces is not a simple matter, as you can
see. There are computer programs that do it for us quite rapidly. As of 1995,
graphing calculators graph functions in only two dimensions. We can expect this
to change in the near future.

.
PROBLEMS
B Describe and sketch the quadric surfaces in Problems 1-25.
1. 36x% + 9y? + 42% = 36 2. 4% + 9y? + 922 = 36
x-y -22=0 4. 4% + 4y - 22+ 16 =0
5.2-y>+22=0 6. x2—y—22=0
7. x2+2p+22=0 8. x> -4y - 422=0
9. 25x2 — 4y* + 2522 + 100 = 0 10. 16x% — 9y* — 922 + 144 = 0
1. ¥ +4y - 22=0 12. 25x% + 16y? + 252% = 400
13. 36x% — 9y? + 1622 + 144 = 0 14. 162 - 9y + 1622 = 0
15. 16x% — 9y?> — 922 = 0 16. 36x% ~4y — 922 =0
17. 92 — 36y* + 162 + 144 = 0 18. 2+ y2 — 4z =0
19. X +y? — 422 =4 L 0.2+ 44 =4 .
21 ¥ -2 -9z =0 2.9 -y —2=9 o

23. 2 —y? - 22=0 4. 2+y?+22=0
“ 25,°25x% — 4y? + 252% = 100 :
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Y

If the coordinate axes are translated with the origin moved to (h k, 1), the equations of
translation are

’

x'=x-—h, y =y—k, 2=z -1

In many cases, translations may be carried out by completing the square. In Problems
26-30, translate and sketch.

26. z=4— x> —2)?

27. z=1+ x> + y?
28.z=x"+y’+2&x +4y + 7

29, X2+ 4y* + 922 + 2x + 16y — 182 ~ 10 = 0
30. > +4° -2 -2x—-24y—-82+17=0

In Problems 31-34, use the traces in the coordinate planes and in planes parallel to them to
sketch the surface represented by the given equation.

A +y%)

3. z(x* +yH) =1 2. z= -
( ) 2+ yH)?+1
33. 8z=y}(x? +1) 34.z=—x2—
X +y?+1

35. The hypotenuse of a rlght triangle is related to the other two sides by the Theorem of
Pythagoras, z° = x* + y. The numbers that satisfy this equation lie on what surface?

36. Suppose a gas satisfies the ideal gas law, PV = RT, where P is the pressure in
atmospheres, V is the volume in liters, T is the absolute temperature, and R is the
ideal gas constant, 0.082. What does the graph of this equation look like? Note that
none of the quantities P, V, and T can be negative.

37. The reflector of an automobile headlight is a circular paraboloid that is 8 inches in
diameter and 2 inches deep. Give its equation with the vertex at the origin and the z
axis on the axis of the paraboloid. Where is its focus?

38. The mirror of a reflecting telescope is a circular paraboloid that is 4 meters in diameter
and 0.3 meter deep. Give its equation if the axes are placed with the origin at the
vertex and the z axis on the axis of the paraboloid. Where is its focus?

39. The ceiling of a room is an ellipsoid that is 50 feet long, 20 feet wide, and 6 feet high.
Give an equation for it with axes placed with the origin at the center and x, Yy, and z
axes placed along the length, width, and height, respectively, of the ceiling.

40. A Cassegrain focus telescope has the dimensions shown in Figure 5.25 on page 184.
Give equations for both mirrors. Place the z axis on the axis of the telescope, with any
convenient placement of the origin. You need not have the same placement of axes for
both surfaces.

41. Give equations of the mirrors of Problem 40 using the same placement of axes for both
surfaces, with the z axis on the axis of the telescope and the origin at (a) the vertex of
the paraboloid and (b) the center of the hyperboloid.
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THEOREM 9.31

EXAMPLE 1

.. -

SOLUTION

CYLINDRICAL AND SPHERICAL COORDINATES

Here we look at two other coordinate systems in space that are useful. The first of
these is called a cylindrical coordinate system, which is especially convenient when
the z axis is a line of symmetry. In this system, a point P with projection Q on the
xy plane (see Figure 9.43) is represented by (r, 6, z), where (r, 6) is a polar
representation of O and z is the (directed) distance of P from the xy plane.

- N

Figure 9.43

The relations between rectangular and cylindrical coordinates are the same as the
relations between rectangular and polar coordinates as given by the following
theorem. :

If (x, y, z) and (r, 6, z) represent the same point in rectangular and cylindrical
coordinates, then

X = rcos @, y = rsiné, zZ=2z
or
r=xVx*+y?, 6= arctan%, z=2z.

Express in rectangular coordinates the point having cylindrical coordinates
(4, 30°, -2).

X =rcosf = 4cos30° = ? =2V3,



EXAMPLE 2

SOLUTION

EXAMPLE 3

SOLUTION

EXAMPLE 4

SOLUTION
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y=rsinf = 4sin30°=4-- =2
z= -2

Thus, the point.s (2V3, 2, —2).

Express in cylindrical coordinates the point having rectangular coordinates
2,2, 4). ‘

r=xVx?+y’=+V8=+2V2
6= arctan}—)= arctanl = z + 7n

X 4
z=4

There are two choices for r and infinitely many for 8. The choices we make are
not independent of each other—the choice of one of them puts restrictions on
the other. If we choose 8 to be /4 (or any first-quadrant angle), we must choose
r = 2V2; if we choose 6 to be 57/4 (or any third-quadrant angle), we must choose
r = —2V2. Thus, two possible representations are

V2, n/4, 4) = (=2VZ, 5n/4, 4).

Express in cylindrical coordinates the rectangular coordinate equation x + y + z
= 1.

Substituting x = rcos@ and y = rsin 8, we have

rcos@ + rsinf + z = 1.

Express in rectangular coordinates the cylindrical coordinate equation r = zsin 6.

Multiplying both sides by r, we have

2

P=z-rsin@ or x*+y*=yz.
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Another useful system for representing points in space uses spherical coordi-
nates. In this system, a point is represented by (p, 8, ¢), where p is the distance of
the point from the origin, 6 has the same meaning as in cylindrical coordinates,
and ¢ is the angle between the positive end of the z axis and the segment joining
the origin to the given point (see Figure 9.44). Since ¢ is undirected, it is never
negative. Furthermore

0° < ¢ < 180°.

Likewise, we restrict p:p = 0.

Figure 9.44

From Figure 9.44 we see that OQ = psin¢. Thus
x = 0Qcosf = psin@cos 6,

y = OQsin 6 = psingsin g,
and
zZ = pcoso.

We can easily see from these that
pPF=x*+y+ 22

Thus we have the following theorem.

THEOREM 9.32  If (x, y, z) and (p, 6, ¢) represent the same point in rectangular and spherical
coordinates, respectively, then '

x = psin@cosé,
y = psin@sing,
_ z =pcosp, °
and

-

p2=x2+y2+22.



EXAMPLE 5

SOLUTION

EXAMPLE 6

SOLUTION

EXAMPLE 7
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Express in rectangular coordinates the point having spherical coordinates (2, nf6,

2n/3).

x = psin@cos 6

=2sin2—n~cosz=2--ﬁ-£=
3 6 2 2
y = psin@sin 8
=2sinEsinE=2 I§1=£
3 6 2 2 2
Z = pcosQ
2n 1
= 2008—3—= 2(—§> = —-1}

Thus the point is (3/2, V3/2, —1).

Express in spherical coordinates the point having rectangular coordinates (V3,

V3, -V2).
pPr=xt+y* + 22
=3+3+2=8
p=2V2
Z = pcosQ
-V2=2V2cos¢
Cosp = —'2'
¢ = 120°

'x = psingcos

'\/_=2\/§-—2v§cos¢9

' 1
cosf = v—z—
6 = 45°

The point is (2V?Z, 45°, 120°).

Express in spherical coordinates the rectangular coordinate e

= 0.

quation x* + y* — z

2
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R —————————————

SOLUTION p*sin® g cos? @ + p?sin® psin? 9 — p? cos’p = 0
p*[sin” p(cos® 0 + sin® ) — cos?g] = 0
p*(sin* ¢ — cos?p) = 0

sin®p — cos?0 =0  or p=0

cos2¢ =0
n 3nm
=27
_% 3=
v

Thus, we have ¢ = /4, ¢ = 3n/4, and p = 0. ¢ = /4 gives the top half of the
cone, ¢ = 3n/4 gives the bottom half, and p = 0 gives a single point—the origin.
Since p = 0 is included in both of the others, we may drop it. The final result is

/4
(p—z and (p—T.

EXAMPLE 8  Express in rectangular coordinates the spherical coordinate equation p?sin ¢ cos ¢

cosf = 1.
SOLUTION p*sinpcospcosf =1
(psinpcosG)(pcosg) = 1
xz =1
B
PROBLEMS
A 1 The following points are given in cylindrical coordinates. Express them in rectangular
coordinates.
(a) (2,45° 1) (b) (3,273, -2)
(C) (1, Qoa 2) (d) (0’ 7[/4v _3)
2. The following points are given in rectangular coordinates. Express them in cylindrical
coordinates. . .
(a) (1,1, 3) - (b) (0,2, -2)

(©) (-1, V3, 4) . (d) (-2V3, -2, 3)
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3. The following points are given in spherical coordinates. Express them in rectangular

coordinates. :
(a) (3, 45°, 30°) () (1, nf6, 0)
(¢) (1,90°45°) * (d) (2, 5#/6, 3n/4)
4. The following points are given in rectangular coordinates. Express them in spherical
coordinates. *
(@ (2,2,0) ) 2,1, -2)
(¢) (2, =V3,4) @ (1, 1, V3) |
5. The following points are given in cylindrical coordinates. Express them in spherical
coordinates.
(a) (3’ 30° 4) (b) (2’ 7[/4’ _2)
(C) (O’ 45°, 3) (d) (2’ 7[/2’ _4)
6. The following points are given in spherical coordinates. Express them in cylindrical
coordinates.
(a) (4, 45° 30° (b) (2, 273, n/2)
(¢) (2,210° 135°) (d) (3, n/6, 2n/3)

In Problems T—14, express the given rectangular coordinate equations in cylindrical and
spherical coordinates.

7.2+ y?=4 8. 2+y +22=4
9. x> +y’=z2 10. x> — y? =z

1. ¥ -y~ 22=1 . 2. X -y*+22=1
1B. 2 +y?-22=1 14, 42 + 9y + 922 =1

In Problems 15-22, express the given equations in rectangular coordinates.

15. z = *sin26 16. z = r*cos26

17. z=7r 18. z =1 + sin@
19. psingtan@sin26 = 2 20. psing = 1

21. p = sinpcos @ 22. p?singcosp = 1

23. The mirror of a reflecting telescope is a circular paraboloid that is 4 meters in diameter
and 0.2 meter deep. Give equations for it in both cylindrical and spherical coordinates,
with the origin at the vertex and z axis along the axis of the paraboloid.

24. Give cylindrical and spherical coordinate equations for the ceiling of Problem 39 on
page 377.

25. Give cylindrical and spherical coordinate equations for the mirrors of Problem 40 on
page 377. ‘
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REVIEW PROBLEMS

1. Find the point 1/3 of the way from (=2, 1, 5) to (1, 4, —-4).
2. Find the projection of u = i — 3j + k upon v = 4i + 2j + 3k.

3. Find the set of direction angles for the vector v with direction numbers {1, -1, V2} if
v is directed upward.

4. Suppose the line /; contains (2, —2; 4) and (5, 3, 0), while /, contains (4, —3, 1) and
(3, —4, —1). Are l; and I, parallel, perpendicular, coincident, or none of these?

5. Suppose the line /; contains (5,1, —=2) and (2, -3, 1), while /, contains (3,8,1) and
(3,0, 7). Are l; and I, parallel, perpendicular, coincident, or none of these?

In Problems 6 and 7, represent the given line in parametric form and in symmetric form.

6. Containing (4, 0, 3) and (5, 1, 3)
7. Containing (2, -3, 5); direction numbers {3, -2, 1}

In Problems 8 and 9, find the point of intersection (if any) of the -given lines.
y—-6 z-3 x-2 y-4 z-7

I T

9. x=2+t,y=3-2t,z=3+5¢, x=-3+2,y=-1+3s5,z=—s

10. Find the distance between the lines

8.

N &

x=4-t,y=3+2t,z=4+1+t and x=3+25,y=5—-5,z=—1+ 4s.

In Problems 11 and 12, find an equation(s) of the plane(s) satisfying the given conditions.
11. Containing (4, 0, —2) and perpendicular to x = 4 — ¢, y=3+2,2z=1
12. Containing (2, 5, 1), (3, -2, 4), and (1, 0, 2)
13. Find the distance between (4, 3, 1) and 2x — 2y + z = 4.
14. Find the distance between x — 4y + z = 3and x — 4y + z = 8.
15. Find the distance between (2, 5, —2) and thelinex =3+t y=4—-1¢,2=2+ 2t
16. Find the distance between the lines
x=1+2t,y=4+3t,z=2-t and x=4+25,y=2+35,z2=5—35.

17. Find the acute angle between the planes 2x — Sy + z = 3 and x + y—2z=1.
In Problems 18 and 19, describe the locus of the given equation.

18. ¥ +y’+22-2x—4y + 82+ 5=0
19. 2 + 202 + 222~ 2x — 4y + 62+ 7= 0
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In Problems ‘20—23, sketch and describe.

20.
22,
24,

25.

27.

29.

9% + 9y — 42 = 36 - 21. 2 - x* =4
9?2 — 36y* + 422 =0 B.2+y-22=0 -
The following points are given in rectangular coordinates. Express them in cylindrical

and sphericdl coordinates. _ ‘

(@ 2,2,1) - () (-1,1,-2)
Express z = rcos @ in rectangular coordinates. .
Express z = 4x + 4y? in cylindrical and spherical coordinates.

Express p = sin@ (2cos 6 — sin 6) in rectangular coordinates.

. The point (5, 3, —2) is a distance 3 from the midpoint of the segment joining (5, 7, 2)

and (1, 1, z). Find z.

Find the endpoints of the representative ABofvif v =3i - J.+ 4k and the midpoint
of ABis (2, 4, -3).

Suppose u = 2i — j + 3k and v = i + 4j — k. Express u in the form u = p + q, where
p = kv and q - v = 0. Interpret geometrically.

In Problems 31 and 32, find equations for the line described.

31.

32.
33.

.

Containing (3, 5, —2) and perpendicular to the plane containing
=5—-t,y=2+3t,z=4+t and x=3 -5, y=5+35,2=-1+s
Perpendicular at (4, 2, 3) to the plane containing (4, 2, 3), (-1, 3, 1), and (2, 5, =3)
Find an equation(s) of the.plane(s) containing (4, 2, —3) and perpendicular to

2x—y+4z=5 and x+3y—z=2. v
Find, in parametric form, the line of intersection of

2x—y+32=2 and x+ 3y +2z=4

35.. Sketch and describe x*> + y? + 422"~ 2x + 4y + 1 = 0.

C 3.

Prove or show to be false: u X (v X w) = (u X v) X w.



L J

Appendix A TIr /'gonometry
Review

The trigonometric functions are periodic, or repeating; they are very useful in the
study of other periodic functions. A review of the trigonometric functions here
will probably be useful.

An angle consists of a pair of rays (half-lines) OA and OB with a common
end point O, called the vertex of the angle. An angle is in standard position if its
vertex is at the origin and one of the rays, the initial side, is on the right half of
the x axis. The other ray, the terminal side, is looked upon as a rotation of the
initial side in either a clockwise or counterclockwise direction. The amount of this
rotation determines the measure of the angle. A counterclockwise rotation has a
positive measure and a clockwise rotation has a negatuive measure. The two most
common ways of measuring angles are in degrees and radians. While measuring
angles in degrees is convenient for many purposes, radian measure is more
natural when we differentiate and integrate functions. If the vertex of the angle is
at the center of a circle (see Figure 1), then the radian measure of the angle 6 is
the length s of the arc subtended by 6* divided by the radius of the circle:

9 =

Nl

Since a complete rotation of 360° subtends an arc whose y
length is the circumference of the circle, it follows that 1
360° is equivalent to

0:—{::——_- 27[ radianS. \J‘J =
r r

With this result we can find a formula for the area
of a sector (a pie-shaped region). If the central angle of Figure 1

* While an angle (geometric) and its measure (arithmetic) are not the same, we follow the
usual practice of using a single symbol 6 to represent both. There should be no confusion
between the two ideas because the context will make it clear which one we are referring to.
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EXAMPLE 1

Appendix A TRIGONOMETRY REVIEW

a sector is 2z radinas, the sector becomes a circle with area nr2. Assuming that
the area of a sector is proportional to the measure of the central angle, we
compare the sector with central angle 2z and area nr® with one having central
angle 6 and area A. This gives the ratio

A _ 96

nr?r 27’
therefore the area of the sector is

A= %rzﬂ.

Of course, 6 is the radian measure of the angle.
The six common trigonometric functions are

defined in terms of the coordinates of a point | y
other than the origin on the terminal side (see 4
Figure 2). Thus we have: r=VETy (xy
r
sinezx, tan0=‘v-, secl = —, y
r x x
x x r 6
cosf = —, cotf = —, csch = —. X X
r y y
Figure 2

If sin6 = 4/5 and 6 is not a first-quadrant angle, find the values of the other five
trigonometric functions.

Since sin @ = y/r and r is always positive, it follows that sin 6 is positive when y is
positive—that is, for the first- and second-quadrant angles. But we are given that
6 is not a first quadrant angle; then it must be in the second quadrant (see Figure
3). Using the theorem of Pythagoras on the triangle of Figure 3 with y = 4 and

r = 5, it is easily seen that x = —3. We now use the
\ y definitions to find the other five trigonometric functions:
4
(. »
tan0=}—)=—ﬂ, SCCO=£=—§-’
r=35 X 3 X 3
y=4 3 , 3
g COSO=£=——’ C0t0=£=——, CSCO"—""’;:-S‘_
\ r 5 y 4 y
x= -3 . ‘x

Figure 3
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A
L O—-Z’: o
4o =T 60

Figure 4

The definitions of the trigonometric functions together with the two familiar
triangles of Figure 4 allow us to evaluate the trigonometric functions for any
multiple of 30° = /6 or 45° = n/4.

' EXAMPLE 2 Find the exact value of cos(3n/4) and tan (—n/3).

By placing the triangles of Figure 4 on the coordinate axes as shown in Figure 5
and noting which coordinates are negative, we may refer to the definitions to get
the desired resulits:

3z x -1 _ 1 n_y_—-\/?_
CosTm=— == 7 and tan 3= = V3.
y
A
(-1, 1
3
1 4
\1
—> X
3
-V3
2
1, -V3
\( V3)
Figure 5

‘The definitions of the trigonometric functions dictate the following simple
- identities. '
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cotf = R secl = ——, cscl = —,
tan 6 s sin @
. sin @ cos @
tan@ = , cotf = —
cos 6 sin O

Only slightly more difficult is the following derivation of a very important identity.
By the Pythagorean theorem,

x2+y2=r2.

Dividing by r* and using our definitions, we have

cos’ 6 + sin®0 = 1.

Once we have this identity, we may find two other useful ones by dividing
through by cos®6 and by sin? 6.

cos’f  sin?@ 1
cos’6  cos?6 cos’@’

1 + tan?0 = sec?8.

Similarly, cot?6 + 1 = csc?#.

Other common identities are given in Appendix B.
The graphs of the six common trigonometric functions are given in Figure 6.
Note that all of them are periodic (repeating). To say that a function f has period
p means that f(x + p) = f(x) for all x; in other words, the function repeats itself
after every p units. The period of y = tanx and y = cotx is x; the other four
functions have period-2z. When considering algebraic equations of the form y =
P(x)/Q(x), we find vertical asymptotes at those values of x that make Okx)=0.If
there is no denominator [Q(x) = 1], there is no vertical asymptote. Nevertheless,
four of the graphs of the trigonometric functions have vertical asymptotes even
though there is no denominator. The reason for this is that we have defined the
trigonometric functions as ratios of certain lengths; there really are denominators
which are not immediately apparent.
Since the graphs of y = sinx and y = cosx are waves, they are the most
. . important of the six. Let us see how they are altered by changing certain
- constants. The equation

y = AsinB(x — C) h
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(@)y=sinx (b)y =cosx ’ (©)y=tanx
y y y
A A A
| | | |
| i | | l\
\ j{ ’\/ U’ ‘
l |
i i 1 |
AR N
T 2w
I X — 1 x
[ | P -T2 7‘7' 2l7r
i
N :m: oy m
‘ | | i I | !
i | | |
i I \ i i
i 1. i i
(d)y=cotx (e)y =secx . ®y=cscx

Figure 6

has a graph of the form shown in Figure 7. The amplitude is |A|, with the curve
inverted if A is negative. The period is 2z/|B|, again with the curve inverted if B is
negative. The displacement is C. If C is positive, the diSplacement is to the right;
if it is negative, there is a negative (or left) displacement. Note, however, that we
have x — C in the given equation. Thus y = sin(x + 3) has a negative displace-
ment; C = —3. We have the same results with the cosine curve except that a
negative value of B does not invert the curve.

-

f.
I

} Amplitude |A]

/ » X

- hd .
Displacement C Period |27T|
' B

-

Figure 7
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EXAMPLE 3

EXAMPLE 4

Appendix A TRIGONOMETRY REVIEW

Sketch y = 3sin2x.

First of all, note that —1 < sinx <1. Thus the factor of 3 in 3 sin 2x alters this
range by a factor of 3. The fact that we have sin 2x instead of sinx does not alter
the range. Now it takes one complete cycle for whatever we are taking the sine of
to go from 0 to 2z; that is, we have one complete cycle for

0=<2x <27 or O0<x=<nm.

We have a sine curve with an amplitude of 3, a period of 272 = x, and no
displacement. The result is shown in Figure 8.

y

A

3__

(ME
l

Figure 8

* shown in Figure 9.

Sketch y = 4cos (Zx + g)

First let us write the equation in the
form :

)

y=4cos2<x+z). | 2

m
4 / 1 } t } i > X
Now we see that we have a cosine curve
with an amplitude of 4, a period of 27/2 4

= n, and a displacement of —n/4, as

Figure 9
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- Sketch y ="cosx + sin2x.

The method of addition of ordinates is useful for equations of the form y = f(x) +
g(x). We note that y = y; + y,, where y; = f(x) and y, = g(x). Now we sketch
both y; = f(x) and y, = g(x) on the same coordinate axes; and for each value of x
we add the y values y; and y, from the two graphs to get the y of the original
equation. Thus we sketch y = cosx and y = sin2x and add the ordinates; the
result is shown as the solid curve in Figure 10.

-
=Y

y
A
4
1 — -~
2NN e N -~
AN 7,—/ \ - 727
—>x
0 N/ [ ]
-1+ \\A // \\_/
_2.__.
Figure 10

Sketch y = x + sinx.

Perhaps you wonder how we can add x and sinx when x is an angle and sinx is a
number. Actually, both x and sinx are numbers. Although it is convenient to talk
about the sine of an angle, we actually take trigonometric functions, not of angles,
but of numbers. The numbers are simply the measures of angles. It is quite
possible to consider trigonometric functions of
numbers idependently of any angular inter-

. . . y
pretations; but if we do want to impose such an \ 7
interpretation, the value of x is the measure 31 ~
of an angle in radians. Again, addition of + /7
ordinates works very well and Figure 11 is self- 4 k/_\\
explanatory. et N
-3 \\/ a8 33
/
e T
7 ~3 4

Figure 11
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PROBLEMS
A 1. Express the following degree measures in radian measure.
45°, -210°, 270°, 30°, -180°, —60°, 135°, 150°.
2. Express the following radian measures in degree measure.
nf3, =mn, 3nf4, —mnf2, 5nf6, —2m/3, 3mf2, 10m/6,

3. If tan@ = 5/12 and sin @ is negative, find the values of all six trigonometric functions.

4. If sec® = —4/3 and 6 is not in the third quadrant, find the values of the remaining five
trigonometric functions.

In Problems 5-8, find exact values of the given trigonometric functions.

5. tan225° 6. sin(—120°)
7. cos (7n/6) 8. sin (—3n/4)

B In Problems 9-18, sketch one complete cycle.

9. y= 3sini. 10. y = 2cos4x.
11. y = 4sinnx. 12. y = 2sin (2x + 7).
n n
13. y = —cos( —-—). 14. y=3cos(27vc+—).
3 2
15. y = 2sinx + sin2x. 16. y = cosx — sin2x.
17. y = 3cosx + sinx. 18. y = 4sinx + 2sin2x — sin4x.

In Problems 19 and 20, sketch the graph.

19. y = x — sinx. 20. y = x? + sinx.



Appendix B Formulas

ELEMENTARY ALGEBRA

(1) Quadratic formula
The solutions of the quadratic equation ax?> + bx + ¢ = 0 (a # 0) are

_ —b* Vb - dac

- 2a

(2) Binomial theorem (n a positive integer)

@@+ b)"=a" + na"'b + ———n(nZT D gr2p2 4 8= 13)'('1 =2 e 4
+n(n—1)(n—-2)---(n—r+l)a,l

7 b+ -+ nab™ ! + b

(3) Exponents

am R a’l o am+n.

am m—n
a— =a (a * 0)
(am)n — amn.
(ab)* = a"b".
n_ 1
a’ = (a #0).

aPlt = \/gP = (Vay (a > 0).
(4) Logarithms

log,x + log,y = log,xy.
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Appendix B FORMULAS

' x
log,x — log,y = loga;.
nlog,x = log,x".

1 n
~log,x = log, Vx

a zl = ad — bc
a b
a, b, | =aq Zz © - b 2 @ +a % :2
as by c; 3 C3 as C3 as 3
TRIGONOMETRY

(1) Trigonometric identities

sinx cosx

tanx = , cotx = —/—,
- cosx sinx
secx = —, csCx = —,
COSX sinx

sin’x + cos’x = 1
tan’x + 1 = sec’x.
1 + cot?x = csc’x.
sin(x + y) = sinxcosy + cosxsiny.
sin(x — y) = sinxcosy — cosxsin y.
cos(x + y) = cosxcosy — sinxsin y.
cos(x — y) = cosxcosy + sinxsiny.

“ tanx + tany
tan(x + y) = 1~ tanxtany

{
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tanx — tany
1 + tanxtany’

tan(x — y) =

sin2x = 2sinx cosX.
cos2x = cos’x — sin’x
=1 — 2sin’x
= 2cos’x — 1.
2tanx

tan2x = —————5—.
1 — tan’x

'. sin% = -_*:\/——--———-1 —zcosx.

X 1+ cosx
Cos— = F[—.
2 _ 2
X 1 —cosx 1-—cosx sinx
tan- = * = - = .
2 1+ cosx sinx 1+ cosx

+ —_
sinx + siny = 2sin2 =2 cos=—2.
2 2
. . +y . x-—
sinx — siny = 2 cos* 2 Y sinZ > y.
cosx + cosy = 2cos> Ty cos=—2
2 2
. Xty . x—
COSX — COSy = 251n_x Y sin>—2.
2 2
(2) Triangles
b c

Law of sines: — = — =
sinAd sinB sinC

Law of cosines: ¢? = a* + b%> — 2abcos C.

(3) Reduction formulas

sina = —éos(a + n/2) = —sin(a + n) = +cos(a + 3n/2).
sina = +cos(a — n/2) = —sih(a — 1) = —cos(a — 3n/2).
cosa = +sin(a + n/2) = —cos(a + n) = —sin(a + 37/2).

cosa = —sin(a — n/2) = —cos(a — xn) = +sin(a — 37/2).
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(4) Signs of trigonometric functions

tan
cot

(5) Trigonometric functions of multiples of 30° and 45°

Degrees Radians sin cos tan
0 0 0 1 0
30 /6 172 V32 1/V3
45 /4 V2 1YV2 1
60 n/3 V32 172 V3
90 n/2 1 0 —

120 2n/3 V3/2 -1/2 -V3

135 3n/4 V2 -1V2 -1

150 57/6 12 -V3R  -1/V3

180 n 0 -1 0 .

210 Tn/6 -12 - =V32 1/V3

225 Sn/4 -1/V2 -1/V2 1

240 473 -V3/2 112 V3

270 37/2 -1 0 —

300 5n/3 -V3/2 12 o 5—V3

315 Tn/4 -1/V2 1/V2 -1

330 117/6 -1/2 V3/2 -1/V3

360 27 0 1 0
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Appendix C Theorems from
Plane Geometry

%XAXC = XBXD
AB| A'B’ = XAXC = £BXD = £A’X'C = XB'X'D
XAXC = XA'X'C= AB| A’'B’

oV

R

TRIANGLES

< a’> = b? + ¢ — 2bccos A

/\ XA + AB + XC = 180°
B ’ B

The medians of a triangle are concurrent at a point that is 2/3 of the way from a
vertex to the midpoint of the opposite side.

AABCEAA'B'C_'»{ABzAB,’ BC=5C, AC=4'C
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AB=A'B', BC=B'C', AC=A'C =

AB=A'B', AC=A'C’, XA = XA’

AB=A'B', %A= xA', 4B = xB }
(3C = 4C"))

AABC = ANA'B'C

| AB _ BC _ AC
AABC~ AA'B'C’ = {A'B’ " B'C AC |
XA =4A', XB = AB', C = xC'

AB _ BC _ AC
AIBI - B'C’ —AICI =

AB AC , AABC ~ AA'B'C’
ap a4 A4 =

KA = 2A', 4B = 4B', (4C = £C') =

,/ \C B'C' | BC = AAB'C’ ~ AABC

RIGHT TRIANGLES

(o

1. XB + 2C = 90°

44 =90 <i’{z. P=b+ 2

ISOSCELES TRIANGLES

AB = AC< XB = £C
AB = AC, AD 1 BC = BD = DC
AB = AC, BD = DC = AD 1 BC

A
1
|
|
]
|
|
|
]
|
|
1

D
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401

EQUILATERAL TRIANGLES

+ | AB=BC=AC< 4A= 4B = 4C=60°
B C
PARALLELOGRAMS ..
D C
E
A B

1. AB| CD, AD || BC

2. AB = CD, AD = BC

3. XA = 4C, 4B = XD
\4. AE = EC, BE = ED

ABCD is a parallelogram <«

RECTANGLES

D c
i E

4 B

AB | CD, AD || BC
AB = CD, AD = BC
ABCD is a rectangle = { XA = XB = XC = XD = 90°
AE = EC, BE = ED
AC = BD
ABCD is a parallelogram, XA = 90° =
ABCD is a parallelogram, AC = BD =

} ABCD is a rectangle
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RHOMBUSES

AB| CD, BC|| AD
AB = BC=CD = DA
AE = EC, BE = ED
AC 1 BD

ABCD is a parallelogram, AB = BC =
ABCD is a parallelogram, AC 1 BD =

ABCD is a rhombus <

} ABCD is a rhombus

SQUARES

D &
E

A B

AB| CD, AD || BC

AB = BC=CD = DA
"ABCD is asquare = { XA = XB = AC = AD = 90°

AC = BD,AC 1 BD

AE = EC, BE = ED

ABCD is a rectangle, AB = BC =
ABCD is a rectangle, AC L BD = . &
ABCD is a thombus, 4.4 = 90° = [ ABCD is a square
ABCD is arthombus, AC = BD =



Appendix C THEOREMS FROM PLANE GEOMETRY . 403

. ’V.‘ .

CIRCLES

CD 1L AB, AC = CB = center is on CD

OO0’ 1 AB

0, O’ are centers = {
AC=CB

center O is dn BC = AB 1 AC



Answers to Odd-Numbered Problems

CHAPTER 1

Section 1.2 [pages 9-11]

1.
13.
23.
25.
27.
29.

31.

33.

V65 3.2 5. V3R 7. V6 9. Collinear  11. Not collinear
Collinear  15. Right triangle  17. Right triangle ~ 19. =3,5  21. 2,3
Since (5, 2) is equidistant from A and B (d = V17), it is on the perpendicular bisector.
Lettering the vertices A, B, C, and D, respectively, it follows that AB = CD = 3 and BC = AD = V10.
(0, —1) inside; (1, 7), (2, 0), (-5, 7), (=5, —-1), (—6, 6) on; (-3, 8), (4, 2) outside
A=R-A, - A, — A,

= (2 = x)(y3 = y2) = 3x2 — x)(y; — y2) = %(xz = x3)(y3 = y2) — 3(x3 - x)(¥s = yo)

= 320293 — 260y, — 2x01y3 + 20y, — 091 + XY, F XYy — XYs — Xoys + X

+ X33 = X3y = X3y3 + X3y; + X1y3 — x1y)) y
= Jx1y2 + x93 + x3y; — X1y3 — X2Y1 — X3Y2) o PNl i
(x3, y) A
»-»< | 4 y ?
l o«&—(x1, 31) non
Yr—rn A,
If the points are numbered in clockwise order, rather than the ’ ;ﬂr——f’("'-"ﬂ .
counterclockwise order given, the result will be the negative of I nTn
the one above. Thus the absolute value is needed.
Placing the axes as shown, we see that AB = a + b; but
AC = Va* + ¢*>aand BC = Vb? + ¢ > b. Thus A
AC + BC > AB. '
C(0, ¢)
B(—b,0) A@0
13
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Section 1.3 [pages 18-19]

1. (4,3)  3.(165 -95) 6. (17,22) 1.(2,1) 9. (12, 1) 11. (12, -4)
13. (0,-7) 15, (3,0) 17. (14/5,7/5) 19, (6, =7f * 317 (4/3,53)  23. (2, —-1/2)

25. Placing the axes as shown, we see that the midpoints of the three sides
are D = (0, 0), E = (a/2, ¢/2), and F = (=a/2, c/2).
Thus CE = ED = DF = FC = V& + &/2.

B(-2,00) D|  A(a.0)
27.7,-9  29. (13, —2), (=9, 12), (=5, —10)
31. Placing the axes as shown, we see that AB=CD =gand "
BC = DA = Vb? + ¢ Thus AB®> + BC? + CD? + DA% = k.o Dias b o
—_— N . C a L
2(a* + b* + ?). Since AC = V(a — b)* + ¢ and BD =
V(a + b)? + ¢, it follows that AC?> + BD? = (a — b)® + & +
(@ + b)Y + & =2(a® + b* + ).
B(0. 0) A@.0)
33. 6.2 35. 31

AN 71
| \;\ /

. -6.2 -3.1
Midpoint = (-2.5, —0.5) Midpoint = (-5, 0.5)
37. 3.33, H.O 39. B.47, 7.63; 1.2 minutes after second car starts

Section 1.5 [pages 28-30]

1. 5/3, 59° 3. 2/3,34° 5. No slope, 90° 7. 1, 45°

9. lln ’ ¥
Y
4-——-
Y
_-l—_*__—-'»—o X
) et 2 4 6 8
-2+
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13,

¥y
4
g
2
_*_*__f__‘}_o————*—i—’—f—‘——-}—.T
-4 -2 1L 2 4 6
-2
15. Parallel 17. None 19. Coincident 21. Perpendicular 23. Parallel
25. 14/3  27. 10/7, 11 29. 9
31. Labeling the points A, B, C, and D, respectively, we have m,5z = mcp = —1 and mp- = mup = 1. Thus
AB || CD and BC || AD, implying that it is a parallelogram. AB L BC, implying that it is a rectangle.
Since m4 does not exist and mgp = 0, AC L BD, implying that it is a square.
a—0 a—0 ;
33.mAC=0__a=—l; mBD=a_0=1; AC 1 BD. “:
C(0. a) D(a, a)
B(0,0) A(a,0) g
35. Since WXYZ is a rhombus, y
WX = WZ, f
a= Vb + Cz, Z(b,c)
@ =p+ 32 Y(a+b,c)
WY S0 b
X2 " pb—a a->b
& & " ‘ :
. = — = - = - (0,0) X(a,0)
Mwy - Mxz 2 — b2 2 1
WY L XZ
37. 39.
6.2 6.2
» r
-'—I—F.d‘_’_'_'_.'.' o R PR I T
—9.4 phebdedetedeckonk. - 94 -94 ?‘, 9.4
J ol : /I o '
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41. 62

45. 62.5% 47. N 21°48'E

407

Section 1.6 [page 35]

1. 135° 3. 135° 5. 6° 7. 56° 9, 12° 11. 60° 13. 135° 15. 27°
17. -7 -5V2 19. 1+ V2 21. —8 + V65 23. 2 . 37°,72°,72° 27. 1/5
29. 2 31. -2 33. +1
Section 1.7 [pages 42-45]

l‘ Function 3. Function 5. Function

y y

7. Function

7/ S

9. Not a function

y

6 y

4 1

2 /\
! i *
11 0 1 =« -1 1
—-4 -2 2 4 .

-2 3

i -
—+ >
—4 4
11. Function
y
ot
BE — 1
44 =x
2—.—
] ] .
1 1T 1 | S
-4 -2 [9 4
_2——
_4—.—
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17. Not a function

19. Not a function ’ 21. Function
y y

2 {3

{2
1
+1
x
-1 1 e + + x
~14 -4 -3 2 - 1 2
. 41

-2 ) +-2
5., | »7. ,
}
61 -1,2) 3 )
4T (2. 4) —4
-+ -4
2
=1L hx4-
A S i S o L A
- =2 3 2 4
2
3. i ' 33.(-4,2) (2,4 35.(-4,3), (5, -3)
T (3eavil s-vit 37. (=2,2), 3, -3), (=1, 5), (1, 5)
( s s ) 39, i

N\
s




41.

45.

—2.35

49.

ANSWERS TO ODD-NUMBERED PROBLEMS

94

-1.55

3.1

4.7

~4.7

4.7

51.

—-3.1

3.1

In both cases, the dot mode gives the better representation.

-4.7

47

-3.1

409

3. (-1,1), (2,4

47.

12.4

-94

= ——— P
0

Same shape moved 2 units to the left of the

origin. Replacing x by x — k moves the figure &
units to the right.

3.1
-47 47
-3.1
3.1
—4.7 [t -.-'/f/j4.7
S|
-3.1
31
-41 * S 47

Dot mode gives the better representation near x = 1; connected mode is better away from x = 1.
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53. No. They are identical for x < 16, but the second graph contains points with x > 16,
which are not on Vx + Vjy = 4.

- 55. 10, 80. Beyond x = 100, the difference between the two graphs becomes significant.

. §7. : 59,
ﬂ C&R
A
100 3000+
2000+
50+ (80, 1800)
(5,30)
1000+
0 : 7 :
5 4 t—>n
50 100

Section 1.8 [pages 48-49]

1. 14x + 8y — 69 = 0 3. x2+y?— 10x ~16y + 80 = 0 5.2x—-y—-8=0
7.5x—-2y—-19=0 9. 2 +y>?—-9x+18=0

11. x2+y2—x—9y+18=0,except(2,5)and(—1?4)

13. -8 +16=0 15.3x> -y’ +6x—9=0  17. 2522 + 9% = 225
19. 2 +y?=16 21.8>—y>=8 23.xy= 4

25. -2y +yP—-2x—-2y—-1=0

Review Problems [pages 49—50]

1. (2277, =9/7) 2. Noncollinear (distances: 3V5, V157, V34; slopes, 2: 11/6)
3. V2212, V41, Vi852

4. Not a right triahgle (distances: 5, 2V2, V29; slopes: —3/4, 1, —5/2)

5.2 6. None (slopes; 2, 1/4) 7. =8/5, -1/2,5 8. (1/3, —1), (~4/3, 3)
9.3x -2y -8=0 10. (-2,0), (5, 1)

11. -1, -9
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_f(atb y
w.£= (% 0). }
b+d c
F=(23%5)
dc+e
G~(2, t )
ac
H=(33)
ey = e2 -0
EF = -
b+d_a+b A(;,O) E
2 2
e
T d-a
cte ¢
2 2 e
Mgy = ‘—1-2 —d_a
2 2
Since mgr = mgy, EF || GH. ct+e e
_2=-0 e __2 2 _ ¢
MEHET axb b"T°Td _b+d b
2 2 2 2

Since mgy = mpg, EH || FG.

3. (23,1) 14 2-29+1=0 15 (3,-2) 16. (V3a, V3a), (~V3a, ~V3a)

17. (1,4),(4,6) 18. (8,7) 19. x=ycoty

CHAPTER 2

Section 2.1 [pages 60-61]

411

1. —6i—2j  3.7i+j 5 —i+5 7. 4i-3f

25. 4i + j, 2i — 3j 21 3i+j, —i— 3

9. (3/(V10)i — (1/V10)j
1. —(/V3i+ @V35)j 13. (UVSi+ V5)j 15, —(4/5)i + (3/5)j
17.B=(4,3) 19.A=(50) 21.B=(6,00 23. A=(1,3)

29, 3i +j, —i—7j
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31.

5i— 35,0, +j
y
3
N
T v N v
\\
1 4 - utv
S~a \
\\\\
_‘.....
35. A= (52, -32), B=(11/2,7/2)  37. A= (32, -12), B=(5/2,112)  39. 8i + 5j
41. -5i — 3j
43. (a) AB =AB follows directly from the definition of equivalence.

45,

47.

(b) Since any true statement aboutA_B) and @)is also a true statement about C_D)and E, it
> > —_ —_—
follows that if AB = CD, then CD = AB.
(c) Suppose AB=CDandCD = EF IfAB has length 0, then CD has length 0 if CD has length 0,

then EF has length 0. Thus AB =EF. Suppose AB is not of length 0. Then AB and CD have the
same length, both lie on the same or parallel lines, and they are directed in the same way. A similar

statement can be made about CD and EF. Thus AB and EF have the same length, both lie on the
same or parallel lines and both are directed in the same way. A similar statement can be made about

CD and EF Thus AB and EF have the same length both lie on the same or parallel lines, and both
are directed in the same way Thus AB = EF.

(a) aji + b,jis represented by 0P1 from (0, 0) to (ay, b;). axi + b,j is represented by 0P2 from (O 0)
to (ay, by), or by P1P3 from (a;, by) to (a; + a,, by + b,). Hence the sum is represented by 0P3 from
(0, 0) to (a1 + az, by + by), giving (a1i + b1j) + (a2 + a2§) = (a1 + ap)i + (b + by)j.

(b) Let (a1i + byj) — (azi + byj) = ai + bj. Then aji + b,j = (azi + boj) + (ai + bj) = (a, + a)i +
(b, + b)j. Thusa; =a, + aora —-al —ay,andb; =by,+ borb = b, — b,.

(¢) v = ai+ bjis represented by OP from (0, 0) to (a, b); w = dai + dbj is represented by OQ from
(0, 0) to (da, db). Clearly these points lie on the same line; so w is in the same direction as or
opposite direction from v, depending upon the sign of d. Furthetmore, |w| = Vd?a® + d°b* =
Vd?(a* + b?) = |d|Va® + b = [d]|v].

(d) ai + bj is represented by OP from (0, 0) to (a, b). Its length is V(a — 0)> + (b — 0)® = \/a + b

Clearly if a = cand b = d, then ai + bj = ci + dj. Suppose ai + bj = ci + dj, (a — ¢)i + (b — d)j = 0.

This vector has length 0. Therefore (a — ¢)? + (b — d)? = 0.

a—-c=0 and b—d=0 '
a=c and b=d
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Section 2.2 [pages 69-70]

1. Arccos 1/5V2 = 82° 3. 90° 5. 90° 7. Arccos 3/V34 = 59° 9. 1, not orthogonal

11. 4, not orthogonal 13. -1, not orthogonal 15. 3, not orthogonal 17. (122)i + (1/2)j
- 19. —(6/5)i + (12/5)] 21. (2/5)i + (1/5)j 23. (6/5)i — (3/9)j 25. 302
27.3  29.-8 31.-12 33. -1 35.4+2V3 37. (8-5V3)11
39. —(2117)i — (8/17)j, —(19/17)i — (76/17)j 41. —(2/5)i — (4/5)j, (3/5)i + (6/5)]
43. Letu = q;i + bij, V=ai + byj, w=asi+ bjj.

(w+v)-w=[(a; + a)i + (b + by)j] - (asi + b3j)

= (a1 + ay)ay # (b, + by)bs
u-w+v-w=aa;+ bbs + ayas + bybs

45. 0-u = (Oi + Q]) . (ai + b‘]) =0-a+0-b=0 47. ICOS 0, = ——I:HII = Illlll”:Il =<1

Section 2.3 [pages 81-83]

. 6i + 2j

5V51b to the right and inclined upward at an angle of 63° with the horizontal
V25 - 12V21b to the right and inclined downward at an angle of 3° with the horizontal
3V3i + 3j 9. 3V2/2i - 3V2/2j  11. 1.638i + 1.147j 13. j

15. V291b to the right and inclined downward at an angle of 68° with the horizontal

17. V34 + 15V21b to the left and inclined downward at an angle of 28° with the horizontal
19.4V2i+ (4V2 - 9)j  21. B3VZ -8)i+3VZj  23. (4V3 - 5)i + (5V3 — 24)j
25. 1001b, 200/Vv/31b, 100/V31b 27. 1001b, 100V31b, 1001b

29. 1001b, 100(V3 — 1)1b, 50V2 (3 — V3)1b, 50(3 — V3)Ib, 50(V3 — 1)Ib

31. q = (12)u + v + (12)w

q=—12)u +p - 12)w A/

N oW e

Adding, we have

u q TNW
. + v
2q=p+v,q=p2 Z \

B.a=u—-v, b=u+yv
Since p and v are parallel, one is a scalar a-b=(u—v)(u+v)
multiple of the other; say, p = kv. Thus

_Ptv_kvt+v k+1
1= =73 2

=(m-u)+ (u-v)—(v-u) = (v-v)
v, T == =0

lu = v]

making q a scalar multiple of p and therefore
parallel to p. Furthermore,

ql = % _ k!Vl2+_ v _ lpl ; v

Iv]
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35. u=a+d=a—-—b, v=a+b
[u]? + [v]> = |a — b + |a + b’
= laf* + |=b}* - 2Ja||-b[cos
 +]a? + [b]> - 2lal|b]cosa
= 2lal® + 2|b]?
= |af? + [bf + [e* + |df?

37. juf=lv,v=u+w

cose = u-(—w) _Tuw
ul-w|  |ul|w]
wv w-(u+w
cosfl = =

wivl — [wllv]

w-ut+w-w

[w|ul

w2 = [uf? + [v]> — 2|ul|v| cos(180° — a — B)
=ul + [v?-2u-v=2uf~-2u-(u+w

=2u-u—2u-u—2u-w=-2u-w

__il'w+w-w_u'w—2u-w_ u-wo

e ™ T R T A
39.,a+b+c¢c=0

u=-a-1/2c

=a+ 1/2b ' c b
sv=a-+ru .

s(a + 1/2b) = a + r(—a — 1/2c),sa + 5/2b = (1 — r)a — r/2c % ~
s/2b+rf2c=(Q—-r—sja=Q0-r—-s(-b-c¢ a

(2+1—-r—sh+(/2+1-r—skc=20
1-r—-s2=1-1r2-5=0,2r+s=r+2=2
r+s=2,r+25=2,r=5=203

Review Problems [pages 83-84]

2 3
1 ——i— —=j
vi3 Vi3
3. A=(=92,5R), B= (112, -112)
4. u+v=>4,4),u—-v=(2,-8),3u=(9, ~6),2u+v=(7,2)

2. (3,-2) 4 t
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5.8 6. 135° 7 —-ii+§' 8 gi—-:i‘
- - | © T3 51 -3 21

9.32 10.3/4 11. (4V3 - 5V2)i + (10 — 5V2);

12. faj=¢/,v=a+b,—u=b+c
v|* = |a]* + |b]? — 2|a| |bjcos a

[uf? = |b]2 + |e[2 ~ 2|b||c|cos a

= |a]> + |bJ? — 2|a| |b|cos
= |v?

B.u=a+bv=a+d
d=—nb,rv=d + su
r@a+d)=—nb + s(a+b)
r(a—nb)=—-nb+s(a+b),(r—s)a=@(n—n+s)h
r—-s=0,m-n+s=0
m+r—n=0,r(l+n)=n

n n

r= , § = ,1—r=1-5s=
1+ n 14+ n _ 1+n

QA-nfr=QQ-3s)/s=1/n

14. 5V171b inclined downward and to the left at an angle of 14° with the horizontal

415

15. 10V3lb, 106 16. v, = =i + 252 189
. s o = —i —i, == =
A4l 2 25] A7) % > j
CHAPTER 3
Section 3.1 [pages 92—-96]
1. 3.
f y
3t B x
2 2x+y=0 ‘ 24+
1+
—t—t p—rp———p— X —_— 4 O e
-2 -1 0 1 2 3 3 5 —r—t
~l+ 4!
-2 -2 x=-y=0
-3+ : al
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7. y
14
— x
-2 -10 1 2
-14
~2
-3+ r+2=0
13. y
3--
2+
14
~————t ~+— X
-3 -2 -1 0 i 2 3
-1
Sx —y=0
L -2

x—=2y+7=0

15. y
1
-3 -2 10 2 3
-
-2 y—3=0
-3¢
23.

17.2x+y-6=0,x — 2y — 3 =0,

3x—-y+1=0

19.x-2y-3=0,2x+y—-6=0,

x+3y—-3=0

21. 5x—6y+2=0,2x +9y -3 =0,

Tx+3y—-1=0
25.3x -2y +5=0

27. The given circles do not intersect.

33. The line determined by (x,, y,) and (x3, y;) is (by Problem 32)

Xy
X2 Y2
X3 Y3

1
1
1

29.x -3y +3=0
3. 7x —y —20=0,7x — y — 20 = 0. The triangle is isosceles..

0.

11. y

-3 -2 —1

The point (x;, y,) is on that line if and only if it satisfies the above equation; i.e., if and only if

(-

e
.

35. (a) Yes; y = 3.

(b) No; it is not a function. -
37. The line becomes more nearly horizontal, always rising to the right. .

X1 N
X2 Y2
X3 Y3

|

1
1

0.

39. The one with the positive slope rises as fast as the one with the negative slope falls.

{
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4. 3 +y=—10 43, 3x + 4y = 20.42

45. 7x + 11y = —16  47. 2.1x + 2.3y = 10.4

49. D + 760P - 760 = 0

51. 30. Demand decreases as the price increases; the supply increases as the prince increases.
53. D + 2000p — 100,000 = 0 (0'< p < 50)

Section 3.2 [pages 102-105]

1 . .
3 v 5 y
y 4%
3 ",
z»
lo
et t——te X yd .
-3 =2 -l 1 2 3 2410, 1 2 3
-1 -14
10x—-2y+1=0 9x — 12y +8=0
-2 _24.
-3
vi 9 11. y
7-
6»
y st
.I'
4 4
10 2+ 31 x+29-4=0

| L | .
. x S 4321 |12 s

v —t - -3 -2- 4 6

-10 -5 Jo| 5 10 21 +3=0 B \

5t =2
-3

13. : 15.

N oW oa

.8

- N

\
»

\. THo=2=0 | - -s -2 -1 /l 2 3
1t ~14

—-Sy—-2=0
-o-—p—p—>.<x / 3x y

-3 -2 ~10 1 2 _
-1 . =34

-2 1
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17. | - 19. y

y st
‘.-
2 x—4=0 3/
24
11/ sx-2y=0 14
—— + + + +- X S S s ——t—tp + X
-3 =2 -1 0 1 2 3 —3-2-1(: 1 23 L)
4-1 14
-2 -21
-3¢
+-3

2l. 2x -5y +11=0
2. x+y-7=0 25. x+3y-6=0;x+y—4=0

(a) (b)

27. &x+y—-3=0  29. (1514, -5/14)  31. (-1,-7) 33.52 35. 1
37. - 39,

10| 1 2 3| 4 s
_l-.

-3 =2 -1

=24 ~24 g

-3+

41. A representative of v is a’: where O = (0, 0) and P = (A, B). The slope of OP is B/A provided A # 0.
The slope of Ax + By + C = 0is —A/B provided B # 0. Thus they are perpendicular if neither A nor B
is 0. If A = 0, then OP is a vertical line and Ax + By + C = 0 a horizontal line; if B = 0, OP is
horizontal and Ax + By + C = 0 vertical.
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, x y 11
43. |x; y; 1] =0islinearin x and y. By Theorem 3.5 it represents a line. The points (x;, y,) and
X y2 1 '

(x2, y2) satisfy the equation. (If two rows of a determinant are equal, the value of the determinant is 0.)
Thus the equation represents the line through (x;, y;) and (x5, y»).

45.(8,3), (3, -2),(-4,-1) '
47. The x coefficient is the slope of the line.

49, 3.1 ' 51. ’ 3.1
—4.7 - 4.7 —4.7 - 47
-3.1 -3.
Intercepts: (0, —3), (0. 6, 0) Intercepts: (0, —1.78), (0.7008, 0)
x/0.6 -~ y/3=1 x/0.7008 — y/1.78 = 1

53. (a) The distance increases by 60 for each unit increase in time, and we are at the starting point at time 0.
(b) The distance from the starting point decreases by 40 for each unit increase in time, and we are 1000
units from the starting point at time 0.

55. V+625t—8000=0(0<¢t<12)

57. 3x + 4y — 144 = 0. The slope is the increase in the number (decrease if it is negative) of deluxe models
that can be made, corresponding to a unit increase in the number of standard models.

59. The slope is the cost of producing one more dinette set. The C intercept is the cost of operating, even
when nothing is produced.

61. The p intercept is the lowest price at which none can be sold. The q intercept is the number that can be
given away. The slope is the increase (decrease if the slope is negative) in demand corresponding to a
unit increase in the price.

63. 42  65.5.2 67. k=0.171,n = 2.217

Section 3.3 [pages 112-115]

1. V2 3.9V4T - 5.25 17.18V29 9. 103 11. 4/V29  13. 72V5

15. 8/V5 17. 13/V10, 26/V29, 26/5 19. 13 2L. Ix =Ty +2=0

23.39x+13y~24=0 25.2(V2-1x—2y+ (4-3V2)=

27. £3/VT 29, £3R2V2 3L X -2y +y*+ 2 +2y—-1=0 33. (1, 1),(=2,2), (3, -3), (6,6)

35. Either A # 0 or B # 0. Suppose B # 0. If P is on the same side as the origin O, then P and O are either
both above or both below the line. Thus Ax; + By; + Cand A-0 + B -0 + C = C have the same sign.
If P and O are on opposite sides of the line, then one is above and the other below the line. Thus
Ax; + By, + Cand A -0 + B -0 + C = C have opposite signs.

If B = 0, then A # 0 and the same argument can be used, using rlght and left of the line instead of
above and below (see Problem 34).
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1 cosa

3. m=~ = ——
: tana sina
, cosa
y —psina=—-——(x — pcosa)
sina
ysina — psin’a = —xcosa + pcos’a

xcosa + ysina —p =0
39. 60/13 miles

Section 3.4 [pages 122--124]

. Lines through (1, 4); does not include x = —1
. Lines with x intercept 2; does not include x = 2 5. All lines through the origin
. Lines having both an x intercept and a y intercept; does not include any line through the origin

O N1 W

. Lines containing the point of intersection of 2x + 3y + 1 = 0 and 4x + 2y — 5 = 0; does not include
4 +2y~5=0

11. Lines with y intercept twice the x intercept; does not include any line through the origin
13. All lines with y intercept equal to their slope 15. {3x — 5y = k| k real}

17. {y = 5 =m(x — 2)[mreal} U {x =2}

19. 3x -5y +1+k(2x +3y—7)=0|kreal} U {2¢x + 3y — 7= 0)

21. {Ax+By=0|A,Breal} 23. {Ax+ By +C=0]||64 + C|/VAZ+ B*=5)

25. (@) 3x—5y+25=0 (b)Sx+3y—49=0 27. (@) 2x+y-5=0 () x—2y+10=0
29. 5x—y+3V26=0 31. 15x—8y—43=0,3x—4y+1=0

3. 11x-60y-17=0,x-7=0 35 . 16x -8 —27=0

37. x-2y-10=0,3x+2y-6=0
39.x+2y-8=0,9%x+2y~24=0,(1124VT)x -2y - (16 £ 8V7) = 0

4l. x+y— (4+2V2)=0. 43. Vaix—y+(6-4V3)=0,Vix+y—-(6+4V3) =0

Review Problems [pages 124—125]

1. (8 2x—3y+13=0 (b)) 2x—y—-6=0 (¢)3x+3y~1=0 (d)x—2=0
2.(a)3x-y-10=0 (b) 10x—4y—-5=0 (c) y+2=0
3.(aym=14,a=-1,b=1/4 (b) m=-2/3,a=—-572,b=—5/3

(¢) m=-52,a=0,b=0 (d) Noslope,a= —1/3, no y intercept,
4. 6/13 5. 172V10

6. (a) Set of lines through the point (-3, 1); does not include the vertical line x = —3
(b) Set of all lines with slope 3 o
(c) Set of lines with y intercept —3; does not include the horizontal line y=-=-3

:7. (ai) y+1=mx—-5)|mreal} U {x=5) (b) {2x — 3y = k| k real}
(c) {Ax + By + C=0| |24 + 5B + C|/VAZ + B2 = 3}

{
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8. 1.416 9. x+y—1=0

10. 3x -2y +7=0,x -2y +8=0,3x+2y —10=0  11. 4, V832, VIBI2
12.x-1=0,2c+9y —23=0,10x+ 9y —31=0  13. (0, 4), (—4/3, 0)

14. x+3y—-7=0 15. y—-1=0,5x-12y - 13 =0 16. 69x — 23y —35=0

1

17. ]': 18. m = 3.15 £ 0.05,b =4.4 £ 0.5
24
1 L l [ I
5 6 -4 |20 2
..2_.-
/ i
-6
CHAPTER 4
Section 4.1 [pages 134-138]
L (x— 12+ (y -32%=25 3.(x—52+(y+27=4,
4y —-2x—6y—15=0 C+y?—-10x+4y+25=0
y y
1
+ -+ + +- p——pt X
-t jo 1 2-3 5 7 8
-1
—24
-3
_40
—0 —— — -5
=5 —4 -3N\2-1 7
&l*’ —61
—2F
31
5. x—122%+ (y + 3P =4 7. x—42+(y+2?>=26
2%+ 2% —2x+ 6y —3=10 Pty -8 +dy-6=0
y y
N l/\
‘ =Y/ EEEREXEE NI,
+— o> X F—1
-3 =2 3 4 L .2
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9. X2 + (y + 3/2)% = 25/4 R 1. x — 32+ (y=32=09
+y2+3y—-4=0 : ¥ +y —6bx—6y+9=0
y y
' s
X 47
3
2
|<
= g + t + X
ol 1 2 3 4 s 6
1B3. x -4 +(y~12=4 - 15. x— 42+ (y+ 4*=16
¥+ —8& —-2y+13=0 ¥+y -8 +8 +16=0
y
y 1 23 4 5 6 7 8
+—— —+——t——X
0
24 ) -1+

—21
-3+

17. x - 12+ (y — 2 =4

21, (x — 12 + (y — 3/2)* = 9/4
y

_— N\NW

-3 -2-10
-1t
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B’ =182+ (y+1)2 = —1/9 27. (x =287 + (y — 122 = 0 v

29. 2, -1), 3, 3) K|

31 (1, 4), 3, 1) N

33. No solution; the circle and line do not intersect H .
B.x+y+1=0 ‘ : ¥ 3250 1 23 °
M2+ = ‘ -

y Q(X.)') =21
ml = . -3+
T +a pN 34
y ' > X
my, = P(-a.0) Pia, 0) A
X —a
2 2
_ ) _J J
mm, = —J— — = -1

2-ad -y

39. 0if one circle is entirely inside the other; 1 if they are tangent internally; 2 if the circles intersect in two
points; 3 if they are tangent externally; 4 if one circle is entirely outside the other.

41. (a) D>+ E2—4AF>0 (b) =0 (¢) <0
43. 6.2 45, 93

Ay

—62 ) 7 ~3.1
Cenfer: (1.5,0.5) Center: (—1.91, 3.04)
Radius = 4 Radius = 3.99
47. 3 49. 6.1
~18.8 p—s / . 18.8 O}
b -94 {04
—-21.8 i ~6.1
Center: (-3.0, —10.22) (1.9, 3.9) (-2.9, —-0.9)
Radius = 11.15
s1. 6.1 53. 2 +y*=3y—-4=0
5.2 +y’—2x-3=0, 2+y*+2x—3=0,
P2+y?-2V3-1=0
-94

94 57. 4x® + 4y* — 20x —75 = 0,
42 + 4y + 20x - 75 =0

—6.1

(~0.6,4.2), (1, 1)
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Section 4.2 [pages 146-148]

e N B

21.
X2+ Y +4x—6y—-12=0
25.
27.
29,
31.

33.

35.

232 4+32 - 10— 10y —5=0 352 +5°+13x— 17y —40=0

X¥+y - 13x—-y=0

X+ Y+ —10y+4=0, ®+y2—6x+10y+9=0

P+ Y —4x 48 —5=0 1L 22+27+8 + 129 +1=0,23+2%— 12x — 48y + 81 = 0
13. |
17.
19.

P+y?—2x+6y=0 15. >+ 2 +4x + 6y —37=0

13 + 13y + 4x + 19y — 49 = 0

Py +bx+6y+9=0, x¥*+y2+6x—6p+9=0, x>+ y?—6x+6y+9=0,
P+yP—6x—6y+9=0

5¢2 4+ 5y + 52x — 56y + 47 =0, 5x* + 59> — 32x + 56y — 37 = 0

There is no circle satisfying the given conditions.

Py —6x+2y+3=0

B3x* + 13y +20x — 22y —35=0, x*+y’ —4dx+2y+1=0

Since the coordinates of P satisfy the equations of both of the given circles, they must satisfy the
equation of the family M no matter what value k£ might have. Thus the point P; belongs to every member
of the family. Similarly, P, belongs to every member. Since the coefficients of x* and y? are the same, the

members of M consist of circles containing P; and P,, together with the line containing these two points
(when k = —A/A").

Since the three points are collinear, by Problem 33 of Section 3.1, the coefficient of x*> + y? is 0. Now we
need to show that either the coefficient of x or the coefficient of y is different from 0. Since the points are
distinct, we cannot have both x; = x, = x3 and y; = y, = y3. Suppose y1, y», and y; are not all the same.
Suppose furthermore that y, # ys.
*+y2 y 1
¥B+y: oy, 1=0
B4y oy 1 .
represents a circle (since y, # y3, the coefficient of x* + y2, which is y, — ys, is not 0) containing (x,, y,)
and (x3, y3). If
' d+yl oy 1
x% -{: Y% X2 1] = O’
. B+y oy 1
then (x;, y;) is on this circle. But since the three points are given to be collinear, (x;, y;) cannot be on the

circle. Thus the last determinant (which is the negative of the coefficient of x in the original determinant)
is not 0.

x-3y—7+13VI0 =0

Review Problems [page 148]

1.
4.

Circle with center (5,2-2) and radius 4 2. Point (-3, 1) 3. Point (1/3, —3/2)
Circle with center (1/2, —3/2) and radius 5/2
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S. No graph

6. 4x+4y —7=0 | -
7.;22+y2—2x—4y=0 )

8. X +)2 — 8 -6y +17=0

9. 25x% + 25y% — 200x — 50y + 229 = 0

10. X +y* —20x — 8y + 100 =0, x>+ y? + 12x + 8y + 36 = 0
1. P +y?~4x+2y - 12=0

12. The circle has equation x* + y? = r2. .

y
A
B(x1, y1)
- X
A(=r, 0)
X
- __xutr - (u n)
MaB x +r mpx Y1 P 2 2

This line contains the center (0, 0) since substitution of (0, 0) into this equation gives x? + y} = r?, which
is known to be true.

13. 4x -3y — 25 =0

CHAPTER §
Section 5.2 [pages 158-161]
1. Axis: x axis, V(0, 0), F(4,0), 3. Axis: y axis, V(0, 0),
D:x=-4, Ir=16 ' F0,1),D:y=-1, Ir=4
y
y
74
1 3t
2+
e ————————t—— X 1
-6 4 0] 4 7
] .- + — X
e -2 -1 0 12 3
.................... | 1 SO
] . 2l
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5. Axis: x axis, V(0, 0), F(5/2, 0),
D:x=-52, Ir=10

7. Axis: y axis, V(0, 0), F(0, 5/4),
D:y=-54, Ir=5

y

44
3t
3»
2¢ 2..
14 1
e +- o X
-3 =2 -1 0 1 2 3 + + + X
: 1 -2 -1 0 ! 2 3
-1
S0\ e T
-3¢

11. Axis: y axis, V(0, 0), F(O0, 3/2),

9. Axis: y axis, V(0, 0), F(0, —1/2),
D:y=-372, Ir=6

D:y=122, lIr=2

y y
34
2+
X b ' :
l.- .
b 4
-3 -2 -1 0 1 2 3
-1+
.................. Iy
13.y»=25x 15.y*=5x, y¥*=-5x 17.y*=-12x 19.x*=4y/3 21 y*=8 —16

3. 22y +y*+8& +8 —-16=0 25.2%x—-y—-1=0 27.x+y—-4=0
29. CP=PD - '
Vit +(y—cf =1l +d

2+y =2y +F=y"+2y+¢
x? = 4cy

31. We assumed that m* + (4m* + 8m + 8)x + (4m? + 16m + 16) = 0 is really a quadratic equation,
- which requires that m # 0.

. 33. Ny 3.1

It determines the spread of the parabola; the larger the
coefficient, the narrower the spread. The minus makes the
parabola open in the negative direction.
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3s. 3.1 It moves the graph 4 units to the right (to the left if 4 is
negative).

=31

* 37.0.75inch  39. 9 inches from the vertex; y* = 36x
41. 6 inches from the axis of the paraf)ol'd

43. (a) Decreased, because it will be closer to Saturn when retreating from it than when approaching it.
(b) Increased, because it will be closer to Saturn when approaching it that when retreating from it.

45. 100, 67.6, 42.4, 24.4,-13.6, 10, 13.6, 24.4, 42.4, 67.6, 100
47. 28.7 feet

Section 5.3 [pages 169-173]

1. C(0,0), V(£13,0), CV(0, +5), 3. C(0,0), V(£5,0), CV(0, +2)
F(+12,0), Ir=50/13 ' F(+V71,0), Ir=8/5

y
y
154

10

s
Zis ‘Q_i/ﬂ/ 15 f.sQ *7s
-5 {
o v

_I +

-5 T.

-1i5¢+

5. C(0,0), V(0,+7), CV(+5,0), 7. C(0,0), V(0, +3), CV(+2,0),
F(0, £2V6), Ir = 50/7 F(0, +V3), Ir=8/3

-
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9. C(0,0), V(0,x4), CV(£3,0), 11. x%/144 + y?/169 = 1
F0, £V7), Ir=9/2 13. X325+ y}/10 =1
' y 15. X3/36 + y}9=1
17. x3/100 + y*/64 = 1

19.x+4-10=0
2. 2x -7y ~-20=0, 2x+y—-4=0

23. For each line ABP, let h be the x intercept and let k be the y intercept. Now, k? + k* = (a — b)%. Line
ABP has the equation x/h + y/k = 1forh # 0, k # 0.

x=2k-y). &)

Also, P is a point on each member from the
family of circles with center at B(0, k) and
radius b. Hence, '—-——h—-\A

X+ (y— k=0 @) I

Note: P is on a line ABP and is on the corresponding circle. Using (1) and (2), we have

h—zk—)2+ - k)? = b? —kz(h—2+1)—b2
kz(y(y)— or(y)kz—

P(x, y)

o-0(EEE) - p p-wre K
- +
Since h? + k% = (a — b)?, we have
k2b? kb
(y-k)2=(a_b)2’ y—k=(a—b)' .

(Only one square root is used here. The sign of y — k agrees with that of k.)

_ kb ak— bk + bk __ak y __k
y—k+(a—b)_ a—-b “a-b g a-b
Using (1),
h h kb) hb x h
x-k(k—y)_k(b—a “b-a b b—-a
Therefore, , ‘
2y _R+i

R Rl 522
But, from above, h? + k? = (a — b)*. Thus,

2y _(a-by
Pt e @-bE " b

which is an ellipse. Observe also that when & = 0 and k = 0, P is on this ellipse.
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25. PC + PC' = 2a
\/x2+(y—c)2+\/x2+(y+c)2=2a
Vil + (y — ¢ =2a— Vx> + (y + ¢)?
2+ y? —2cy+c2—4a —4aVEZ + (y + P + 22 +y +2y+
4aVx? + (y + ¢)* = 4a° + 4y

V2 + (y+c)=a +;y

x2+y2+2¢y+c2=az+2cy+-22—2y2

L=
F-2te~1
2 2
: 2 _ 2 _ Yy X _

Letting b? = o> — &, " + X
27. The square roots of the denominators are the intercepts.
29. The square roots of the denominators of the y terms are the y intercepts.
31.

3.1

~4.7 - 4.7

=31

It moves the graph 4 units to the right (to the left if 4 is negative).
33. 0.0167, 186,006 miles, 185,980 miles
35. 69,800,000 kilometers, 46,000,000 kilometers
37. x*/2885% + y*/7012 = 1. The sun is at (—2798, 0).

39. Since the length of the loop of
string is constant and the distance
between the pins (CC’) is constant,
PC + PC' is constant. This is the
condition that determines an ellipse. _
The pins are at the foci, and the loop has length 2a + 2c.

41. x*/1762.5% + y*/632.5% = 1. The foci are at (+1645, 0).
43. 11.2 feet above the ground

—r
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Section 5.4 [pages 181-184]

1. C(0,0), V(4,0), F(%5,0),
A:y = £3x/4,Ir =972

y

-5

5. C(0,0), V(12,0), F(13,0),
A:y = +5x/12, Ir = 25/6

15+

9. C(0,0), V(%1,0), F(xV5,0)
Ary=32x, Ir=8

3. C(0,0), V(0, £3), F0, +VT3),
A:y=13x/2,Ir = 8/3

y

-'.
K
\”
.
*e

.............

7. C(0,0), V(0, %5), F(0, +V34),
A:y = 15x/3,Ir = 18/5

y
At - +—— X
s s

11. C(0,0), V(%3,0), F(£3V2,0),
A:y=2x,Ir=6
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13. C(0,0), V(0, £52), F(0, £V3412) 15. ¥4 — yY12 =1

Aiy = £5xf3,Ir = 9IS y 17. x2/36 — y*/16 = 1 .
‘*_ ' 19. 16x> — 9> = 144 "~ *
iw A 21. None
R ' 23. y¥9 — x}/16 = 1
O L, 8PN -y16=1
S-2- gt 230 27. 13x — Sy — 144 = 0
Saap C29.5x—4y—-9=0
P —44 ',‘
\

31. Using the hyperbola x/a? — y*/b? = 1 (or b’* — a’y* = a’b?), we find that its asymptotes are
bx + ay = 0 and bx — ay = 0. If (xo, yo) is any point of the hyperbola, then the product of its distances
from the asymptotes is '

p o loxo + ayol |bxo — aydl _ |6 — o 2
m \/m a2+b2 .

Since (xg, ¥o) is on the hyperbola, it satisfies the equation of the hyperbola, giving b
Thus

@ b’
P+ b P+ b

which is seen to be independent of the point chosen.

22 — a?yE = a?b.

P=

33. The x intercepts are the square roots of the number in the denominator.

35. The lines are the as-yrhptotes of the hyperbola.

37. Thex intercepts are the square roots of the number in the denominator of the x? term.
39. The y intercepts are the square roots of the number in the denominator of the y* term.
41. All of the hyperbolas have foci at (i2\/§,"0)..

43. 224 - y5=1

45. x?/362 — y2/70? = 1, where x and y are in millions of miles. The sun is at (79, 0).

47. (—506, 543)

Review Problems [page 185]

1. Axis: x axis, V(0, 0), F(—3/2,0), D: x =3/2,Ir = 6
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2. C(0,0), V(£2,0), F(xV5,0), Ary = +x2,Ir=1

3. Axis: x axis >
F4,0) i 8
D:x= -4 :
Ir =16 : 4
!
i ! o x
- HE
|
|
i
: -8
4. C(0, 0), V(£3, 0), CV(0, £2), F(+V5,0),Ir = 83 ‘};
3+
)
} +— +—4 > x
-4 \-2 | 2 4
-34
5. C(0, 0)
V(0, +3)
F(0, £3V?2)
Ay =*x

Ir=6
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6. C(0, 0), V(0, £4), CV(£2V73,0), F(0, +2),Ir = 6 )

TP =2xr 8.y =8
9. 16x + 25y* = 1600 10, 9x° +4y* =72 11 1657 =9y + 576 = 0
12. 922 - 8?=72 13, 2x+ 3y - 8=0  14. The student’s result is incorrect.

CHAPTER 6

Section 6.1 [pages 198-200]

1. x2 =8y . 3 (x+ 325 +y16=1,
v v x"%f25 + y'*/16 = 1 ¥ ¥

——
T o
|
/
1
>

1 T 1
-ir}‘l'-{%i_%{é}‘-‘
5. x+24+ (y+1)¥9=1, 7. (y =12 =4(x - 2), y? = &x’'
x4 +y?*9=1
y y
[ ¥ y‘
_ N
/- + et X
-6 3 . A
#‘} { = 0 2 * z - X
| I | ] 4
R ]
;

1T 1 T 1
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9. (x+3)Y4+ (y—1)16=1,
x'%/4 + y'Y16 = 1

13. 9(x — 4%+ 4(y +2)* =0,
9x% + 4y = 0

17. (y — B)¥4 — (x + )16 =1,
Y4~ x'16 = 1

19. 25x'% + 4y"? = 25
23. 3% -y *—12x+2y—-1=0

27. x>+ 36y —2x + 216y + 156 =0

1. (x+5%4 - (y - 4P =1,
x'%4 — y?f9 =1

21y~ 8 — 10y + 3350
25. 9x2 — 4y — 24x — 8y’ = 184 =0
29. 212 —4y* + 42x — 63 =0

31. The parabola must have an equation of the form Ax? + Dx + Ey + F = 0 and be satisfied by the three
given points. The first row of the determinant assures us of the proper form. The three points must
satisfy the given equation because replacing the x and y of the determinant by the coordinates of one of
the points gives us two identical rows, which implies that the determinant is zero.

33. V: (-1, 3)

35. v: (1, -2)
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37. Intersecting lines; A: 1.4x - y+68=0,14x+y-12=0
39, y2=120(x + 30)  41. x* = —125(y — 70)/14
43. (x — 11.9)%/57.9* + y%/56.7* = 1, x, y in millions of kilometers
45. (a) Parabola:  y? = 40x T
Hyperbola: (x — 4)%25 = y¥/11 =1
(b) Parabola: y? = 40(x + 4)
Hyperbola: x%/25 — y*/11 = 1

Section 6.2 [pages 205-206]

Lx?2-2y +4y2—5=0 - B x?+4x'y —y?+1=0 5. X'y +16=0
7.y =x3-x" 9.y =x" 11. y' = x" — 4x"® + 6x"? 13. X' —4=0
15. Ax>’ + Bxy + Cy*+ Dx + Ey+ F=0

x=x"+hy=y +k

A’ + h)2 + B(x' + h)(y' + k) + C(y’ + k)* + D(x' + h) + E(y' +k) + F=0

This gives

Ax"?> + Bx'y + Cy'* + (2Ah + Bk + D)x' + (Bh + 2Ck + E)y’

+ (AK* + Bhk + CK® + Dh + Ek + F) =0
The first three terms above prove that A, B, and C are invariant.

Section 6.3 [page 211]
1. V13&x' =6 3.x%2—-y?=0

7. x2 -4y =0
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9. 17x'2 - 9y'2 =8 11 17x2 + Tx'y’ — Ty +20 =0
13. x"? - &'y’ +y?2—-10=0
y Y . . 15. 3Vx'2 - (6 — 8V3)x'y'

~(8+3V3Iy?2—16=0

17. x =x'cosf — y'sinf,y = x'sinf + y' cos 6
,» x'2cos?@ — 2x'y’sinfcos O + y'>sin* @ + x'?sin’0 +
2x'y"sin@cos 6 + y'?cos’6 = 25
x'%(cos?@ + sin? @) + y'*(sin’ 6 + cos?@) =25
x'?+y?=25

Section 6.4 [pages 220-221]

1. 3x2+y?—-16y’ =0 3. 4x?-y?-16=0

5..5x'% + 20y =20 7. 4x'2+ 992 -36=0

g
=
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9. x?+4x' —5=0

y y

- N

13, x?—y?—4=0 15. x = x'cosf — y'sin@, y = x'sinf + y’'cos 6.

Ax'?cos?@ — 2Ax'y'sinfcos® + Ay'*sin’6 + Bx'*sinfcos
+ B(cos?@ — sin®@)x'y’ — By'’sinfcos @ + Cx'%sin’6

+ 2Cx'y’'sinfcos 8 + Cy'2cos’6 + Dx'cos§ — Dy'sin@

+ Ex'sin@ + Ey'cos@ + F =0

(Acos’@ + Bsinfcosd + Csin?0)x'?> + [-2Asin O cos O
+ B(cos?# — sin?6) + 2CsinfcosB]x'y’ + (Asin’@

— Bsinfcos + Ccos?0)y'?> + (Dcos6 + Esin6)x’

+ (—Dsin8 + Ecos@)y' + F=0

A’ + C' = (Acos?d + Bsinfcosd + Csin’6)
+ (Asin?6 — BsinfOcos6 + Ccos’ 6)
= A(cos’@ + sin?@) + C(sin’6 + cos®9)

(C — A)? — [(C - A + B =A+C
17. tan 6, - tan 6, = — 7 = ~1

Since the product is negative, tan ; and tan 8, must have oppbsite signs. If we look upon tan 6; and
tan 6, as the slopes of lines /; and L, respectively, then /; and [, are perpendicular. Thus their
inclinations, 8, and 6,, differ by an odd multiple of 90°.

19. 3.1 21. 49.6

-37.6 — — — 37.6

23. 6.2

9.4
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Review Problems [pages 221-222]

1. C(la —3)’ V(]-’ -3 2), " 2. Axis: y= -1 :
CvV( =1, -3), F(1, -3 £ V3) g V@3, —1), F(13/4, -1),D: x = 11/4,Ir = 1
Ir=1 .

y ¥y
'\ 'y
T ) bt -;/1-:):
—+— f—x I G
- _2--
_34 —~41T
3. Axis:y = —2 4. C(=2, —4), V(-2 £4, —-4),
V@3, -2), (5, -2),D:x =1, , F(-2+5,-4),
Ir = 8. Ay +4=23M4)(x +2),Ir =972,
e = 5/4.

5. C(-1, -2), V(-1 £ 5, -2), 6. C(~-1,—172), V(-1 £ 4, —172),
CV(-1, -2 % 3) F(-1%5,-172),
F(-1 %4, -2), Ir = 18/5. Ary=—1/2+3(x + 1)/4,Ir = 972,
e = 5/4.

L . \

bl VY .
-t T TS Tt
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Y
7. Axis:x =2 B 8. 3x? + 4y =0
V2, -1), F2,0), '
D:y=—~3 . Yoo y
Ir = 4.
3 ' ‘T
+ (-5.2 T
4 + ——— — x’
1 ]
4 = x
b [ | E—— ¢ - - T
L R T 5 1 e
-1+ -2 B
+
9. 2x+3y +5=0, 107 +16y" + 8y - 32y + 16 = 0
2t -3y —13=0. 11. y* - 8c— 10y + 33 =0
y _ 12. 25x% — 16y* + 20x + 160y + 752 =0

3. X —4x -8 -20=0,y —x+6y+11=0

14. 25x% + 16y* + 50x — 96y — 231 =0 ~
9% + 25y% — 54x + S0y — 119 = 0

15. 16x? — 9y* — 128x — 18y + 103 =0
16. y' = x" — ox’
17. y' = x"* — 8x"?

18. y27 — x'%6 = 1 , 19. x'220 + y'%/4 = 1
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20, y"? =

—-(x'—2) 21.

CHAPTER 7

Section 7.1 [pages 232-234]

1.
13.
19.
25.
31.

33.

35.
37.

39.
41.
43.
45.
47.

y axis 3. None 5. x axis 7. Origin 9. Origin 11. (-1,0), (3,0), (0, -3)
(6,0),(-1,0), (0, —6) 15. (0,0), (1,0), (-1,0) 17. (-1,0)

(12, 0), (1, 0), (0, —1/2) 21. (-2,0), (4,0),(0,8) 23. (-2,0), (4,0), (0, —16)

None  27. (-1/2,0)  29. (0,0)

(a) Suppose we have symmetry about both axes. Then (x, y) on the curve implies that (~x, y) is on the
curve by symmetry about the y axis; this, in turn, implies that (—x, —y) is on the curve by symmetry
about the x axis. Thus we have symmetry about the origin.

(b) Suppose we have symmetry about the x axis and the origin. Then (x, y) on the curve implies that
(x, —y) is on the curve by symmetry about the x axis; this, in turn, implies that (—x,y) is on the curve
by symmetry about the origin. Thus we have symmetry about the y axis.

(¢) Symmetry about the y axis and the origin implies symmetry about the x axis by a similar argument.

A graph can have (at least) two points of symmetry (a line, a sine curve, etc.), but it cannot have two and
only two such points because two points of symmetry imply infinitely many such points.

Translate to make the axes the lines of symmetry and use the argument of Problem 31.

No, since (x, y) on the graph implies that (x, —y) is on it. Since a function must be single-valued, this
cannot be the graph of a function. '

—3.5070, 0.2219, 1.2851

(—1.41, 0)(—} 9), (0, 0), (1, 0), (1.41, 0)
(-1, 0), {7.98, 0)

5 seconds ) o
50 feet from the building. |
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.. -»

Section 7.2 [pages 243-247]

441

(5/2,-9/4)
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31.

<

3s. 496

—49.6

47

27. Equation | Graph
a b
b e
c f
d a
e c
f d

29. (a) Improper behavior at the ends
(b) Not single-valued and not defined for all x
(d) Not single-valued and not defined for all x
(f) Improper behavior at the ends and not defined for all x

33.

—4.7 F A
h

-31

Intercepts: (—1.414, 0), (2.232, 0), (2.832, 0), (0, 8.94)

37. (1.75, —0.105)
39. (268, 2683)

Intercepts (—4.541, 0), (—2.646, 0), (1.541, 0), (2.646, 0), (0, 49)

41. 124

-124

45. 125,000 square yards

47

43. 12.4

—i24
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Section 7.3 [pages 255-256]

Lx=0,x=1y=0 3. x=-1,x=2y=1 5.x=-2,y=1 7. x=3,y=2
9. y=1 11. x =1 3. x=-2,y=x—-3 15. x=-1,y =2 17. x=-1,y=2x—- 6
19. x=-32,x=~1,y=0  21.(a) y=0 (b) y=a,b, (c) None

23. 0 l
5
—4.7 4.7
Asymptotes: x = £3.3
25. 80,000; 9
Section 7.4 [pages 264-265]

1. , ‘ 3. ,
41
3+

2
2..

-4 -3 -2 -1\o|] 1 2 3 a4

-2 -
5.
y
3
/
(4
2 4 7’
d
1" ,,
d + X
/s 1, 2
T T T =X
-2 -10 1 2
Vs +-1
/
/,
P +-2
Y/
/ 1
/
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25. 124
27- (_2, O), (—3, 0), (0, —-2)’ x = v_4‘3’
X = “0.7,x= 1’y=0
~188 18.1 29. (-0.5,0),(0,1),x=0.77,x =178,y =0
-124
31.

The significant portion is between x = 0 and x = 100.

Section 7.5 [pages 273-274].

1. 3. S.
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-
-t
L
L
U
: T
+00
e
-

> X +

L

1 e,
]
W
N
|
-
°

L
-
~
-

y \ |2 .
! POW
. g N
, " =4 -3 2 -l o] N R
-4 2 : 1 2
b =1
-2
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29.y=x+ Vx*+1 3.x=<-3 x=3 : N
y—x=VZ+1 3B3.d=V(x + 82+ 9x; "x=1 . -

yY-—2xy+x=x*+1
-2y +y*—-1=0

. B2—4AC=(-2*-4-0-1=4
Hyperbola since B> — 4AC > 0

Section 7.6 [page 279]

1. - 3. , 5.

‘e




448

19.

Review Problems [pages 279-280]

ANSWERS TO ODD-NUMBERED PROBLEMS

2. Vx+ Vy=Va

x+2Vxy+y=a ¥y
2Vxy=a—x—Yy $

dxy = @® + x* + y* — 2ax — 2ay + 2xy
X2—2y+y*—2ax—2ay +a* =0 1
B2—4AC=4-4-1-1=0

ot

1.

y

2. 3
y
A
8..-
4+
1 '] 1 L
R 3 i ; —x
5 6.
y y
3
2
U | U -4 )
\ /_ , e =X
-x 4




ANSWERS TO ODD-NUMBERED PROBLEMS : 449

Y

11.
>
[}
4+ //
/
T / \
f F—t—t1>x x
2 4 2
/-2
-+ —4
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13.

15.

17.

e
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CHAPTER 8

Section 8.2 [pages 289-290]

451

1.

s ol 4

4(2.45°)
o(l, /3)

| 1

(-2, 90°) ¢

5. Circle

1 "X

1 * (-1, 3m/4)

*(2, 300°)

—14

u

2. (-4, 150°), (~2, 60°), (-1, 30°)
3. (4, 51/3), (3, 57/3), (0, 0)

7. Cardioid

9, Cardioid
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11. Four leafed rose 13. Three leafed rose 15. Five leafed rose
y y y
)
1

-1 ]

-1

-1

17. Limacon 19. Limagon . 21.

-2
24+
T
-34
23 y 25, y 27 y
1 1
. e x X
-1 0 1 -1 1
-1 -1
29. Spiral 31. ‘ 33. Hyperbola
y
3-.
2
]-

-5 -4
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35. There are many answers. Two possible ones are:

{r - - {r —r
60— —9 06— —n— 6.
37. Py(r1, 6;)
Pi(ry, 61) >
6, — 8, PIPZ =0P12+0P22'—20P1 0P2COS(01—01)
o . & =r}+ r2 - 2rirycos (6; — 6,)

39. They all have the same shape; they differ only in their positions, each being rotated 90° clockwise from
the previous one.

Section 8.3 [pages 294]

1. (V2, n/4), (V2, Tn/4) 3. (2,0), (2, ) .

5. (112, n/3), (112, 57/3), (0, 7/2) = (0, 0) 7. (V312, n/3), (—=V3/2, 57/3), (0, 0)
9. (V2,n/4) 11. (3, 109.5°, (3, 250.5°)

13. 2+ V2, 1/4), 2 - V2, 3n/4), 2 — V2, 57/4), 2 + V2, Tn/4)

15. (1 - 1/V2, n/4), (1 + 1/V2, 57/4), (0, =/2) = (0, 0)  17. (1, 0), (-1, 0)

19. (0,0), (1, n2)  21. (V2, n/4), (- V2, 3n/4)

Section 8.4 [pages 298-299]

1. (-1, 0), (V312,32), (1, 0), (-1, 1)

2. (2, 77/4), (2, 27/3), (4, 0), (V2, 57/4), (2, 37/2)

3.r=2secd S.r=1 T.r=csclcotd 9. r=4/(cos® + 2sin6)
1. tan6 =3 13. x*+y’=a> 15. VIx—y=0 17.x2+y*—4x=0
19. r = (cos@ — sin@)/(1 + 2sinfcosf)  21. r* — 2r(sinf + cos@) + 1 =0
23. 2 =secfcsc®  25. (x> + y?)P = (x? - y?)?
27. (2 + y* — 2y)? = 9(x* + y?) 29. (22 + YO)(® + y? — 1)? = y?
3.y =+ 1 B.x2+y'=3x+2
35. Circle with center (h, 0) and radius &
37. Ellipse x%/a* + y*/b* = 1
3. .

-37 - - = 3.7
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Section 8.5 [pages oe®]

1. hyperbola, (0, 0), x = 2, 2
3. ellipse, (0, 0), y =2, 2/3
S. parabola, (0, 0),y =3, 1
7. ellipse, (0, 0), y = 3, 2/3
9. r=10/(3 + 2cosH)
11. r = 2/(1 + sin6)
13. r = 25/(4 + 5cos )
17. 19.
y
!
53
: b / X { i
-s Q}/s ’ 6
-
-10}

-15¢%

/m;\ 23. \y
2

25. The shape of the conic is elliptic approaching a circle. The equation approaches r = k (k = ep), which is
an equation of a circle.

27. cos(a — 6) = p/r
rcosfcosa + rsinfsina = p
xcosa + ysina—p =0
29. The line through (x,, y;) and parallel.ic the given line is Ax + By — (Ax, + By,) = 0. Both lines can be
put into the normal form"b-yadivic'ling by + V/A? + BZ. Thus we have
A B C .

: x+ + =0
+VA*+ B? i\/A2+BZy., +VA? + B?

&,

{



ANSWERS TO ODD-NUMBERED PROBLEMS 455

and A ,_ B Ax, + By,
x - =
VAT B tVA 1B VA + B

By choosfng the same sign in both cases, the polar coordinates of Q; and Q, are

. ( C ) Q . (_bel + By1 )

Thus the distance between them is

d= C ( AX1+By1) _lAX1+By1+C|
1xVA + B +VA’+ B VA® + B
¥
\A
_!’.x P(x:.yx)
g’x
3 Q:
(4
C Ql Ax. + By.
vy AT
\ N
31. r = 237,086.5/(1 — 0.06590 cos 6)
33. r = 184,900/(43 —2cos 0)
Section 8.6 [pages 311-314]
l.x=y>—-2y+2 J.y=x*-1 5. y=(x+1)?
y y y
5
3-.
44
24
3 +
14
24

-4 -3

l<>
. | R ) i
24 , -3 =2 —N/l 2 3 4
=2+

7. x=1+2r,y=5—4r 9. x=2-3r,y=5-13r 11. x=2+3r,y=3
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13.x2—2xy+y2—2x'—2y=0

17. x -2+ (y + 1) =1

y
11

—14

24

w

15. y* = x?

3 3
2+
1+

-5 -4 -3 -2 10, 1 2 3 4 5
, e

=2

19. x =34+ (y—-2)9=1 21 y*’=x

29. 4
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3. (a)y=x%y=0 ‘ (B)y=x%x=0,y=0 ©y=22,x>0,y>0

Yy
A "
44
3_..
2-.—
l--

—+ x

—1 1 2

[y 5
\
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7. (1, n2), (1,3n/2) 8. (1 + 1/V2,3n/4), (1 — 1/V2, Tz/3), (0, 37/2) = (0, 0)
9. (-1, 37/2), (0, 0) = (0, 7n/6)

10. (1,159, (1, 75°), (1, 195°), (1, 225%), (~1, 285°) = (1, 105°), (~1, 345°) = (1, 165°),
(-1, 105°) = (1, 285°), (-1, 165°) = (1, 345°)

11. (0, n/2), (1, 0)
12. (1 + V2, n/d) = (=1 = V2, 5n/4), 1 — V2, 51/4) = (-1 + V2, n/4),
(0, 37/2) = (0, 0)
. (a) (0, 1), (=2, 2), (-3V3, =3), (V3, - 3)
(b) (2V2, 3n/4), (-5, 0) = (5, n), (2, —n/3), (2V29, Arctan 2/5)
14. r = -3siné 15. r = 6/(3 + 2sin6) 16. r = 6/(1 — cos9)
17.y=x+2x -5 18. (x — )29 + (y =2)*/4 =1

[

1

w

y

_.2_[_
2l. x=2r+2,y=—-8r+3 2. x=-1+4r,y=4~-17r
23. (-13/38,5/38)  24. None  25. (> + Y2 —y)* =x* + y?

26. 16x> + 25y* + 96x — 256 = 0 27. F(0,0),D:y=-2,e=1
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28. F(0,0), e = 2, D: x = 1, C(~4/3, 0) 29. Y2 = (1 - 2

30. 31. (0, 3)
y
2
—+ } ; > x
-2
CHAPTER 9

Section 9.1 [pages 321-322]

1.5V2 35 S5 V13T 7.5 9.9 11.(-2,1,2)
13. 1,2,2) 15.(-9,7,-1) 17. (1,1,5) 19. (1,3,302)
21. (8,4, —6) 23.(-2,4,-3) 25.5,-3 27.%5 29.1,-3

31. -11,5 pl_p _ 00 _x—x

B.r=

P.P; T 010, - xn

z
[//P«(xn. »n.a) X —Xx3= r(x2 - x1)
— )

T x=x+r(x; —x;))

By projecting onto the y axis and the z axis, we get

Pr(xs. 2. 22) y=y1+r(y2—y1) ‘
z2=2+r(z; — zy).
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Section 9.2 [page 327)]

1.

7.

13.
19.
21.

23.

29,

31.

4 1 2
P —
Va1 VAP VA

—6i—2j+7k 3. -3i—4j+3k 5.

1 5 3
i+ -
V35 V3T V3 )
A=(0,6,-3/2),B= (4,4, —1/2) 15. 60° 17. 77°

3i + 2§ + 6k, —i — 6j + 4k, —1, not orthogonal

3i ~5j +5k,i+ 3 + 7k, 0, orthogonal

4 4 4 7. 7. 1 1 1
—i+-j+-k 25. -i——-j+-k 27. -i+j+ -k
3 3 3 6 3 6 2 2

Suppose we have a vector v in space. Let.us consider the representative of v with its tail at the origin O.
The head is at P(a, b, ). Let us project P onto the coordinate axes, giving points A(a, 0, 0), B(0, b, 0),

k 9.B=(4,0,8 11. A=(3,1,3)

and C(0, 0, c). Since OA represents a vector of length |a] that is either in the direction of i or in the
. —_—
opposite direction, depending upon whether a is positive or negative, it represents ai. Similarly, OB

represents bj and O_C)represents ck. It is clear that v = ai + bj + ck.
Since the point P can be represented in rectangular coordinates by a triple (a, b, ¢) of numbers in
one and only one way, the vector v has one and only one representation in component form.

aii + bj + ¢k is represented by 57’)from (0, 0, 0) to (ay, by, c1) and ayi + b,j + c,k by 0__)P2 from
(0,0, 0) to (ay, b, ¢3), or by ?P;; from (a;, by, ¢1) to (a; + a,, by + by, ¢; + ¢,). Hence the sum is

" represented by _073) or

33.

(@i + bij + c1k) + (@i + baj + k) = (@ + ay)i + (by + by)j + (c1 + k.
Let (a1i + b1j + c1k) — (azi + b,j + ck) = ai + bj + ck. Then
aid + bij + cik = (aii + byj + k) + (ai + bj + k)
= (a, + a)i + (by + b)j + (c; + Ok

ay=a,+a by=b,+b a=c+c
a=a —a b=b1—b2 C=C —C

ai + bj + ck is represented byb? from (0, 0, 0) to (a, b, ¢). Its length is
V@a—-02+®-07+(c—-02=VZ+ b0+ &
v =ai + bj + ck is represented by OP from (0,0, 0) to (a, b, c). w = dai + dbj + dck is represented by

b_Q) from (0, 0, 0) to (da, db, dc). Clearly these points lie on the same line; so w is in the same direction
as or the opposite direction from v, depending upon the sign of d. Furthermore

W = V@& + P02 + &2 = Vd(a® + b* + &) = |d||v].
Hence d(ai + bj + ck) = dai + dbj + dck. .

From Theorem 9.7(e) and Problem 30,

o+ vP=(+v) - (u+v)=[uf+2u-v+ v
= [ul> + 2ful - [v| - cos 8 + |v?| < [uf? + 2Ju] - |v] + |v]?
= (] + v])%

Thus [u + v| < |u] + |v|.
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-

- . )

Section 9.3 [pages 333-334]

1. 84°,64°,27° 3. 103° 116°,29° 5. 125°,125°,125° 7. {—4,2,4}

9. {2,2, -2} 11. {5,1, -2} 13. (3,8,1), (4, 13,3) 15. (3,4,5),(5,5,7)
17. (5,3, -2), (9, 3, =3) 19. x axis: {0°, 90°, 90°}, {1, 0, 0}
21. Parallel  23. Perpendicula‘r 4 ]

25. Coincident 27. None 29. Perpendicular 31. Coincident

Section 9.4 [pages 340-342]

x=5 y—-1 z-3

1. x=5+3t,y=1-2t,z=3 + 4¢;

3 -2 4
3x=S+ay=-246z=1-2p,1->-rF2 271
T oo £ S T

x—-1 z-1
S5.x=1+2t,y=1,z=1+¢ = ,y=1
2 1
T.x=4y=4,z=1+tx=4,y=4
x—4 'y z-—=5
9. x=4+2t,y==-3t,z=5+4;—=—"—=

2 -3 4
1 x=8+5y=dtaz=1-pi_S_ ¥4 _z-1
. X = V= ,z=1—-18 = =

Y 5 2 -1

13. x=5,y=1+¢t,z2=3+t;,x=5,y—-1=2z-3

15. x=1,y==-2+t,z=3;x=1,z=3 17. Do not intersect

19. Do not intersect 21. The lines are identical 23. 2,1, -1) 25. Perpendicular
27. None 29. Parallel 31. Perpendicular

33. xaxis: {1,0,0};y=0,z=0
yaxis: {0,1,0};x=0,z=0
zaxis: {0,0,1};x=0,y=0

Section 9.5 [pages 349-351]

1. -5i+5j+5% 3.2+j+7k S5 —-i—-j+3k 7.{1,-1,0}
9. {1,1,~-1} 11. {8,5,-9} 13.x=3+ty=2-3,z=1-5¢
15. x=24+1t,y=3-2t,z=1+4 17.x=2+10t,y=t,z=5—-8¢
19. 24/v30 21, 113/V542 23, V26

25. The area of AABCis A = (1/2)AB - BC - sin A BAC. If u is represented byA—B?, \4 byB—Ci and
6 = XBAC, then A = (122)[u] - |v|sin 8 = (1/2)|u x v|.

27. V8932  29. 1312
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_ i j k
3. u-(vXw)=(@i+bj+ck) |az b, 33. 25 35. 53
as b3 C3
b, ¢ a ¢ a b
=(a1i+b1j+c1k)-( 2 i | 2k>
b3 C3 as C3 as b3
bz Cy a ¢ a b2
=aq - b, 1
b3 C3 a C3 as b3
a by ¢
= |4y b2 Cy
a; by ¢
i ]. k
(uxv)-w=la; by ¢ |- (asi+ bsj+ c3k)
) a b2 (&
b a; ¢ a, b
=(i Ll ek l)-(a3i+b3j+c3k)
b, ¢ a C a, b,
by ¢l - a, ¢ a b
- a 1 1—b3 1 1+c3 1 1
b, ¢ a O a, b,

az by | la by
=la; by afFlay by o
a2 by o a3 by ¢

u-(vxw)=@xv)w

Section 9.6 [pages 359-360]

7.%x—-4y+2+4=0 9.3x—-y-22-17=0 11. 3x —4y +2z2+9=0
13. 572 15. 0 17. 1V2 19.2,-52 21.3%x+y—-z—-4=0 2. x+y-5=0
25.3x+5y+2-23=0 27. 2x+y—-9=0 29. x +5y+3z2-26=0

3.3x -7y —-5z+22=0 33. V173  35.5VZ  37. V230/7 39.7 41. V5
3. x=2+2,y=5—-t,z=-1+3t 45. x=2+t,y=—-4+1t,z=15 .47. Perpendicular

49. None  51. Parallel 53. (1,3,7) 55. (4,1, -1) 57. Yes
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A vector perpendicular to the plane is v = Ai + Bj + Ck. A, B, and C are not all 0. Suppose A # 0.
Then a point in the plane is (—D/A, 0, 0). The vector u from (— D/A 0, 0) to(x1, jzt zl) is

u = (x; + D/A)i + y,j + z/k.

lu- vl ]A(x1 + D/A) + By, + Cz| |Ax1 + By, + Cz, + D|

Iv] VAT+ B+ C B 1B+

d=

Section 9.7 [pages 364—365]

1.

11.
17.
" 21.
25.
27.
31.

Sphere: (1, 0, =2), 3 13. No locus 15. Sphere: (—1/2, 372, —1), 2

Sphere: (1/3, —1/3, —2/3), 2V2/3 19. Point: (1, 1/2, =2)

Py + 2 -8 —2y+4z+12=0 23. P +y*+ 22 —4x~8 - 142 +65=0
Ay + 22— -2y —22-20=0,x*+y"+22 - 14y + 142+ 72 =0

P +y P+ 22— 2Tx +35y —632-28=0 29. x2+y2+22—4x+4y—4z+8=0-
From Theorem 9.30, a sphere of radius r and center (h, k, /) has equation
(x—hP+(@z-kP+(z-D="r '
x2+y2+22——2hx—2ky—212+(h2+k2+12—r2)=0
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This has the form

x2+y2+zz+G’x.+ Hy+I'z+J =0
Multiplying by nonzero constant A gives the form
AX* + Ay + A2+ Gx+Hy+ Iz+7 =0

Section 9.8 [pages 376-377]

1. Ellipsoid 3. Circular paraboloid 5. Circular cone

7. Circular paraboloid 9. Hyperboloid of two sheets

11. Hyperbolic paraboloid | 13. Hyperboloid of two sheets
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15. Circular cone 17. Hyperboloid of two sheets

z - .

19. Hyperboloid of one sheet 21. Hyperbolic paraboloid 23. Circular cone
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35. Circular cone with z axis as the axis of the cone
37. 8z = x> + %, (0,0, 2)
39. x2/25% + y¥/10? + 22/6* = 1

41. (a) 20z = X2 + y?; (z — 2)%/4 — x*/5 — y*/5
(b) 20(z + 2) = x> + y%; zH4 — X5 - y}/5=1

]
—_

Section 9.9 [pages 382-383]

(@) (V2,VZ2,1) (b) (-32,3V32, -2) 2. (a) (V2Z,45°,3) (b) (2, n/2, -2)

(a) (312V32, 32V3, 3V312) (b) (0, 0, 1)

(a) (2VZ, 45°,90°) (b) (3, Arccos (2/V/5), Arccos (—2/3))

(a) (5, 30°, Arccos (4/5)) (b) (2V2, n/4, 3n/4) 6. (a) (2,45°,2V3) (b) (2,2a/3,0)
r=2, psing =2 9. =2z, p=cscocote

11. rPcos26 = 2° = 1, pA(sin?@cos20 — cosp) =1  13. 2 — 22 ='1, p? = —sec2¢

z=2xy 1T.z=x+y 19.xy=2(z+#0) 2. 2+ +22—x=0

. z=0.05"% p = 20cscocot@

N R

B8R

. Paraboloid: 20z = r?; p = 20cscpcot @

2 r (0052 ¢ sin® (p)
Hyperboloid: — — — = 1; p? - =1
e A 5
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Review Problems [pages 383-385]

4. 2. 3 0 o Ag0 :
1. (-1,2,2) 2. 291+ 29]+ 29k 3. (60°, 120°, 45°) 4. Perpendicular 5. Parallel
6.x=4+t,y=t,z=3;x;.4=f,z—3=O
x—=2 _y+3_z-5

T.x=2+3t,y=-3~-2t,z=5+1 3 5 T
8. (4, -2, 5) 9. (1,5,-2) 10. 6/V14d 1l.x—-2y—-4=0 _
12. 2x —y - 324+ 4 =0 '13. 173 14. 5V2/6 15. 2/V3 16. V299714 17. 68°
18. Sphere: center = (1, 2, —4), r = 4 19. Point: (1/2, 1, —3/2)

20. Hyperboloid of one sheet 21. Hyperbolic cylinder

z F4

22. Elliptic cone 23. Hyperbolic paraboloid

z z

24. (a) (2V?2, n/4, 1), (3, n/4, Arcsin 2V2/3) (b) (V2, 3n/4, —2), (V6, 3n/4, Arcsin 1/V3)

25. z=1x .26‘z=4r2,p=%csupcot(p 27. 2+ +22-2x+y=0

28. =2, -10  29. A = (112,92, =5), B = (712, 712, —1)
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30. p = —(5/18)i — (10/9)j + (5/18)k, q = (41/18)i + (1/9)j + (49/18)k
p is the projection of u upon v '

3. x=3+18,y=5+Tz=—-2-3t 3R x=4y=2+22=3+1
3. 1lx—6y~Tz-53=0 34 x=3+1lt,y=14+12=-1-Tt

35. Oblate spheroid 36 Letu=d,v=j,w=j+k
' , va=i,uX'(VXW)=0
'Y uxv=Kk (@XxXv)xXw=-i

uX (VXWwFE@XV)Xw




Index

Abscissa, 2 o , “of a sphere, 362
Absolute value of.a vector, 53,323 - Circle(s), 126-148
Addition of ordinates, 277-280 . |, o definition, 126
Addition of vectors, 52, 323 : . degenerate cases, 130-131
Aerodynamics, 169 equation of
Agnesi, Maria Gaetana, 272 general form, 128
Amplitude of a wave, 391 standard form, 126
Analytic proofs, 8—11 ‘ families of, 147148
Angle in polar coordinates, 304
bisector, 33-35, 111-113 theorems on, 403
direction, 328-330 Cissoid of Diocles, 312-313
between two lines, 30-35 Classical Greek problems, 312-313
between two vectors, 63, 323 Clausius-Clapeyron equation, 105
Apollonius of Perga, 157 Completing the square, 128, 190-192
Arch Components of a vector, 54, 322
elliptic, 169-173 Conchoid of Nicomedes, 312
parabolic, 158-160 Cone, 149-150, 368
Archimedes, 23 elliptic, 368
Aristotelian model of the solar system, 169 Confocal ellipses, 171
Asymptote Confocal hyperbolas, 183
horizontal, 249256 Conic sections, 149-185, 188-200
of a hyperbola, 175 degenerate cases, 148-150, 194, 274
odd and even, 257 general form, 190, 213, 218-219
slant, 253-256 in polar coordinates, 299-305
vertical, 247-256 reflection properties, 156—157, 169, 180-181
Axes, and right circular cone, 149-150
rectangular, 1-3, 316-318 Conjugate axis of a hyperbola, 174
rotation of, 206-221 T Conjugate hyperbolas, 178
translation of, 186-206 Coordinate line, 1
Axis Coordinates
conjugate, of a hyperbola, 174 cylindrical, 378-383
major, of an ellipse, 162 polar, 281-305
minor, of an ellipse, 162 rectangular, 1-3, 316318
: of a parabola, 152 spherical, 380-383
polar, 281 Cosine, direction, 329330
transverse, of a hyperbola, 174 Cosines, law of, 397

Cost equation, 45
Covertex, of an ellipse, 163

Basis vectors, 54, 322 Cross product, 342-351
Binomial theorem, 395 Cylinder, 361365
Break-even point, 45 directrix of, 361

generatrix of, 361
Cylindrical coordinates, 378-383
Cardioid, 284-285
Cartesian coordinates, 97

Catenary, 158-159 Degenerate cases

Center of a circle, 130-131
of a circle, 126 of an ellipse, 149-150, 194, 274
of an ellipse, 163 of a hyperbola, 150, 194, 274
of a hyperbola, 174 of a parabola, 149-150, 194, 274

469
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of a sphere, 362-363
Demand curve, 44
Demand equation, 44, 95
Descartes, René, 3, 97
Determinant, 396
Difference of two vectors, 53, 323
Directed line segment, 51-52, 322
equivalent, 51
head, 51
tail, 51
Direction angles, 328-330
Direction cosines, 329-330
Direction number, 329-330
Directrix
of a cylinder, 361
of an ellipse, 166
of a hyperbola, 179
of a parabola, 149
Displacement of a trigonometric function, 391
Distance
between parallel lines, 109-113
between parallel planes, 360
between a point and a line, 49, 106-115, 358
between a point and a plane, 358
between skew lines, 345-346
* between two points, 3-11, 290, 318
Domain ©
of an equétio‘ﬁ, 265-274
of a function, 37 )
of parametric equations, 307-314
Dot product, 61-70, 323
Double a cube, 312-313

Eccentricity

of an ellipse, 166, 299

of a hyperbola, 179, 299

of a parabola, 167, 299

of planetary orbits, 172
Ellipse(s), 161-173, 189-200

confocal, 171

definition, 161

degenerate cases, 150, 194, 274

equation of

general form, 190, 194, 213, 218-219
standard form, 163-164, 189

in polar coordinates, 299305
Ellipsoid, 169, 365
Elliptic cone, 368
Elliptic paraboloid, 366—367
Equation of a lbcus, 45-49
Equations of rotation, 206—208, 211
Equations of translation, 186-187
Equilibrium, market, 44
Equilibrium of forces, 76

Equivalent directed line segments, 51
Equivalent forces, 73

Escape velocity, 157

Euclid, 23

Euler, Leonhard, 38

Even function, 233

Exponents, laws of, 395

Falling bodies, 158-161, 234
Families
of circles, 147-148
of lines, 115-124
de Fermat, Pierre, 97, 131
Fermat’s Last Theorem, 131
Fixed cost, 104
Focus
of an ellipse, 161, 163-164 -
of a hyperbola, 173, 175-176
of a parabola, 149, 152-153
Forces
in equilibrium, 76
equivalent, 73
represented by vectors, 73—-83
Freundlich equation, 105
Function, 37-45, 233-274
even, 233
implicit, 39
odd, 233
polynomial, 234-256
rational, 256-265

-

Generatrix of a cjlinder, 361
Graph
of an equation, 36—45, 223-280
of a function, 37-45, 234-265
of a number, 1
of parametric equations, 305-314
in polar coordinates, 282-290
of trigonometric functions, 391-394
of vector functions, 308-314
Graphing calculators, ix—xvii, 39-41
introduction to, ix—xvii
Graphing programs, ix—xvii R
Greek influence on matpematics, 23"

Head of a directed line segment, 51

Hydrodynamics, 169

Hyperbola, 173-184, 189200
conjugate, 178
definition, 173 '
degenerate case, 150, 194, 274
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equation of
general form, 190, 194, 213, 218-219
standard form, 175-176, 189
in polar coordinates, 299-305
Hyperbolic paraboloid, 367-368
Hyperboloid :
of one sheet, 366
of two sheets, 366

Identities, trigonometric, 389—390, 396-397
Implicit function, 39

Inclinatiop of aiine, 20

Inner product, 61-70

Intercepts

of a curve, 229-234

of a line, 96

odd and even, 234-235
Invariant

under rotation, 218, 220
under translation, 206
Isolated points, 268—269

Kepler, 169, 303

Latus fectum
of an ellipse, 163
of a hyperbola, 176
of a parabola, 152
Left-hand coordinate system, 316
Leibniz, Gottfried Wilhelm, 38-39
Lemniscate, 285
Length of a vector, 53
Limagon, 285
Line(s)
equation of, 85-125
general form, 100
horizontal, 87
intercept form, 97
normal form, 114, 304
parametric, 310-311, 335
point-slope form, 85
‘slope-intercept form, 97
symmetric, 336—339
two-point form, 88
vertical, 87
families of, 115-124
parallel, 101-102, 332
perpendicular, 25-28, 101-102, 332
- perpendicular to a plane, 344345
in space, 334342
Logarithm, laws of, 395-396
Loran, 181

e

" Major axis of an ellipse, 162, 164

Marginal cost, 104
Market equilibrium, 44, 95
Menaechmus, 157
Midpoint formulas, 16-19, 320
Minor axis of an ellipse, 162, 164
Multiplication of vectors

cross product, 342-351

dot product, 61-70, 323

scalar multiple, 53, 322323

Nappe of a cone, 149

Newton, Sir Isaac, 39, 160
Normal form of a line, 114, 304
Normal line to a plane, 352
Number, direction, 329-330

Oblate spheroid, 365
Octant, 316

- Odd function, 233

Orbits, of planets and comets, 157-158,
169-172, 181-184

Ordinate, 2

Origin, 1

Orthogonal vectors, 66, 323

Outer product, 342-351

Pappus, 157
Parabola, 149-161, 188-200
definition, 149
degenerate cases, 150, 194, 274
“equation of
general form, 190, 194, 213, 218-219
~ standard form, 152--153, 188-189
in polar coordinates, 299-305
Paraboloid
elliptic, 366—367
hyperbolic, 367-368
Parallel lines, 25-28, 101-102
theorems on, 26, 399
Parallel planes, 356
Parallelograms, theorems on, 401
Parameter, 306 ‘
Parametric equations, 305-314
graphs, 305-314 _
for a line in the plane, 310-311,-335
for a line in space, 335
Period of a trigonometric function, 391
Perpendicular lines, 2528, 101-102, 332
Perpendicular planes, 356
Perpendicular vectors, 66, 323
Plane(s). 351-3AN

471



. Pythagoras, 23
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coincident, 356 ' relationship between rectangular and
equation, 352, 354 spherical coordinates, 380
parallel, 356 Reflection properties
perpendicular, 356 of ellipses, 169-172
Plane geometry, theorems, 399-403 of hyperbolas, 180-184
Point-of-division formulas, 11-19, 310-311, 319 ~"  of parabolas, 156-159
Point of intersection Relativity, 44
in polar coordinates, 290-294 Representative of a vector, 52
in rectangular coordinates, 37 Resultant force, 76
Polar axis, 281 Revenue equation, 45
Polar coordinates, 281-305 Rhombus, theorems on, 402
conic sections, 299-305 Right-hand coordinate system, 316318
graphs, 282-290 Rose, four-leafed, etc., 285
points of intersection, 290-294 Rotation, 206-221
relationship between rectangular and polar, equations of, 206208, 211
294-799 - :
Polar symmetry, 286—290 .
Pole, 281 Scalar, 53
Polynomials, 234247 :

Scalar multiple, 53
Scalar product, 61-70
Scale, 1
Sines, law of, 397
Slope of a line, 20-30
Sphere, 362-365
equation
general form, 362
standard form, 362
Spherical coordinates, 380-383

Product
cross, 342-351
dot, 61-70, 323
inner, 61-70, 323
outer, 342-351
scalar, 61-70, 323
vector, 342-351
Profit function, 44—-45
Projection of one vector upon another, 67-68,

323-324 Spheroid
Prolate spheroid, 365 poblate 365
Proofs ,

) prolate, 365
analytic, 8-10 Spi
piral

vector, 7083 of Archimedes, 290

hyperbolic, 290
' Square, theorems on, 402
Square a circle, 312
Sum of two vectors, 52, 323
Supply equation, 44, 95
Suspension bridge, 158-161
Symmetric equations of a line, 336-339
Symmetry
about the axes, 226—229, 286-290
about a line, 225-229
about the origin, 228—229, 286-290
about a point, 226-229
in polar coordinates, 286-290

Pythagorean triple, 131

Quadrant, 3

Quadratic formula, 395
Quadratrix of Hippias, 312
Quadric surfaces, 365-377

Radian measure, 387
Radius

of a circle, 85

of a sphere, 362
Range of a function, 37
Rational functions, 256—265

Rectangle, theorems on, 401 Tail of a directed line segment, 51
Rectangular coordinates Tangent line
relationship between rectangular and to a circle, 136
cylindrical coordinates, 378 to an ellipse, 167-171
relationship between rectangular and polar « to a hyperbola, 182

coordinates, 294-299 to a parabola, 155-159
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Telescope
- Cassegrain focus, 180184, 377

Newtonian focus, 160, 180

prime focus, 160, 180
Thales, 23
Trace of a surface, 365
Translation, 186-206

equations of, 186187
Triangle, theorems on, 399-401
Trigonometric functions, 388
Trigonometric identities, 389-390, 396—-397
Trisect an angle, 312 ’

Unit vector, 54

Vector(s), S1-84, 322-327, 342-351
absolute value, 53, 323
basis, 54, 322
components, 54, 322
definition, 52, 322
difference, 53, 323
length, 53, 323
orthogonal, 66, 323
in the plane, 51-84
product of

cross, 342-351
dot, 6170, 323
inner, 61-70, 323
outer, 342-351
scalar, 61-70, 323
vector, 342--351
projection, 67-68, 323-324
proofs, 70—-83
representative, 52, 322
in space, 322-327, 342-351
sum, 52, 323
unit, 54
zero, 52
Vertex
of an angle, 387
of an ellipse, 162
of a hyperbola, 174 -
of a parabola, 152 -

Wheatstone bridge, 265
Whispering gallery, 169
Wiles, Andrew J., 131
Witch of Agnesi, 272

Zero vector, 52
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